
Research Plan 

 

Relation of Pisot finiteness properties 

 Let 𝛽 > 1. Frougny and Solomyak introduced the following conditions: 

(F1)   ℤ ⊂ Fin(𝛽) 

(PF)  ℤ+[𝛽−1] ⊂ Fin(𝛽) 

(F)  ℤ[𝛽−1] ⊂ Fin(𝛽) 

where Fin(𝛽) is the set of real number 𝑥 such that |𝑥| has finite 𝛽-expansion. We know some interesting 

results on these finiteness properties. The following table shows previous research results:  

 

 Number class Structure of Fin(𝛽) Sufficiency for (F) Sufficiency for (PF) 

(F1) Pisot ？ ？ ？ 

(PF) Pisot Closed under addition 𝑑𝛽(1) is finite ― 

(F) Pisot Ring ― ― 

 

(F1) is not well-known as well as I know. So, I’ll study relations between (F1) and other Pisot finiteness 

properties. Also, I am interested in an algebraic structure of Fin(𝛽) under (F1).  

 

Decidability of (𝐅𝟏) 

 Let 𝛽 > 1 be an algebraic integer with minimal polynomial 𝑥𝑑 − 𝑎𝑑−1𝑥𝑑−1 − ⋯ − 𝑎1𝑥 − 𝑎0 and define 

𝜏𝛽, which is a transformation on ℤ𝑑−1, by  

𝜏𝛽(𝑙1, 𝑙2, ⋯ , 𝑙𝑑−1) ≔ (𝑙2, ⋯ , 𝑙𝑑−1, −⌊𝑙1𝑎0𝛽−1 + 𝑙2(𝑎1𝛽−1 + 𝑎0𝛽−2) + ⋯ + 𝑙𝑑−1(𝑎𝑑−2𝛽−1 + ⋯ + 𝑎0𝛽−𝑑+1)⌋). 

Then 𝜏𝛽 is a kind of generalization of 𝛽-transformation 𝑇 when 𝛽 is an algebraic integer with degree 𝑑. 

Define 𝜏𝛽
∗(𝒍) = −𝜏𝛽(−𝒍) and  

𝑄𝛽 = {𝒍 = (𝑙1, 𝑙2, ⋯ , 𝑙𝑑−1) ∈ ℤ𝑑−1|∃{𝒍𝑛}𝑛=1
𝑁   𝑠. 𝑡.  𝒍𝑁 = 𝒍,   𝒍𝑛+1 ∈ {𝜏𝛽(𝒍𝑛), 𝜏𝛽

∗ (𝒍𝑛)} 𝑎𝑛𝑑 𝒍1 = (0, ⋯ ,0,1)}. 

Then if 𝛽 is a Pisot number, then 𝑄𝛽 is a finite set. Recently, I proved that for each 𝒍 ∈ 𝑄𝛽, there is 𝑛 ≥

0 such that 𝜏𝛽
𝑛(𝒍) = 𝟎 if and only if 𝛽 has property (F), and there is 𝑛 ≥ 0 such that (𝜏𝛽

∗)
𝑛

(𝒍) = 𝟎 if and 

only if 𝛽 has property (PF). So, I expect the same statement for (F1). Questions in the following table 

show my research aims.  

 

 Structure of Fin(𝛽) Sufficiency for (F) Sufficiency for (PF) Decidability on 𝑄𝛽 

(F1) ？ ？ ？ ？ 

(PF) Closed under addition 𝑑𝛽(1) is finite ― ∀𝒍 ∈ 𝑄𝛽, ∃𝑛; (𝜏𝛽
∗)

𝑛
(𝒍) = 𝟎 

(F) Ring ― ― ∀𝒍 ∈ 𝑄𝛽, ∃𝑛; 𝜏𝛽
𝑛(𝒍) = 𝟎 

 

 


