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Preface
This is the collection of abstracts for

The 27th Osaka City University International Academic Symposium
“Mathematical Science of Visualization, and Deepening of Symmetry and Moduli”

held on March 21-26, 2021. In this research project, we promoted current research
developments related to the concept of “mathematical visualization”, aiming to create
new interdisciplinary joint research by integrating the topics. In particular, our goal
is to promote research on “Symmetry and Moduli” that inhabit various research fields
in mathematics and mathematical science. Examples include

1. smooth and discrete minimal surfaces, surfaces of constant mean curvature,
and constrained Willmore conjecture,

2. discrete geometry such as circle packings and circle patters, and related discrete
complex analysis and discrete conformal geometry,

3. mathematical foundations of information geometry and their application to
machine learning and deep learning,

4. moduli of nonlinear PDE and gauge theory,
5. knot theory and low dimensional topology, and
6. interplay of mathematical visualization and architectural design with the above

research fields.

For this purpose, we originally planned to gather world leaders in the above research
fields together on March 4-9, 2020. However, due to the COVID-19 pandemic, the
organizing committee had decided to hold the symposium with the above rescheduling
in a hybrid format, that is, some of the talks were given on-site while most talks
were given online. Replacing direct discussion among participants, in order to make
our symposium a platform for the aformentioned research fields, all the talks were
recorded and uploaded online. This provided a framework for collaboration between
participants, and based on this activity, much collaborative work will be produced
that extends beyond the present borders of these research fields in the near future.
Apart from promoting research activities, our mission was also to encourage

younger researchers by giving them the opportunity to give presentations about
their research. Furthermore, among 15 young speakers, we had selected one Best
Presentation Award winner, and four Excellent Presentation Award winners by
online anonymous voting. We are confident that this selection was fair, and equal
chances were given to all the young speakers.
One difficulty of online activities is the time differences amongst many countries.

In spite of this difficulty, we were able to welcome 14 international speakers online.
Moreover, 27 domestic speakers, including 15 younger speakers, gave presentations
about their works related to our concept. Independently of research talks, 2 public
lectures were given to both researchers and the general public. These lectures revealed
clear applications of recent mathematics to real world situations.
Finally, the organizing committee would like to represent our sincere gratitude to
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all the speakers for their contributions to our project. We are also grateful to the staff
at OCAMI, as well as the graduate student staff (Luis Pedro Castellanos Moscoso,
Yuta Taniguchi, Satoshi Ogawa, Ryo Takenaka at Osaka City University, and Jumpei
Yasuda at Osaka University), for their generous support. This project was supported
by JSPS KAKENHI Grant Numbers JP18H04489, JP19J02034, JP20K14314 (Prin-
cipal Investigator: Masashi Yasumoto), JP17H06127 (Principal Investigator: Masa-
Hiko Saito, Co-Investigator: Yoshihiro Ohnita), JP18H03668 (Principal Investigator:
Martin Guest, Co-Investigator: Yoshihiro Ohnita), and internal financial support
by Osaka City University and Osaka City University Advanced Mathematical Insti-
tute (MEXT Joint Usage/Research Center on Mathematics and Theoretical Physics
JPMXP0619217849).
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GEOMETRY OF RANDOM DEEP NEURAL NETWORKS:
INFORMATION GEOMETRY POINT OF VIEW

SHUN-ICHI AMARI

Information geometry provides tools for analyzing information systems. In this talk,
I will give a short summary of history of information geometry [1]. I will then focus
on recent researches on deep neural networks. First, Fisher information matrix is
calculated for a randomly connected neural network with sufficiently large numbers of
neurons. It is shown that Fisher information matrix is asymptotically neuron-wise
diagonal. It is shown recently that there exists a true target function in a small
neighborhood any network of random connections. This is a surprising fact shown by
the theory of neural tangent kernel [2]. We give a geometrical perspective of this fact
[3]: When a very high-dimensional sphere of radius 1 is projected to a low-dimensional
space, the resultant is a 0-mean Gaussian distribution with sufficiently small variances.
This explains the above fact.

References

[1] S. Amari, Information Geometry and Its Applications. Springer, 2016.
[2] A. Jacot, F. Gabriel and C. Hongler, Neural tangent kernel: Convergence and generalization in

neural networks, Neurips 2018, arXiv:1806.07572v3, (2018).
[3] S. Amari, Any target function exists in small neighborhoods of any randomly connected networks:

A geometric perspective, (2020), in preparation.
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VISUALIZATION OF LINK FIBRATIONS AND CRITICAL POINTS

BENJAMIN BODE

A link is the disjoint union of embedded circles in the 3-sphere S3. A braid on n
strands is the disjoint union of n parametric curves

∪n
j=1(zj(t), t) ⊂ C × [0, 2π], t ∈

[0, 2π], such that for each index i there is a unique j ∈ {1, 2, . . . , n} with zi(0) = zj(2π).
It is a well-known result by Alexander that every link (up to isotopy) can be realised
as the closure of a braid by identifying the t = 0 and t = 2π plane and embedding the
resulting C× S1 in R3 ⊂ S3 using the standard embedding of the solid torus in R3 [1].

I am going to consider a special class of links, the so-called fibered links. A link L is
fibered if its complement S3\L fibers over the circle, i.e., if there is a map ϕ : S3\L → S1

(in a certain homotopy class) that has no critical points.
Such critical points often have a physical interpretation, for example as the points

where a magnetic field that is induced by an electric current through a knotted wire
vanishes [2], or as point defects of liquid crystals with knotted defect lines [4].

A good measure of how far a link L is from being fibered is its Morse-Novikov number
MN (L). It is defined as the minimal number of critical points of any S1-valued Morse
function on S3\L in the relevant homotopy class [5]. In particular, MN (L) = 0 if and
only if L is fibered.

In general, it is very difficult to compute MN (L) or even give (good) bounds for
this link invariant. In my talk I am going to present a construction of S1-valued maps
on link complements, which can be used to give upper bounds for MN (L) [3]. This
construction is based on an interpretation of a braid as a loop in the space of monic
complex polynomials gt(z) =

∏n
j=1(z − zj(t)). Note that the roots of gt trace out the

braid
∪n

j=1(zj(t), t), as t varies from 0 to 2π. Similarly, we will see that the critical
points and critical values of gt also can form braids and their topology not only tells
us something about the number of critical points of the eventual S1-valued map, but
also helps us visualise where the critical points occur and how the level sets (surfaces)
behave in a neighbourhood of a critical point.

References

[1] J. Alexander, A lemma on a system of knotted curves, Proc. Nat. Acad. Sci. USA 9 (1923) 93–95.
[2] J. Binysh and G. P. Alexander, Maxwell’s theory of solid angle and the construction of knotted

fields, J. Phys. A: Math. Theor. 51 (2018), 385202.
[3] B. Bode and M. R. Dennis, Constructing a polynomial whose nodal set is any prescribed knot or

link, Journal of Knot Theory and Its Ramifications 28 (2019), 1850082.
[4] T. Machon, H. Aharoni, Y. Hu and R. D. Kamien, Aspects of defect topology in smectic liquid

crystals. Comm. Math. Phys. 372 (2019), 525–542.
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Key words and phrases. fibered link, braid, critical point, Morse-Novikov number.

10 OCAMI Reports Vol. 1 (2021)



[5] A. Pajitnov, L. Rudolph and L. K. Weber, The Morse-Novikov number for knots and links, Algebra
i Analiz 13 (2001) 105–118. Translation in St Petersburg Math J 13 (2002) 417–426.

Department of Mathematics, Osaka University, Toyonaka, Osaka 560-0043, Japan
Email address: ben.bode.2013@my.bristol.ac.uk

The 27th OCU Symposium 11



OCAMI Reports
The 27th OCU International Academic Symposium
2021, pp.12–13

DEGENERATIONS OF ORBITS AND LEFT-INVARIANT
SYMPLECTIC STRUCTURES ON LIE GROUPS

LUIS PEDRO CASTELLANOS MOSCOSO

Abstract. We are interested in the classification or finding conditions for the exis-
tence of left-invariant symplectic structures on Lie groups. Some classifications are
known, especially in low dimensions. For studying the existence problem we prove
that it is enough to study the closed orbits in the space of left-invariant nondegener-
ate 2-forms. As an application of this we find a condition for the existence of such
structures in some particular almost abelian Lie groups.

1. Introduction

In the setting of Lie groups is very natural to ask about the existence of left-invariant
structures. A symplectic Lie group is a Lie group G endowed with a left-invariant
symplectic form ω (i.e. a nondegenerate closed 2-form). There are many interesting
results in the structure of symplectic Lie groups and considerable classification efforts
in low dimensions, but the general picture is far from complete.

Previously we approached this problem by studying the “moduli space of left-invariant
nondegenerate 2-forms” which is a certain orbit space in the set of all nondegenerate
2-forms on a Lie algebra g. However in most cases this moduli space is too big to be
useful, so we focus on a subset of the moduli space.

2. Main results

Let use the notation [ω] to denote an orbit in the moduli space and [ω] to denote the
topological closure.

Theorem 1 (Main Result). If ω1 is symplectic and [ω2] ⊂ [ω1], then ω2 is also sym-
plectic.

So to study symplectic forms it is enough to look at closed orbits.
Then we apply this result to a particular family of almost abelian Lie algebras, obtaining
conditions for the existence of symplectic structures, improving a result by Ovando([2]).

References

[1] Baues, O., Cortés V. : Symplectic Lie groups. Astérisque 379 (2016).
[2] Ovando, G. Four dimensional symplectic Lie algebras. Beiträge Algebra Geom. 47 (2006), 419–

434.
[3] Castellanos Moscoso, L. P. and Tamaru, H. A classification of left-invariant symplectic structures

on some Lie groups. arXiv e-prints, 2020.
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LAND USE/LAND COVER CLASSIFICATION USING OBJECT AND
PIXEL BASED CLASSIFICATION APPROACHES WITH MEDIUM
RESOLUTION SATELLITE IMAGES: A CASE STUDY IN LAO CAI

PROVINCE, VIETNAM

HANG THI DO, VENKATESH RAGHAVAN, AND GO YONEZAWA

Abstract. This study aims to classify land use/ land cover of a part of Lao Cai
province in Vietnam using object and pixel based machine learning classifications.
The research investigates the capability of medium resolution satellite images such as
RapidEye, Sentinel-2 and Landsat-8 on rice terrace class classification and land use/
land cover mapping. Also, the comparison of pixel and object based approaches, as
well as the capability of the classification methods is evaluated.

1. Introduction

Monitoring Land Use/Land Cover (LULC) situation is important in mitigating prob-
lems related biogeochemical cycles, loss of productive ecosystems and degradation of
agricultural lands. Several approaches to obtain LULC maps from Remote Sensing (RS)
images have been applied with varying degree of success. Diverse resolution of remotely
sensed data facilitates mapping LULC characteristics on local, regional and global
scales. Medium resolution optical RS data have been used to generate LULC maps
using Pixel Based Image Analysis (PBIA) or Object Based Image Analysis (OBIA)
approaches. However, there are only few studies on quantitative or comparative evalu-
ation of either approaches in generating LULC maps of acceptable accuracy. The focus
of this research is to apply PBIA and OBIA to medium resolution RapidEye, Sentinel-2
and Landsat-8 data for test area in Lao Cai province of Vietnam and evaluate their
efficacy to produce reliable rice terrace as well as LULC maps.

First of all, the study is aimed to classify a single rice terrace class in PBIA and OBIA.
Rice terrace is an important land cover which reduces soil erosion, mitigates landslide
hazard, controls water resources and offers scenic beauty for attracting tourism. The
rice terrace class could be extracted from optical RS based on high brightness signatures
(Galletti et al., 2013; Zhang et al., 2017). Most of studies about rice terrace classification
have focused on edge characteristics and a distinct contrast with the surrounding natural
objects obtained from very high-resolution RS data (Zhang et al., 2017). However,
these data sets are costly and computationally intensive in monitoring rice terrace over
large areas. Medium resolution RS images available as Open Data offer a valuable
data source for regional monitoring. In this research, three Machine Learning (ML)

Key words and phrases. Rice Terrace, Land Use Land Cover, Machine Learning, CNN.
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classifiers, namely, Multilayer Perceptron (MLP), Random Forest (RF) and Support
Vector Machine (SVM) are applied for the rice terrace classification.

Secondly, LULC map of the study area is classified using PBIA and OBIA Light
Convolutional Neural Network (LCNN). The LCNNs use only three convolutional layers
and offers a simplified workflow to produce accurate LULC classification (Song et al.,
2019). PBIA-LCNN and OBIA-LCNN models are applied on RapidEye, Sentinel-2
and Landsat-8 images covering the study area to generate seven LULC classes (water,
built-up, mining/bare land, rice field, rice terrace, non-forest vegetation and forest).

2. Methodology

2.1. OBIA and machine learning classifications. In this study, rice terrace class
is identified using MLP, RF and SVM algorithms in PBIA and OBIA. In OBIA, image
segmentation techniques have been used frequently to process satellite sensor data.
This is the process of grouping neighbor pixels which have similar digital values to
image objects using threshold value (i) (Blaschke et al., 2004). Optimal threshold was
defined as the value when the image is not over-segmented or under-segmented (Kim et
al.,2008), obtained by using ROC-LV measurement (Bauer et al., 1998; Dragut et al.,
2014).

The binary classification is investigated to identify two classes: rice terrace and
others (non-rice terrace). In the case of MLP, 8 hidden layers which include 128 nodes
for each layer is setup. Rectified Linear unit (ReLu) is chosen as an activation function.
In order to prevent overfitting, dropout, L1 and L2 regularization methods are chosen.
Dropout ratio is set as 0.2 and L1, L2 at 10-5, 10-5, respectively. Log Loss metric is
utilized to decide the most efficient model. The network is implemented in R Statistical
Computing environment using Open Source machine learning platform H2O package.

RF classifier is implemented using Caret (Classification and Regression Training) R
package which includes a set of functions that attempt to streamline the process for
creating predictive models. Two parameters in RF method: the number of decision
trees (Ntree) is chosen to be 500, while the number of variables in the random subset
at each node (Mtry) is as default.

As same as RF, SVM SVM model is implemented using Caret. Radial Basic Function
(RBF) kernel is chosen as it is commonly used. K-fold cross-validation is applied to
estimate model accuracy. The size of the subset equals 9. It may not the best value of
subset size, but good enough for the study.

2.2. PBIA-LCNN and OBIA-LCNN. Traditional Convolutional Neural Network is
widely applied for LULC classification. However, a deep network can lead to overfitting
and time-consuming. To ignore these drawbacks, the application of a LCNN for land
cover classification was introduced (Song et al., 2019).

In this study, PBIA-LCNN and OBIA-LCNN are proposed for LULC classification.
The two models have three convolutional layers. The first convolutional layer of PBIA-
LCNN filters the 3D input with 20 filters of size 1× 1× number of bands of the RS
data. In case of OBIA-LCNN, the first convolutional layer includes 20 filters of size 3
× 3× the number of bands of the RS data. The second and third convolutional layers
of PBIA-LCNN and OBIA-LCNN have 20 filters of size 2× 2× 20. Zero padding
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and stride equals 1 are employed. The last Softmax layer which provides a probability
distribution over 7 LULC classes. Fully connected layers and pooling layers are not
employed. Instead, ReLU activation function and Adam optimizer with a learning rate
of 10-5 are used. The two networks are implemented for RapidEye, Sentinel-2 and
Landsat-8 images to classify LULC maps for the study area. 5 bands of RapidEye,
4 bands of Sentinel-2 and 6 bands of Landsat-8 are used as inputs. The number of
epochs equals to 100 and early stopping technique is applied, the training processing
stops when the different between two consecutive loss (r) is lower or equals to 10-6. The
models are implemented using Google Colab.

3. Result and Discussion

3.1. Rice terrace classification. Rice terrace class classification achieves accurate
results using RapidEye image. In all three ML classifiers, PBIA provides the most
accurate results, at 91.9%, 92.0%, 92.0% for MLP, RF and SVM classifiers, respectively.
In case of OBIA, the classification accuracies achieve the highest values at the first peak
of the ROC-LV graph, at 90%, 90.3%, 89.8% of MLP, RF and SVM, respectively. In
general, the values show a slight decrease when i increases. In both PBIA and OBIA,
RF classifier works better than SVM and MLP.

PBIA attains the most accurate results for Sentinel-2 image classification, at 91.3%,
90.3%, 91.2% for MLP, RF and SVM, respectively. The first peak of ROC-LV graph
of OBIA presents the best result, at 86.1%, 85.2% of RF and SVM, respectively. MLP
produces the highest overall accuracy at the fourth peak (84.7%), slightly higher than
the value at the first peak (84.6%). In general, the classification accuracies slightly fluc-
tuate in a downward trend when i increases. The differences in classification accuracy
among three classifiers at the same approach are small.

Overall accuracies for Landsat-8 classification of PBIA are at 89.7% for MLP, 89.2%
for RF and 89.9% for SVM, higher than all OBIA. OBIA yields high accuracy at the first
peak of ROC-LV graph, at 83.3%, 83.4%, 83.9% of MLP, SVM and RF, respectively.
The classification accuracies significantly decline from PBIA to the second peak of
ROC-LV graph and subsequently show gradual decline of accuracies.

3.2. LULC classification. The results of LULC classification using PBIA-LCNN and
OBIA-LCNN show that, PBIA and OBIA produce the same overall classification accu-
racy using RapidEye image, at 94%. Rice terrace and forest classes achieve excellent
accuracies, while mining/bare land, built-up, paddy field and non-forest vegetation
attain lower accuracies but higher than 87%.

In the case of Sentinel-2, PBIA and OBIA achieve the same overall classification
accuracy, at 91%. However, the accuracies of LULC classes are different. In detail,
water, built-up and rice terrace classes obtain higher than 90%, other LULC classes
gain lower accuracies, while OBIA produces higher than 90% classification accuracy for
built-up, forest and rice terrace classes.

Both PBIA and OBIA gain accurate classification result with 96% of overall accuracy
using Landsat-8 image. All classified classes in PBIA acquire high accuracy, higher than
or equal to 93%. Similar to PBIA, all LULC classes get accurate classification result,
higher or equal to 92%.
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3.3. Discussion. The results of this research show that MLP, RF, and SVM classifiers
produces higher classification accuracy for rice terrace in PBIA than OBIA. RapidEye
achieves the most accurate result, follow by Sentinel-2 and Landsat-8. In comparison of
ML classifier, SVM attains slightly higher classification accuracies than MLP and RF.

In the case of LULC mapping, PBIA-LCNN and OBIA-LCNNmodels produce similar
LULC classification accuracy. In comparison of RS images, while Landsat-8 achieves
the most accurate classification result, following by RapidEye and Sentinel-2. The
spatial resolution of Sentinel-2 is finer than Landsat-8 and coarser than RapidEye, but
its classification result does not perform well when compared to other data sets. The
reason for this could be due to spectral bands used and/or because of difference in
resolution of three RS datasets. Fewer bands used for Sentinel-2 as compared to with
RapidEye and Landsat-8 may be one of the reasons for lower classification accuracy in
case of Sentinel-2.

The research also provides a simple and effective workflow for a single rice terrace
class as well as LULC mapping and provide useful inputs for decision making and
planning. The methodologies have been entirely implemented using Free and Open
Source Software and their efficacies demonstrated with freely accessible Open Data with
near global coverage. Thereby, the workflow can be easily adopted and refined to suit
a variety of geographical locations, data sets and user needs. Validating the proposed
methodologies with multi-spectral UAV (Unmanned Aerial Vehicle) imagery could help
in providing high resolution LULC information and overcome some of the limitations
of optical satellite data such as temporal resolution, cloud cover and timeliness.
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MATHLIBRE: MATHEMATICAL SOFTWARE ENVIRONMENT

TATSUYOSHI HAMADA

Abstract. MathLibre is a project to archive open source mathematical software and
free mathematical documents and offer them on Live Linux system.

MathLibre is a project to archive open source mathematical software and free math-
ematical documents and offer them on Live Linux system. MathLibre Project is the
direct descendant of KNOPPIX/Math Project. It provides a desktop for mathemati-
cians that can be set up easily and quickly. If your machine is not DVD bootable, or
has very special hardware devices which MathLibre cannot drive, we recommend you
download virtual machine like“Virtual Box”. Once you have installed the virtual ma-
chine, you can start our live system from DVD or from ISO image file. The instructions
for installing and using the virtual machine can be found in our DVD.

MathLibre includes over 100 mathematical software packages, i.e. computer algebra
systems, programming environment, visualization libraries for research and educational
use. Anyone can explore the world of mathematical software systems.
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TOPOLOGICAL INVARIANTS AND CORNER STATES FOR
HAMILTONIANS ON A LATTICE

SHIN HAYASHI

Abstract

In condensed matter physics, Topology takes much interest. It is known that there
exist some materials that, although their interior (bulk) is insulating, its (codimension-
one) edge behaves like a metal (see Figure 1). This can be explained as follows: insulat-
ing bulk possesses some topology and, corresponding to it, there appear edge localized
states. The existence of edge states explains its metallic behavior around the edge.
This correspondence of bulk and edge is called the bulk-edge correspondence and was
first proved by Hatsugai, and such materials are called topological insulators. A mathe-
matical aspect of the bulk-edge correspondence can be stated as a relation between two
topological invariants (one for bulk, and the other for edge) and can be shown by using
index theory: Kellendonk-Richter-Schulz-Baldes proved the bulk-edge correspondence
by using the index theory for Toeplitz operators.

In this poster, we mainly consider Hamiltonians on systems with (codimension-two)
corners which appear as an intersection of two edges (see Figure 2). We show that, when
both bulk and two edges are insulating, there exists some topology, and corresponding
to it, there exists (topologically protected) corner states [2]. For its proof, we use index
theory for quarter-plane Toeplitz operators developed by Simonenko, Douglas–Howe,
Park and others. A construction of non-trivial examples by using Hamiltonians of two
conventional topological insulators will also be presented.

Recently in condensed matter physics, such systems possessing topologically pro-
tected corner states are actively studied with its relation to higher-order topological
insulators [1]. A (variant of) our theory explains a two dimensional model of higher-
order topological insulators proposed by Benalcazar–Bernevig–Hughes [1, 3]. In this
sense, our discussion can be seen as a mathematical approach to higher-order topolog-
ical insulators.
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Figure 1. Bulk and edge Figure 2. Bulk, edges
and corner
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A FAMILY OF INDEX POLYNOMIAL INVARIANTS FOR VIRTUAL
STRING LINKS

HIROKI ITO

Abstract. Virtual string links are extentions of virtual links and classical string
links. In this talk, we introduce a family of index polynomial invariants for n-
component virtual string links. Moreover, we give a method of distinguishing virtual
string links from their vertical mirror images.

1. Virtual string links and index polynomials

Fix n distinct point 0 < x1 < · · · < xn < 1. Let [0, 1]1, . . . , [0, 1]n be n copies of [0, 1].
Then, an n-component virtual string link diagram is the image of an immersion

n⊔
i=1

[0, 1]i → [0, 1]× [0, 1]

such that the image of [0, 1]i runs from (xi, 0) to (xi, 1), and its singular points are
positive, negative and virtual crossings.

An n-component virtual string link is an equivalence class of n-component virtual
string link diagrams under virtual isotopy.

Definition 1. Let A(D) := { semi arcs of D }. Then, a map c : A(D) → Z is a
Cheng coloring of D if the following two conditions are satisfied.
(1) Each crossing of D satisfies the condition as in Figure 1.
(2) The outgoing semi arc from (xi, 0) values 0.

Figure 1 Figure 2

Definition 2. Suppose that a Cheng coloring is given to a diagram D. For each
crossing τ of D, W (τ,D) := b− a, where a, b are values of semi arcs depicted in Figure
3
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Figure 3

Definition 3. For any i, j ∈ {1, . . . , n},

Tij(D) := { crossings of D that under arc is i-th component }
ϕD
ij (t) :=

∑
τ∈Tij(D)

sign(τ)(tW (τ,D) − 1) ∈ Z[t±1]

2. Main results

We have the following theorem.

Theorem 4. If D,D′ are diagrams of an n-component virtual string link, then for
any i, j ∈ {1, . . . , n}, ϕD

ij (t) = ϕD′
ij (t)

Therefore, ϕD
ij (t) is an invariant for virtual string links. Moreover, we obtain the

following proposition.

Proposition 5. Let D be an n-component virtual string link diagam and Dv be a
diagram which is changed upper/lower information of all crossings of D. Then, for any
i, j ∈ {1, . . . , n}, ϕD

ij (t) = −ϕDv

ji (t
−1)
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EVALUATING SPATIO-TEMPORAL EXPANSION PATTERNS AND
URBAN GROWTH MODELS: A CASE STUDY OF COLOMBO

CITY, SRI LANKA

PAVITHRA JAYASINGHE, VENKATESH RAGHAVAN, AND GO YONEZAWA

Abstract. This research focuses on investigating urban expansion pattern of Colombo
City, Sri Lanka during 1997-2019 and simulating urban growth for 2030. The study
comparatively evaluates simulation results generated by three Open Source urban
growth Models namely, FUTURES, SLEUTH and MOLUSCE. Derived future urban
growth for Colombo City in 2030 is compared in light of proposed development plan.

1. Introduction

In broad context of investigating urban growth, numerous qualitative and quantita-
tive techniques for detection of land change patterns have been proposed in numerous
studies. Intensity analysis is applied to decipher size and rate of change across time
intervals and spatial pattern analysis is used to understand urban growth dynamics con-
sidering outlying, edge-expansion and infilling as main patterns to characterize urban
expansion.

In the first stage of this research, intensity and spatial pattern analysis were applied to
characterize the urban growth in Colombo City and its environs. Colombo is a rapidly
urbanizing coastal city in Sri Lanka. Land change intensity analysis [1] examines how
the size and speed of change vary across time intervals. Spatial pattern analysis is an
important topic in contemporary urban change studies [2,3]. Further, growth types
characterized by the spatial patterns such as outlying, edge-expansion, and infilling
[4] have been used to define the Landscape Expansion Index (LEI) as a quantitative
estimate of urban expansion [5]. These two methods; (i.e. intensity analysis and spatial
pattern analysis) provide an enhanced understanding of urban expansion of cities.

Although some similarities exist, these models vary in algorithms used, modelling
framework and assumptions made. Among deterministic and stochastic pattern based
spatial allocation models, stochastic models are gaining popularity due to their capa-
bility of accounting randomness and competency to test scenarios of alternative futures
[6]. In the context of planning and decision making, particularly useful feature of land
change models is their ability to help explore different scenarios and better understand
trade-offs between different planning interventions [7]. First, study uses the FUTURES
model as it bridges the gap between cell and object-based representation and affords
exploration of diverse scenarios [6]. FUTURES is a stochastic patch-based, multilevel
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modeling framework for simulating spatial landscape in urbanizing regions. FUTURES
compatibility in developing countries context was tested by applying it in Colombo City
Sri Lanka. It was validated using Remote Sensing derived urban growth map 2019 and
then applied to predict 2030 urban expansion.

However, numerous urban growth simulation models with diverse sophistication have
been developed and demonstrated the high competency in projecting urban growth
[6,8,9,10]. Selecting an appropriate model that serves the purpose of the study is
often arbitrary or depends upon the availability of inputs required to run the model
or researcher ’s decision. There are considerable studies that provide guidance for
researchers in understanding how accurate a model can replicate the urban systems.
Lack of studies comparing models limits the ability to understand the trade-offs among
model accuracies and therefore creates a critical research gap [11]. Consequently, a
comparative evaluation of models to provides a guidance in selecting an urban growth
model and highlight trade-offs between selecting one model over another is of great
importance. Therefore, the FUTURES model was compared with two more Open
Source urban growth models namely, MOLUSCE and SLEUTH.

Finally, model simulation results were compared with existing development plan WR-
MMP, prepared for Western Province of Sri Lanka where Colombo is located. Recom-
mendations and suggestions were made reflecting the simulation results generated by
three models for 2030 urban growth.

2. Methodology and Results

Supervised Classification which groups satellite image pixels with the same or simi-
lar spectral reflectance characteristics into same information categories was performed
to derive Land Cover (LC) maps of the study area from Landsat TM/OLI imageries.
K-Nearest neighbor method was used to generate LC maps for the years 1997, 2005,
2008, 2014, 2019 with overall accuracies 86.56%, 88.77%, 90.07%, 93.03%, 93.22% re-
spectively.

In the first stage of this research, LC change detection was carried out using derived
LC maps in 1997, 2008, 2019 considering regular time gap. Intensity analysis and
Pattern analysis was performed under LC change detection for better understand the
quantitative and qualitative measures of spatiotemporal urban expansion of Colombo
City. Intensity analysis revealed that urban lands in Colombo has grown in a faster rate
during 1997-2008 than in 2008-2019 period. Results of urban growth pattern analysis
shows that between 1997-2008, out of the 4,924 new patches of urban class in 2008,
58.14% were classified as outlying, while 18.81% were classified as infilling. During 2008-
2019, the number of new urban patches in 2019 increased to 10,750. Of these, 50.08%
were classified as edge-expansion, while outlying type has become much less dominant
(22.39%). These results indicate that spatial patterns of urban land change have evolved
from being predominantly outlying during 1997-2008 to edge-expansion during 2008-
2019. In the second stage, diverse modelling approaches were investigated to predict
future changes to urban systems in Colombo City and surrounding areas. Initially,
FUTURES model was applied to identify urban expansion patterns. FUTURES is a
patch-based, multilevel modeling framework for simulating the emergence of landscape
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spatial structure in urbanizing regions. Urban transitions are simulated based on three
sub-models namely, POTENTIAL, DEMAND and Patch Growing Algorithm. In the
initial stage the model was applied to simulate the urban growth during 2014-2019
for model validation purpose. Simulation result and validation metrices obtained by
applying FUTURES are in close agreement with observed urban growth.

FUTURES was used to predict three different growth scenarios, namely Business as
Usual (BaU), Infill growth and Sprawl and results of all three scenarios show over 100
km2 increase in urban lands by 2030. According to the simulation results generated
under BaU which assumes the continuation of current growth trend, Colombo is posed
to experience infilling type urban growth over the coming decade. The emerging urban
patches will concentrate around two major centers, namely, Kadawatha and Kottawa.
Based on simulation results, Kadawatha and Kottawa are recommended to be developed
as 2nd tier towns along with other 2nd tier proposed in 2030 Western Region Megapolis
Master Plan.

In the third stage of the research, the results of the simulations were compared with
two other Cellular Automata models namely, MOLUSCE and SLEUTH. The objective
was to not only compare the simulation results using diverse approaches but also to
evaluate the performance, strengths, and weaknesses of FUTURES, MOLUSCE and
SLEUTH models. Three models were also assessed in terms of possibility of integrating
similar explanatory variables and policy scenarios.

The comparative evaluation FUTURES, MOLUSCE and SLEUTH models was car-
ried out in two phases. In Phase One, the simplest state for models was considered and
in Phase Two, identical inputs were used to generate urban growth potential surface
based on Logistic Regression (LR). The observed urban area expansion extracted from
satellite images during 2008-2019 was 127.37 km2. In Phase One, the simulated ur-
ban growth with FUTURES, MOLUSCE and SLEUTH were 148.91 km2, 250.55 km2

and 77.10 km2 respectively. The results indicate that SLEUTH model showed an over
estimation and MOLUSCE model showed an under estimation while FUTURE model
simulation closely corresponds with observed growth. Accuracy assessment and valida-
tion metrics evaluated for Phase One results indicate that FUTURES model provides
better results. In Phase Two of simulation, the LR was selected for potential surface
identification in MOLUSCE and SLEUTH as it is also used in FUTURES model. As a
result, the overall performance of SLEUTH and MOLUSCE show significant improve-
ments. The SLEUTH and MOLUSCE model simulated urban growth as 156.97 km2

and 135.88 km2 respectively which correspond with observed growth. Accuracy assess-
ment and validation metrices indicate that SLEUTH provides better prediction results
due to inclusion of LR in Phase Two. Spatial pattern analysis for simulated growth by
three models was carried out and compared with observed landscape expansion pat-
terns in 2019. The results indicate that FUTURES and MOLUSCE models correctly
simulated the prominent pattern as edge expansion which was observed in 2019 while
SLEUTH model simulated it as infilling.

With improved prediction accuracy with LR, three models were used to simulate
urban growth for 2030. Comparison of simulated urban growth for 2030 by three
models show dissimilarities in terms of areal extent and spatial allocation. Total urban
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expansion during 2019-2030 is 119.59 km2, 197.78 km2, and 78.51 km2 as predicted
by FUTURES, SLEUTH and MOLUSCE models respectively. Growth predicted by
FUTURES closely matches with the average annual urban expansion during the past
two decades (13.4 km2) while SLEUTH overestimates and MOLUSCE underestimates.
In simulation for 2030, infilling is predicted as the prominent growth pattern by all three
models. While FUTURES model allocates expansion around existing urban centers,
SLEUTH and MOLUSCE mainly indicate outer peripheral growth.

Considering the tradeoff between computational overheads and results it is concluded
that FUTURES offers a robust, easily customizable model with flexibility to address
disparate scenarios. The simulation models applied in this research reveal new informa-
tion on growth intensity as well as patterns and provide valuable inputs for sustainable
urban development planning of Colombo City. Further, the successful application of
Free and Open Source software and Open Data in the present research facilitates easy
adoption of the methodology in other rapidly urbanizing areas.
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A SPATIAL ARC AND THE KNOTTING PROBABILITY

AKIO KAWAUCHI

Abstract. It is explained how the knotting probability is defined for an oriented
polygonal spatial arc.

1. Introduction

The knotting probability of an arc diagram is defined in [1] as the quadruplet of four
kinds of finner knotting probabilities which are invariant under a reasonable deformation
containing an isomorphism on an arc diagram. The definition of the knotting probability
of an arc diagram uses the fact that every arc diagram induces a unique chord diagram
representing a ribbon 2-knot in 4-space. Then the knotting probability of an arc diagram
is set to measure how many non-trivial ribbon genus 2 surface-knots occur from the
chord diagram induced from the arc diagram.

It is also shown in [2] that the projection image of an oriented spatial polygonal arc
to any oriented plane is approximated by an arc diagram uniquely determined by the
spatial arc and a projection direction (up to isomorphic arc diagrams). By using the
knotting probability of an arc diagram, the knotting probability of a spatial polygonal
arc is defined.

The canonical 12 arc diagrams determined uniquely by the sptatial arc such that the
orientation change of the spatial arc makes only a substitute for these arc diagrams (up
to isomorphic arc diagrams) are highlighted for a computation.
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GEOMETRIC AND CONSTRUCTIVE UNDERSTANDING OF
HIGHER DIMENSIONAL DIFFERENTIABLE MANIFOLDS VIA

EXPLICIT MORSE FUNCTIONS AND FOLD MAPS

NAOKI KITAZAWA

Abstract. We will introduce new studies on understanding higher dimensional dif-
ferentiable manifolds in geometric and constructive ways. We will use foldmaps, which
are regarded as higher dimensional versions of Morse functions. We construct explicit
fold maps on 7-dimensional and higher dimensional closed and simply-connected man-
ifolds and see their topologies and differentiable structures.

Investigating and understanding the topologies and the differentiable structures of
differentiable manifolds is fundamental and important in geometry and mathematics.

Morse functions, existing densely on closed smooth manifolds (differentiable mani-
folds of class C∞), tell us homology groups and some information on homotopy of the
manifolds. More precisely, singular points, appearing discretely, have such information.
As a simplest case, Reeb’s theorem implies that Morse functions with exactly two singu-
lar points on closed manifolds characterize spheres topologically except 4-dimensional
cases: in these cases, such functions characterize 4-dimensional standard spheres. This
is so called classical Morse theory. See [8] and [9] for example.

The author is interested in understanding higher dimensional smooth manifolds in
geometric and constructive ways. Via sophisticated methods such as algebraic topo-
logical methods and ones based on surgery theory, in a sense they were considerably
understood already in 1970s: the assumption that the manifolds are high dimensional
yielded such facts. However, this assumption makes the manifolds difficult to under-
stand in geometric and constructive ways.

The author believes that new development in higher dimensional versions of the clas-
sical theory of Morse functions will give us strong tools in the understanding. Related
studies were first launched in 1950s by Thom ([14]) and Whitney ([15]). Since 1990s,
Saeki, Sakuma, and so on, have developed the theory and apply it to understanding
differentiable structures of homotopy spheres and various closed 4-dimensional mani-
folds. More precisely, they used fold maps, which are regarded as higher dimensional
versions of Morse functions including special generic maps, which are regarded as higher
dimensional versions of Morse functions on homotopy spheres with exactly two singular
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points: canonical projections of unit spheres are also special generic. For example, ex-
otic homotopy spheres do not admit special generic maps into Euclidean spaces whose
dimensions are larger than 2 in general. See also [10], [11], [12], [13], [16], and so on.

In this presentation, as related new studies, for example, we construct explicit fold
maps on 7-dimensional or higher dimensional closed and simply-connected manifolds
such as manifolds in [6], [7] and so on. We also present their homology groups, coho-
mology rings, classical characteristic classes, differentiable structures, and so on. The
content is based on [1], [2], [3], [4], [5], and so on.
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SOLUTION TO THE REFLECTION EQUATION IN THE
SYMMETRIC TENSOR REPRESENTATION

HIROTO KUSANO

The reflection equation appeared originally in the problem of the integrable systems
in mathematical physics. It reads as RKRK = KRKR, where R and K are matrices
encoding the interactions in the bulk and at the boundary of the integrable system.
The aim of this talk is to provide a solution to the reflection equation in the context of
the mathematics, especially the representation theory of the quantum group.

Let Uq(A
(1)
2n−1) be the Drinfeld-Jimbo quantum affine algebra and (πl,x, Vl,x) be the

l-fold symmetric tensor representation of Uq(A
(1)
2n−1). The quantum R-matrix is defined

as an intertwiner by

R(x/y) : Vl,x ⊗ Vm,y → Vm,y ⊗ Vl,x,

(πm,y ⊗ πl,x)∆(u)R(x/y) = R(x/y)(πl,x ⊗ πm,y)∆(u) for any u ∈ Uq(A
(1)
2n−1)

where ∆ is a coproduct of Uq(A
(1)
2n−1). It is well-known that the quantum R-matrix

satisfy the Yang-Baxter equation.

Let U ′ be a right coideal subalgebra of Uq(A
(1)
2n−1) and (π∗

l,x, V
∗
l,x) be the dual repre-

sentation of (πl,x, Vl,x). Then, the quantum K-matrix is also defined as an intertwiner,
if it exists uniquely, by

K(x) : Vl,x → V ∗
l,x−1 ,

K(x)πl,x(a) = π∗
l,x−1(a)K(x) for any a ∈ U ′.

To obtain a solution to the reflection equation, we choose the affine ıquantum group
of type AII as U ′. Then, the quantum K-matrix is uniquely determined and we see that
these R and K actually satisfy the reflection equation.

References

[1] H. Kusano, M. Okado, Solution to the reflection equation related to the ιquantum group of type
AII, arXiv:2012.00967.

Department of Mathematics, Faculty of Science, Osaka City University
Email address: a17sa007@jf.osaka-cu.ac.jp

Date: Received on March 8, 2021.
Key words and phrases. reflection equation, symmetric tensor representation, ıquantum group.

32 OCAMI Reports Vol. 1 (2021)



OCAMI Reports
The 27th OCU International Academic Symposium
2021, pp.33

CIRCLE PATTERNS ON SURFACES WITH COMPLEX
PROJECTIVE STRUCTURES

WAI YEUNG LAM

Abstract. We report progress on a conjecture of Kojima, Mizushima and Tan about
the deformation space of circle packings on surfaces with complex projective struc-
tures.

1. Introduction

In the classical theory, holomorphic functions are conformal, mapping infinitesimal
circles to themselves. Instead of infinitesimal size, a circle packing is a configuration
of finite-size circles in the plane where certain pairs are mutually tangent. William
Thurston proposed regarding the map induced from two circle packings with the same
tangency pattern as a discrete holomorphic function [3]. Using machinery from hy-
perbolic 3-manifolds, a discrete analogue of the Riemann mapping is deduced from
Koebe-Andreev-Thurston theorem. A natural question is how this theory can be ex-
tended to Riemann surfaces. It is known that on a surface there are varying conformal
structures, which form the so-called Teichmüller space.

Since circles are preserved under complex projective transformations (i.e. Möbius
transformations), it is natural to consider circle packings on surfaces with complex
projective structures. Kojima, Mizushima and Tan [1] conjectured that, for a given
combinatorics, the configuration space of circle packings is a manifold whose projection
to the Teichmüller space is a diffeomorphism.

In the talk, we report progress on the torus case and discuss its connection to discrete
holomorphic quadratic differentials.
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MESH GENERATION BASED ON COMPUTATIONAL CONFORMAL
GEOMETRY

NA LEI

Generating meshes with regular structure plays a fundamental role in isogeometric
analysis. Regular hexahedral mesh generation is called the holy grid problem in com-
putational mechanics. Intensive research efforts have been spent on it for tens of years.
Although there are many heuristic methods in practice, the theoretic foundation still
remains widely open.

Recently, we have established a theoretic framework for quadrilateral mesh genera-
tion based on conformal geometry. Basically, we have discovered the intrinsic relation
between quad-meshes and meromorphic differentials on Riemann surfaces. This frame-
work is simple, elegant but powerful. It can answer many fundamental problems, that
no other methods could shed a light. For examples, it can show the existence of quad-
meshes with special properties, estimate the dimension of quad-meshes with constraints,
specify the geometric relations among the singular vertices of quad-meshes. More im-
portantly, it gives a simple algorithm for high quality quad-mesh generation based on
Riemann-Roch and Abel-Jacobi theorems. Furthermore, the quad-meshes based on
Strebel differential can leads to hexahedral mesh generation for volumes.
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DARBOUX TRANSFORMS VIA A SYM-TYPE FORMULA

KATRIN LESCHKE

Abstract. Isothermic surfaces are surfaces which allow, away from umbilic points,
a conformal curvature line parametrisation. We discuss an extension of Bianchi per-
mutability to describe all double Darboux transforms with respect to the same pa-
rameter in terms of a Sym-type formula. This is joint work with J. Cho and Y.
Ogata.

An isothermic surface can be seen as a surface f : M → R3 which locally allows a
non-trivial dual surface fd such that the Gauss map of fd is the negative of the Gauss
map of f , that is df ∧ dfd = dfd ∧ df = 0 where we identified R3 = ImH. Examples of
isothermic surfaces are minimal surfaces, CMC surfaces and surfaces of revolution. A
Darboux pair (f, f̂) is given geometrically by a pair of distinct conformal immersions
into 3–space such that there exists a sphere congruence conformally enveloping both
surfaces [1]. In this case, both surfaces f and f ♯ are isothermic. Algebraically, one

obtains a classical Darboux transform f̂ = f +T of an isothermic surface by a solution
T : M → R3 to a Riccati equation [2]

dT = −df + TdfdϱT, ϱ ∈ R .

Here the real parameter ϱ can be considered as the spectral parameter of an integrable
system, e.g., [3]. Using a conformal formulation, we write a Darboux transform of

f : M → R3 as f̂ = φH in S4 = HP1 where φ is a dϱ–parallel section for fixed ϱ ∈ R,
e.g. [4, 5]. Recall that the associated family of flat connections dϱ is given on the trivial
H2 bundle H2 by

dϱ = d+ ϱ

(
fdfd −fdfdf
dfd −dfdf

)
.

Given two parallel sections for distinct spectral parameter ϱ1 ̸= ϱ2 ∈ R the associated
Darboux transforms f1, f2 of f have by Bianchi permutability [6] a common Darboux

transform f̂ which is given algebraically by φ1, φ2. In this talk we discuss an extension
of Bianchi permutability to the case when the spectral parameter coincide ϱ := ϱ1 = ϱ2.
In this case, a Sym-type formula gives a Darboux transform of f by differentiating a
λ–dependent family of sections φλ with respect to the parameter λ near λ = ϱ where
dλφλ = 0. In particular, again one obtains Darboux transforms of f1 = φ1H at ϱ by
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parallel sections of the family of flat connections of f , that is, without further integra-
tion. This result is obtained by expressing the associated family of flat connections of
f1 in terms of the simple factor dressing, that is, by a gauge of dϱ with simple pole.

Moreover, all Darboux transforms of f1 are given by linear combinations of parallel
sections which are given by Bianchi permutability and by the Sym-type formula.
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DISCRETE CONFORMAL GEOMETRY OF POLYHEDRAL
SURFACES AND ITS APPLICATION

FENG LUO

Classical theory of Riemann surfaces is a pillar in mathematics and has many applica-
tions within and outside of mathematics. There have been many approaches to establish
discrete versions of conformal geometry for polyhedral surfaces since the pioneer work
of W. Thurston in 1978. In this talk, we will report some of the recent developments
in this area. These include a notion of discrete conformality, a discrete uniformization
theorem for polyhedral surfaces and their applications. Some open problems and their
relationship to classical Koebe conjecture and Weyl problem will be discussed. This is
a joint work with D. Gu, J. Sun and T. Wu.
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GEOMETRY OF QUASI STATISTICAL MANIFOLDS

HIROSHI MATSUZOE

Abstract. A quasi statistical manifold is a generalization of statistical manifolds.
In this talk, after summarizing the foundations of quasi statistical manifold, we will
discuss several applications of geometry of quasi statistical manifolds.

Let M be a manifold, h a nondegenerate (0, 2)-tensor filed on M , and ∇ an affine
connection on M . The quasi dual connection ∇∗ (or the left conjugate connection) of
∇ with respect to h is defined by

Xh(Y, Z) = h(∇∗
XY, Z) + h(Y,∇XZ) for X,Y, Z ∈ X(M).

If∇∗ is torsion-free, the triplet (M,∇, h) is a quasi statistical manifold [7]. In particular,
if h is a semi-Riemannian metric, (M,∇, h) is a statistical manifold admitting torsion
[5]. This manifold naturally arises in quantum information geometry [5] and the theory
of non-conservative estimating functions [3, 4].

In this talk, we will discuss geometry of quasi statistical manifolds. This talk is
mainly based on joint works with K. Haba [2] at Toyota Systems Corporation, and M.
Henmi [3, 4] at the Institute of Statistical Mathematics.
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ON MINIMAL PF SUBMANIFOLDS IN HILBERT SPACES
WITH SYMMETRIES

MASAHIRO MORIMOTO

Let M be a submanifold immersed in a finitie dimensional Riemannian manifold M̄ .
M is called austere ([1]) if for each p ∈ M and each ξ ∈ T⊥

p M the set of eigenvalues
with multiplicities of the shape operator Aξ is invariant under the multiplication by
(−1). M is called weakly reflective ([2]) if for each p ∈ M and each ξ ∈ T⊥

p M there

exists an isometry νξ of M̄ which satisfies νξ(p) = p, dνξ(ξ) = −ξ and νξ(M) = M . M
is called arid ([3]) if for each p ∈ M and each ξ ∈ T⊥

p M\{0} there exists an isometry
φξ which satisfies φξ(p) = p, dφξ(ξ) ̸= ξ and φξ(M) = M . From these definitions we
have:

austere⇒ ⇒
reflective ⇒ weakly reflective minimal⇒ ⇒arid

It is an interesting problem to classify these submanifolds under suitable conditions.
In my poster session we introduce the concepts of these submanifolds into a class

of proper Fredholm (PF) submanifolds in Hilbert spaces (Terng [4]) and show that
there exist many infinite dimensional weakly reflective PF submanifolds, austere PF
submanifolds and arid PF submanifolds in Hilbert spaces. In particular each fiber of
the parallel transport map is shown to be a weakly reflective PF submanifold. Those
imply that in infinite dimensional Hilbert spaces there exist many homogeneous minimal
submanifolds which are not totally geodesic, unlike in the finite dimensional Euclidean
case.
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M2-BRANES: INTEGRABILITY AND WEYL GROUP

SANEFUMI MORIYAMA

Abstract. Physical backgrounds and Mathematical structures of the ABJM matrix
model and its generalizations will be explained.

We define two-point functions of the ABJM matrix model to be the multiple integrals

⟨sλsλ′⟩k(N1|N2) =
i−

1
2
(N2

1−N2
2 )

N1!N2!

∫
RN1+N2

dN1µ

(2π)N1

dN2ν

(2π)N2
e

ik
4π

(
∑N1

m=1 µ
2
m−

∑N2
n=1 ν

2
n)

×
∏N1

m<m′(2 sinh
µm−µm′

2
)2
∏N2

n<n′(2 sinh
νn−νn′

2
)2∏N1

m=1

∏N2

n=1(2 cosh
µm−νn

2
)2

sλ(e
µ|eν)sλ′(e−µ|e−ν) (1)

where sλ(x|y) = sλ(x1, x2, · · · , xN1 |y1, y2, · · · , yN2) is the super Schur polynomial in
representation λ. Although k is quantized in physical theories, all positive real values
are allowed in the above matrix model. We also consider the generating function

⟨sλsλ′⟩GC
k,M(z) =

∞∑
N=max(0,−M)

zN⟨sλsλ′⟩k(N |N +M), (2)

by regarding the rank N as the particle number and introducing the dual fugacity z in
the grand canonical ensemble [1].

This matrix model originates from the ABJM theory [2, 3, 4], which is the N = 6
super Chern-Simons theory with gauge group U(N1)k × U(N2)−k (subscripts (k,−k)
denoting the Chern-Simons levels) and two pairs of bifundamental matters. The ABJM
theory is proposed to describe min(N1, N2) M2-branes and |N2 − N1| fractional M2-
branes on the background C4/Zk. The partition function and one-point functions of
half-BPS Wilson loop operators on S3 (defined originally by infinite-dimensional path
integrals) reduce to the above finite-dimensional multiple integrals [5] after cancellations
between contributions from bosons and fermions. The two-point functions of the matrix
model are defined in [6] from its mathematical structure.

Then, by trivializing one of the insertions sλ′ = 1, SM
λ = ⟨sλ⟩GC

k,M(z), we can prove
the compatibility with the Giambelli identity [7] and the Jacobi-Trudi identity [8]

SM
λ /SM

• = det(SM
(αi|βj)

/SM
•
)
, SM

λ /SM
• = det

(
SM+j−1
[λi−i+j]/S

M+j−1
•

)
, (3)

for the Young diagram λ = [λ1, λ2, · · · ] = (α1, α2, · · · |β1, β2, · · · ). We can further
identify the integrable structure of the two-point functions as the two-dimensional Toda
lattice hierarchy [9].
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Also we can rewrite the grand canonical partition function as a determinant

⟨1⟩GC
k,M(z) = det(1 + zĤ−1), (4)

where Ĥ is a spectral operator given by the exponentiated canonical operators (Q̂, P̂ ) =
(eq̂, ep̂). Especially, for the case without rank deformationsM = 0, the spectral operator
is given by

Ĥ = (Q̂
1
2 + Q̂− 1

2 )(P̂
1
2 + P̂− 1

2 ), (5)

which, after change of variables, is the defining equation of P1 × P1, the simplest del
Pezzo geometry. In this sense, the ABJM matrix model enjoys the exceptional Weyl
group of the del Pezzo geometry [10, 11, 12].

As above, the ABJM matrix model enjoys both the integrability and the exceptional
Weyl group symmetry. The physical backgrounds and these mathematical structures
will be explained.
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GEOMETRIC STRUCTURES MOTIVATED BY ARCHITECTURE

CHRISTIAN MÜLLER

Abstract. We will study discrete structures from a discrete differential geometry
point of view that have been motivated by architecture. In particular we will study
discrete surfaces that are isometric to surfaces of revolution, tensegrities which are
frameworks from cables and bars in static equilibrium, and a support structure formed
by quadrics.

We address three discrete structures that have been motivated by architectural ap-
plications.

1. Discrete Geodesic Parallel Coordinates

In [2] we study a discretization of geodesic parallel coordinates which are orthogonal
nets on surfaces where one of the two families of parameter lines are geodesic curves.
We describe a discrete version of these special surface parameterizations and show that
they are very useful for specific applications, most of which are related to the design
and fabrication of surfaces in architecture. With the new discrete surface model, it
is easy to control strip widths between neighboring geodesics. This facilitates tasks
such as cladding a surface with strips of originally straight flat material or designing
geodesic gridshells and timber rib shells. It is also possible to model nearly developable
surfaces. These are characterized by geodesic strips with almost constant strip widths
and are used for generating shapes that can be manufactured from materials which
allow for some stretching or shrinking like felt, leather, or thin wooden boards. Most
importantly, we show how to constrain the strip width parameters to model a class of
intrinsically symmetric surfaces. These surfaces are isometric to surfaces of revolution
and can be covered with doubly-curved panels that are produced with only a few molds
when working with flexible materials like metal sheets.

2. Geometric criteria for realizability of tensegrities in higher
dimensions

In [1] we study a classical Maxwell question on the existence of self-stresses for frame-
works, which are called tensegrities. We give a complete answer on geometric conditions
of at most (d+ 1)-valent tensegrities in Rd in terms of discrete multiplicative 1-forms.
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3. Support structures from quadrics

Furthermore, we will investigate support structures from ruled quadrics in tangential
contact. It leads to an interesting characterization of discrete Koenigs nets that has
also been independently be discovered in [3].
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CARBON STRUCTURES AND A DISCRETE SURFACE THEORY

HISASHI NAITO

Abstract. Carbon structures typified by fullerenes and carbon nanotubes are con-
sidered as discrete surfaces. We discuss such carbon structures from mathematical
viewpoints.

1. Crystal structure from viewpoints of discrete geometric analysis

Crystal structures are classically realized by using space groups in mathematics.
Space groups describe symmetries of atoms in crystals, but does not describe chemical
bonds between atoms in them. Since crystals consist of atoms and bonds between atoms.
a natural notion describing crystals is a graph, which consists of vertices and edges.
Describing crystal structures by using graph theory, we should consider realizations
Φ: X = (V,E) −→ R3, which describes positions of atoms of the crystal (vertices of
the graph X).

In 2000, Kotani and Sunada [5] defines topological crystals and their standard realiza-
tions. A topological crystal is a locally finite graph X = (V,E) with a free action of an
abelian group G, and they also define the energy E of realizations Φ of X by the sum of
squared distances of edges in X/G. A standard realization of the topological crystal is
a critical point of E under the fixed volume of the fundamental region of the G-action.
Kotani–Sunada shows the existence of standard realizations for any topological crys-
tals. Moreover, they show that standard realizations are the most symmetric structure
among all realizations for each topological crystal. Cubic, face-centric, body-centric,
and diamond crystals are described by a standard realization of suitable topological
crystals (see Sunada [12], also Naito [8]).

Sunada [11] also shows that a diamond crystal and the gyroid (K4) structure have
very higher symmetry, which are called strongly isotropic. Since diamonds (carbon
structures consist of the diamond structure) have nice physical properties, we may
expect carbon structures that consist of the gyroid structure also have nice properties.
In fact, by using density functional theory (DFT) calculation, we show that K4 carbon
is meta-stable and metallic (Itoh–Kotani–Naito–Sunada–Kawazoe–Adschiri [2]).

2. Carbon structures as discrete surfaces

Graphenes, carbon nanotubes, and fullerenes (for an example C60) are sp2-carbon
crystal/molecular structure, and we may consider them as 3-valent discrete surfaces
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(see Fig. 1). We may see that Gauss curvatures of such structures are zero/positive.

(a) (b) (c) (d) (e)

Figure 1. (a) Graphene, (b) nanotube with chiral index (12, 0), (c) nan-
otube with chiral index (12, 8), (d) nanotube with chiral index (12, 12),
and (e) C60.

Therefore we have a natural question: Does there exist negatively curved sp2-carbon
structures?

In 1991, Mackay and Terrones [6] theoretically proposed a negatively curved sp2-
carbon structure, which lies on the Schwarz P surface (minimal surface, negatively
curved, see Fig. 3). We also construct negatively curved sp2-carbon structures by using
standard realizations as initial conditions for DFT calculations (Tagami–Liang–Naito–
Kawazoe–Kotani [10], see also Fig. 2 and Naito [7]). Such structures have same sym-
metries with the Mackay–Terrones structure, hence they are considered as negatively
curved.

(a) (b) (c) (d)

Figure 2. Mackay-like structures, which are physically stable. Phys-
ical stabilities are calculated by DFT. (Tagami–Liang–Naito–Kawazoe–
Kotani [10]).

3. Curvatures of 3-valent discrete surfaces

We define a 3-valent discrete surface by Φ: X −→ R3 for a 3-valent graph X as a
mathematical model of fullerenes. If the 3-valent graph X is a surface graph, then we
may define “total curvature” (the Euler number) χ(X) ofX by

∑
(1−k/6)Nk, where Nk

is the number of k-gons contained inX. This implies that if χ(X) < 0, thenNk > 0 (k ≥
7). But usual Gauss/mean curvatures (for smooth surfaces) are pointwise functions,
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and there are no definitions of curvatures for 3-valent discrete surfaces. Hence, we do
not know whether structures in the previous section are negatively curved or not.

We define Gauss/mean curvatures for 3-valent discrete surfaces as functions on ver-
tices of X, and we confirm that Mackay structures (the first column of Fig. 3) and
structures in Fig. 2.

Figure 3. Mackay structure (negatively curved structure [6]) and its
subdivisions (Upper row: Gauss curvature, lower row: mean curvature).
(Kotani–Naito–Omori [3]).

4. Subdivisions of 3-valent discrete surfaces and their spectral
properties

We also define a notion of subdivisions of 3-valent discrete surfaces. Our method of
subdivisions is based on the Goldberg-Coxeter construction for 3-valent plane graphs de-
fined by Dutour–Deza [1]. GC-subdivisions have integer parameters (k, l), and preserves
the number of polygons except for hexagons, hence the Euler number of subdivided sur-
faces are unchanged (see Fig. 4). Numerical results of Gauss/mean curvatures of dis-
crete surfaces of GC-subdivisions of Mackay structures shown in Kotani–Naito–Omori
[3] (see also Fig. 3). We show Hausdorff convergence of sequences of GC-subdivisions
of a 3-valent discrete surface with suitable realizations (Kotani–Naito–Tao [4]).

We also consider behavior of eigenvalues of the Laplacian of graphs of GC-subdivisions
of 3-valent graphs. We obtain large multiplicity of eigenvalues 2 and 4 for (2k, 0)-
subdivisions (Omori–Naito–Tate [9]).
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THE DUALLY FLAT STRUCTURE FOR SINGULAR MODELS
WITH DEGENERATE POTENTIALS

NAOMICHI NAKAJIMA

The dually flat structure introduced by Amari-Nagaoka is highlighted in Information
Geometry [1] – it brings a united geometric insight on various aspects in statistical
science and optimizations. In practice, however, the (pseudo-)Riemannian metric may
often be degenerate, and then, precisely saying, the dually flat structure is not defined.
In the present paper, we propose a simple generalization of the dually flat structure
to such singular models, and show that the extended Pythagorean theorem of Amari-
Nagaoka still holds in this singular setting. Consequently, most of applications of the
Pythagorean theorem to statistical inference, em-algorithms, machine learning, etc.
are automatically justified even for general singular models in a rigorous sense. In
particular, it works even for non-convex optimization in the sense of Ekeland [2], where
the potential function has inflectional points and then the Legendre transform of the
potential becomes a multi-valued function. Here several techniques from singularity
theory and differential geometry would be applicable. In fact, a key ingredient in our
construction is the notion of coherent tangent bundles, which has been introduced by
Umehara-Saji-Yamada [3] for studying differential geometry of wavefronts, and actually
we consider a pair of flat affine connections of those vector bundles, which are mutually
related via the Legendre duality.
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CR-FUNTIONS OF SUSPENSION FOLIATIONS AND DYNAMICAL
SYSTEMS

SATOSHI OGAWA

Abstract. In this talk, I introduce suspension construction by some Riemann surface
and a group of circle diffeomorphisms and discuss the existence of non-constant CR-
function.

1. Suspension Foliations and CR-functions

Let M be a manifold of dimension n + m and {Uα, (xα, yα)} be an atlas of M , as
xα = (x1α, · · · , xnα) and yα = (y1α, · · · , ymα ). Then, {Uα, (xα, yα)} is said to be a foliated
chart of codimensionm if and only if the following relation about a transition of Uα∩Uβ

holds.
xβ = φβα(xα, yα) , yβ = ψβα(yα)

When M has a foliation structure, we can give a decomposition of M as a disjoint
union of connected subsets called leaves.

1.1. Settings. Let τ be a complex number in the upper half plane, Diffω
+(S

1) be a group
of orientation preserving Cω-class circle diffeomorphisms and σ be a homomorphism
from ⟨1, τ⟩ to Diffω

+(S
1). We denote σ(1) = f1, σ(τ) = fτ . By considering the following

equivalent relation ∼σ over C× S1, we construct manifold X = C× S1/ ∼σ.

(z, ζ) ∼σ (z + n+mτ, (fn
1 ◦ fm

τ )(ζ))

Then, we can give a foliated structure to X, which is called the suspensions foliation.
We say a function from X to C is a CR-function if it is leafwise holomolphic.

1.2. Main result. By focusing on dynamical propaties of f1 and fτ , we classify σ from
the view point of the existence of non-constant CR-functions.
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UNIQUENESS OF LOCAL MINIMIZERS FOR CRYSTALLINE
VARIATIONAL PROBLEMS

KENTO OKUDA AND MIYUKI KOISO

Abstract. An anisotropic surface energy is the integral of an energy density that
depends on the normal at each point over the considered surface, which is a general-
ization of the area of surfaces. The minimizer of any such an energy among all closed
surfaces enclosing the same volume is unique and it is (up to rescaling) so-called the
Wulff shape. We show that, if the Wulff shape is a regular polyhedron and the energy
density function is convex, then any convex local minimizer for volume-preserving
variations is, up to homothety and translation, the Wulff shape.

1. Introduction

Anisotropic substances, such as crystals and some kinds of liquid crystals are consid-
ered to form a local minimizer of an anisotropic surface energy with volume constraint.
The anisotropic energy of a surface is the integral of an energy density that depends
on the normal direction of the surface. For a given energy density function, the energy
minimizer among all closed surfaces enclosing the same volume is unique. It is a convex
closed surface called the Wulff shape ([4]). In this talk, more generally, we study local
minimizers of the anisotropic energy and their uniqueness. However, when the Wulff
shape has a flat part with dimension larger than or equal to one like a polyhedron,
the energy density function has non-differentiable points and the classical variational
method cannot be applied, which makes it difficult to study local minimizers of the
energy. In fact, only for curves in R2, the uniqueness of local minimizers has been
proved ([3]). In this talk, we restrict ourselves to the case where the Wulff shape is
a polyhedron. Studying local minimizers in such a case is called a crystalline varia-
tional problem. We show that if the Wulff shape is a regular polyhedron in R3 and
the energy density function is convex (see §2 for definition), then any local minimizer
of the anisotropic energy for all variations that preserve the enclosed volume is, up to
homothety and translation, the Wulff shape (see §2 for the precise statement). We also
mention an application of our main theorem to material science (cf. [1]).
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2. Basic definitions and the precise statement of the main theorem

First let us recall the definition of a piecewise-C1 hypersurface in Rn+1. Let M =
∪k

i=1Mi be an n-dimensional oriented compact connected C∞ manifold (with or without
boundary), where each Mi is an n-dimensional connected compact submanifold of M
with piecewise-C∞ boundary, and Mi ∩ Mj = ∂Mi ∩ ∂Mj, (i, j ∈ {1, · · · , k}, i ̸= j).
We call a map X : M → Rn+1 a piecewise-C1 hypersurface if X satisfies the following
conditions (I) and (II) (i ∈ {1, · · · , k}).

(I) X is continuous, and each Xi := X|Mi
: Mi → Rn+1 is a C1-immersion.

(II) The unit normal vector field νi : Mi → Sn along Xi satisfies the following: If
(u1, · · · , un) is a local coordinate system in Mi, then {∂/∂u1, · · · , ∂/∂un, νi} gives the
canonical orientation in Rn+1.

X is said to be closed if M does not have boundary.
Next let us introduce our energy density function. Let γ : Sn → R>0 be a positive

continuous function on the unit sphere Sn = {ν ∈ Rn+1 ; ∥ν∥ = 1} in Rn+1, which is the
energy density function for piecewise-C1 hypersurfaces in Rn+1. γ is said to be convex
if the homogeneous extension γ : Rn+1 → R≥0 of γ that is defined by γ(rX) := rγ(X),
(∀X ∈ Sn,∀r ≥ 0), is a convex function.

Now let us define the anisotropic energy of a piecewise-C1 hypersurface. Let X :
M = ∪k

i=1Mi → Rn+1 be a piecewise-C1 hypersurface as above. The anisotropic energy
Fγ(X) of X is defined as

Fγ(X) :=
k∑

i=1

∫
Mi

γ(νi) dA, (1)

where dA is the n-dimensional volume form of Mi induced by Xi. If γ ≡ 1, Fγ(X) is
the usual n-dimensional volume of the hypersurface X.

It is known that, for any positive number V > 0, among all closed hypersurfaces in
Rn+1 enclosing the same (n + 1)-dimensional volume V , there exists a unique (up to
translation in Rn+1) minimizerW (V ) of Fγ ([4]). Here a closed hypersurface means that
the boundary (having tangent space almost everywhere) of a set of positive Lebesgue
measure. The minimizer Wγ(V0) for a specific volume V0 is called the Wulff shape for

γ, and we denote it by Wγ. More precisely, the boundary of the convex set W̃ [γ] :=
∩ν∈Sn

{
X ∈ Rn+1|⟨X, ν⟩ ≤ γ(ν)

}
is the Wulff shape for γ, where ⟨ , ⟩ stands for the

standard inner product in Rn+1. If γ ≡ 1, Wγ is the unit sphere Sn. All Wγ(V ) are
homothetic to Wγ. The Wulff shape Wγ is convex, but, unlike the isotropic case, it

is not necessarily smooth. On the other hand, for any given convex set W̃ having the
origin of Rn+1 inside, there exists a Lipschitz continuous function γ : Sn → R>0 such
that the boundary W := ∂W̃ of W̃ is the Wulff shape for γ. In general, such γ is not
unique. The “smallest” γ is uniquely-determined and it is called the convex integrand
for W .

Theorem 1 ([2]). Let W be a regular polyhedron in R3, and let γ be the convex integrand
for W . Let X be a piecewise-C1 convex closed surface. Then, X is a local minimizer
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of the anisotropic energy Fγ(X) for all variations that preserve the enclosed volume if
and only if X(M) = W (up to homothety and translation).
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ISOMETRIC IMMERSIONS VIA VARIATIONAL CALCULUS

FRANZ PEDIT

Abstract. We will discuss a variational problem with parameters whose minimizers
are isometric immersions of a given Riemannian surface in 3-space. One of the pa-
rameters controls the Willmore energy, which can be used as a regularizer preventing
excessive creasing/crumpling of the resulting isometric immersion in 3-space.

1. Isometric immersions

The Nash-Moser theorem [9] assures that every Riemannian manifold can be isomet-
rically embedded into Euclidean space Rn for large enough n. But it is unknown, and
probably false, whether a smooth, 2-dimensional metric can be isometrically realized
in Euclidean 3-space, even locally. There are obvious global obstructions: Hilbert’s
classical result that the hyperbolic plane does not admit an isometric immersion into
R3, or the fact that a compact, non-positively curved, 2-dimensional Riemannian man-
ifold cannot be isometrically immersed into R3. If one relaxes the smoothness of the
immersion, every 2-dimensional Riemannian manifold (M, g) admits a C1-isometric im-
mersion f : M → R3 into Euclidean space [8, 7, 6]. Neither the original existence proofs
nor the recent explicit constructions of such isometric immersions [1, 2] reflect much of
the underlying geometry of (M, g), as shown in Figure 1.

On the other hand, there are piecewise linear flat tori and one seemingly can fold
a napkin into a flat torus with hardly any creasing, Figure 2. Such observations, and
experiments carried out with the numerical algorithm [4], support the following conjec-
ture discussed in [3]:
Given a Riemannian surface (M, g), there exists a piecewise smooth isometric immer-
sion f : M → R3 in each regular homotopy class.

2. The variational problem

A regular homotopy class of an immersion f : M → R3 is described by a quaternionic
spin bundle L → M . If M is a Riemann surface, then L carries a unique, conformally
invariant Dirac operator ∂̄ : Γ(L) → Γ(K̄L), where K̄ denotes the anti-canonical bundle
of M . A conformal immersion f : M → R3 then induces a nowhere vanishing solution
ψ ∈ Γ(L) of the non-linear Dirac equation

∂̄ψ + 1
2
HJψ(ψ, ψ) = 0 .
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Figure 1. A square flat torus can be isometrically C1-embedded into
Euclidean 3-space [2]. Pictures by the Hévéa project.

Here H : M → R is the mean curvature of f with respect to the induced metric |df |2
and df = (ψ, ψ), where (·, ·) denotes the spin pairing. Conversely, given a quaternionic
spin bundle, that is, a regular homotopy class, and a nowhere vanishing solution ψ of
the non-linear Dirac equation for some H : M → R, one obtains [10, 5] a conformal
immersion f : M → R3 (with translation periods) via f =

∫
(ψ, ψ).

The non-linear Dirac equation can be given a variational characterization: for non-
negative coupling constants ϵ = (ϵ1, ϵ2, ϵ3), consider the family of variational problems
Eϵ : Γ(L

×) → R on nowhere vanishing sections of L given by

Eϵ(ψ) = ϵ1

∫
M

⟨∗ ∂̄ ψ∧∂̄ ψ⟩
|ψ|2 + (ϵ2 − ϵ1)

∫
M

⟨∗ ∂̄ ψ∧ψ(ψ,ψ)⟩2

|ψ|4 + (ϵ3 − ϵ1)

∫
M

⟨∗ ∂̄ ψ∧Jψ(ψ,ψ)⟩2

|ψ|4 .

Here | · |2 : L→ |K| denotes the half-density valued quadratic form |ψ|2 = |(ψ, ψ)| on L
and ⟨·, ·⟩ : L → |K| is the half-density valued inner product obtained via polarization.
The complex structure ∗ on TM∗ is the negative of the Hodge-star on 1-forms.

It is worth noting that the functional Eϵ is conformally invariant, that is, well-defined
on the Riemann surface M . The last integral turns out to be the Willmore functional∫
M
H2|ψ|4 and the first two integrals measure, in L2, the failure of the non-linear Dirac

Figure 2. The angular defects of the embedded, piecewise linear torus
shown on the left are the same at all vertices and their sum is zero,
implying that the induced metric is flat. The right image shows a smooth,
almost isometric immersion of a flat torus found by the algorithm in [4].
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equation to hold. Thus, for ϵ3 = 0 and ϵ1, ϵ2 > 0, the functional attains its minimum
value Eϵ(ψ) = 0 at nowhere vanishing sections ψ which correspond to—in general
rather singular—conformal immersions. It is therefore conceivable that minimizers of
Eϵ for ϵ3 > 0, which has the effect of keeping the Willmore energy as a regularizer,
will converge as ϵ3 tends to zero to smooth conformal immersions of M minimizing the
Willmore energy, that is, constrained Willmore surfaces.

Since the Dirac equation only guarantees the closedness of (ψ, ψ), the resulting con-
formal immersion given by df = (ψ, ψ) generally will have translation periods which
are controlled by adding the squared lengths of the period integrals |

∫
γ
(ψ, ψ)|2 to the

functional Eϵ.

Figure 3. A smooth, almost isometric immersion of the Riemannian
surface of genus 2 with constant curvature shown on the left found by
the algorithm in [4].

As it turns out, this strategy works surprisingly well [4] when searching for isometric
immersions f : M → R3 of a compact, oriented Riemannian surface (M, g). Since the
conformal class of g gives M the structure of a Riemann surface, one can consider the
family of functionals Eϵ with the additional isometric constraint

|ψ|4 = g .

Then the resulting minimizers under the above described procedure will be isometric
immersions f : M → R3 whose Willmore energy is “small”. The resulting surfaces
provide examples of how piecewise smooth, and sometimes even smooth, isometric
immersions of compact Riemannian surfaces might look, as can be seen in Figure 2 and
Figure 3.
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SPHERICAL CURVATURE LINES

JOSEPH CHO, MASON PEMBER*, AND GUDRUN SZEWIECZEK

Abstract. In this talk we shall investigate surfaces that possess a family of curvature
lines each lying on a sphere. Motivated by a result of Blaschke, we can view such
surfaces as a Lie geometric evolution of an initial spherical curve. We investigate the
case when such a surface is also an Ω-surface and determine necessary and sufficient
conditions on the evolution and initial curve that yield such a surface.

1. Spherical curvature lines

In Blaschke’s book [1] it is shown that surfaces with one family of spherical curvature
lines satisfy a remarkable property: any two curvature lines of this family are related by
a Lie sphere transformation. In the hexaspherical model R4,2 of Lie sphere geometry,
this can be understood using a notion of parallel transport along a curve in

S3,2 = {y ∈ R4,2 : (y, y) = 1}.
In such a way, surfaces with spherical curvature lines are determined by a curve in S3,2

and an initial spherical curve.
Demoulin [3, 4] discovered a class of surfaces called Ω-surfaces that are invariant

under Lie sphere transformations. This class contains many well known classes of
surfaces such as isothermic surfaces and linear Weingarten surfaces in 3-dimensional
space forms. This class is given a gauge theoretic interpretation in [2, 5].

One can then ask what conditions are required for a surface with one family of
spherical curvature lines to be an Ω-surface. We obtain one condition on the curve
in S3,2, requiring that it lies in a 4-dimensional subspace of R4,2. A second condition
restricts our choice of initial curve, requiring that this curve project to a constrained
elastic curve in a certain Riemannian or Lorentzian 2-dimensional space form. We may
then use this characterisation to construct examples of such surfaces.
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COMPUTING CONSTRAINED WILLMORE SURFACES

ULRICH PINKALL

Abstract. An immersion f : M → R3 of a surface M is called constrained Willmore
if f minimizes the Willmore functional W (f) compared to local variations of f that
change the induced metric only conformally. We present a version of this variational
problem in the context of Discrete Differential Geometry and use it to develop an
efficient numerical algorithm. This algorithm allows us to experimentally explore the
possible shapes of Willmore minimizers within a given conformal class.

1. Smooth Constrained Willmore Surfaces

Let M be a Riemann surface, i.e. an oriented surface with a conformal structure.
Then a conformal immersion f : M → R3 is called a constrained Willmore immersion
if f is a critical point of the Willmore functional W (f) =

∫
M
H2 among all conformal

immersions of M into R3 [1].
Constrained Willmore surfaces are solutions of a certain variational problem under

constraints. The Lagrange multiplier corresponding to the conformality constraint turns
out to be a holomorphic quadratic differential on M .

2. Discrete Constrained Willmore Surfaces

Let M be a simplicial surface with vertex set V . A metric on M assigns a length
to each edge of M . If we are given conformal factors at the vertices and multiply the
length of each edge by the two factors at its end points, the resulting new metric is said
to be conformally equivalent to the old one [3]. Suppose now we have a discrete version
W of the Willmore functional, defined on maps f : M → R3. We want to minimize
W while allowing only variations of f that preserve the conformal class of the metric
induced on M by f . For a critical point of this variational problem, the Lagrange
multiplier corresponding to the conformality constraint can then be interpreted as a
discrete analog of a holomorphic quadratic differential [2].

3. Numerical Strategy

We use a novel approach to constrained variational problems, called Competive Gra-
dient Descent [4]. This method allows us to efficiently minimize Willmore energy while
preserving conformality up to machine precision.
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Figure 1. Constrained Willmore surfaces (blue) obtained by minimiz-
ing the Willmore functional while preserving the conformal type. The
corresponding initial surfaces are shown in gray.

4. Applications

Minimizers of geometric energies under a conformality constraint can be practically
useful for a variety of modelling tasks. They are a two-dimensional analog for elastic
curves (minimizers of bending energy under a length constraint).
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BRANCHED COVERING SURFACES - NEW SHAPES, NEW
MATERIALS AND NEW PROCESSES

KONRAD POLTHIER

The classic geometric view on smooth surfaces hardly fits to the complex and of-
ten multiscale physical surface shapes in nature and, nowadays, in industrial applica-
tions.In this talk we will introduce a new class of multi-layered surface shapes derived
from recent algorithms in geometry processing and related to classic complex analysis.
Multivalued functions and differential forms naturally lead to the concept of branched
covering surfaces and more generally of branched covering manifolds in the spirit of
Hermann Weyl’s book “The Idea of a Riemann Surface” from 1913. We will illustrate
and discretize basic concepts of branched (simplicial) covering surfaces starting from
complex analysis and surface theory up to their recent appearance in geometry process-
ing algorithms and artistic mathematical designs. Applications will touch discrete and
differential surface modeling, image and geometry retargeting, optimal surfaces, and
novel weaved geometry representations.
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SMOOTHNESS OF POLYHEDRAL SURFACES MOTIVATED BY
APPLICATIONS IN COMPUTATIONAL DESIGN AND

FABRICATION

HELMUT POTTMANN

We present recent work on smoothness concepts for polyhedral surfaces and on the
intentional deviation from smoothness. This research that has been motivated by ap-
plications in computational design and fabrication and concerns

(i) the visual regularity of polyhedral surfaces whose faces follow given patterns,
(ii) the smoothest visual appearance of polyhedral surfaces and the closely related

problem of
(iii) finding material-minimizing forms and structures, and
(iv) the appearance of conical meshes as discrete principal curvature parameteri-

zations and as discrete versions of remarkable pleated structures generated by
folding paper along curved creases.
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3D NETS AND HANDLEBODY DECOMPOSITIONS OF
3-MANIFOLDS

NAOKI SAKATA

Abstract. In this talk, we will introduce handlebody decompsitions of 3-manifolds.
We will also discuss a relation between handlebody decompositions of the 3-dimensional
torus and 3D nets.

The self-assembly of block copolymers produce periodic microphase separation struc-
tures: spherical, cylindrical, lamellar, and bicontinuous structures. A mathematical
model of a bicontinuous structure is a triply periodic non-compact surface embedded in
the 3-dimensional space which separates the space into precisely two regions. On the
other hand, three-arm star molecules may self-assemble to form triply periodic poly-
continuous structures. A mathematical model of a poly-continuous structure is a triply
periodic non-compact “branched surface” which separates the space into some regions.
Hence, each triply periodic poly-continuous structure gives a handlebody decomposition
of the 3-dimensional torus.

In this talk, we will introduce handlebody decompositions of 3-manifolds. Further-
more, we will generalize the Reidemeister-Singer theorem on Heegaard splittings to
handlebody decompositions. We will also discuss a relation between poly-continuous
structures and nets (i.e., non-compact graph) in the 3-dimensional space.

This is joint work with Kai Ishihara, Yuya Koda, Masaki Ogawa, Makoto Ozawa,
and Koya Shimokawa.
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BELTRAMI FIELDS WITH A NON-CONSTANT
PROPORTIONALITY FACTOR

MAKO SATO

A Beltrami field is the vector field u in R3 such that{
∇× u = fu,
∇ · u = 0,

where f is a smooth function. A Beltrami field is a solution of the steady Euler equation
in fluid mechanics. It also appears in plasma physics as a force-free vector field. When
the proportional factor f is constant, we call the vector u a strong beltrami field. The
existence of strong Beltrami fields is well known such as the ABC flow, while nontrivial
Beltrami fields have not been found with a non-constant factor. In this talk we consider
the non-existence result of Beltrami fields with f having local extrema. This fact was
proved by A. Enciso and D. Peralta-Salas.

Theorem. ([1])
Suppose that the function f is smooth in R3. If a regular level set f−1(c) has a connected
component diffeomorphic to S2, then any solution u is identically zero.

The key idea of the proof is to write the equations as a differential form,{
du = f ∗ u,

d ∗ u = 0,

for u = u1dx1+u2dx2+u3dx3, where d is the exterior differential and ∗ is the Hodge star
operator. We transform the coordinate from Cartesian system x to spherical system
ξ − t by introducing a map Φ and define the differential form β by a pull-back as,

β = (u1 ◦ Φ)dx1 + (u2 ◦ Φ)dx2 + (u3 ◦ Φ)dx3.

The differential form β is a closed 1-form and solves an elliptic equation on S2.
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TOTALLY UMBILICAL SUBMANIFOLDS IN
PSEUDO-RIEMANNIAN SPACE FORMS

YUICHIRO SATO

Abstract. Totally umbilical submanifolds in pseudo-Riemannian manifolds are de-
fined by the traceless part of the second fundamental form vanishing identically. We
classify the congruent class of full totally umbilical submanifolds in non-flat pseudo-
Riemannian space forms.

1. Overview

We define an m-dimensional pseudo-Euclidean space with index p

Em
p :=

(
Rm, 〈·, ·〉p = −

p∑
i=1

dx2
i +

m∑
j=p+1

dx2
j

)
,

where (x1, · · · , xm) are canonical coordinates in Rm. For a constant c ∈ R, we also
define hypersurfaces in Em+1

p

Qm
p,c := {x ∈ Em+1

p | 〈x, x〉p = c}

and give them the induced metric by the inclusion into Em+1
p .

Sm
p (r

2) := Qm
p, 1

r2
⊂ Em+1

p , Hm
p (−r2) := Qm

p+1,− 1
r2

⊂ Em+1
p+1 .

They are called to be an m-dimensional pseudo-sphere and pseudo-hyperbolic space
with index p, and of constant curvature r2,−r2 and geodesically complete. Combining
pseudo-Euclidean spaces to be flat, we call them pseudo-Riemannian space forms. When
p = 0, simply Riemannian space forms, when p = 1, Lorentzian space forms, that is,
Minkowski spaces, de-Sitter spaces and anti de-Sitter spaces.

For a submanifold in pseudo-Riemannian space forms, we call the submanifold totally
umbilical if the traceless part of its second fundamental form identically vanishes. To-
tally umbilical submanifolds in pseudo-Riemannian space forms are all extrinsic spheres,
that is, their mean curvature vector fields are parallel with respect to the normal con-
nection. As recent studies, in flat cases, Magid [5] and Ahn–Kim–Kim [1] investigated
in detail. In non-flat cases, there exist studies by Chen [4]. However, its classification
is incomplete.
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2. main result

Theorem 1. Let ϕ : Mm
s → Sn

p (1) be a full totally umbilical isometric immersion.
Then, it is congruent to an open portion of one of the following submanifolds:

(1) Sm
s (1) → Sm+1

s (1) ; x 7→ (x, 0);
(2) Sm

s (1) → Sm+1
s+1 (1) ; x 7→ (0, x);

(3) Sm
s

(
1

r2

)
→ Sm+1

s (1) ; x 7→ (x,
√
1− r2) (0 < r < 1);

(4) Sm
s

(
1

r2

)
→ Sm+1

s+1 (1) ; x 7→ (
√
r2 − 1, x) (r > 1);

(5) Sm
s (1) → Sm+2

s+1 (1) ; x 7→ (1, x, 1);

(6) Hm
s

(
− 1

r2

)
→ Sm+1

s+1 (1) ; x 7→ (x,
√
1 + r2) (r > 0);

(7) Em
s → Sm+1

s+1 (1) ; x 7→
(
〈x, x〉s −

3

4
, x, 〈x, x〉s −

5

4

)
.

Moreover, when Mm
s is geodesically complete, it globally coincides with one of the

above.

Theorem 2. Let ϕ : Mm
s → Hn

p (−1) be a full totally umbilical isometric immersion.
Then, it is congruent to an open portion of one of the following submanifolds:

(1) Hm
s (−1) → Hm+1

s (−1) ; x 7→ (x, 0);
(2) Hm

s (−1) → Hm+1
s+1 (−1) ; x 7→ (0, x);

(3) Hm
s

(
− 1

r2

)
→ Hm+1

s+1 (−1) ; x 7→ (
√
1− r2, x) (0 < r < 1);

(4) Hm
s

(
− 1

r2

)
→ Hm+1

s (−1) ; x 7→ (x,
√
r2 − 1) (r > 1);

(5) Hm
s (−1) → Hm+2

s+1 (−1) ; x 7→ (1, x, 1);

(6) Sm
s

(
1

r2

)
→ Hm+1

s (−1) ; x 7→ (
√
1 + r2, x) (r > 0);

(7) Em
s → Hm+1

s (−1) ; x 7→
(
〈x, x〉s +

5

4
, x, 〈x, x〉s +

3

4

)
.

Moreover, when Mm
s is geodesically complete, it globally coincides with one of the

above.

As applications, we consider moduli spaces of isometric immersions between space
forms and non-zero mean curvature parallel submanifolds in pseudo-spheres.

(i) We obtain that moduli spaces of isometric immersions between space forms
which are of the same constant curvature (possibly flat) are non-Hausdorff.

(ii) A full parallel isometric immersion of an irreducible Riemannian symmetric R-
space into an unit sphere is rigid, i.e. it is homothetic to a standard embedding.
However, in the indefinite case, there exist full parallel isometric immersions
of irreducible indefinite symmetric R-spaces into unit pseudo-spheres which are
not homothetic to standard embeddings. See also Blomstrom’s rigidity theorem
[3, Theorem 3].
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REGION CROSSING CHANGE AND REGION SELECT GAME

AYAKA SHIMIZU

Abstract. A region crossing change is a local transformation on knot, link or spatial-
graph diagrams switching all the crossings on the boundary of a region. In this talk,
we will see studies of region crossing changes and a game “Region Select”.

1. Region crossing change

A knot is an embedding of a circle to S3 and a link is an embedding of some circles to
S3. A spatial graph is an embedding of a graph to S3. For a diagram of a knot, link or
spatial graph on S2, a region crossing change is a local transformation which switches
the over/under relationship at all the crossings on the boundary of a region as shown
in Figure 1. The study of region crossing changes started in Osaka City University in

Figure 1. A region crossing change on a spatial-graph diagram.

the early 2010s and the following theorem was shown in [15] 1.

Theorem 1. Any single crossing of a knot diagram can be switched by a finite number
of region crossing changes.

(See Figure 2.) Hence we can create any status of crossings by region crossing changes
for a knot diagram 2. On the other hand, for link diagrams, we can not switch any
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1We note that an alternative proof of Theorem 1 was recently given graph-theoretically in [11]. We

also note that Theorem 1 was generalized in [9] to connected spatial-graph diagrams.
2This means that a region crossing change is an “unknotting operation” for knot diagrams, i.e.,

we can transform any knot diagram into a diagram of the trivial knot by a finite number of region
crossing changes. Then some kinds of “unknotting numbers” on region crossing changes for knots are
defined and studied. See, for example, [8, 12, 13, 14, 15, 17]. We note here that it has been shown
that a region crossing change is an unknotting operation for knots in [1] showing that any knot has a
diagram which is deformed into a diagram of the trivial knot by a single n-gon move.
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c

Figure 2. The crossing c is switched by region crossing changes in any
order at the shaded regions.

single crossing between different knot-components by region crossing changes 3. See
[4, 6] for region crossing changes on link diagrams 4.

2. Region Select

Region Select is the following game using the property of region crossing changes
([10]). At the beginning, there is a knot projection and each crossing has a lamp which
can be turned on or off. When a player chooses a region, the lamps on the boundary of
the region are switched. The goal of the game is to light up all the lamps (see Figure
3).

Figure 3. Region Select.

The strong point of this game is that we can clear the game for any knot projection
and any status of lamps at the initial setting by Theorem 1 5.
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3-DIMENSIONAL TOPOLOGY AND POLY-CONTINUOUS PATTERN

KOYA SHIMOKAWA

Abstract. In this talk we will discuss an application of 3-dimensional topology to
study of microphase-separated structures of block copolymers.

Block copolymers produce spherical, cylindrical, lamellar and bicontinuous patterns
as microphase-separated structures. Typical examples of bicontinuous patterns are Gy-
roid, D-surface, and P-surface. A mathematical model of such a structure is a triply
periodic non-compact surface embedded in the 3-dimensional space which divides it
into two possibly disconnected submanifolds. We will consider the case where subman-
ifolds are the open neighborhood of networks. Here a network means an infinite graph
embedded in the 3-dimensional space. In this case, the bicontinuous pattern is uniquely
determined by networks up to isotopy. We say such a bicontinuous pattern is associated
with a network.

On the other hand, triblock-arm star-shaped molecules, for example, yield a tricontin-
uous pattern. One mathematical model of such a tricontinuous (resp. poly-continuous)
pattern is a triply periodic non-compact multibranched surface (or more generally poly-
hedron) dividing the 3-dimensional space into 3 (resp. several) possibly disconnected
non-compact submanifolds. We assume that each submanifold is the open neighbor-
hood of one component of three (resp. several) entangled networks. We call such a
multibranched surface a tricontinuous pattern (resp. poly-continuous pattern). See Fig-
ure 1. The relation between poly-continuous patterns and networks is not obvious in
this case. Two different poly-continuous patterns are associated with one network and
vice versa. In this talk, we will give a condition for poly-continuous patterns to give the
same network[1]. We will also show that two poly-continuous patterns can be related
by a finite sequence of moves and discuss further applications.
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Figure 1. Tricontinuous pattern and entangled network

(K. Shimokawa) Department of Mathematics, Saitama University
Email address: kshimoka@rimath.saitama-u.ac.jp

74 OCAMI Reports Vol. 1 (2021)



OCAMI Reports
The 27th OCU International Academic Symposium
2021, pp.75–76

DISCRETE FLAT FRONTS IN HYPERBOLIC SPACE VIA
DISCRETE CYCLIC CIRCLE CONGRUENCES

GUDRUN SZEWIECZEK

Abstract. We shall discuss an integrable discretization of cyclic circle congruences
and their associated cyclic coordinate systems. It is then demonstrated that special
discrete cyclic circle congruences give rise to parallel families of discrete flat fronts in
hyperbolic space.

1. Discrete cyclic circle congruences

In classical differential geometry, a 2-parameter family of circles is called cyclic if
it admits a 1-parameter family of orthogonal surfaces [7]. It is well-known that for
any Ribaucour pair of surfaces, the circle congruence that orthogonally intersects the
enveloped spheres in the point pairs of the Ribaucour transformed surfaces is cyclic.

We shall discuss an integrable discrete notion for cyclic circle congruences and show
that any discrete Ribaucour pair gives rise to such a circle congruence [4]. Although the
discussed concepts are invariant under Möbius transformations, we will work in a Lie
sphere geometric setup, where we consider a fixed Möbius geometry as subgeometry.
Enhancing methods developed in [8], this framework enables us to characterize discrete
cyclic circle congruences by the existence of M-Lie inversions that interchange adjacent
circles and induce a flat connection for the congruence. Moreover, these M-Lie inver-
sions will provide a way to effectively construct the orthogonal surfaces as well as the
canonically associated discrete cyclic systems, that is, discrete orthogonal coordinate
systems with one family of circular trajectories.

1.1. Discrete flat fronts in hyperbolic space. Smooth and discrete intrinsically
flat surfaces in hyperbolic space (so-called flat fronts) are obtained in various ways: for
example, as space form projections of Ω-surfaces spanned by two isothermic sphere con-
gruences each lying in a parabolic linear sphere complex [1, 2] or they can be recovered
from holomorphic data by using Weierstrass’ and Bryant’s representations [3, 5, 9].
Furthermore, parallel families of smooth flat fronts in hyperbolic space stem from a
Darboux pair in S2 (cf. [1, 6]) and are therefore orthogonal surfaces of a particular
cyclic circle congruence.

We pursue the latter approach and shall demonstrate how discrete flat fronts arise as
orthogonal surfaces of a discrete cyclic circle congruence that is associated to a totally
umbilic discrete Darboux pair.
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RELAXATION OF OPTIMAL TRANSPORT PROBLEM
VIA BREGMAN DIVERGENCE

ASUKA TAKATSU

Abstract. My talk concerns with mathematical foundations and an iterative process
of the relaxed optimal transport problem via Bregman divergences.

I discuss the following optimal transport problem: Given C = (cij)1≤i,j≤N ∈ MN(R)
and x = (xi)

N
i=1, y = (yj)

N
j=1 ∈ RN with

xi, yj ≥ 0 for 1 ≤ i, j ≤ N and
N∑
i=1

xi =
N∑
i=1

yi = 1,

find Π = (πij)1≤i,j≤N ∈ MN(R) minimizing

N∑
i,j=1

cijπij

under the constraints

πij ≥ 0,
N∑
k=1

πik = xi,
N∑
k=1

πkj = yj, for 1 ≤ i, j ≤ N.

Since this is a linear program, a minimizer may lie on the boundary of the constraint set
and not be unique. Furthermore, a gradient descent is not useful to find a minimizer.
To avoid this problem, a relaxation of the optimal transport problem via strictly convex
functions is useful. Actually, in data sciences, such a relaxation achieves substantial
success, where mathematical argument is sometimes not rigorous.

As a strictly convex function, focusing attention on a Bregman divergence, I provide
the mathematical foundations and an iterative process based on a gradient descent.
The advantage of this iterative process that the output is always transport plan even
if one stops the iteration at the finite step.
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PARAFERMIONIC BASES OF STANDARD MODULES FOR
TWISTED AFFINE LIE ALGEBRAS

RYO TAKENAKA

Abstract. The parafermionic current appeared in the context of conformal field
theories in two dimensions in mathematical physics. In this talk, we consider certain
combinatorial bases of the parafermionic space for twisted affine Lie algebras which
are spanned by the monomials of the coefficients of the parafermionic current. As a
consequence we obtain the character formula for the parafermionic space.

1. Introduction

For an affine Lie algebras ĝ, we have an irreducible ĝ-module called the standard
module. The standard module has a natural subquotient called parafermionic space
related to conformal field theory. A. Kuniba, T. Nakanishi and J. Suzuki [3] conjectured
character formulas of the parafermionic spaces associated to the untwisted affine Lie
algebras. These character formulas were proved by G. Georgiev [4] in the simply-laced
cases and M. Butorac, S. Koz̆ić, and M. Primc [1] in the untwisted non-simply-laced
cases.

2. main result

Let g be a simply-laced simple Lie algebra, namely, of type A, D, E. Then we have
the Dynkin diagram automorphism ν and the twisted affine Lie algebra ĝ[ν] obtained
from ν. For the standard module L(kΛ0) of ĝ[ν], we can define the principal subspace
WL(kΛ0) (cf. [2]). By using the canonical projection, we obtain the parafermionic bases
from combinatorial bases of the principal subspace. Finally, we calculate the character
of the parafermionic space from the character of the principal subspace.
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AN f-TWISTED ALEXANDER MATRIX FOR KNOT QUANDLES.

YUTA TANIGUCHI

Abstract. In a knot theory, knot invariants play an important role. Recently, A.
Ishii and K. Oshiro introduced a new knot invariant, which is called an f -twisted
Alexander matrix. An f -twisted Alexander matrix is a qundle version of an Alexander
matrix for knot groups. In this talk, we show that the f -twisted Alexander matrix is
a stronger knot invariant than the Alexander invariant.

1. Introduction

1.1. Knot invariant. A knot is a smooth submanifold of the Euclidian 3-space R3

which is homeomorphic to a circle. We say that two knots are equivalent when there
exists an autohomeomorphism of R3 carrying one to another. A knot invariant is a map
from the equivalence class of knots to a set. In a knot theory, knot invariants play an
important role.

A typical example of a knot invariant is the knot group. The knot group is the
fundamental group of the complement of a knot. An another typical example of a knot
invariant is the Alexander invariant [1]. This invariant can be obtained from a knot
group via the Alexander matrix [2]. Since then Alexander invariants have been used as
the most fundamental tools in studying various problems.

1.2. Quandle. A quandle [4, 5] is an algebraic structure whose axioms was motivated
in a knot theory. D. Joyce and S. V. Matveev associated a quandle to a knot, which
is called the knot quandle. Since then many knot invariants using knot quandles have
been introduced and studied.

2. Main result

2.1. f-twisted Alexander matrix. In [3], A. Ishii and K. Oshiro introduced the
notion of an f -twisted Alexander matrix of a knot quandle. This notion is a quandle
version of the Alexander matrix of a knot group. They showed that the Alexander
invariant can be obtained from the f -twisted Alexander matrix.

2.2. Main result. The following three facts are known.

• The knot quandle is a stronger invariant than the knot group ([4, 5]).
• The Alexander invariant depends on the knot group ([2]).
• The f -twisted Alexander matrix depends on the knot quandle ([3]).

By the above facts, we have the following Question.
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Question 1. Is the f -twisted Alexander matrix a stronger invariant than the Alexander
invariant?

The following Theorem is a main result of this talk.

Theorem 1. Let K1 and K2 be the knots as shown Figure 1. We can distinguish these
knots by using an f -twisted Alexander matrix.

Figure 1

It is known that the knot group of K1 and the knot group of K2 are group isomorphic.
Thus, the both of K1 and K2 are the same Alexander invariant.

Therefore, Theorem 1 gives a positive answer to Question 1.
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QUANDLE COLORING QUIVERS OF VIRTUAL LINKS USING
VIRTUAL QUANDLES

RYOTARO UEDA

Abstract. S.Nelson and K.Cho introduced the notion of a quandle coloring quiver,
which is a quiver-valued classical link invariant. In this talk, we extend Nelson-Cho’s
invariant to virtual links using virtual quandle colorings. Properties similar to classical
link’s quandle coloring quiver studied by Yuta Taniguchi are discussed.

1. Virtual quandle colorings

Definition 1. A virtual quandle is a pair (X, f) of a quandle X and f ∈ Aut(X).

Let D be a virtual link diagram. A virtual arc of D is an oriented interval in D
divided by under and virtual crossings. We denote the set of the virtual arcs of D by
VA(D).

Definition 2. Let (X, f) be a virtual quandle and D be a virtual link diagram. A
map c : VA(D) → X is an (X, f)-coloring if c satisfies the following condition at every
crossing of D as shown in Figure 1.

Figure 1. The coloring condition.

We denote by Col(X,f)(D) the set of (X, f)-colorings of D.

2. Virtual quandle coloring quivers

K. Cho and S. Nelson [2] introduced the notion of a quandle coloring quiver. We
extend Nelson-Cho’s invariant to virtual links using virtual quandle colorings.

Definition 3. Let (X, f) be a virtual quandle and D be a virtual link diagram. For
any subset S ⊂ Comf (X) := {g ∈ End(X) | f ◦ g = g ◦ f}, the virtual quandle coloring
quiver of D, which is denoted by V QS

(X,f)(D), is the quiver with a vertex for each
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(X, f)-coloring c ∈ Col(X,f)(D) and an edge directed from v to w when w = g ◦ v for
an element g ∈ S.

Example 4. Let D be a virtual Hopf link diagram in Figure 2. Let (R3, f) be a virtual
quandle defined by the dihedral quandle R3 and f ∈ Aut(R3) defined by f(x) = 2x.
We put g ∈ Comf (R3) defined by g(x) = 0. Let S be a subset of Comf (R3) consisting
of the element g. Then a virtual quandle coloring quiver V QS

(R3,f)
(D) is the following

oriented graph.

D V QS
(R3,f)

(D)

Figure 2. An example of virtual quandle coloring quiver.

3. Main results

Theorem 5. If two virtual link diagrams D and D′ are related by generalized Reide-
meister moves, then the virtual quandle coloring quivers V QS

(X,f)(D) and V QS
(X,f)(D

′)

are isomorphic for any finite virtual quandle and S ⊂ Comf (X).

By Theorem 5, the virtual quandle coloring quiver is a virtual link invariant.

Remark 6. By definition, if virtual quandle coloring quivers V QS
(X,f)(D) and V QS

(X,f)(D
′)

are isomorphic, then we have |Col(X,f)(D)| = |Col(X,f)(D
′)|.

The converse is not true. However, in a certain case, the converse is true.

Theorem 7. Let D and D′ be virtual link diagrams, p be a prime, and (Rp, f) be
a virtual quandle defined by the dihedral quandle Rp and for any f ∈ Aut(Rp). If
|Col(Rp,f)(D)| = |Col(Rp,f)(D

′)|, then for any S ⊂ Comf (Rp), the virtual quandle color-
ing quivers V QS

(Rp,f)
(D) and V QS

(Rp,f)
(D′) are isomorphic.
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PRESENTATION OF SURFACE LINKS USING PLAT FORMS

JUMPEI YASUDA

Abstract. A plat form for links is a presentation of classical links using braids, and
this is another aspect of the bridge decomposition for links. In this talk, we introduce
a method of presenting surface links using braided surfaces, which we call plat forms.
Our method can be applied to not only orientable surface links, but also non-orientable
surface links.

1. Preliminaries

Let m be a positive integer, I = [0, 1] be an interval, D = I2 be a 2-dimensional disk
and Qm be a subset of D defined as

Qm := {
(

1

2
,

k

m+ 1

)
∈ D | k = 1, 2, · · · ,m}.

A braid of degree m (or simply called m-braid) is a properly embedded compact curve
β in D × I satisfying following two conditions.

(1) A restriction map π := pr2|β : β → I is a covering map of degree m.
(2) ∂β = Qm × ∂I.

A link L is in a plat form if L is a braid of even degree equipped with caps in the
picture below. This is an example of a plat form of the figure-eight knot, which is a
4-braid and four caps.

A braided surface is a generalization of a braid. Let D1, D2 be 2-dimensional disks
and pri : D1×D2 → Di (i = 1, 2) be the i-th factor projection, and y0 ∈ ∂D2 be a fixed
base point. A (poinited) braided surface of degree m is a properly embedded compact
surface S ⊂ D1 ×D2 such that satisfying following conditions ([6],[7]).

(1) π := pr2|S : S → D2 is a branched covering map of degree m.
(2) ∂S ⊂ D1 × ∂D2 is closed m-braid.
(3) pr1(π

−1(y0)) = Qm.

In particular, a braided surface with ∂S = Qm×∂D2 is called a 2-dimensional braid or
surface braid (O.Viro, cf. [5]).
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2. A Plat form for Surface links

Suppose that S4 is decomposed into two 4-balls, S4 = (D1 ×D2) ∪∂ (D1 ×D′
2). An

annular surface system is a disjoint union of annuli or Möbius bands. A wicket annular
surface system in D1 ×D′

2 is a properly embedded annular surface system in D1 ×D′
2

satisfying a certain condition using the notion of wickets [2].

Definition. A surface link F in S4 is in a plat form if it is a braided surface of even
degree (in D1 ×D2) equipped with a wickets annular surface system (in D1 ×D′

2):

F = S ∪∂ A ⊂ S4.

In particular, F is a surface link in a genuine plat form if S is a 2-dimensional braid.

The following are main results in this talk.

Theorem 1. Every (not necessarily orientable) surface link is equivalent to a surface
link in a plat form.

Theorem 2. Every orientable surface link is equivalent to a surface link in a genuine
plat form.

Let Braid(F ) be the braid index of F [4], and Plat(F ) be a minimal half degree of a
braided surface whose plat closure is equivalent to a surface link F .

Theorem 3. Then the following inequality is satisfied:

Plat(F ) ≤ Braid(F ).

This is analogue to the following inequality for any classical link L:

bridge(L) = plat(L) ≤ braid(L).
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STATISTICAL MIRROR SYMMETRY

JUN ZHANG

A parametric statistical model is a family of probability density functions over a given
sample space, whereby each function is indexed by a parameter taking value in some
subset of Rn. Treating parameterization as a local coordinate chart, the family forms
a manifold M endowed with a Riemannian metric g given by the Fisher-information
(the well-known Fisher-Rao metric). The classical theory of information geometry
prescribes a family of dualistic, torsion-free alpha-connections constructed from Amari-
Chensov tensor as deformation from the Levi-Civita connection associated with g. Here
we prescribe an alternative geometric framework of the manifold M by treating the
parameter as an affine parameter of a flat connection and then prescribing its dual
connection (with respect to g) as one that is curvature-free but carries torsion. From
our new model, we are able to construct a pair of distinct objects on the tangent
bundle TM based on the Sasaki lift of g and a canonical split using data from the base
manifold M . The pair consists of a Hermitian structure and an almost Kahler structure
simultaneously constructed that are in “mirror correspondence.” In analogous to mirror
symmetry in string theory between a complex manifold on the one side and a symplectic
manifold on the other, we call this “statistical mirror-symmetry,” and speculate its
meaning in the context of statistical inference. (Joint work with Gabriel Khan).

The University of Michigan, Ann Arbor
Email address: junz@umich.edu

Date: Received on March 20, 2021.

86 OCAMI Reports Vol. 1 (2021)



OCAMI Reports
The 27th OCU International Academic Symposium
2021, pp.87

情報と幾何

伊師 英之

情報を幾何学的に表現するということは，様々なグラフを使うことで日常的に行われ
ている．我々が実際に目で見えるのは３次元までであるが，数学的な認識能力を訓練す
ることにより，データを高次元の幾何と結びつけて新たな洞察が得られるようになる．
たとえば，「１００個のデータを１００次元空間の１点と考える」という視点から見え
てくるものがある．本講演の前半では，そのような考え方の例として，統計分析の基本
的な道具である相関係数を説明する．
甘利俊一氏が創始した情報幾何学では，考えたい情報（正確には確率分布）を微分幾

何と結びつける．すなわち，確率分布がつくる集合を一つの空間と考えて，そこに双対
接続構造なるものによって二種類の「空間の曲がり方（真っ直ぐさ）」を定める．これ
によって統計学・情報理論・機械学習理論などに統一的な理解と新しいアイディアが与
えられ，その理論は世界中で活発に発展している．講演の後半では，この情報幾何学の
一端を簡単な例で紹介する．
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数学×工芸：テンソル演算と西陣織

巴山 竜来
TATSUKI HAYAMA

数学と工芸は全く異なるもののように見えますが，近年の計算機やデジタル工作機械
の発展は，その両者の橋渡しを可能にしています．例えば 3D幾何形状を表す数式が与
えられたとき，その式から 3Dオブジェクトデータを生成し，3Dプリンタで出力すれ
ば，それを実物のものとして手に取ることができます．数式を操作することによって，
人間の手で扱うには複雑すぎる形状や無数のバリエーションを生み出すこともできま
す．こういったデジタルデータの物質化はデジタルファブリケーションとも呼ばれ，も
のづくりにも大きな影響を与えています．
この講演では，とくに織物に焦点を当て，講演者が最近取り組んできた西陣織企業

細尾との研究開発プロジェクトを紹介し，数学の織物への応用についてお話しします．
織物はタテ・ヨコに直交する糸の交差からなり，布をつくるための糸の交差情報は二次
元バイナリ配列データと見なすことができます．つまり織物をつくることは，原始的な
デジタルファブリケーションなのです．このプロジェクトでは，ジャカード織機と呼ば
れる大型装置を使い，数理的な手法で作られたデータから織物をつくりました．とくに
テンソル演算と呼ばれる計算がデータ生成において重要な役割を果たしており，大量の
テンソル演算を高速に計算するためには，近年大きく進展しているGPU演算装置と計
算実行システムが必要不可欠です．
専修大学 Senshu University
Email address: hayama@isc.senshu-u.ac.jp
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GEOMETRY IN VORTEX DYNAMICS

ALBERT CHERN

Abstract. Vorticity tends to concentrate in a nearly inviscid fluid. This results in
singular structures called vortex filaments, which evolve in the fluid in an intriguing
fashion. As a dynamical system on the infinite dimensional space of space curves, vor-
tex dynamics reveals surprising relations between the geometric invariants of curves.
For example, in the inviscid and thin vortex limit, we find a new isoperimetric char-
acterization to Euler elastica. In the second part of the talk, I will explain a new
approach to model the general variable thickness, viscous vortex filaments. The un-
derlying theory is an instance of the dissipative geodesic equation on a Kaluza–Klein
Riemannian manifold. The resulting equation can describe such varied phenomena as
underwater bubble rings or the intricate “chandeliers” formed by ink dropping into a
fluid.

1. Integrable System of Da Rios Equation

In the classical theory of vortex dynamics in an inviscid fluid, the dynamics of vortex
filament γ : S1 → R3 is governed by the integrodifferential equation

∂
∂t
γ = uBS ◦ γ (1)

where uBS is the (regularized) Biot–Savart field generated by γ. Asymptotically, as the
thickness of the vortex filament approaches zero, (1) becomes the Da Rios equation

∂
∂t
γ = γ′ × γ′′. (2)

Here (·)′ is the derivative with respect to arclength. The
traditional view of (2) is studied by Hashimoto, who found
that the complex curvature of γ satisfies the nonlinear
Schrödinger equation, which is an integrable system. We
revisit this integrable system at the level of γ. This turns
out to be an elementary integrable system with a symplectic
form σMW(γ̇, γ̊) =

∫
S1 det(γ̇, γ̊, dγ) introduced by Marsden

and Weinstein in the context of fluids. The most common
geometric quantities of a space curve, including the length, the writhe, the bending
energy, the area projected onto a given plane, and the volume swept by the revolution
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about a given line, are all commuting Hamiltonians in the integrable system. This
theory leads to a remarkable 3D isoperimetric problem:

Theorem 1 ([1]). Curves that extremize their lengths subject to a fixed projected area
and a fixed revolved volume are 3D Euler elastica.

2. Riemannian Newtonian Mechanics

In reality, vortex filaments have finite and varying thick-
ness, and are subject to viscosity and gravity; the latter
is present when the vortices trap materials such as ink or
bubbles under water. Indeed, in these scenarios vortices
exhibit phenomena beyond what Eq. (1) can describe. To
incorporate the mentioned physical effects, we first return
to the space of curves with the Marsden–Weinstein sym-
plectic structure. There, the inviscid vortex dynamics turns
out to be the infinite dimensional version of the motion of
a charged particle under magnetic field. By the machinery
of Kaluza and Klein, these motions are the projection of
geodesics on a space with one extra dimension. After ar-
riving at such form, we can easily add dissipation and grav-
itational force, yielding a complete vortex filament model.
The final equation captures phenomena such as ink chan-
deliers and describes the thickness distribution of an underwater bubble ring [2]. The
inset figure shows a footage of ink drop developed under water (left) and a simulation
based on our model (right).
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CMC SURFACES VIA DPW AND XLAB

SEBASTIAN HELLER

CMC surfaces in space forms are described by their associated families of flat con-
nections. The associated family satisfies a reality condition depending on the ambient
space and on the mean curvature. Using loop group factorizations the associated family
can be constructed from a family of meromorphic connections - the DPW potential.
The challenge is to construct a DPW potential such that the loop group factorization
works globally on the underlying surface with non-trivial topology.

In this talk I will discuss examples of CMC surfaces with non-trivial topology con-
structed by the DPW method in the last ten years. Crucial in this theory has always
been the interplay between with experimental mathematics. The experiments are based
on the implementation of the DPW method in the xlab software by Nick Schmitt. The
talk is based on joint work with with A. Bobenko, L. Heller, N. Schmitt, M. Traizet.

(S. Heller) Institut für Differentialgeometrie, Gottfried Wilhelm Leibniz Univer-
sität Hannover
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STATISTICAL STRUCTURE OF CONSTANT STATISTICAL
SECTIONAL CURVATURE ON HYPERBOLIC SPACE

NAOTO SATOH

Abstract. Statistical sectional curvature can be introduced on a statistical manifold
by using the statistical curvature tensor field, which is defined as the arithmetic mean
of curvature tensor fields with respect to the pair of dual connections. We construct
the hyperbolic space of constant curvature for any constant c ∈ R. This is a joint
work with H. Furuhata, I. Hasegawa, T. Nakane, Y. Okuyama and K. Sato.

Throughout this paper, M denotes a smooth manifold of dimension m ≥ 2, and all
the objects are assumed to be smooth. Γ(E) denotes the set of sections of a vector
bundle E → M . For example, Γ(TM (p,q)) means the set of all the tensor fields on M
of type (p, q).

Let ∇ be an affine connection of M , and g ∈ Γ(TM (0,2)) a Riemannian metric. We
denote the Levi-Civita connection of g by ∇g.

The pair (∇, g) is said to be a statistical structure on M if ∇ is of torsion free, and
the Codazzi equation (∇Xg)(Y, Z) = (∇Y g)(X,Z) holds for any X,Y, Z ∈ Γ(TM).
Then we can define another torsion free connection ∇∗ by Xg(Y, Z) = g(∇XY, Z) +
g(Y,∇∗

XZ), and call ∇∗ the dual connection of ∇ with respect to g. If (∇, g) is a
statistical structure, so is (∇∗, g). We have ∇g = 1

2
(∇+∇∗) as well.

For a statistical structure (∇, g), we set K(X,Y ) = ∇XY − ∇g
XY . Then K ∈

Γ(TM (1,2)) satisfies

K(X,Y ) = K(Y,X), g(K(X,Y ), Z) = g(Y,K(X,Z)). (1)

Conversely, for a Riemannian metric g if K ∈ Γ(TM (1,2)) satisfies (1), the pair (∇ =
∇g +K, g) is a statistical structure.

The curvature tensor field for ∇ is defined as R∇(X,Y )Z = ∇X∇YZ −∇Y∇XZ −
∇[X,Y ]Z. For a statistical structure (∇, g) on M , we define

S(X,Y )Z =
1

2
{R∇(X,Y )Z +R∇∗

(X,Y )Z}

and call S ∈ Γ(TM (1,3)) the statistical curvature tensor field of (∇, g) (See [1]).
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We remark that a statistical structure is locally determined by R∇g
and K (See [2]),

and S can rewrite by using R∇g
and K as S(X,Y )Z = R∇g

(X,Y )Z + [K,K](X,Y )Z,
where [K,K](X,Y )Z = K(X,K(Y, Z))−K(Y,K(X,Z)).

Let Π = X ∧ Y be a 2-dimensional section spanned by orthonormal vector fields
{X,Y } with respect to g. We define the statistical sectional curvature for Π by

K(Π) := g(S(X,Y )Y,X).

This value is independent of the choice of the basis of Π. We say that (M,∇, g) is of
constant statistical sectional curvature c if there exists c ∈ R such that K = c for any
2-dimensional section. (M,∇, g) is of constant statistical sectional curvature c if and
only if S(X,Y )Z = c{g(Y, Z)X − g(X,Z)Y } for any X,Y, Z ∈ Γ(TM).

If (M,∇, g) is of constant curvature c, that is, R∇(X,Y )Z = k{g(Y, Z)X−g(X,Z)Y }
for X,Y, Z ∈ Γ(TM), then (M,∇, g) is of constant statistical sectional curvature c.

In Riemannian geometry, the sign of curvature presents the most important charac-
teristics of the space. However, the following statistical manifold suggests that it does
not work for statistical manifolds.

Let (Hm, g) be the hyperbolic space of constant curvature −κ (κ > 0) defined by

Hm = {y = (y1, . . . , ym−1, ym) ∈ Rm | ym > 0},

g = (κ)−1(ym)−2

m∑
j=1

(dyj)2.

We denote ∂i =
∂
∂yi

(i = 1, . . . ,m). Define K ∈ Γ(THm(1,2)) by

K(∂i, ∂j) = δij(α(y
m)−1∂m + αi∂i),

K(∂i, ∂m) = K(∂m, ∂i) = α(ym)−1∂i,

K(∂m, ∂m) = 2α(ym)−1∂m

for α ∈ R, αi ∈ C∞(Hm) and i, j = 1, . . . ,m − 1. Then, (Hm,∇ = ∇g + K, g) is a
statistical manifold of constant statistical sectional curvature κ(α2 − 1). Furthermore,
if αi = 0 for all i = 1, . . . , n− 1, (Hm,∇, g) is of constant curvature κ(α2 − 1).

Denote c = κ(α2−1) for short. This statistical manifold shows that for any constant
c ∈ R, we can construct a statistical manifold of constant curvature c. See [4] in the
case where α = 1 and αi = 0.
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COMPUTING CUT LOCUS OF CONVEX POLYHEDRON USING
WAVEFRONT PROPAGATION

KAZUMA TATEIRI

Abstract. We created an algorithm to compute cut loci on convex polyhedra in
certain situations. This algorithm is based on a famous algorithm to compute shortest
paths on polyhedral surface, created by Mitchell, Mount and Papadimitriou.

We created an algorithm to compute cut loci on triangulated oriented convex poly-
hedra, with no internal points on the cut locus having local minima of the distance
function. Our algorithm is based on a famous algorithm to compute shortest paths on
polyhedral surface, created by Mitchell, Mount and Papadimitriou (MMP) [1]. Our
algorithm utilizes “intervals”, introduced in the MMP algorithm. Each interval in our
algorithm is modified to be a node of a doubly circular linked list and express a circular
arc segment of a smooth wavefront. Our algorithm processes an “event” at each event
point, and there are five event types. Out poster explains the detail of our algorithm.
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CLASSIFICATION OF SMYTH POTENTIALS

TADASHI UDAGAWA (WASEDA UNIVERSITY)

Abstract

In the DPW method [2], any holomorphic data (ξ, z0, ϕ0) on a simply-connected
Riemann surface produces a CMC-immersion. Conversely, all CMC-immersions are
generated by holomorphic data. But this corrrespondence is not one-to-one. If two
holomorphic potentials ξ, ξ̃ are gauge equivalent by an element C of the positive loop
group of SL2C,

ξ̃ = ξ · C := C−1ξC + CdC,

then the resulting CMC-immersions are the same. In this talk, we consider normalized
potentials ξ of the form:

ξ =
1

λ

(
0 zk

czn−k 0

)
dz, n, k ∈ Z, c ∈ C∗.

We call this type of potential a Smyth potential. For this potential, we consider the
condition that two holomorphic data give the same CMC-immersion, i.e. we investigate
convergence of the formal solution C of the above equation. As applications, follow-
ing [1], [3] we construct CMC-immersions with one parameter group of isometries in
R3,R2,1.
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