HAMILTONIAN STABILITY OF THE GAUSS IMAGES
OF HOMOGENEOUS ISOPARAMETRIC
HYPERSURFACES

HUI MA AND YOSHIHIRO OHNITA

ABSTRACT. The image of the Gauss map of any oriented isopara-
metric hypersurface of the unit standard sphere S"*1(1) is a mini-
mal Lagrangian submanifold in the complex hyperquadric @, (C).
In this paper we determine the Hamiltonian stability of all com-
pact minimal Lagrangian submanifolds embedded in complex hy-
perquadrics which are obtained as the images of the Gauss map of
homogeneous isoparametric hypersurfaces in the unit spheres.

INTRODUCTION

In 1990’s Oh initialed the study of Hamiltonian minimality and
Hamiltonian stability of Lagrangian submanifolds in Kahler manifolds
([28], [29], [30]). It provides a suitable constrained volume variational
problem of Lagrangian submanifolds in Kahler manifolds under Hamil-
tonian deformations. Recall that a submanifold L is an n-dimensional
submanifold of a symplectic manifold (M?*",w) on which the symplec-
tic form vanishes identically. The Lagrangian property is preserved by
Hamiltonian deformations in M. So it is natural to define in a Kahler
manifold (M,w,g,J) that a Lagrangian submanifold is Hamiltonian
minimal ([28]) or Hamiltonian stationary ([38]), if it is the critical point
of the volume functional under any Hamiltonian deformation of L.
Similarly, a Hamiltonian minimal Lagrangian submanifold in a Kahler
manifold is said to be Hamiltonian stable, if the second variational of
the volume is nonnegative under every Hamiltonian deformation. Min-
imal Lagrangian submanifolds are apparently Hamiltonian minimal. It
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is a natural and interesting problem what Lagrangian submanifolds in
specific Kahler manifolds are Hamiltonian stable. After Oh’s pioneer
papers, there has been extensive research done on Hamiltonian sta-
bilities of minimal or Hamiltonian minimal Lagrangian submanifolds
in various Kéahler manifolds, such as complex Euclidean spaces, com-
plex projective spaces, compact Hermitian symmetric spaces, certain
toric Kéahler manifolds and so on. (See e.g., [2, 7, 33, 34, 37, 42] and
references therein.)

It is known that the Gauss map of an oriented hypersurface N™ in the
unit standard sphere S"1(1) is a Lagrangian immersion of N™ into the
complex hyperquadric @, (C). It follows from Palmer’s mean curvature
formula [37] that if an oriented hypersurface N™ in S"™'(1) is of con-
stant principal curvatures, the so called “isoparametric hypersurface”,
then its Gauss map is a minimal Lagrangian immersion of N" into
Qn(C). Munzner [26], [27] showed that the number g of distinct prin-
cipal curvatures of N™ in S"*!(1) and their multiplicities my,--- ,m,
must be g = 1,2,3,4,6 and m; = m3 = --- < mg = my = -+, and
N" is always real algebraic in the sense that N™ is defined by a certain
real homogeneous polynomial of degree g which is called the ”Cartan-
Miinzner polynomial”. We observe that the image of the Gauss map
of any compact oriented isoparametric hypersurface N” embedded in
S™t1(1) is a smooth compact minimal Lagrangian submanifold embed-
ded in @,(C) and the Gauss map is a covering map with covering
transformation group Z,.

An isoparametric hypersurface N™ in the unit standard sphere S"™1(1)
is called homogeneous if N™ can be obtained as an orbit of a compact
Lie subgroup of SO(n + 2). All isoparametric hypersurfaces in the
unit standard sphere are classified into homogeneous ones and non-
homogeneous ones. Every homogeneous isoparametric hypersurface in
a sphere can be obtained as a principal orbit of a linear isotropy rep-
resentation of a compact Riemannian symmetric pair (U, K) of rank
2, due to Hsiang-Lawson [14] and Takagi-Takahashi [39] (cf. Dadok,
Asoh, Ucihda, Yasukura). Only in the case of g = 4 there are known
to exist non-homogeneous isoparametric hypersurfaces, which were dis-
covered first by Ozeki-Takeuchi [35], [36] and extensively generalized
by Ferus-Karcher-Miinzner [10].

In this paper we determine the Hamiltonian stability of all com-
pact minimal Lagrangian embedded submanifolds in @, (C) which are
obtained as the Gauss images of homogeneous isoparametric hypersur-
faces in S™™(1). This paper is a continuation of [21], where we have
already treated the cases of g = 1,2, 3.

The main result of this paper is as follows :
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Theorem. Suppose that (U, K) is not of type EIll, that is, (U, K) #
(Eg,U(1) - Spin(10)). Then L = G(N) is not Hamiltonian stable if
and only if mg —my > 3. Moreover if (U, K) is of type EIII, that is,
(U,K) = (Es,U(1) - Spin(10)), then (my,ms2) = (6,9) but L = G(N)
15 strictly Hamiltonian stable.

This paper is organized as follows : In Section 1 we recall the notion
and fundamental properties on Hamiltonian minimality, Hamiltonian
stability and strictly Hamiltonian stability of Lagrangian submanifolds
in Kahler manifolds. In Section 2 we briefly explain properties of min-
imal Lagrangian submanifolds in complex hyperquadrics as the Gauss
image of isoparametric hypersurfaces in spheres, which were discussed
in our previous works. In Section 3 we explain the method of eigen-
value computations of our compact homogeneous spaces which are the
Gauss images of compact homogeneous isoparametric hypersurfaces in
spheres, and the fibrations on homogeneous isoparametric hypersur-
faces by homogeneous isoparametric hypersurfaces. The fibrations are
very useful for our computation. In Sections 4 and 5, we determine
the strictly Hamilonian stability of the Gauss images of compact ho-
mogeneous isoparametric hypersurfaces with g = 6. In Sections 6-11,
we determine the strictly Hamilonian stability of the Gauss images of
compact homogeneous isoparametric hypersurfaces with g = 4.
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1. HAMILTONIAN MINIMALITY AND HAMILTONIAN STABILITY

Assume that (M,w, J,g) is a Kdhler manifold with the compatible
complex structure J and Kahler metric g. Let ¢ : L — M be a
Lagrangian immersion and H denote the mean curvature vector field of
¢. The corresponding 1-form ay := w(H,-) € Q'(L) is called the mean
curvature form of ¢. For simplicity, throughout this paper we assume
that L is compact without boundary.

Definition 1.1. Let M be a Kéahler manifold. A Lagrangian immer-
sion ¢ : L — M is called Hamiltonian minimal (shortly, H-minimal)
or Hamiltonian stationary, if it is the critical point of the volume func-

tional for all Hamiltonian deformations {¢;}.
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The corresponding Euler-Lagrange equation is dayg = 0, where ¢ is
the codifferential with the respect to the induced metric on L.

Definition 1.2. An H-minimal Lagrangian immersion ¢ is called Hamil-
tonian stable (shortly, H-stable) if the second variation of the volume
is nonnegative under every Hamiltonian deformation {;}.

The second variational formula is given as follows ([30]):
2

d .
ﬁ\fol (L, 07 9)]i—o

:/L ((Aia, a) — (R(a),a) — 2{a ® a ® an, S) + (o, a>2) dv

where A} denotes the Laplace operator of (L, p*g) acting on the vector
space Q'(L) of smooth 1-forms on L and a := w(V,-) € B(L) is the ex-
act 1-form corresponding to an infinitesimal Hamiltonian deformation
V. Here,

(R(a),0) == Ric"(e;, e;)a(es)ale;),
ij=1
for a local orthonormal frame {e;} on L and
S(X,Y,Z) = w(B(X,Y), 2)

for each X,Y,Z € C*(TL), which is a symmetric 3-tensor field on L
defined by the second fundamental form B of L in M.

For an H-minimal Lagrangian immersion ¢ : L — M, denote by
FEo(p) the null space of the second variation on B'(L) and n(y) :=
dim Fy(p) is called the nullity of ¢.

If H'(M,R) = {0}, then any holomorphic Killing vector field on M
is a Hamiltonian vector field, and thus it generates a volume-preserving
Hamiltonian deformation of . Namely,

{p*ax | X is a holomorphic Killing vector field on M} C Ey(p) C B'(L).

Set npk(p) = dim{p*ax | X is a holomorphic Killing vector field on M},
which is called the holomorphic Killing nullity of .

Definition 1.3. An H-minimal Lagrangian immersion ¢ is called strictly
Hamiltonian stable (shortly, strictly H-stable) if ¢ is Hamiltonian sta-
ble and npi (@) = n(p).

Note that if L is strictly Hamiltonian stable, then L has local mini-
mum volume under each Hamiltonian deformation.

In the case when L is a compact minimal Lagrangian submanifold
in an Einstein-Kaher manifold M with Einstein constant x, the second

variational formula becomes much simpler. It follows that L is H-stable
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if and only if the first (positive) eigenvalue A\; of the Laplacian of L
acting on functions satisfies Ay > & ([28]). On the other hand, the
upper bound of the first eigenvalue A\; of the Laplacian of a compact
minimal Lagrangian submanifold L in a compact homogenous Einstein-
Kéhler manifold with positive Einstein constant s is given by A\ < &
([32], [33]). Combing with the argument of H-stability, we get in this
case, L is H-stable if and only if \; = k.

Assume that (M,w, J, g) is a Kéhler manifold and G is an analytic
subgroup of its automorphism group Aut(M,w, J, g). A Lagrangian or-
bit L = G-x C M of G is called a homogeneous Lagrangian submanifold
of M. An easy but useful observation can be given as follows.

Proposition 1.1. Any compact homogeneous Lagrangian submanifold
in a Kahler manifold 1s Hamiltonian minimal.

Proof. Since ay is an invariant 1-form on L, day is a constant function
on L. Hence by the divergence theorem we obtain day = 0. O

Set
G :={a € Aut(M,w, J,g) | a(L) = L}.

Then G C G and G is the maximal subgroup of Aut(M,w, J, g) pre-
serving L. Moreover we have ny(¢) = dim(Aut(M, w, J, g)) — dim(G).

2. (FAUSS MAPS OF ISOPARAMETRIC HYPERSURFACES IN A SPHERE

2.1. Gauss maps of oriented hypersurfaces in spheres. Let N* C
S™t1(1) € R™"2 be an oriented hypersurface in the unit sphere. Denote
by x its position vector of a point p of N and n the unit normal vector
field of N in S™*!(1). It is a fundamental fact in symplectic geometry
that the Gauss map defined by

G: N" > pr— x(p) An(p) = [x(p) + V=In(p)] € Gra(R"*?) = Q,(C)

is always a Lagrangian immersion in the complex hyperquadric @, (C).

Let 93?(0) be the standard Kéhler metric of Q,(C) induced from
the standard inner product of R**2. Note that the Einstein constant
of ggg(c) is equal to n. Let x; (i = 1,---,n) denote the principal
curvatures of N™ C S""!(1) and H denote the mean curvature vector
field of the Gauss map G. Palmer gave the following mean curvature

form formula ([37]):

ag =d (Im (log ﬁ(l + \/—_L‘iz))) :
i1



Hence, if N™ is an oriented austere hypersurface in S™**(1), intro-
duced by Harvey-Lawson [13], then its Gauss map G : N" — Q,(C)
is a minimal Lagrangian immersion. In particular, since any minimal
surface in S3(1) is austere, its Gauss map is a minimal Lagrangian im-
mersion in Q(C) = 5% x 52 ([7]). Note that more minimal Lagrangian
submanifolds of complex hyperquadrics can be obtained from Gauss
maps of certain oriented hypersurfaces in spheres through Palmer’s
formula.

2.2. Gauss maps of isoparametric hypersurfaces in spheres.
Now suppose that N™ is a compact oriented hypersurface in S™1(1)
with constant principal curvatures, i.e., isoparametric hypersurface. By
Miizner’s result ([26, 27]), the number g of distinct principal curvatures
must be 1,2,3,4 or 6. It follows from Palmer’s mean curvature form
formula that its Gauss map G : N* — @, (C) is a minimal Lagrangian
immersion. Moreover, the “Gauss images "of G gives a compact em-
bedded minimal Lagrangian submanifold L™ = G(N™) = N"/Z, in
Q.(C).

Miinzner showed that the distinct principal curvatures of an isopara-
metric hypersurface in a sphere have at most two different multiplicities
my, ms. In the following, we assume that m; < ms.

All isoparametric hypersurfaces in spheres are classified into homoge-
neous one and non-homogeneous ones. A hypersurface N™ in S"1(1)
is homogeneous if it is obtained as an orbit of a compact connected
subgroup G of SO(n + 2). Obviously a homogeneous hypersurface in
S™t1(1) is an isoparametric hypersurface. It turns out that N™ is ho-
mogeneous if and only if its Gauss image G(N™) is homogeneous ([21]).
Due to Hsiang-Lawson ([13]) and Takagi-Takahashi ([39]), any homo-
geneous isoparametric hypersurface in a sphere can be obtained as a
principal orbit of the isotropy representation of a Riemannian symmet-
ric pair (U, K) of rank 2 (Table 1). The construction of homogeneous
isoparametric hypersurfaces are obtained in the following way (cf. [21]).

Let u = € + p be the canonical decomposition of u as a symmetric
Lie algebra of a symmetric pair (U, K) of rank 2 and a be a maximal
abelian subspace of p. Define an AdU-invariant inner product (, ),
of u from the Killing-Cartan form of u. Then the vector space p can
be identified with the Euclidean space R"*? with respect to the inner
product (, ), and the (n + 1)-dimensional unit sphere S™™(1) can
be defined in p naturally. The linear isotropy action Ad, of K on p

and thus $"™(1) induces the group action of K on Gra(p) = Q,(C).

For each regular element H of a N S""(1), we get a homogeneous
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isoparametric hypersurface in the unit sphere

N =

(Ad,K)H C S""'(1) Ccp &

Its Gauss image is

G(N") =

K -]

= [(Ad,K)a] C Gra(p) =

Rn+2

Qn(C).

Here N and G(N™) have homogeneous space expressions N = K/Kj

and G(N") =

Ko = {k € K | Ad,(k)(H
= (k€ K | Ady(k)(H) =

K/Kjq, where

)= H}
H for each H € a},

Ky = {k € K | Ady(k)(a) = al,
K = {k € K. | Ady(k) : a — a preserves the orientation of a}.

The deck transformation group of the covering map G : N — G(N™)

is equal to Kpq/Ko =

W (U, K)/Zy =

the Weyl group of (U, K).

Z,, where W(U, K) =

Ku/KO is

TABLE 1. Homogeneous isoparametric hypersurfaces in spheres

g | Type (U, K) dimN | mq, ma K/Ky
1] Stx (ST x SO(n +2),S0(n + 1)) n n Sn
BDII (n>1)[R& A4
2 | BDIIx (SO(p+2) x SO(n+2—p), n p,n—p SP x §nTP
BDII SO(p+1) x SO(n+1—p))
(1<p<n-—1)[4A & A]

3] AL (SU(3),50(3)) [A3] 11 7o

3| o (SU(3) x SU(3), SU(3)) [As] 2,2 O]

3| AlL (SU(6), Sp(3)) [A2] 12 | 44 o

3| EIV (Es, F1) [A2] 24 | 838 o)

4] by (SO(5) x SO(5),50(5)) [Ba] 8 2,2 0]

4] Allly | (SUm+2),50Q@) xUm) |4m—2] 2 | gpooaslel
(m > 2) [BCy](m > 3), [Ba](m = 2) 2m —3

4] BDL, | (SO(m+2),50(2) x SO(m)) |2m—2| 1, Sl

(m > 3) [B2] m — 2

4] CIL | (Spm+2),5p(2) x Sp(m))  |8m—2| 4, | goorSi
(m > 2) [BCs](m > 3),[Bz](m = 2) dm —5

4 | DIII; (S0O(10),U(5)) [BCs] 18 4,5 SU(2)><gl(]5()2)><U(1)

4| EII (Es,U(1) - Spin(10)) [BCs) 30 6,9 Teternel

6| go (Ga x Ga,Go) [Go) 12 2,2 %

6| G (G2, SO(4)) [Ga] 6 1,1 pea
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2.3. A remark on strictly Hamiltonian stability and Hamil-
tonian rigidiy of Gauss images of isoparametic hypersurfaces.
Consider

2
G:N">p— x(p) An(p) € Gry(R™?) ¢ A R™2

Here A\ R"™2 2 o(n + 2) can be identified with the Lie algebra of all
(holomorphic) Killing vector fields on S"*1(1) or Gro(R"2). Let &
be the Lie subalgebra of o(n + 2) consisting of all Killing vector fields
tangent to N” or G(N™) and K be an analytic subgroup of SO(n + 2)
generated by £ Take the orthogonal direct sum

2
/\Rn+2:%+v7

where V is a vector subspace of o(n + 2). The linear map
Va3Xr— Oéx|g(Nn) S E[)(g) C BI(Q(N”))

is injective and ny,(G) = dim V. Then G(N™) C V and thus G(N") C
Gry(R"2)NV. Indeed, for each X € tand eachp € N”, (X, x(p) An(p)) =

(Xx(p),n(p)) — (x(p), Xn(p)) = 2(Xx(p),n(p)) = 0.
Note that G(N™) is a compact minimal submanifold embedded in

the unit hypersphere of ¥V and by the theorem of Tsunero Takahashi
each coordinate function of V restricted to G(N™) is an eigenfunction
of the Laplace operator with eigenvalue n. Then we observe

Lemma 2.1. n is just the first (positive) eigenvalue of G(N™) if and
only if G(N™) C Q,(C) is Hamiltonian stable. Moreover the dimen-
sion of the vector space V is equal to the multiplicity of the (resp. first)
eigenvalue n if and only if G(N™) C Q,(C) is Hamilitonian rigid
(resp. strictly Hamiltonian stable).

Next we discuss a relationship between the Gauss images G(N™)of
isoparametric hypersurfaces and the intersection Gro(R"™2) N V.

Proposition 2.1 ([22]). If N™ is homogeneous, then
G(N™) = Gro(R*™) N V.
Define p1 : Gro(R™2) — A*R™2 in the following way:

2
p:Gra(R™?) 5 [W]r—aAbe AR™=o(n+2)=t+V.
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The moment map of the action K on EJVTQ(R”*Q) is given by p; :=
mio p: Gra(R™?) — £ For any p € N”,

K(x(p) An(p) € GN™) € Gra(R™) NV = 17(0).

It is obvious that N™ is homogeneous if and only if K (x(p) An(p)) =
G(N™).

Proposition 2.2 ([22]). Assume that G(N") = Gry(R"™2) NV, Then
K(x(p) An(p)) = G(N™), that is, N™ is homogeneous.

Corollary 2.1 ([22]). N™ is not homogeneous if and only if
K(x(p) An(p)) S G(N™) S Gra(R™?) NV = i (0).

3. THE METHOD OF EIGENVALUE COMPUTATIONS FOR OUR
COMPACT HOMOGENEOUS SPACES

3.1. Basic results from harmonic analysis on compact homo-
geneous spaces. First we recall the basic theory of harmonic analysis
on general compact homogeneous spaces. Let D(G) be the complete
set of all inequivalent irreducible unitary representations of a compact
connected Lie group (G. For a maximal abelian subalgebra t of g, let
Y(G) be the set of all roots of € and X7 (G) be its subset of all positive
root a € X(G) relative to a linear order fixed on g. Set

['(G) :=={S € b |exp(§) = e},
Z(G):={A e b | A(§) € Z for each £ € T'(K)},
D(GQ):={A € Z(G) | (A,a) > 0 for each a € 2 (G)}.

Then there is a bijective correspondence between D(G) > A +——
(V\,pa) € D(G), where (Vy, pp) denotes an irreducible unitary rep-
resentation of G with the highest weight A equipped with a pj(K)-
invariant Hermitian inner product ( , )y, (which is unique up to a mul-
tiplication by a positive constant). Let ( , )4 be an AdG-invariant inner
product of g. For a compact Lie subgroup H of G with Lie algebra $,
we take the orthogonal direct sum decomposition g = b+ m relative to
() )g- Set

G):
G):

D(G, H) :={A € D(G) | (Va)s # {0}}, (3.1)
where
(Va)g i ={we V| pr(a)w=w (Va € H)}. (3.2)
Let A € D(G,H). For each w ®@ v € (V))}; ® Vi, we define a real
analytic function fgze, on G/H by

(faww)(at) 1=9<<U» pal@)w))v, (3.3)



for all aH € G/H. By virtue of the Peter-Weyl’s theorem and the
Frobenius reciprocity law, we have a linear injection

VA @ VA0 ®v— fag, € C°(G/H,C) (3.4)
and the decomposition
C*(G/H,C)= @ (Vi) Vi (3.5)
AeD(G,H)

in the sense of C'"*°-topology. Via the natural homogeneous projection
7 : G — G/H, the vector space C*(G/H,C) of all complex val-
ued smooth functions on G/ H can be identified with the vector space
C>®(K, C)y of all complex valued smooth functions on G invariant un-
der the right action of H. Let U(g) be the universal enveloping algebra
of Lie algebra g, which is identified to the algebra of all left-invariant
linear differential operators on C*>°(G, C). Let

U(g)y :={D € U(g) | Ad(k)D = Ry o D o R-1 = D for each k € H}

be a subalgebra of U(g) consisting of elements fixed by the adjoint ac-
tion of H. Here define (Ry,f)(u) := f(uk) for f € C*(G, C). For each
D € U(g)k,, we have D(C*(G,C)y) C C®(G,C)y. The Casimir op-
erator Cq/k,( , ), of (G, K) relative to ( , )g is defined by C := 7" | (X;)?
where {X; | ¢ = 1,--- ,n} is an orthonormal basis of m with respect
to (, )g- Then Cq/k,( ), € U(g)r and by the AdG-invariance of ( , ),
and Schur’s Lemma there is a non-positive real constant c(A, ( , )g)
such that

CG/K (fw®v) = <A7< ) >9)fw®v (3'6)

for each w®@v € (Va)5; ® VA. The eigenvalue c¢(A, ( , )q) is given by the
Freudenthal’s formula

(A, (,)g) = —(A, A+ 25),, (3.7)

where 20 = 3 cvi gy @

The Laplace operator A}, = dd acting on C*(K/K,, C) with re-
spect to the induced metric g*ggd(c) corresponds to the linear differ-
ential operator —Cr» on C*(K, C)g,, where Cr» € U(¥) is the Casimir
operator relative to the Ady(Kjp)-invariant inner product (,) of m

defined by

Cori= Y ZIWIP L) (3.8)

yESHUK) i=1

Notice that Cp» € U(€)g, because of the Ady,(Ky)-invariance of ( , ).
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Suppose that (U, K) is irreducible. Let -y denote the highest root
of (U, K). For g = 3,4, or 6, the restricted root systems X(U, K) is
of type ag, By, BCy or Gy. Then we know that for each v € X1 (U, K),

1 if (U, K) is of type A,
7112 _Jtor 1/3 if X(U, K) is of type Gq,
Ioll3 lLorl/2 if X(U, K) is of type Ba,

1,1/2 or 1/4 if ¥(U, K) is of type BCs.

Define
STUK) == {y e SH(U,K) | 1Nz = o2} (3.9)

Define a symmetric Lie subalgebra (uq, ;) by

ti=t+ Y. b, pi=at+ > p,

vesf (UK) vexT (UK)
up =& +pg.

Let K; and U; denote connected compact Lie subgroups of K and U
generated by € and u;.
Suppose that X7 (U, K) is of type BCy. Define

53 (U.K) = {y e ST (U E) | |l = [hollz or olle/2}. (3.10)

Define a symmetric Lie subalgebra (us, £2) by

EQ = E() + Z EW po = a+ Z pw

veXT (U,K) vexT (U,K)
U := € + po.

Let K5 and U, denote connected compact Lie subgroups of K and U
generated by € and us. We have the following subgroups of K in each
case:

Ky C K, if (U, K) is of type as;
Ky C K, CK, if X(U, K) is of type bs or go;
Ky C K, CKy,CK, ifX(UK)is of type BCs.

11



Set

m(7)
Cr/Ko , o 1= (X,4)%
veX+(U,K) i=1
m(7y)
Crr /Kol s o i= (X5.)%, (3.11)
vext (UK) =1
m(7)
Cra/Ko (o = (X5)?
yexd (UK) =1

Then Ckxy: Crc, /kos Cra/io € U(E) K, and the Casimir operator Cr» can
be decomposed as follows:

Lemma 3.1.
(1
—Ck/ Ko
0!l

T CK /Ko

1ol e
2

CLn -
170l
4

—C
Iolle K/t

\

Cr/Kol o —

7>u_

if X(U, K) is of type As;

2 . .
ol —Cr /Ko ) W B(U,K) is of type Gy;
u
1 . .
Tl Cry /Ko, ) if (U, K) is of type Bs;
u
1 2
—FC —C
H%Hu Fa/Ko Ly w0 H%Hu Ka/Ko.(

if (U, K) is of type BCs.

3.2. Fibrations on homogeneous isoparametric hypersurfaces
by homogeneous isoparametric hypersurfaces. For g = 4,6, (U, K)

are of G9, By or BC5 type. See the 3rd column of Table 1.

In the case when (U, K) is of type By or (G, we have one fibration

as follows:

N" = K/K,
K, /K,

K/K,

12



In the case when (U, K) is of type BCs, we have the following two
fibrations:

N" = K/K, K/Ky
Ki/Ky Ky /Ky
Ko/ K
K/K, 2/ K/ K>

3.2.1. In case g =6 and (U, K) = (G2,50(4)), (m1,ms) = (1,1).
N" = K/Kq = S0(4)/(Z2 + Z»)
Ky /Ky=SO(3)/(Zy+ Z>)

K/K, = S0(4)/50(3) = §3

U/K = Gy/SO(4) > Uy /K, = SU(3)/SO(3)

K/Ky=
KI/KO -

SOA)/(Zo+Z3) : g=6,m1 =mgy =1,
SO(3)/(Z2 +Z2) g = 3,m1 =My = 1

3.3. In case g =6 and (U, K) = (G2 X G3,Gs), (my,ms) = (2,2).
Nn - K/KO = GQ/T2
Ky /Ko = SU(3)/T

K/K, = Go/SU(3) = §6

13



U/K = (G2 x G2)/G2 D U /Ky = (SU(3) x SU(3))/S0(3)

K/KOIGQ/T22926,TTL1 = My 22,
K /Koy =SU3)/T?:g=3,m; =my=2

3.4. In case g =4 and (U, K) = (SO(5) x SO(5), SO(5)), (m1,ms) =
(2,2).

N" = K/K, = SO(5)/T?
K1 /Ky = SO(4)/T?

KK, = SO(5)/SO(4) = S*

U/K = (SO(5) x SO(5))/SO(5) = SO(5)
DU /K, = (SO(4) x SO(4))/S0(4) = SO(4) = §3 . &3

maximal totally geodesic submanifold

SO(4) = Spin(4)/Zy = (SU(2) x SU(2))/Zg = (S® x S*) /2y = S5*- S

Remark ([20]). The classification of maximal totally geodesic subman-
ifolds embedded in Sp(2) = Spin(5):

Gry(R?), S*- 53, 53 x 5%, 5%,

U/K = (Sp(2) x Sp(2))/Sp(2) = Sp(2)

S Ui /Ky = ((Sp(1) x Sp(1)) x (Sp(1) x Sp(1)))/(Sp(1) x Sp(1))
=~ Sp(1) x Sp(1) =2 §* x §°

K/Ko= Sp(2)/T? : g = 4, (m1,ms) = (2,2)

Ki/Ky = (Sp(1) x Sp(1))/T? %152 x S%:g =2 (mi,ms) = (2,2)



U/K = (SO(5) x SO(5))/SO(5) = SO(5) = Spin(5)/Zs
DU /K, = (SO(4) x SO(4))/S0(4) =2 SO(4) = S* . S = (5% x S°)/Z,
(max. tot. geod. submfd.)

K/Ky=SO(5)/T?: g=4,m; =my =2,
Kl/KO = SO(4)/T2 252 X 52:922,m1 =My = 2

3.5. In case g =4 and (U, K) = (SO(10),U(5)), (m1,mq) = (4,5).

U(s) = U(d)
/Ko SU(2) x SU(2) x U(1) /Ko SU(2) x SU(2) x U(1)
U U o U(4)xU(1)

Ky /Ko = E ;isé()gxtg()n Ky/Ko = SU(2)>(<SZ>;(2()><U(1)
_ __Uu@xuQ)
U(5) Ky /Ky = U2)xU(2)xU(1) U(5)
K/K, = K/Ky= ——"——
U(2) xU(2) x U(1) U4) x U(1)

U/K — SO( 0)/U(5)
SO(8) x SO(2)

2 Ul = =5y o)
S0[8) . SO@)

I

~ Gry(R®)  (DIII(4)=BDI(2,6))

N U(4) SO(2) x SO(6)
(maximal totally geodesic submanifold)
SO(4) x SO(4) x SO(2)

U(2) xU(2) x U(1)
L S0(4) x S0O(4) _ SO4) SO4)
T U xU@2) U2 U
>~ §? x §? = Gry(RY) (%(;;) >~ 5?)

(not maximal totally geodesic submanifold)

DU /Ky =

Remark ([20]). The classification of maximal totally geodesic subman-

ifolds embedded in Sg((;)()) (DIII(5)):

Gra(R®), Gry(C%), SO(5), S* x CP®, CP*.
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The classification of maximal totally geodesic submanifolds embedded
in Gry(R®):

Gry(R"), SP-Si(p+q=6), CP>.
Here Us /Ky = Gra(R®) D Gry(R7) O Gry(RY) = Uy /K.

Remark.
SO®) . SO®)  _ ~— - .
0= 50m) % 50 = Ora(RY) (DII)=BDI26)
U(5) _ _
Ko =srarssv@ <oy ¢~ 4 meme) = (45)
U4)x U1 _ SO(2) x SO(6) B B
o/ Ko TSUQ) x SU@Q) xU(1)  ZuxS0(4) 9~ 4, (ma, ma) = (1,4)
U@ x U@) % U()
K/ Ko =505 % su@ < v (1)
~ U@ UR) » gy gt g (myms) = (1,1)

3.6. In case g =4 and (U, K) = (SO(m + 2),50(2) x SO(m)) (m > 3),
(my1,mg) = (1,m — 2).

n __ _ S0(2)xSO(m
N"=K/Ko = Zzi;é(mSQ))

_ SO(2)xSO(2)xSO(m=2) ~ SO2)xSO(2) ~
K1/Ko = zgst(mfzg = Z> B > gl x st

-~ SO(2)xSO(m SO(m) ~ F(mm
K/Ky = SO(z)xsg())(é)xs(ogm—z) SO(2)x80(m—2) — Gra(R™)

I

SOm+2) = o
S0@) x So(m) - Cr(R )
(D SO(m+1)

SO(2) x SO(m —1)
SO(4) x SO(m —2)
SO(2) x SO(2) x SO(m — 2)
(not maximal totally geodesic submanifold)

16
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The classification of maximal totally geodesic submanifolds embed-
ded in Gry(R™2) (m > 3):

Gry(R™1), 87 S%(p + g = m), CP!

I3

} .

SO(2) x SO(m)

K/KOZZQXSO(m—2> g:4,(m1,m2):(1,m—2)
~ 50(2) x SO(2) x SO(m —2) _, SO(2) x SO(2)
/Ko = Zo x SO(m — 2) - Zo

> St x St g =2 (m1,ms) = (1,1)

3.7. Incase g =4 and (U, K) = (SU(m+2),S(U(2)xU(m)) (m > 2),
(my, ma) = (2,2m — 3).

Remark. The classification of maximal totally geodesic submanifolds
embedded in Gro(C™2) (m > 3):

Gry(C™), Gry(R™2), CPP x CPY(p + ¢ = m), HP'Z),
3.7.1. m=2. (U,K) = (SU4),SU(2) x U2)), (my,mg) = (2,1)

n _ _ S(U(2)xU(2))
N"=K/Ko= S(U(l)iU(l))

SU)XUL)xU1)xU(1)) ~
K /Ky = (()SX(UElgiUEl;)X M) ~ g1« g1

_ SU(2)xU(2)) ~
K/Ky = S(U(1)><U(1)>>EU(1)><U(1)) = 5% x §?

O SUM) \
UIK = so@ <o)y ~ =)
S(U(2) xU(2)) ~ Q2 a2
U/ = st <o <o) S <0
S(U(2) x U(2))
K/KO = S(U(]_) X U(l)), g:4, (ml,mg) = (2,1)
SULxUMxUL)xUD) ot ooc1
Ki/K, = S(U() x (1)) St xS, g=2,(m1,mg) = (1,1)



3.7.2. m > 3.

S(U(2)xU(m)) ., K _ S(U(2)xU(m))

N = K% = UM xUD)xUm—2)) Ko — SOUMxUM)xU(m—2))
Ky _ SUQ)XUQ)xU(1)xU1)xU(m—2)) Ky _ S(U@R)xU(2)xU(m—2))
Ko = SUMXT(D)xT(m—2)) Ko — SUMxU(D)xT(m=2))
%= CP! x CP!
K _ SU2)xU(m)) K SWUE)xUm)
K = SUMxUM)xUQ) XU XU (m—2)) Kz = SU@)xU(2)xU(m—2))
SU(m + 2)
K= = Ccmt?
U= sw@) <oy O
S(U4) x U(m —2)) SU(4) A
Uy /Ky = = =
2 Uz/ K S(UQ) xU@2)xUm—2))  SUE2)xU?2)) Grs(C)
(not maximal tot. geod. submfd.)
S(U(2) x U2) x U(m — 2))
U,/ K, =
> U/ = S a5 00 x 0(1) < O(1) x U(m = 2)
S(U(2) x U(2)) 1 1
= =CP xCP
S(U(1) x U(1) x U(1) x U(1)) *
(maximal tot. geod. submfd.)
SWU2) x U(m))
K/Ky= =1 =(2,2m —
/ 0 S(U(l) X U(l) X U(m o 2))7 g 7(m17m2) ( Y m 3)
S(U2)xU((2) x U(m —2))
Ky/Ky = = =
/B0 = ST X T x Om —2)) ¢~ H0mema) = (2.1)
SUM)xUQ)xU)xU((1)xU(m—2)) L el
K/ K =
1/ 5o S(U(1) x U(1) x U(m —2)) 5 x5
g=2,(my,ms) = (1,1).

3.8. In case g =4 and (U, K) = (Sp(m+2), Sp(2) x Sp(m)) (m > 2),
(my, my) = (4,4m — 5).

Remark. The classification of maximal totally geodesic submanifolds
embedded in Gry(H™2) (m > 3):

Gr2(Hm+1>7 GTQ(CerQ), HP?P x HPq(p+ q= m)
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5(3.8.1). In case g =4 and (U, K) = (Sp(4), Sp(2)xSp(2)) (m = 2), (m1,m2) =
4,3).

n_ _ 5p(2)x5p(2)
N" = K/Ko = $5ay.5501)

K1 /Koy = Sp(l)xggﬁgiggggwp(l) ~ 63y g3

Sp(2)x Sp(2 ~ ~
K/Ky = sp(1)xszg1§§sgg1gxsp(1) ~HP' x HP' = §% x §*

Sp(4)
Sp(2) x S5p(2)
Sp(2) x Sp(2)

Sp(1) x Sp(1) x Sp(1) x Sp(1)
(maximal totally geodesic submanifold)

U/K = > Gry(HY)

DU /K, = ~ HP! x HP!

Sp(2) x 5p(2)
K/ Ky ;g =4, (m1,my) = (4,3)
Sp(1) x Sp(1)
_ Sp(1) x Sp(1) x Sp(1) x Sp(1)
K, /Ky =
Sp(1) x Sp(1)
= Sp(1> X Sp(l) = SS X S37 g = 27 (mlamZ) = (373)
3.8.2. m > 3.
N7 K Sp(2)xSpim) —— . K _ __ Sp@)xSp(m)
Ko Sp(1)xSp(1)xSp(m—2) Ko Sp(1)xSp(1)xSp(m—2)
K _ Sp(1)xSp(1)x.Sp(1)xSp(1)x Sp(m—2) Ky _ Sp(2)xSp(2) x Sp(m—2)
Ko Sp(1)xSp(1)xSp(m—2) Ko Sp(1)xSp(1)xSp(m—2)
X~ HP' x HP!
K _ Sp(2) x Sp(m) K _ Sp(2) x Sp(m))
K1 Sp(1)xSp(1)xSp(1)xSp(1)x Sp(m—2) K> Sp(2)xSp(2) X Sp(m—2)

19



Sp(m + 2)
Sp(2) x Sp(m)
2 S0 S0 Spn ) Sp) xspE)

(not maximal tot. geod. submfd.)
Sp(2) x Sp(2) x Sp(m —2)
Sp(1) x Sp(1) x Sp(1) x Sp(1) x Sp(m —2)

N Sp(2) x Sp(2)

Sp(1) x Sp(1) x Sp(1) x Sp(1)
(maximal tot. geod. submfd.)

U/K = > Gry(H™?)

D Ul/Kl -

~ HP! x HP!

: g =4,(my,me) = (4,4m — 5)

Sp(1) x Sp(1) x Sp(m — 2)
Sp(2) x Sp(2) x Sp(m — 2)
Bl B0 = 1) % Sp(1) x Sp(m —2)
. Sp(2) x Sp(2) -
= Sp(l) X Sp(l) L g= ,(ml,mg) = (4>3)
Sp(1) x Sp(1) x Sp(1) x Sp(1) x Sp(m — 2)
/Ko Sp(1) x Sp(1) x Sp(m — 2)
~ Sp(1) x Sp(1) x Sp(1) x Sp(1)
Sp(1) x Sp(1)
(1) = :

3.9. In case g = 4 and (U, K) = (Es,U(1) - Spin(10)), (my,ms) =
(6,9).

Remark. The classification of maximal totally geodesic submanifolds

embedded in Eg/U(1) - Spin(10) (E1II):

Gra(HY)/Zy, OP?, S*xCP?, SO(10)/U(5) (DIII(5)), Gra(C®), Gra(R).
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N7 — K _ U(Q)-Spin(10) - K _ U(1)-Spin(10)

Ko = S1.Spin(6) Ko = S1.Spin(6)
K _ S1.(Spin(2)-(Spin(2)-Spin(6))) Ky _ U(1)-(Spin(2)-Spin(8))
Ko S1.Spin(6) Ko S1.Spin(6)
Ky _ __ U(1):(Spin(2)-Spin(8))
K1 — S1-(Spin(2)-(Spin(2)-Spin(6))
K _ U(1)-Spin(10) - . K _ U(1)-Spin(10)
K1 ST(Spin(2)-(Spin(2)-Spin(6))) Ky = U(1)-(Spin(2)-Spin(8))
Eg
U/K =
/ U(1) - Spin(10)
U(1) - Spin(10 Spin(10 —~
») UQ/KQ — ( ) : pZn( ) ~ : p?/ﬂ( ) ~ GTQ(Rlo)
U(1) - (Spin(2) - Spin(8))  Spin(2) - Spin(8)
(maximal tot. geod. submfd.)
St. Spin(4) - Spin(6
——— pin(1) - Spin(0)

St (Spin(2) - Spin(2) - Spin(6))
~ Spin(4)

~ Spin(2) - Spin(2)
(not maximal tot. geod. submfd.)

> Gry(RY) = 52 x §2

U(1) - Spin(10)
S1. Spin(6)

U(1) - (Spin(2) - Spin(8))
St Spin(6)

~ Spin(2) - Spin(8)
Spin(6)

.. SO(2) x SO(8)

 Zy x SO(6)

St (Spin(2) - (Spin(2) - Spin(6)))

St Spin(6)
> St x St g=2,(my,ma) = (1,1).

K/K(): g:4><m17m2>:(679>

KQ/KO -

: g=4,(my,me) = (1,6)

Ky /Ky=

4. THE CASE (U, K) = (G2 X G, G5)

(U, K) is of type Gs.
In this case, U = Gy X Go, K = {(z,z) € U | x € G5} and (U, K)
is the corresponding symmetric pair. Let u = £ 4+ p be the canonical

decomposition and a C p be the maximal abelian subspace of p. Then
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= {k € K| Ad(k)H = H foreach H € a} = T? is a maximal
torus of Gy and N = K/K, = G3/T? is a flag manifold of dimension
n = 12. Thus the Gauss image L'? = G(N'"2)(X N'?/Z¢) = K - [a] &

(K/Kjq) C Q12(C).
Note that T.x,(K/Ko) = Tere, (K/Kjq)) £ m. Set (, )y = —Bu(, ),

where By( , ) denotes the Killing-Cartan form of u. Let (, ) be the in-

ner product corresponding to the induced metric on L™ from (@, (C), gSQtf(c)).

The restricted root system 3(U, K) is of G5 type, which can be given
as follows ([6]):

Y(U,K) ={%(e1 — e2) = £y, £(e3 — €1) = (g + ),
+ (g3 — £2) = £(201 + ), =(—2e1 + &3 + £3) = ta,
+ (g1 — 269 +€3) = £(3a1 + az),
+ (265 — 61 — &) = £(3aq + 2a) = a},

where II(U, K) = {ay = €1 —€9, a0 = —2¢1 +e3+¢€3} is its fundamental
root system. Since

1 )
{WX’y,i | Y S Z+(U7 K)7Z - ]-7 7m(7>}

is an orthonormal basis of m with respect to (, ), where {X,;} is the
standard orthonormal basis with respect to ( , ), the Laplace operator
A of L™, or equivalently, the Casimir operator Cy, of L™, with respect
to the induce metric ( , ) can be expressed as follows:

L= 3 PRt X s

2
~:short ~v:long H’y Hu

where

1
2 21 if v is short,
1vIls =

- if v is long.
22
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Let K; = SU(3). Then we have Ky = T? C K, = SU(3) C K = Go.

Therefore,
Co= ) 24(X,)+ > 8(X

~:short ~v:long
=24 Y (X)?P-16) (X
vEXD UK) ~v:long

:12CK/K0 — SCKl/KO

:12C§(/K0 B 6621/1(07
where C /Ko denotes the Casimir operator of K /K, with respect to the
Ky-invariant metric induced from the standard Killing-Cartan metric
of K, and similarly, C% e denotes the Casimir operator of K7 /Ky with
respect to the Ky-invariant metric induced from the standard Killing-
Cartan metric of Kj.

Let {a1, ao} be the fundamental root system of G5 defined above and
{A1, A2} be the fundamental weight system of G,. By S. Yamaguchi
[43], D(Go,T?) = D(G,) and each A € D(Go,T?) = D(G3) can be
uniquely expressed as

A =miAy +maly = prag + prag,
where
mi,mo € Z,my > 0,mg >0,
p,p2 €Z,p1 2 1,pa > 1

and

my = 2p; — 3py > 0,
my = —p1 + 2py > 0,

p1 = 2mq + 3my > 1,
p2 =my +2mg > 1.

The eigenvalue formula of the Casimir operator C,x, with respect to
the inner produce induced from the standard Killing-Cartan metric of

G, is given by
1
—c(A, (, >g2) = ﬂ(mlpl + 3mqpy + 2p; + 6pso)

for any A € D(Go,T?). Since

CL=4C%, + Y 16(X,,) >4C%, .

~:short
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the first eigenvalue of Cy, i.e., —c;, < n = 12 implies —c), < 3. There-

fore we get
{A € D(Go, T?) | — (A (, )g) <3}

={0, A1 ((p1,p2) = (2,1)), 2A1((p1, p2) = (4,2)),3M1((p1, p2) = (6,3)),
Aa((p1,p2) = (3,2)), 2A2((p1, p2) = (6,4)), A1 + A2 ((p1, p2) = (5,3)),
2A1 + Ao((p1,p2) = (7,4))}.

Let o, o, be the fundamental root system of SU(3) and A}, A be
the fundamental weight system of SU(3). By the branching laws of
(G5, SU(3)) in [23], we can obtain that for each A € D(Gy, T?) such
that —c(A, (,)g,) < 3, the irreducible Gy-module V) with the heigh-
est weight A contains an irreducible SU(3)-submodule V), with the
heighest weight A" = m/ A} + myAj given in the following table:

(my,ma) | (p1,p2) | —c | dimg V) | irred.SU(3)-submodules (m], m})
(L0) | 21 |3 7 | (1,0),(0,1),(0,0)
(270) (472) % 27 E(Q],gg’( 71>7( ) ( ) (071)7
3,0),(2,1),(1,2),(0,3),(2,0),
50 | 692 ] W) 0,1 (6.0
0,1) | 3,2 | T | 14 |(L,1),(1,0),(0,1)
5 (272)7(271>7(172)7(270)’(171)7
(0,2) (6,4) | 5 7 (0.2)
SR N R T o Al
(3,1),(2,2),(1,3),(3,0),2(2,1),
(2,1) (7,4) | § 189 2(1,2),(0,3),(2,0),2(1,1),(0,2),
(1,0),(0,1)
Since

of =+ > g =t%+ D g+ > g

a€3(g2) azshort ailong
C=t%+ > ¢
a:long
we know that
T? -7 ={a € G5 | Ad(a)(t) = t preserving the orientation of t}
D{a € SU(3) | Ad(a)(t) = t preserving the orientation of t}

=T"-Zs.
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By the results of Yamaguchi [43], each A’ € D(SU(3),T?) can be
uniquely expressed as

A= mi Ay +miAy = phal + pyos,
where m, € Z, m; > 0, p; € Z, p, > 1 and
my =2p) —py >0, my=—p+2p,>0.
The eigenvalue formula is given by
1
=N () Joun) = 5 (mip +maph + 2p) + 2p))
for any A’ € D(SU(3),T?). Therefore, it is easy to check that A’ =
miy A, + mhA, € D(SU(3),T?) such that V), C Vj for some A €
D(Gs, T?) with —c(A, (, )g,) < 3 satisfies
(m1,m3) € {(1,1),(3,0),(0,3),(2,2)}.

Then the corresponding eigenvalues of Ck, sk, are given in the following:

Py, p) | (my,mh) | =" = —c(N, {, Jaus)
(1,1) (1,1) 1
(2,1) (3,0) 2
(1,2) (0,3) 2
(2,2) | (2,2) ;
So for A € D(Gs,T?), N € D(SU(3),T?) such that Vy» C V, and

—c(A, (, )g,) < 3, the eigenvalues of —C;, = —12¢+ 6¢’ are given in the
following table:

(my,ma) | (p1,p2) | dimc Vi | —c | (mf,m}) | —c | =12¢ + 6
2,00 | &2 | 27 | I 1 |1 S
3,00 | 63 | 7 |2 1Ly |1 18
3,00 | 6.3) | 7 2] 3,0 |2 2
(3,0) (6,3) 77 2 (0,3) 2 12
0,1) | (3,2) 4 | 1] (1) |1 G
(0,2) (6,4) 77 ) 1 24
0,2 | 6,4 | 7 | 2| (22 |2 14
(L) | (53) | 64 | £ ] 21,1 | 1 15
2,1 | (74 | 189 | 5[ 211 |1 26
(2,1) (7,4) 189 21 (3,0 2 20
2,1) | (7,4) 189 21 (0,3 |2 20
21) | (1,4 | 189 | 5| (22 |2 16
Since A} + AL ((m), m}) = (1,1)) corresponds to the adjoint repre-
sentation of SU(3), (V/{HA’Q)TQ >~ t2 and (V/(,1+A,2)T2.z3 = {0}. Then

AN+ Ay, & D(SU(3),T? - Zs).
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Thus we have
2A1, Ay & D(Gy, T? - Z).

We only need to check if 3Ay € D(K, K{g) = D(Gs,T? - Zg). Consider

(Vaa)rz = (Ving w2 @ (Vipg)r2 @ (Vg iay )72
Since

sar = Sym®(C?) = spang{e;, ey, - e | 1 < iy <y < < 3},

where {ey, €9, 3} is a basis of C*, we know that

(Va2 = (Via ) 122, = spanc{er - €2 - es}.
Similarly, V3, = Sym?(C?) and (Via, )2 = (V3 )22, with dimension
1. On the other hand, (V/(,1+A,2)Tz = t and (V/(,1+A,2)T2,Z3 = {0}. Hence,
dimc(‘/g/\l)jﬂ = 4. But dimc(‘/gl\l)TzZG =1.In fact, T2 'ZG - GQ, T2 .
Z¢ ¢ SU(3),T*-Zs C SU(3) and (T?%-Z¢)/(T?-Z3) = Z5. Hence, there
exists an element u € T? - Zg which satisfies Ad(u)(SU(3)) € SU(3)
and provides generators of (T2 - Zg)/T? = Z¢ and (T? - Z¢)/(T? - Z3) =
Z;. Then we observe that psa; 0 Ad(u)|su(s) = psay and psy, (u)(Viy,) =

3/A/2~ Thus p3A1<u>(‘/3/A’1)T2-Zg = (VBIA’Q>T2-Z3 and

(p3/\1 (U))2 ’ (V3IA/1 )r2.2,

:(p3A1 (U/2)) ’(VZ;A/I)TQZS

=Id,
because u? € T? - Zs. Hence

(‘/3/\1)T2-ZG

C(Vin )12z, © (Viny 122,
and
dim(‘/:),Al)Tzzﬁ = 1.
Therefor we obtain that 3A; € D(Go,T? - Zg) and its multiplicity is
equal to 1. Moreover,
n(L*?) = dimg(Vap,) = 77 = 91—14 = dim(SO(14)) —dim(Gs) = npi(L'?),
that is, G(G2/T?) C Q12(C) is Hamiltonian rigid.
Let A’RM = o(n +2) = ad,(gs) + V = g, + V. Then

2 2

A C" = (AR™C =0(n+2)° = o(n+2,C) = ady(g5)+V° = g5 +V°,

where dimV = 77 and dim¢ V€ = 77. More precisely, we observe that

V is a real 77-dimensional irreducible Go-module with (V)72.z, # {0},
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and V° is a complex 77-dimensional Gy-module with (V)5 5. # {0}.
Moreover, we have V© = Vs, with dimg(V)$.,, = 1.
We conclude that

Theorem 4.1. The Gauss image L'* = & 2= — Q12(C) is strictly
Hamiltonian stable.

5. THE CASE (U, K) = (G3,50(4))

(U, K) is of type Gb.

Let u = £+p be the orthogonal symmetric Lie algebra of (G2, SO(4))
and a be the maximal abelian subspace of p. Here u = go, ¢ = s0(4) =
su(2) @ su(2), Let

p: K = Spin(4) = SU(2) x SU(2) — K = SO(4)

be the universal covering Lie group homomorphism with Deck trans-
formation group Zs. The isotropy representation of (Ga, SO(4)) is
explicitly described as follows (cf. [12]) :

Let (V; ® Vi, pr X pp,) denote an irreducible unitary representaion of
SU(2) x SU(2) of complex dimension (I+1)(m+ 1) obtained by taking
the exterior tensor product of V; and V,,, and then

{(Vi®@ Vi, o1 X pm) | Lm € Z, 1,m > 0}

is the complete set of all inequivalent irreducible unitary representa-
tions of SU(2) x SU(2).

Suppose that (I,m) = (3,1). The real 8-dimensional vector subspace
W of V3 ® V; spanned over R by

{v) @uf” + oY @, V=1 (0 @ oY — ol @ vV,
o® @ — o @ o, \/—(vg@vo +of? ®U1 ),
o) @i — ol @ ug”, V=1 (v @Y + ol @ o),
<>®U<1>+U§>®Um VT (0 @ o — o o) }.

gives an irreducible orthogonal representation of SU(2) x SU(2) whose
complexification is V3 ® V7, i.e. which is the real form of V3 ® V;. Then
the vector space p is isomorphic to W and a corresponds to

R(vg” ® v + 05" @ vi”) + RS @ g + 0 @) .

For each

X:(\/___lx ? ),Y:(\/__ly v )Esu(Z), (5.2)

(5.1)

—-u  —y/—1lx —w  —y—1ly

the following useful formula holds :
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Lemma 5.1.

[d(pr R pin) (X, Y)]( 0 g yfm )ivl(’)l@v(m))
={(2i =D+ (2 - )y} VI @ o5, @ o™

—Vi(l =i+ 1) Re(u) (v;2 1®v(m)q:vl<)l+l®v,g2n)])

il—i+1)1 <>¢_<11®v< i @ )
w m—j+1) Re(w) (v @ o™\ 70", @ 0”,,)

(w) (5.3)
j(m—j + 1) Im(w) F 1(v ‘”@vy”i:mf”z@v;m)ﬂl)
(

+\/mRe u) (v Z+1®v )IFvl(l)l 1®vfn )J)

+ /(=) + 1) Im(u) V-1 H—l ®v(m):|:1)l(l)l L ®U(m) )

+V/(m =)+ 1) Re(w) (o @ o502 @0, )
+V/m =)+ 1) Im(w) (v ,“ i @)

Remark. By using the formula (5.3) we can show that the real vector
subspace W is invariant under the action of SU(2) x SU(2) via psX p;.

Define an orthonormal basis of the real vector space W = p as

H, :%( 1@ @ o + 0@ @ o),
Hy: = %( v @ of) + 0P @ olV),
Elzz%\/—l( v @ o — o @ o),
B — %( E) ®vél) (3) ®v§ ))’
| (5.4)
Eg::ﬁ\/_l( (3)®U(())+U§3)®U§))a
E4.:%( v @ vV — ol @ ui),
Es : 7\/_( (3)®Ul +U§3)®U(()l))a
B \/—( ® @y — o® @ oy
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Then we have the matrix expression as follows :

[d(p3 X p1)(X,Y)] (Hy, Ha)

—(3z+y) 0
V3 Re(u) —(2 Re(u) + Re(w))

= (FE1, Ey, E5, Ey, Es5, Eg,) \/_ 3 Im(u) 2 Im(u) + Im(w)

Re(w) —V/3 Re(u)
( ) V3 Im(u)
T —y

(5.5)

The inner product (, ) corresponding to the metric induced from
ggd( o) is given as follows : For (X, X'), (Y.Y") € su(2) & su(2),

(( X, (Y, Y7))
=Bx+2")3y+vy
+ 3 Re(u)Re(w) + (2 Re(u) + Re(u'))(2 Re(w) + Re(w'))
+ 3 Im(u)Im(w) + (2 Im(u) + Im(«'))(2 Im(w) + Im(w"))
+ Re(u")Re(w’) + 3Re(u)Re(w)
+ Im(v')Im(w") + 3Im(u)Re(w)
+ (= 2y -y
= 10zy + 22"y + 22y’ + 22"y
+ 10 Re(u)Re(w) 4+ 2 Re(u')Re(w) + 2 Re(u)Re(w') + 2Re(u’)Re
+ 10 Im(uw)Im(w) + 2 Tm(u)Im(w) + 2 Im(u)Im(w") + 2Im(u’)

)

Im

(w')
Tm (w’)
(5.6)
Thus the Casimir operator of ([? , K [a]) with respect to the inner prod-
uct (, ) is given as follows :

C, = % (X1,0) - (X1,0) + % (X, 0) - (X2, 0) + % (X5,0) - (X3, 0)

+g (0, X)) (0, X,) + g (0, X2) - (0, X) + g (0, Xs) - (0, X)
L (X00) - (0.X)) — (X,0) - (0,X) — (Xs.0) - (0, Xs).

Set

Ko:={(A,B) e K | Ad(p(A,B))H = H for cach H e a }. (5.7)
29



istent with the re-

Topology of Transformation

ult is cons

In particular, the order of [N(o is 8. This res
sults of [4, p.611], [5, p.651], [41, p.573] in

Group Theory. Moreover

we obtain

Then Therefore

(5.9)

equal to 4 and

K/K,

the order of group Kj is

Hence

(5.10)

a},

ned as
a

= ([

)
)

Next we describe the subgroups of K de

={(4,B) € K | [(ps® p1)(4, B)](a

{(A,B) € K | [(ps® p1)(A, B)](a
p

Kq

(5.11)
ientation of a} C K,.

eserving the or

K -
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(A, B) € K, if and only if (A, B) is one of the following elements :

N N
0 e—\/?191 ) 0 e—\/—ilﬁ’l )

™

4

0 —e— V102 0 V16,
(e 0 ) (e 0 ) )

where 0y = %k’g,@'g - %kg, ko, Ky € Z, ko — K, € 4Z,
DI DR (AN TN I TN () (5.12)
V2 V2 V2 V2
V2 V2 V2 V2
T T T T
where 91 = Zkl,eg = ZkQ,Hi = Zk"l,% = Zk’/Q,
kla k27 k;/17 k‘é S Z7
kl + k?akl - k?akll + k,Qak,l - k; € 2Z7
ky — K, ks — K, € 42,
kot ks — K — K ki — ke — K, 4 kL, € 8Z.

where 0, = ~,, 0, = gk;,kl,k; €Z. ki — kK €4Z,

The order of IN(u is equal to 16 + 16 4 32 + 32 = 96.
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A, B) e K q if and only if (A, B) is one of the following elements :
[a]

eV—101 0 eV—101 0
0 67\/77191 ) 0 67\/7719’1 )

where 6, = %kl,e; - %k;, ko K. € 27, ki — K, € 4Z,
0 —e— V162 0 —e~ V=16
6\/j102 0 ) Gﬁ% 0 ’
m / m / / /
where 02 = Zk27€2 = Zkz, ]{72, ]{72 S 2Z7 ]{?2 — kQ S 4Z,
DI I B AN S U A W ) (5.13)
fe\ﬁea fe—ﬁel ) feﬁeg ﬁ—MGg
vz vz vz V2
T T T T
where 01 = Zkl,eg = Zk’g,(gi = Zki,@é = Zké,

ken, ko, K K € 27 + 1,

ky + ko, by — ko, K+ Kb K — k) € 2Z,

by — K, ko — K € AZ,

ky + ko — K, — K ky — ko — K, + K, € 8Z,

in other words, (A, B) is one of the following elements :

eV =101 0 eV =101 0
0 e—\/j& ) 0 e—\/?w’l )

™

where 0, = gzl,e’l = Sl bl € 2L — 1 €22,

0 —e— V102 0 V10,
<6ﬁ92 0 ) ’ (eﬁag 0 ) )

™

where 6 = gl%e; = Sb b €2l -1 € 22,

R L N I Y e L B
V2 V2 V2 V2

R EPVES T S Ve L I W SPSvES /S WSVAS )
2 V2 V2

V2 V2

where elzgll‘i‘%, GQZgl2+%7 6,1 :glll_F%v Hé:glé %7
ll7l27l/17l/2 < Z7
h—1,l— 1L, €27,
htlo—U — Ul — Iy — I + 1, € AZ.
(5.14)

32



The order of Ky is equal to 8 + 8+ 16 + 16 = 48 = 8 x 6 = #K x {Z.

Lemma 5.2. o
K[a]/Ko =7 . (5.15)

Indeed, we compute

A V1(Gh+]) L —V=1(5lt])
TeVlED) vl |
i —V2cos(Zl + %) 0
0 —V2cos(5l + %)
)L if 1 =0 or 3 (mod 4)
] L if ;, =1 or 2 (mod 4) ’

Aﬁ - IQ .
The generator of K )/ I?O = Zg is represented by the element

1+y=1 _ 1-y=1 I EEVa S TV
1+\2/T1 1—\/2—T ) 1+\2/T1 1—{/—7 : (5‘16)
2 2 T2 T2

5.1. Eigenvalue computation. The Casimir operator Cy, is given as

1 5
Cr =(=(X7 + X5 + X3),0) + (0, 5(Xl2 + X3+ X3))

2 (5.17)
— (X1,0)(0,X1) — (X2,0)(0, X5) — (X35,0) (0, X3) .
Here
/=1 0 1[0 1 10 V-1
Xl“é( 0 —ﬁ)’ X2'_§(—1 0>’ X?"_E(V—_l 0 )
(5.18)
Lemma 5.3.
[d(pr ® p)(C)] (0 @ v{™)
:_{{i—(lg—i)}Q +z+2¢iz—¢)
N 5{a — (7; —a)}? N 5{m + ZZ(m —a)}
(1—(=i))la—(m—a))y, q m
- . b @)

a—

VDT Datm—a + (e @)

1 m
Vil =i+ Dla+ D(m = a)w, @ o)
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(I,m) | dim(V; ® Vi) z, eigenvalues of Cp, -A<6
1,0 1 =3 %
2,0 0

0,2) 0

3,1) 2 ~3,-3 %
(1,3) 2 -9, -9

(4,0) 2 —3,-3 ¥
0,4) ) —15,-15 ®
2,2) 2 ~5, —5, -8 F
G, 1) 3 —5,—5, -8 ®
6,0) 1 6 ®
(4,2) 3 ~6,-9,-9 ®
(3,3) 4 9, —12,—12, —15

(8,0) 2 ~10,—10

(7, 1) 1 ~12,-12,-8,-8

6,2) 5 15, 12, -8, -8, _12

{(m) | —Cp <6 and (Vi@ V)i, # {0}}
={(1,1),(4,0),(2,2),(1,3),(6,0),(5,1), (4,2)}.

It can shown that (V; ® Vm>[{[a] = {0} for (I,m) = (1,1),(4,0),(1,3)
and (W@Vm>k[u] # {0} for (I,m) = (2,2), (6,0), (4, 2) with multiplicity
1, respectively. But the fixed vector in (Vo ® V3) s {0} corresponds
to the larger eigenvalue 8 > 6. Then from the dimension computation

dime Vs X Vo) +dimc Vi X Vo =7Tx1+5x3=7T4+15 =22
=dimSO(8) — dimSO(4) = npk(L),

we can conclude

50(4)Z — Q6(C) is strictly

Theorem 5.1. The Gauss image L% = Ttz Zs

Hamiltonian stable.

6. THE CASE (U, K) = (SO(5) x SO(5),S0(5))

(U, K) is of type Bo.
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u={%+p, acCp,

u=o0(5) ® o(5)

E={(X, X)|X €0(5)} = o(5),
p={(X,-X)[X €0(5)},

0 —& 0 0 0
&0 0 0 O
a={(H-H) | H=H@&.& =0 0 0 -& 0].¢&eR]
0 0 & 0 0
0 0 0 0O O

=t = {H(£1,8)[61,6 € R} Co(5).
6.1. Description of the subgroups K, and K.

K =S0(5)
Ko ={A € K|Ad(A)H = H, VH € a}
A0 0
:{ 0 B 0 |A,BeSO(2)}:T2
0 0 1

K :={A € K | Ad(A)a C t*, preserving orientations of a} C K,

ull o T?Ull 0 -T2,

—1 —1

The deck transformation group of the covering map G : N® — G(N?®)
is equal to Kq /Ko = Zs.

6.2. The groups K, K;, K, and the fibration over K/K,.
K =S0(5)>K,=50(4)>Ky=T"

SO(4)

T2

SO(5)
T2
35
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6.3. Representation of the Casimir operator.

<X, Y>50(5) = —TI"(XY)

Cr = ((Xa1)* + (Xu)* + (X32)* + (Xa2)?)
+ 2((X51)” + (X52)” + (X53)” + (X54)?)
= Ck, /Ko + 2Ck /K,
=2Ck ko — Cry /o> Wrt. (X)Y) = —tr XY, VXY € £ 0(5)

where Ck/k, and Cg, /i, denote the Casimir operator of K/K, and
K, /Ky relative to (, )| and ( , )|e,, respectively.

6.4. D(K), D(K)).

0 —&
& 0
e={ 0 & |lager}ce
& 0

I(K) =T(Ky) ={¢ € t| exp(§) = e}

0 =&
& 0
:{f = 0 —& | £1,& € 27TZ}
& 0

yi3t9£'—>£i€R.

D(K) = D(S0(5))
={A et | A(§) € 2nZ for each £ € I'(K), (A, ) > 0 for each o € II(K)}
={A =piy1 +p2ye | P1,p2 € Z,p1 > pp > 0}

D(K,) = D(SO(4))

={A =piy1 +D2y2 | P1,02 € Z,p1 > |po}
36



6.5. Branching laws of (SO(5),50(4)). Let A = kyy; + koys €
D(SO(5)) be the highest weight of an irreducible SO(5)-module Vj,
where ki,ky € Z and ky > ky > 0. Then by the branching laws of
(SO(5),S0(4)) given in [15], V) contains an irreducible SO(4)—module
Wy with the highest weight A" = Ejy1 + kyys € D(SO(4)), where
ki, kY € Z, ky > |k|, if and only if

by > K>k > K. (6.1)
6.6. Descriptions of D(K, Ky), D(K;, Ky). Let {o) = y1 —y2, 0 =
Y1 + y2} be the fundamental root system of SO(4) and {w] = 3(y1 —
Y2),wh = 2(y1 + y2)} be the fundamental weight system of SO(4). We

use the results of Satoru Yamaguchi [43] as follows:
Each A’ € D(SO(4),T?) can be expressed as

A= ki + kaye = miw) + mawy = piay + phas,
where m) € Z, m; > 0, p, € Z, p, > 1 and
ph= (ki = k3) /2, phy = (ki + k) /2. (6.2)

Let {a1 = y1 —y2, @2 = Yo} be the fundamental root system of SO(5)
and {w; = yi,ws = 5(y1 + y2)} be the fundamental weight system of
SO(5). We use the results of Satoru Yamaguchi [43] as follows:

Each A € D(SO(5),T?) can be expressed as

A = kg1 + kaya = miAy + maoly = proy + pocs, (6.3)
where m; € Z, m; > 0, p; € Z, p; > 1 and

p1 = ki, p2=ki+ ks

6.7. Eigenvalue computation.
A = Fky + kaya € D(K, Ko),
(ki €Z, k1 > ky > 0)

STK) = {y1 + Y2, 91 — Y2, Y1, Y2}
20K =31 + Y2

AN =k + kyyo € D(Ky, Ko)
(ki € Z, K} > |ky))
ST(KL) = {y1 — vo, y1 + Yo}

25]{2 = Q’yl
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cn =(A + 205, Ay = ~ (ki + k3 + 3k + ky),

1
enr =(A 4205, N) = S((K)° + (K3)° + 2k1),
with respect to the inner product (X,Y) := —Tr(XY) for any X,Y €

t = 0(5). Hence, we have the following eigenvalue formula.

N —

cL = 2CK/Ky, — CK, /Ko
1
= (K? 4+ k2 + 3k, + ko) — 5((141)2 + (k5)? + 2K)).
Since
Cr = Cr/k, +Cs+ = Cx/Ko,

the first eigenvalue of Cy, i.e., ¢, < n = 8 implies ¢y < 8. Therefore
we get

{A E D(SO(5)7T2) ’ C(A7< Y >505) S 8}
={y1,y1 + Y2, 201, 2y1 + Y2, 201 + 2y}

Suppose that (k1,ks) = (1,0). Then dimcVy = 5. It follows from
the branching laws (6.1) that (k7,%}) = (0,0) & (1,0). By (6.2), we
have (p/17p/2) = (070) ® (%7 %) Then A,‘(p’l,p’z):( ) € D(SO(4)7T2)
When (py,p5) = (0,0),

CA:2, CA/ZO, c, =2ch —cp=4—-—0=4<8.

On the other hand,

11
2°2

0 0
A 0 0\ [ ,
0 B O — :
0 0 1/ {9 0
1 1
SO
0
vAlz<R5>CD(R5)§§O=c(‘)
1
But
00 10 0 0 0
00 01 0
1 0 00 0 + :
0 -1 00 0 0 0
0 0 00 —1/ \I 1



therefore,

Vo = (RS (RNE, = C | 1| 2 (RS, 5, = (0}
1
Hence, Ay & D(K, K[g).
Suppose that (ky,k2) = (1,1). Then dimcVy = 10. Then V) =
0(5,C) and

(Va)ko = ()9 D (Va), = {0} = (Va)x, = {0}

Hence, A|(k1,k2):(1,1) Q/ D(K, K[a])

Suppose that (k1, k2) = (2,0). Then (my, my) = (2,0) and dimcVy =
14. Tt follows from the branching laws (6.1) that (ki, k%) = (0,0) &
(1,0) @ (2,0). By (6.2), we have (p;,ph) = (0,0) @ (3,3) ® (1,1). Then
Nl ooty & D(SO(4),T2). When (5, 5) = (0.0) = (i}, mf) =
(0,0),

ll
(3:3)

can=09, cny=0, cp=2cph—cp=10—0=10> 8.
When (py,p3) = (1,1) = (my,m3) = (2,2),

cpA =9, cy=4, cp=2cy—cp=10—4=06<8.
On the other hand,

‘/2/\1 = SymD(C5)

-0 (5 1) {(0 ) 1 esmer)

{(t% g) 1Z € M(4,1;C)}
=W(0,0) e W(2,2) & W(1,1)

@

c1ly
(‘/QAl)KO = { 02[2 C1,C9,C3 c C,2Cl+202+0320}.
C3
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By direct calculation, we know that

0O 0 1 0 0 O 0 10 O
0O 0 0 -1 o0 c11s O 0 01 O
1 0 0 0 0 cols 1 0 00 0
0O -1 0 0 O C3 0O -1 00 O
0O 0 0 0 -1 0O 0 0 0 -1
coly
= c11y
C3

ey
(‘/QA1>K[G] - {( 4 4 C) | C E C} = W(O’O)

Thus
Wiz N (Var, )k = {0}

Suppose that (ki, ko) = (2,1). Then (ml,mg) = (2,1) and dimgVap, 1a, =

35. It follows from the branching laws (6.1) that (k1,k5) = (1,0) &
(1,1) @ (2,0)® (0,2) ® (2,2) & (3,1) @ (1,3), thus
Vae,n = Waran) @ Ware0) @ Waro,2) @ Warz2) © Warz) © Waras)-
It follows (6.2) that (pl,pQ) (%,%)@(1 0)@ (0,1) @ (1, 1)@(3,;)@
(272) rrhenA’p’lp’2 A| A|(p’ :%% gD(SO( ) )
When (p17p2) = ( ) )

ca =6, cpy =2, cp=2ch—cp=12—-2=10> 8.
When (p},p;) = (0, 1),

ca =6, cpy =2, cp=2ch—cp=12—-2=10> 8.
When (pi, ph) = (1,1), = (my,mj) = (2,2),

ca =6, ca=4, cp=2cp—cp=12—-4=8.

Thus we need to determine the dimension of (Wy/(22)) K # {0} di-
rectly.
WA/(ZQ) = 5[(2, C) X 5[(2, C)

55

(Ware2)) Kk, =
Thus dimC(WA/ (2,2) )KO 1.
{0} 7é V(C C Véy1+1/2
By the irreducibility of Vay, 4y,, we have V&€ = Vo, 1, Since {0} #
(V(C>K[u] = (WA’(2,2))K[Q] - (WA/(272))K0 and dimc<WA/(2’2))K0 = 1, we
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obtain {0} # (V) = Wa22)ky = (Wa22) K, and dime(Wara,2)) i,
1.

Here we note that
2

/\R' =s0(10)
=ad(so(5)) +V,
2
/\(Clo =50(10,C)
=ad(s0(5))" + V°,
~s0(5,C) + V©.
n(L?) = dimg Vay, 44, = 35
nuk(L8) = dim(SO(10)) — dim(SO(5)) = 45 — 10 = 35
Suppose that (ki, ko) = (2,2). It follows from the branching laws
(6.1) that (K}, k5) = (2,0) @ (2, ) (2,2) & (2, —1) @ (2,-2). By
) we have (plapQ) = (1 ) (2’2)@(0 2)®(272)@(2 O) thUS
D)= % % A |(p g D(SO( ) ) When (p17p2) (1 1)
CA—8, CA/—4, cr, =2ch —cp =16 —4 =12 > 8.
When (p}, p3) = (0,2),
cha=28, cny=06, cp=2ch—cp=16—6=10> 8.
When (p,1>pl2) = (270)’
CAZS, cpr = 6, cr, =2cpy —cp =16 —6 =10 > 8.

(6.
N,

§§
22
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Remark 1. Tt follows from the branching laws (6.1) that

Vk161+k2€2 = @Wk16'1+k'2627
where ky, ko, k1, K}, are given as follows
(K1, k2) (K, k3) (p1, p3) dimgVy cL
(1,0) (0,0) & (1,0) (0,0) @ (3, 3) 5 4
(1,1) | (1,00 (1, )ea (1,-1) | 3.2 ®(0,1)&(1,0) 10 4,4
(2,00 [ (0,00 ®(1,0)®(2,0) | (0,0)®(5,5) ®(1,1) 14 10,6
2,1) | (1,0)& (1, —1) (1,L1) | (3.5)®(1,0)®(0,1) 35 10,10, 8
22,008 (2,-Da (2,1 s, D)o E el
2,2) | 2,002, 1)@ (2,2) (L& (3.3 ®(0,2) 35 [12,10,10
®(2,-1) @ (2,-2) ®(3,3) ®(2,0)

Therefore we conclude that

Theorem 6.1. The Gauss image G(SO(5)/T?) C Qs(C) is strictly
Hamiltonian stable.

7. THE cASE (U, K) =

(U, K) is of BC, type.
Let u = £ + p is the canonical decomposition of u as a symmetric
Lie algebra of a symmetric pair (U, K) and a be a maximal abelian

subspace of p.

o:u—1u, X|_>J5XJ5*17 J5: O I5
—I; 0
u =s0(10)
X =Y . . N
?={< v X ) € 50(10)] — X' = X, V' = Y} 2 u(5) 3 X + V-1V,
X Y
p :{< v o_x > € s0(10)|X,Y € so(5)},
0 =&
& 0
( ' ) ’Hl: 0 _52 7517€2€R}-
1 & 0
0
n =18,
nu(G) = dim SO(n + 2) — dim K = dim SO(20) — dim U(5) = 165.

Define an Ad(U)-invariant inner product (
“Ty(XY)

(50(10),U(5))

(X,Y), =
42
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for each X,Y € u. The vector space p is identified with the Euclidean
space R?® with respect to the inner product { , ),. The 19-dimensional
unit sphere S'%(1) in p is defined as

SP(1) ={X ep | [X[Z= (X, X), =1}

The isotropy linear action Ad, of K on p and thus S*(1) induces the

group action of K on Gra(p) = Q15(C). For each regular element H
of an S19(1), we get a homogeneous isoparametric hypersurface in the
unit sphere

N'"™ = (Ad,K)H C S"¥(1) c R*® ~p.
Its Gauss image is
G(N') = K - [a] = [(AdyK)a] € Gra(p) = Q1s(C).
Here N and G(N'®) have homogeneous space expressions N = K/K
and G(N'®) = K/ K.
7.1. Description of the subgroups K, and K.

K =U(5) — U = SO(10)
A"‘\/—_lBH(g _AB>,

where A, B € gl(5,R).
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Ko :={ke K | Ady(k)(H) = H for each H € a},

app +ibyy aig +ibyo 0 0 0
—aig +1ib12 a1 —ibyy 0 0 0
= { 0 0 Qoo + 1bgs a9y + 1by 0 € U(5)}
0 0 —a91 + ib21 929 — ib22 0
0 0 0 0 as3 + ib33

= SU((2) x SU((2) x U(1)
Ky :={ke K| Ady(k)(a) = a},
K :={k € K, | Ady(k) : a — a preserves the orientation of a}

10 1
0 1 1
-1 o Ky U 1 - K,
0 —1 1
1 1
1 0
0 —1
ult o Ky U Ko,
0 1
1

The deck transformation group of the covering map G : N — G(N'®)
is equal to Kq/Ko = Zy.

7.2. The groups K, K,, K;, Ky and the corresponding Lie al-
gebras.

K=U(5)D Ky =U(4) x U(1) D K, = U(2) x U(2) x U(1)

S Ko = SU(2) x SU(2) x U(1)
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K=U(5)
Ko =U(4) x U(1)
-{(4 2) | AeU(),beU)}
K, =U(2) xU(2) xU(1)
A0 0
{(o B 0) |A,BeU(2),beU(1)}
0 0 b
Ko = SU(2) x SU(2) x U(1)
A0 0
{(0 B o) | A,B€sU@),beu()}
0 0 b

E=u(5) =€ D b, D bog, DBy 1e, Dl g, Db, DY,

X
e2:{< \/—_19) | X € u(4),0 € R)
=u(4) du(l)
= 8 @ bag, @ b, by, @ By g,

X
El{( Y ) | X,Y €u(2),0 e R}
V=16

=u(2) du(2) du(l)
=¥, P Eggl s> 2252

X
EO{( Y ) | X,Y € su(2),0 € R}
V—16

= su(2) @ su(2) ® u(l)
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7.3. Two fibrations over K/K.

Ko/ Ko = SU(zgijL?s*;(Z)(lx U(1)

— K/Ko= gpays gz(JS()z) < U(1)

—s K/K, = U(4§]><5g](1) ~ Ccp*
K /Ko = SU(E% i k(s]*z(JQ()zi< :] [(]1()1)

— K/Ko = gpay g%) < U(1)

— K/K = U(2) x gg < U(1)

74. T(K), D(K), etc
V= T S R
e A A

0 0 0 0 —lys

| Y1,Y2,Y3,Y4,Ys5 € R} c¢t

[(K) =T'(K;) =T'(K;) =I'(Ky)
={{et] exp(§) = e}
V—1& 0 0



D(K) = D(U(5))
={A et | A(§) € 2rZ for each £ € T'(K), (A,a) >0 for each o € TI(K)}
={A=piy1+--+psys | 1, .5 € Z,p1 > p2 > p3 > pa > ps}

D(Ky) =D(U(4) x U(1))
={A=piyi+-+psys | pr,- s € Z,p1 > p2 > p3 > pat

D(K,) =D(U(2) x U(2) x U(1))
={A=pwi 4+ +psys | p1.-+ \p5 € Z,p1 = pa,p3 > pa}
7.5. Branching laws of (U(5),U(4) x U(1)).

Let A = pyy1 + - + psys € D(U(5)) be the highest weight of an
irreducible U(5)-module V,, where p; € Z (i = 1,---,5) and p; >
P2 > p3 > ps > ps. Then the irreducible decomposition of Vj as a
U(4) x U(1)-module contains an irreducible U(4) x U(1)-module Vj
with the highest weight Vi = quyn+- - -+ ¢sy5 € D(U(4) xU(1)), where
¢ € Z and q; > qo > q3 > qq, if and only if

P1 =12 P2 > Q22 DP3 2 q3 > Pa = qs 2 Ps,

5 5
sz‘ = Z ;-
i=1 i=1

Moreover, the multiplicity of V), is 1.

7.6. Branching laws of (U(4),U(2) x U(2)).

Let A = pyy1 + -+ + pays € D(U(4)) be the highest weight of an
irreducible U(4)-module Vi, where p; € Z (i = 1,--- ,4) and p; > py >
ps > pa. Then the irreducible decomposition of Vy as a U(2) x U(2)-
module contains an irreducible U(2) x U (2)-module V), with the highest
weight Var = quyn + -+ + quya € D(U(2) x U(2)), where ¢; € Z and
¢1 > G2, 43 > qa, it and only if

(1) Y = i G5
(i) p1 > ¢1 > p3, P2 > G2 > pa;

3 ril_ oy —(ri+1)
. . . . . > (X X [
(iii) in the finite power series expansion in X of RIS )

(X7X—1)2 Y

where 7;(i = 1,2, 3) are defined as follows
r1 :=p1 — max(qi, p2)
) ::min<q17p2) - max<q27p3)

T3 3=min(@27p3) — Da
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the coefficient of X%797! does not vanish. Moreover, the value
of this coefficient is the multiplicity of the U(2) x U(2)-module.

7.7. D(K, Ky).
Each A € D(U(5)) is expressed as
A =piyi + - psys,

where p; € Z, p1 > pa > p3 > py > ps. Then by the branching law of
(U(5),U(4) x U(1)),

S S
/ !
Vi=EP Vi, =P Wi, RU,y,,
i=1 i=1

where A} = 191 + @2y + @33+ quys + gsys € D(K2), N, = qin +qoy2 +
q3ys + quys € D<U(4)), qsYs € D(U(l)) and

P1=Gq1 = P2 2 G2 2 P3 = q3 2> Ps = Qs 2 Ds,

5 5
Zpi = Z q;-
i=1 j=1
By the branching law of (U(4),U(2) x U(2)),

W/,\/h — @ W//// - @ W/%/U IX Wf\lp’
where A" = k‘lyl —~|— k‘gyz + k3y3 + k4y4 € D(U(Q) X U(Q)), /~\U = klyl +
kgyg < D(U(Q)), Ap = kgyg + k4y4 € D(U(Q)) and
(1) Sy k=0 a4
(i) 1 > k1 > g3, @2 > k2 > qu; . -
ri+l_ xy—(r;+1
(iii) in the finite power series expansion in X of Hi:l()((x_ X,)f)g ),

where 7;(i = 1,2, 3) are defined as follows
1 i=q — max(ky, g2)
7y i=min(ky, g2) — max(ks, g3)
r3 :=min(ky, g3) — qu

the coefficient of X*3~#4*1 does not vanish. Moreover, the value
of this coefficient is the multiplicity of the U(2) x U(2)-module.

By the branching law of (U(2),SU(2)),
Wi = WL, Wi =W
where A, = MZR2(y; — o) € D(SU(2)), A, = %(yg —yy) €

DSU@)). B



Hence, one can decompose a K-module V, into the following irre-
ducible Ky-modules.

Va = EB @W;\/U X W/,\,p X quys'

Now assume that A € D(K, Kj). Then there exists at least one
nonzero trivial irreducible Ky-module in the above decomposition for
some ¢ and p. So in this case, we have

kl—kgz(),
kg—]{4:(),
g5 = 0.

Therefore,

4 5
ki +2k3 =Y qi= Y _p;
i=1 j=1

Go > k1 =Fky > g3

" =4q — g2,
7”227471—]472:0,
3 = {43 — 44,

and in the finite power series expansion in X of
(Xa—atl X*(QI*Q2+1))<X¢13*Q4+1 — X*(q37q4+1))
X - X1 ’
the coefficient of X does not vanish. Moreover, the value of this coef-
ficient is the multiplicity of the U(2) x U(2)-module.

7.8. Descriptions of D(K, K,), D(K», Ky), D(K;,Kp). Each A €
D(K, Ky) is
A = piy1 + pay2 + P3ys + pays + psys
where
P13 Ps €Z,p1 > pa > p3 > Py > ps.
Each A’ € D(K>, K)) is
A = qy1 + @y2 + 43ys + qaya
where
q, 0 ,q1 €4,
¢ = q2 = q3 = qa,

5 4
sz' = Z qj-
i=1 j=1
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Each A" € D(K;, Ky) is
A" = kyyr + koyo + ksys + kaya
where
kl?"' 7k4 € 27
ki = ko, ks = Ky,

4
j=1

7.9. Representation of the Casimir operator.

Cr = 2((X31)* + (Xa1)* + (X32)” + (Xa2)” + (Yar)* + (Yar)? + (Yao)? + (Ya2)?)
+4((X51)? + (X52)” + (X53)” + (X50)” + (Y51)? + (Yao)? + (Y53)” + (V5a)?)
+ (Y1) + (Ya3)?)
= 2Ck, /K, +4Ck Ky + Crk, /Ko
= 4Ck /Ky — 2Cky K0 — Cky iy Wb, (X)Y) = —tr XY, VXY € u = 50(10)

1
= 2Ck /K, — Cru/Ky — QCK1/K07 wrt. (X)Y) = —tr(re(XY))VX,Y € € = u(5),

where Cx/k,, Cr, /i, and Ck, /i, denote the Casimir operator of K /Ky,
K,/ Ky and K7/K, relative to {, )e, (, )e, and (, )¢, respectively.

7.10. Eigenvalue computation.

A = pry1 + pays + p3ys + paya + psys € D(K, Ky),
(pi €Z, pr > pa > p3 > ps > ps)
SHEK) ={yi—y; 1 <i<j<5}
5

26K = Y (6 —2i)y; = dy1 + 2y — 2ys — dys
=1

N = qyi + y2 + @3ys + quys € D(Ks, Ko)

(6% €Z, 1> q2 > q3 > qu)
SHEKy) ={yi—y;, 1 <i<j<4}
4

26K, = > (5= 20)yi = 3y1 + Y2 — Ys — 3y
=1
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N = Ky + kayo + k3ys + kays € D(K4, Ko)
ST(KL) = {y1 — Y2, y3 — ya}

20k, =Y1 — Yo+ Y3 — Ua
CA :<A+2(5K,A>

=pi + 3 + Ps + i + P2+ 4p1 + 2p2 — 2ps — 4ps,
CA/ :<A, + 2(5}(2, A/>

=0+ ¢+ +q; +30 + ¢ — g3 — 34,
CAY :(A” + 25K1,A”>

=k 4 k24 k24 kD (k= ko, ks = k),

with respect to the inner product (X,Y) := —Tr(ReXY) for any
X,Y €t =u(b). Hence, we have the following eigenvalue formula.

— 2CK2/K0

1
= 26A — CAr — 56/\//

CcC = 4CK/K0 - CKl/Ko

= 2(p} + p3 + D3 + i + P2+ 4p1 + 2ps — 2ps — 4ps)
(B +B+ 6+ G+ 30+ — g3 — 3q)

1
— §(k§+k§+k§+k§)

{Ae DK, Ky) | —c<18}

={ 0, (p1,p2,p3,p4,p5) = (0, -1, -1, -1, —1),
(p1,p2,P3,P4,05) = (1,1,1,1,0),
(p1, P2 p3,paps) = (1,1,0,0 0)
(P1, P2, p3,4,05) = (0,0,0, -1, 1),
(p1, P2, 3,4, p5) = (1,0,0,0, — )
(P1,P2: P3, P4, P5) = (271>170 0),
(p1, P2, 3,04, p5) = (O, —-1,-2),
(1, P2, p3, p1,p5) = (1, 1,0, —1, -1) }.

Denote the fundamental weight system of SU(5) by wy,ws, w3, wy.

Suppose that A =

(1,1,1,1,0). Then dim V) = 5. By the branching
law of (U(5),U(4)xU(1)) that A’ =
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where A’ = (—1,—1,—1,—1,0) € D(Ks, Ky). By the branching law of
(U(4),U(2) x U(2)) that A" = (—-1,-1,—-1,-1) € D(K;, Kp). Thus
ca =8, cn =4, cpar =4 and ¢, = 2cp — cpr — %CA// =10 < 18.

On the other hand, A = Ag + wy, where Ay = %Zle y;. The
group K = U(5) = C(U(5)) - SU(5) acts on dimVy = 5 and V) =
C ® C° by pa, X jis, where fi5 denotes the conjugate representation
of the standard representation of SU(5) on C®. For any element

A
Jo = B € Ky any element © ® w € C ® C°, where
eV=10
A, Be SU(2) and § € R,

ey _vT
pal90) (u® w) =pa (7% "Is)(u) @ puy(e75 "go)w
e
Wa
_ 5o Vs [ w
=e 5 uQ® R 3
Wy
_4/Ty
e 5 Yws
0
0
Hence (VA)g, =spanc{l® | 0 [}
0
1
10
0 1
For a generator g = 1 0 € Kjq C K; of Zy,
0 —1
1
Pa(9)(u® es) = pag(e¥ ™15 1) (u) @ pu, (Y5 g) (es)
=e _l%u ® em%% = —u es.

So (VA)ry, = {0}, ie, A = (1,1,1,1,0) ¢ D(K, Kp). Similarly,
A=(0,—1,-1,—1,-1) & D(K, Ky).

Suppose that A = (1,1,0,0,0). Then dim V, = 10. By the branching
law of (U(5),U(4) x U(1)) that A’ = (1,1,0,0,0) & (1,0,0,0, 1), where
A =(1,1,0,0,0) € D(K>, Ky). By the branching law of (U(4),U(2) x
U(2)) that A” = (1,1,0,0)®(0,0,1,1)®(1,0,1,0), where A” = (1,1,0,0)®
(0,0,1,1) € D(Ky,Kp). Thus ¢y = 8, car = 6, cpr = 2 and ¢, =
2ch — cpr — %CA// =9 < 18.
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On the other hand, A = Ay + wy, where Ay = %Zle Yi. Vo =
C @ A2CP. Let {e1,es, €3 e4,e5} be the standard basis of C°. For
any element gy € Ky given above and any element u ® e; Ae; € V},
(1<i<j<5),

E
palgo)(u® €; A ej) = pa,(e75 I5) (1) @ puy(e; A e;)

/—12 _v-1 _ V=1
=eV 0% ® (e77s fgoes Aem s Pgoe;).

It is easy to see that (Vi) g, = spanc{1 ® (e1 Aey), 1 ® (e3 Aey)}. For
the generator g € Kq of Z4 given above, we have

pag)(l@er Ney) = —1®esAey,
pa(g)(1®esNes) = 1®e; Aes.

Hence (VA)K[a] = {0}, i.e,, A =(1,1,0,0,0) € D(K, Kjg). Similarly,
A=(0,0,0,—1,-1) & D(K, Kiq).

Suppose that A = (1,0,0,0, —1). Then dim V, = 24. By the branch-
ing law of (U(5),U(4)xU(1)) that A’ = (1,0,0,0, —1)®(1,0,0,—1,1)®
(0,0,0,0,0)®(0,0,0,—1,1), where A} = (1,0,0,—1,0), A, = (0,0,0,0,0) €
D(K,, Ky). By the branching law of (U(4),U(2) x U(2)) that A =
(1,0,0,—1)®(1,—-1,0,0)(0,0,0,0)(0,0,1,—1)®(0,—1,1,0), where
A = (0,0,0,0) € D(Ky, Ky). Also, AY = (0,0,0,0) € D(Ky, Kp).
Thus ¢y =10, enr =8, car =0, ¢, = 2cp — ep — %cAu =12 < 18 and
cay, =0, cay =0, ¢ =20 > 18.

On the other hand, A = w; + wy corresponds to the adjoint repre-
sentation of SU(5).

1
———]4 0 * 0
— . 4 .
Vy=C®(C ( 0 1)69C (0 0)

* 0
o C- 0 |pC- x |)
* 0 0 0 x 0

= ‘/(/070,0,0,0) ® ‘/(/1,0,07—170) ©® ‘/(,1,0,0,0,—1) ©® ‘/(/0,0,0,—1,1)'

01]2
(Va)k, ={ c2 1y | c1,02,¢3 € C, 201 4 2¢5 + ¢33 =0}
C3

/ !
V10,0000 @ V1,00-1,0)-
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By direct calculation, we know that for g € D(K, Ky) given above,

01[2 C212
Ad(g) CQIQ = 01[2
C3 C3

Hence,

_cg
Va)k, = {< (e C) [ceC} = V{0,0,00.0):

But this 1-dimensional fixed vector space corresponds to the larger
eigenvalue 20.

Suppose that A = (2,1,1,0,0). Then dim V, = 45. By the branching
law of (U(5),U(4) x U(1)) that V, can be decomposed the following
irreducible K, = U(4) x U(1)-submodules:

VA—V21100 EB‘/(llll)l)@V21001 @V11002)

where A’ = (2,1,1,0,0) € D(K>, Ky). By the branching law of (U(4), U(2) x
U(2)) that A" = (2 1,1,0) ® (2,0,1,1) @ (1,1,2,0) @ (1,1,1,1) &
(1,0,2,1), where A" = (1, 1,1,1) € D(Ky, Ky). Thus ¢y = 16, cpr = 12,
Cparr = 4, Cp = QCA — Cpr — lCA// = 18.

On the other hand, from the irreducible U(4) x U(1)-decomposition
of Vi, we know that (Vi) x, C V5, 9)- Notice that A = 2y1+ya+ys =

Z?Zl Yi +y1 — ys € D(K3, Ky) corresponds to the tensor product of
C(U(4)) representation with the highest weight Y7 v;, the adjoint
representation of SU(4) with the highest weight y; — y4 and the trivial
representation of U(1). Then for any element gy € K, and any element
uRX QU E C®su(4)®C’£VA/,

pA'(QO)(U®X®U):u®Ad( A B ) (X) ®v.

Thus (Vi) g, = span{1® ( = I ) ®1}. For the element g € Kjq C
—1y
KZ:

1. /T —1I
pa(g)u® [ 2 ®v)=e¢V Mu® 2 ® w,
—[2 [2

it follows that (Vi) = (Va)k,, i-e., A =(2,1,1,0,0) € D(K, K[q)) with
multiplicity 1. Similarly, A = (0 0,—-1,-1,-2) € D(K, Ky)) with
multiplicity 1 and it also gives elgenvalue 18.
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Suppose that A = (1,1,0
branching law of (U(4),U(2) x
lowing irreducible K; = U(4) X

,—1,—1). Then dimV)y = 75. By the
x U(2)), Vi can be decomposed the fol-
x U(1)-submodules:

Va = ‘/(,1,1,0,—1,—1) S V(1,1,—1,—1,o) D V(ll,(),O,—l,O) S ‘/(,1,0,—1,_1,1)=

where A} = (1,1, —1,—-1,0) and A}, = (1,0,0,—1,0) € D(K>, Ky). For
A}, by the branching law of (U(4),U(2) x U(2)), Ay = (1,0,0,—1) @
(1,—-1,0,0) ® (0,0, —1,-1) @ (0,0,0,0) @ (0,—1,1,0), where A} =
(0,0, O 0) € (Kl,KO) Therefore, cx = 16, cn, = 8, cay = 0,
and ¢, = 2cp — ¢y — —cAn = 24 > 18. For A/, by the branching
law of (U(4),U(2) x (2)) that A” = (1,1, -1 —1) ® (1,0,0,—-1) &
(1, -1, ,— 1) @ (0,0,0,0) ® (0,—1,1,0) ® (—1,—1,1,1), where A}, =

(1,1, -1, A, = ( 1,-1,1,1), Af; = (0 0,0,0) € D(Ky, Ky).
Thus cA =16, cxr = 12, epy, = cny, = 4, cny, = 0, cp = 2¢p —
chr — %CA// = 18,18 or 20. Moreover, from the above irreducible K-

decomposition of V) and eigenvalue calculations, we only need to de-
termine dim(Vy ), N (V{1 ©V73) since the fixed vectors in this subspace
by K give eigenvalue 18.

Recall that the irreducible representation of SU(4) with the highest
weight A} = y1 + y2 — y3 — ys = 2w, can be described as follows ([11]):

Sym?(A2C*) = I(Gry(C*)), @ Vi,

where I(Gry(C?)),, the ideal of the Grassmannian Gro(C?), denotes
the space of all homogeneous polynomials of degree 2 on P(A2C*”") that
vanish on Gry(C?). Here, I(Gry(C?))y = A'C* = C can be written
down explicitly in terms of a basis e1, e, e3, e, of C*:

I(Gry(C*)y = spanf{(e; Aey) - (es Aey) + (e; Aey) - (ex Aes)
— (e1 AN 63) . (62 A\ 64)}.

Thus, a basis for V/(’l can be given explicitly. For any element gy € Ky,

denote g, = p) € SU(2) x SU(2) C U(4). The representation of

Ky on any element u @ X @ w e C Vy, ® Cis

Pa(9)(u® X @ w) = po(1)(u) ® pag (96)(X) ® pole’ ™) (w).
By direct computation,
(V)i NVi, =spanc{ 1 ® (e1 Aez) - (e1 Aey) ® 1,
1® (esNeq)-(esNhey) @1,

1 & (e1 N 62) . (63 N 84) & ]_},
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where (e; A ey) - (e; Aey) € V], (esANey) - (esAey) € V5 and (er A
ey) - (es Aeq) € V5. For the generator g € Ky C Kj, denote ¢’ =
1

. The representation of g on u ® X ® w is

—1

pA(9) (1 ® X ©w) = pole™T L) (u) @ pag (7T "g)(X) & po(1)(w).
It follows that
(Va)kyy NV3, =spanc{l® (e1 Aes) - (e3Aey) ® 1,
l@(ejNer) (e hNey)®1,—1® (e3Neyq) - (e3Ney) ®1}.
In particular, A = (1,1,0, -1, -1) € D(K, K|y) and
(Vi) kg N (Vi1 U V)
=spanc{l ® (e;Nes) - (e1Ne) @1 —1® (e3Neq) (e3Ney) ®1}
with dimension 1, which corresponds to eigenvalue 18.
Therefore, The Gauss image L is Hamiltonian stable. Moreover,
dim V{o,0,—1,-1,—2) +dim V(21.1,0,0) + dim Vi1 1,0,-1,-1)
=454+45+ 75 =165
=dim SO(20) — dim U(5) = np(L).

Hence we can obtain the following

Theorem 7.1. The Gauss image L'® = U@ )ng((‘r’))xU — Q15(C)
18 strictly Hamiltonian stable.

8. THE CASE (U, K) = (SO(m + 2),S0(2) x SO(m)) (m > 3)
(U, K) is of type Ba.

u=dm+%pwwemXHJXfﬂJ:<%_g )

= {0 )\ﬂeoexneomw}zwm+omm
K >|XeMm2Rﬁ

0 —t 0
o {tr-nce= ¢ 0 o) e=(5 J)aaer)
0 0 0 ?
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8.1. Description of the subgroups K, and K.
Koy ={k € K|Ad(k)H = H, for each H € a}

{([2 L T)TeSO(mQ)}
U{([2 I )TESO(mQ)}

T

Kiq = {k € K|Ad(k)a C a & preserving the orientation of a}
& (Zy x SO(m —2)) - Zy

consists of all elements

0 —1 0 -1 0 1 0 -1
1 0)’\—-1 0 "\\—-1 0/)’\—-1 0 '
The deck transformation group of the covering map G : N2 —

G(N?™2) is equal to Kjq /Ko = Zy.

8.2. The groups K, K;, K, and the fibration over K/Kj.
SO(2) x SO(2)

T? =~
Z,
_ S0(2) x SO(2) x SO(m —2)
- Zy x SO(m — 2) = K/ ko
~50(2) x SO(m)
— R/ Ko =7 SO(m —2)
KK, - S0(2) x SO(m) N SO(m) ~ 01 (C)

SO(2) x SO(2) x SO(m —2) ~ SO(2) x SO(m — 2)
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8.3. Representation of the Casimir operator.

Denote (X,Y) := —strXY for any X,Y € u.

The Casimir operator of L with respect to the induced metric from
Qam—2(C) is given as follows :

1
CL - CK/KQ - 5 CK1/K07

where Cg/k, and Cg,/k, denote the Casimir operator of K/K, and
K, /Ky relative to (, )|e and ( , )|e,, respectively.

8.4. Branching laws.

8.4.1. Branching laws for (SO(2p + 2), SO(2) x SO(2p)) (p > 1).
Let A = hogo+hier+- -+ hp_16p-1 +€hye, € D(SO(2p+2)), where
e=1or —1 and

h07h17"'7hpez7h02h12"'2hp207

and A" = koeg + kg1 + -+ + kp_16p-1 + €'kpe, € D(SO(2) x SO(2p))
where ¢ =1 or —1 and

k07k17'“ akpezaklzzkpzo

The irreducible decomposition of Vj as a SO(2) x SO(2p)-module con-
tains an irreducible SO(2) x SO(2p)-module V, if and only if

hi—1 > ki > hiy1, (1<i<p-—1)
hy >k, > 0.

and the coefficient of X* in the finite power series

P—1l 41 —1;—1
X€6,lp H X - X
X-X-1 7
i=0
does not vanish, where

lo = ho — max{hl, kl},
li = min{hi, k:z} — maX{hHl, kji—i—l}, (1 S 1 S P — ].)
l, := min{h,, k,}.

Moreover, the coefficient of X* is the multiplicity of V}{, appearing in

the irreducible decomposition.
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8.4.2. Branching laws for (SO(2p + 3),S0O(2) x SO(2p+1)) (p > 1).
Let A = hogo+hier +- -+ hyp_16p—1 + hype, € D(SO(2p+3)), where

h07h17"'7hpez7h02h12"'2hp207

and A’ = koo + kie1+-- -+ k?p_1€p_1 —|—k’p€p S D(SO<2) X SO(Qp -+ 1))

where
k()aklv"' 7kpez7k12k222kp20

The irreducible decomposition of Vi as a SO(2) x SO(2p + 1)-module
contains an irreducible SO(2) x SO(2p + 1)-module V}, if and only if

hioi > ki > hiy, (1<i<p-—1)
hy >k, > 0.

and the coefficient of X*0 in the finite power series

Pl selt1 _ x—lim1 xlos _ Xl
( X - X! ) X3 — X3

=0

does not vanish, where
lo :== ho — max{hy, ki },
l; :=min{h;, k;} — max{h;1,ki1}, (1<i<p-—1)
l, == min{h,, k,}.

Moreover, the coefficient of X* is the multiplicity of V}, appearing in
the irreducible decomposition.

8.5. D(K, Ko) and eigenvalue computation.
For each A € D(K) = D(SO(2) x SO(m)), where m > 3, m =
2p(p>2)orm=2p+1(p=>1),

A = kogo + kier + - - + kpep,
where kogg € D(0(2)), kie1+- - -+kpep, € D(O(m)), and ko, ky, -+ - , k, €
Z satisfying
> >k > [yl ifm=2p,
ki >k > 2>2ky 12k, >0 iftm=2p+1.

Set
A =Fkieg+ -+ kyep € D(SO(m)).

Then we have

Vi = Ukyeo @ Vir.
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8.5.1. The case m = 2p (p > 2). Suppose that m = 2p (p > 2). Notice
that

D(S0(2) x SO(m) O(m — 2))
D(Ky, Ko) = D(SO(2) x SO(2) x SO(m — 2),Zy x SO(m — 2))
C D(SO(2) x SO(2) x SO(m —2),SO(m —2)).

Let A € D(SO(2p)) be the highest weight of an irreducible SO(2p)-
module V. It follows from the branching laws for (SO(2p), SO(2) x
SO(2p — 2)) that V, contains an irreducible SO(2) x SO(2p — 2)-
module Vi, with the highest weight A’ € D(SO(2) x SO(2p — 2)) and
(V/(/)So@pfg) 7é {O} if and only if

A= kieq + koeo € D(SO(QP), 50(2]9 — 2)),
N =Fkier € D(SO(2) x SO(2p — 2),SO(2p — 2)),

where ky, ko, k] € Z, k1 > ko > 0 and the coefficient of X" in the finite
Xk1—ko+1_ x—(k1—ka+1)
X—X 1

N

power series expression in X of does not vanish. In

particular,

(k= ko) <K <k — En.
_ For each A = kogo + kie1 + kaga € D(SO(2) x SO(2p), SO(2p — 2)),
N = koeo+kier € D(SO(2) x SO(2) x SO(2p—2),SO(2p—2)). Hence,

1
CL - CK/K() - §CK1/K0

_ _ 1 - _
= (A 42010, &) = (R + 26, &)
|
= Ko+ K K+ 2(p — Dka + 2(p — 2)ks — (K +K7)

(i) The case Q~(N6) >~ m% — Q(C) with p =2
Denote A = koo + k11 + kog2 € D(S0O(2) x SO(4),Zy x
SO(2>> by A= <k07k17k2). Let A’ = ]{?050 + k/1€1 S D(SO(Q) X
SO(2) x SO(2),Zs x SO(2)). Thus ko + k| is even. Then
{AGD(K,K@) | —CL§6}
={0,(£1,1,0),(0,1,1), (£2,1,1), (0, 2,0),

(0,1,-1), (£2,1,-1) }.

Suppose that A = (ko,1,0). Then dim f/;\ = 4 and ‘7]\ o
Ukoeo @ C*, where A = £; € D(K) corresponds to the matrix
multiplication of SO(4) on C*. Tt follows from the branching

law of (SO(4),S0(2) x SO(2)) that ki = £1. Hence ¢, =
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1k% + 2. Notice that Uy, ® C* can be decomposed into the
following SO(2) x SO(2) x SO(2)-modules:

Ukoes @ C* = (Ukpey @ (C* @ {0})) & (Unso ® ({0} & C?)).

Ukpeo @ ({0} @ C?) has no nonzero fixed vector by Zo x SO(2).
Since

s w1
2 W
pkoz’:‘o-‘ré‘l _12 (U ® 0 )
T

0

—W1 w1y
:eﬁnk% ® —SUz _ eﬁw(koﬂ)v ® 1162 ’

0 0

(Vi)zs250(2) = Ukyey @ (C* @ {0}) if ko is odd. But since

0 1

~1 0 L

w

pk0€0+€1 0 ]' (U® 02 )
1 0

T’ 0

w2
—eV =15k, w1 7

0
0

Ukyeo @ (C? @ {0}) has no nonzero fixed vector by (Zq x SO(2))-
Z4, i.e., (:f:l, 1,0) Q D(K, K[a]).

Suppose that A = (Ko, 1,1) and Ay = (ko,1,—1). Then
dimV;, = dimV;, =3 and Vi, @ V;, = C® A*C*. It follows
from the branching law of (SO(4), SO(2) x SO(2)) that

V]\l = ‘/(/1‘507171) @ ‘/7(/160’71771) @ ‘/(%07070).

Hence (ko,0,0) € D(K1, Ko). Thus ¢, = k3 + 4, which equals
to 4 if kg = 0 and 6 if kg = £2.
Let {e1, e, €3, €4} be the standard basis of C*. Then

f/fh = span{e; A eg,e; Aes —eg Aeg,e1 Neg+ex Aest,
‘7[\2 = Span{eg Neg,er Neg+ea Neg,ep Neg— eg N 63}.
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Since e; A eg € A?C* is fixed by the representation of SO(2) x
SO(2) with respect to the highest weight A,

(‘7]&1)1{0 = span{l ® (e; Aes)}.

Moreover,

Pi, ( )(v® (e1 A es))

=]
O =

:e\/jl%ko’l] (%9 (62 A 61).

Hence, A; = (0,1,1) ¢ D(K,Kp) but A, = (£2,1,1) €
D(K, K|g) and (VAI)K[C.] =~ C® C{ey Aeg} for kg = 2 or —2,
both of which give eigenvalue 6. Similarly, Ay = (0,1, —1) &
D(K, Kq) but Ay = (£2,1,-1) € D(K, K{g)) and (V3,)x,, =
C ® C{esz Aey} for kg = 2 or —2, both of which give eigenvalue
6.

Suppose that A = (0,2,0). Then dimf/]\ = 9 and VA =
C ® SZ(C*), where the corresponding representation of SO(4)
is just the adjoint representation on SZ(C*). It follows from
the branching law of (SO(4),SO(2) x SO(2)) that k} = 0, £2.
Thus ¢, = 8 — %/{:12 When k] = £2, ¢, = 6, otherwise ¢, =
8 > 6. On the other hand, S3(C?*) can be decomposed into the
following SO(2) x SO(2)-modules:

Vae, 2 S(CY)

=S(CH@SiC) e M(2,2,C)C ([2 _[2) .
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Thus, S3(C?) @ C (]2 ]> is fixed by {—I,} x SO(2) and
—1Iy

dim(V3)x, = 3. Moreover,

0 1
-1 0 a b
Pl 01 Jo@ | b —a )
10 0
T/
—a b
=v® | b a ,
0
0 1
-1 0 I
sl o1 hes(® )
10 2
Tl
_ I
—v®< _[2>
Hence,
) e I
(Vi)ky=C®C|1 0 @C@C(2 _[2).
0

Notice that the first summand lies in the SO(2) x SO(2) x
SO(2)-module V;, @ V!, , which gives eigenvalue 6 and the
second summand lies in the SO(2) x SO(2) x SO(2)-module
with respect to weight (0,0,0) € D(K;, Ky), which gives eigen-
value 8 > 6. Therefore, A = (0,2,0) € D(K, K|q) and the
multiplicity corresponding to eigenvalue 6 is 1.

Since A = (2,1,1), (=2,1,1), (2,1, —1), (=2,1, —1), (0,2,0) €
D(K, Kq) give the smallest eigenvalue 6 with multiplicity 1 and

dim ‘7(27171) + dim ‘7(_27171) + dim ‘7(2717_1)
+ dim ‘7(_271,_1) + dim ‘7(07270)
=3+3+3+3+9=21
= dim SO(8) — dim SO(2) x SO(4),
hence, G(N®) C Qg(C) is strictly Hamiltonian stable.
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(ii) The case G(N'P~?) = (zfggg?2i?;§€~)24 — Qup-2(C) with p > 3.

Suppose that A = (ko, ki, ks) = (£4,0,0) € D(K, Kp).

Then k] = 0 and ¢, = 8 < 4p — 2 for p > 3. Therefore,
G(NP~2) =~ (ZSS%(XQ”;?%’.)ZAL — Qup—2(C) is not Hamiltonian
stable if p > 3.

Theorem 8.1.

(50(2) x SO(2p))/(Z2 x SO(2p — 2))Zy  (p = 2)

is not Hamiltonian stable if and only if (m —2) —1=2p—3 > 3. If
p =2, then it is strictly Hamiltonian stable. (And they all are rigid.)

8.5.2. The case m = 2p+ 1 (p > 1). Suppose that m = 2p+ 1 (p >
1). Let A € D(SO(2p + 1)) be the highest weight of an irreducible
SO(2p+1)-module V. It follows from the branching laws for (SO(2p+
1), SO(2)xSO(2p—1)) that Vi contains an irreducible SO(2)x.SO(2p—
1)-module Vj, with the highest weight A’ € D(SO(2) x SO(2p — 1))
and (V/(/),go(gp_l) 7§ {O} if and only if

AN = kieq + kogq € D(SO(Qp + 1), SO(Q]? — 1)),

N =Fkie; € D(SO(2) x SO(2p—1),50(2p — 1)),
where ky, ko, k] € Z, k1 > ko > 0 and the coefficient of X" in the finite

f Xk1—ko+1l_ x—(k1—ko+1)
X-x-1

power series expression in X o does not vanish. In
particular,
—(ky — ko) < K} < kg — k.

For each A = kgeg+kie1+kqes € D(SO(2) x SO(2p + 1), SO(2p — 1))
for p > 2, or A = koo + kg1 € D(SO(2) x SO(3)) with p = 1,
N = koeg +Kier € D(SO(2) x SO(2) x SO(2p—1), SO(2p—1)), where
ko, ki, ki € Z, ky > 0, |K)| < ky, ko + K| is even for A’ € D(Ky, K).
Hence,

1

CrL = CK/KO - §CK1/K0
- - 1 ~ -
= <A + 2(5[{, A> — §<A/ + 2(5[(1, A/>

[ RAR AR+ 2Dk + (2p— 3k — 2K+ K, p>2
1R2 + k2 + ky — 3K7, p=1
(i) The case Q~(N4) = % — Q4(C) withp=1 i
Denote A ? ko&‘o + /{7181 € D(SO(Q) X SO(B),ZQ) by A =
(ko,k1). Let A" = kogo + kier € D(SO(2) x SO(2),Z,). Thus
ko + K is even. Then
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[AED(F,Ko) | —ep <4} ={ (£2,0), (£2,1), (+1,1),
(0,1),(0,2) }.
_ Suppose that A= (£2,0). Notice that for any v ® w €
‘/k:()a‘() g C ® C?

0 1
-1 0
Proco 0 -1 (v @ w) = Vg @ w,

-1

= koco € D(K, Kpy) if and only if k; € 4Z. Hence here
=(£2,0) & D(~K, Kiq). i

Suppose that A = (ko,1). Then dimV; = 3. The complex
representation of K = SO(2) x SO(3) with the highest weight
A corresponds to

f/f\ = UkOEO ® Vfl = UkOEO ® C3
= (UkDEO ® C2) D (Ukoéo ® Cl)
For each v @ w € Uy,., ® C? and diag(—1Iy, —I5, 1) € Ky, where
w = (wy, wq, ws)" € C3, the representation of Kj is given by
—I,

Pl L vew)
1

A
A

:e‘/?lk‘”v X (—wl, —Wa, wg)t

Then (Vi)x, = C ® C(0,0,w3)"! = C® C if kg is even and
(Vi)r, = C ® C(wy, ws,0)! =2 C ® C? if kg is odd. Moreover,

0 1

-1 0
Pil 0 -1 ) (v @ w)

N/ — s
=V | —w

Thus A € D(K, Kjq) if and only if ky = 2mod 4 and its mul-

tiplicity is 1. In particular, A = (0,1) or (£1,1) € D(K, K)
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and A = (£2,1) € D(K, Kg). For A = (+2,1), it follows from
the branching laws of (SO(3), SO(2)) that |k}| < k; thus k] =0
such that ko + k] is even. Hence, ¢, = 4.

Suppose that A = (0,2). Then dim¢ \N/;\ = 5. It follows from
the branching law of (SO(3),50(2)) that k} = 0,£2. When
ki = £2, ¢, = 4, otherwise ¢, > 4. On the other hand,
A = 2¢; € D(SO(3)) corresponds to Vj = SZ(C?) and the
representation of SO(3) on S3(C?) is just the adjoint repre-
sentation. Thus, S2(C?) can be decomposed into the following
SO(2)-modules:

Vae, 2 S5(C)

0 0 a
=sico{{o 0 b)labec}
a b 0

e 1 oI
=C (¢_—1 1 ) @€ <_¢_—1 21 )
0 0 1 0 0 1
o C 0 0 vV-1|a®C (O 0 —/—1
1 vV/-1 0 1 —v/-1 0

= ‘/2/51 EB V7/2€1 EB ‘/5/1 EB V*IEI @ ‘/OI

It is easy to see that (Vi) g, = (C®S2(C?))®(CeC = o )

and (Vi)k, = C® C (\/O__l \/(?) & (CeC (IQ _2)).

Hence, A = (0,2) € D(K, Kjq). Notice that the first summand
lies in C® (V5. &V, ), which gives eigenvalue 4 and the second
summand lies in C ® Vjj, which gives eigenvalue 6 > 4.
Therefore, G(N*) C Q4(C) is Hamiltonian stable. Moreover,
dim Vig1) + dim V(a1 + dim Vo) =3+ 3+ 5
=11 = dim SO(6) — dim SO(2) x SO(3),

hence, G(N*) C Q4(C) is strictly Hamiltonian stable.

(i) The case G(N®) = S92X00) _, () (C) with p = 2

(Z>x50(3))Za
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Denote A = kogo + kie1 + kaga € D(SO(2) x SO(5),Zy X
SO(3)) by A= (k?o, kl, ]{Zg) Let A = k(]Efo + k/1€1 S D(SO(2) X
SO(2) x SO(3),Z5 x SO(3)). Then

{ANe DK, Ky) | —cp <8} ={(%4,0,0),(£1,1,0),
(£3,1,0), (0,1,1), (£2,1,1),(0,2,0) }.

Suppose that A = (#4,0,0). Then dimV; = 1. It follows
from the branching law of (SO(5), SO(2) x SO(3)) that k] = 0.

Thus ¢, = 8. On the other hand, for v ® w € V., = C® C

0 1
-1 0
and the generator 0 -1 € K,
-1 0
T/
0 1
-1 0
Pkoeo 0 —1 (U ®U)) = e\/jl%ko,u Qw=wv ®U),
-1 0

T/

if ko € 4Z\{0}. So A = (£4,0,0) € D(K, Kq).

Suppose that A = (ko,1,0). Then dim f/]\ = 5 and ‘N/[x =
Ukoey @ C?, where A = ¢; € D(K) corresponds to the matrix
multiplication of SO(5) on C°. It follows from the branching
law of (SO(5),S0(2) x SO(3)) that ki = £1. Hence ¢, =
1k3 + . Notice that Uk, ® C® can be decomposed into the
following SO(2) x SO(3)-modules:

Ukgeo ® C® = (Ukoéo ® (02 @ {0})) @ (UkOEO ® ({O} D C3)>
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Uko€0 @ ({0} @ C?) has no nonzero fixed vector by Zs x SO(3).
If kqy is odd, then

wq
—]2 Wa
Pkogo+er —1 (U ®1 0 )
T 0
0
—w wy
—W2 Wa
=V 1oy 0 =v® | 0|,
0 0
0 0

i.e., (Vi)zeaso@) = Uke, ® (C* @ {0}) if kg is odd. But since

0 1 w1
-1 0 Wa
Pkoeo+er 0 1 (U® 0 )
10 0
T’ 0
Wa
wq
=V 12k | 0 ,
0
0

Ukoeo @ (C? @ {0}) has no nonzero fixed vector by (Zy x SO(3))-
Zy4, i.e., neither (+1,1,0) and (£3,1,0) is in D(K, K[).

Suppose that A = (ko,1,1). Then dim ‘7;\ = 10 and f/;\ =
C®A?CP. Tt follows from the branching law of (SO(5), SO(2) x
SO(3)) that kf = 0. Thus ¢, = k¢ + 6. On the other hand,
since e; A ey € A?CP s fixed by SO(2) x SO(3), v® (e; Aes) €
C ® N2CP is fixed by Zy x SO(3) C SO(2) x SO(2) x SO(3).
Moreover,

Pkoeo+e1+e2 0 (U ® (61 A 62))
1

—eV =15k @ (ey A ey).
68



Hence, A = (0,1,1) & D(K, Kig) but A = (£2,1,1) € D(K, K
and (VJ\)K[a] = C® C{ey Aey} for kg = 2 or —2, both of which
give eigenvalue 8.

Suppose that A = (0,2,0). Then dim VA = 14 and ‘7;\ 2C®
SZ(C?), where the representation of SO(5) with highest weight
2¢ is just the adjoint representation on S3(C?). It follows from
the branching law of (SO(5), SO(2) x SO(3)) that k} = 0, £2.
Thus ¢, = 10 — %k'f When k| = £2, ¢, = 8, otherwise
¢, = 10 > 8. On the other hand, SZ(C®) can be decomposed
into the following SO(2) x SO(3)-modules:

Vae, = S3(C°)
= S3(C?) @ S3(C?) & M(2,3;C)

<22 )|z,w€C,22—|—3w:0}.
Thus, S2(C?) is fixed by {—1I,} x SO(3) and

Vi), EC®S2(CHaC®C ( 31 ol ) :

Moreover,
0 1
-1 0 a b
P2e, 01 (v |b —a )
10 0
T/
—a b
=v® | b a
0
B 0 1 3
Hence, (Vi)k, = C®C- |1 0 @C@C( Y )
0 3

Therefore, A = (0,2,0) € D(K, K|y). Notice the first summand
lies in ‘7(’()72’0) d 17(’01_270) which gives eigenvalue 8 and the second
summand lies in 17(’070’0) which gives eigenvalue 10. Hence the
multiplicity corresponding to eigenvalue 8 is 1.
Since A = (4,0,0), (—4,0,0), (2,1,1), (=2,1,1), (0,2,0) €
D(K, K|q) give the smallest eigenvalue 8 with multiplicity 1
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and
dim ‘7(4,070) + dim ‘7(_47070) + dim ‘7(27171) + dim ‘7(_271,1)
+ dim ‘7(072’0)
=1+1+10+10+ 14 = 36
> 34 = dim SO(10) — dim SO(2) x SO(5),

hence, G(N®) C Qs(C) is Hamiltonian stable but not strictly
Hamiltonian stable.
(iit) The case G(N*?) = Z2CFE A2 — Qup(C) with p > 3.
Suppose that A = (ko, k1, ko) = (£4,0,0) € D(K, K).

Then k}; = 0 and ¢, = 8 < 4p for p > 3. Therefore, G(N*?) =

S0(2)xSO( L .
7 85)8(2;; 20 J)rlz)4 Q4,(C) is not Hamiltonian stable if p > 3.

Theorem 8.2.
(SO(2) x SO(2p+1))/(Zy x SO(2p —1))Zs (p > 1)

is mot Hamiltonian stable if and only if (m —2) — 1 = 2p—2 > 3.
If p = 1 then it is strictly Hamiltonian stable and if p = 2, then it is
Hamiltonian stable but not strictly Hamiltonian stable.

9. THE CASE (U,K) = (SU(m +2),S(U(2) x U(m))) (m > 2)

9.1. Description of the subgroups K, and K.
U=5U(m+2), (mz=2)

K:ﬂmmemm:{C4B)GSWm+mMEU@%BEWmﬁ
:{H@l,&z):(_;}ut HQ?) |H12:(501 0o 8)
flanER}

Ky :{ et | Ty € U(m — 2)}

=~S(U(1) x U(1) x U(m — 2))

Ky = Ko U (Ko - Q) U (K - Q*) U (Ko - Q%),
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where

Q= 0 -1 e U(m+2).

The deck transformation group of the covering map G : N® 2 —
G(N*™=2) (m > 2) is equal to Kq/Ko = Za.
When m = 2, (U, K) is of B, type.

K=SU(@2)xU(2) DK, =SU(1)xU(1) xU(1) x U(1))
D Ko=S(U(1) x U(1))

When m > 3, (U, K) is of BCs type.

K=5U@2)xU(m)) D Ky=8U(2)xU(2) xU(m—2))
DK =SUQQ)xU(1)xU1)xU(1) x U(m —2))
D Ky=SU(1)xU) xU(m—2))

9.2. Two fibrations over K/K,.

Koy iy = SU@ X U2) x Ulm =2)) , U(2) x U(2) x U(m - 2)
SUM)xUQ)xUm—2)) U1)xU(1)xU(m-—2)
= Ul2) x U(2) 77
Uy xU(1)
— SU(2) x U(m))
KIEKo = 560y < 0ty x Ulm = 2)
~ U(2) X U(m)
CU) xU1) xU(m —2)
— K/Ky = S(U(2) x U(m)) _ U(m)  Gry(C™)




(1) x U(1) x U(m —2))
1) xU

X
X
U
U(m —2)
U

U(2) U(m)

2 :=U(2)xU((2)xU(m—2),
K, = U(1)><U( )><U( )><U( ) x U(m—2) and Ky := U(1) x U(1) x
U(m —2). Then U = C(U) U, K = C(U)- K, Ky = C(U) - K,
K1 =C(U)- K, Ko = C(U) - Kq and
t=c(@) @t Eg—c( ) @by, B = (D)
For each A € D(U),
A=A+
where A° € ¢(&1) and A € D(U).

>

D(U) = D(U(m +2))
={A =P+ F PmsoVmaa | Pro- s Pmsa € ZoPi — Pig1 >0 (i =

D(C(U)) = D(C(U(m + 2)))

:{A:po(y1+~~+ym+2)!]?0€ Zv}
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D(U) = D(SU(m + 2))

={A=piyi + -+ Pnt2Ym2 |
m—+2

Zpizoapi_pm—l-Q €Z,pi—pi1>20(G=1-- m+1)}
i=1

If
A =Py + -+ PmsoYmez € D(U(m + 2)),
then
A=A+ A,
where
1 m+2 m+2
A= (——= "5 w) € DICU(m +2)))
m+2 3 i=1
and
1 m+-2 1 m+2
A= (s D Pyt + (a5 > Pidymea € D(SU(m +2)).

=1 =1

Assume that
A=piyi+ -+ PnsaYmsz € D(SU(m + 2))

with 372 pi = 0, pi — Pso € Zypi —pis1 >0 (i =1, ,m+1).
Pmi2 € sisk. thus p; € —=57Z. Since p; — p; € Z, then there is

r € Z with 0 < r <m+ 2 such that p; = 5 ((m + 2)k; + ) for some
k; € Z.

If we set p; == p; — =5 ((m+2)k+7) (i =1,--- ,m+2) for arbitrary
k € Z, then

A =p1y1 + - 4 Pt 2Ym2

1
== (——=((m+2)k+7)(y1 + -+ Ymg2) +D1y1 + - + Prnt2Ym+2

m+ 2
,
=—(k+ m—+2)(y1 + ot Ymg2) F 01U+ D2Umeo
T
= - (k+m—_|_2)(y1+'-'+ym+2)+/\ € D(U(m+2))
T
) i) € DIOWm +2)
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D(K) = D(U(2) x U(m))
={A =Gy + Gayo + Gsys + -+ GmroYmaa |
GEZL(i=1,---,m+2),
G—G>0,Gi—Giy1 >0 =3,--- ,m+1) }

D(K) = D(S(U(2) x U(m)))
={A=qy1 + @y + @Yz + -+ Gmi2Ymi2 |

Z%Zoa

i—1
¢—q¢€Z(i,j=12,---,m+2),
G—¢>0,¢—q¢1>00GE=3,4,---,m+1)}

D(K) —s D(K)

is surjective.
Assume that

A =Gy + G2+ GYs + - + Gmt2Ymiz € D(K).

Then
m+2 m—+2 m—+2 m—+2

N D IO SIS DD AL

m—+2 m—+2

A0 = %%2 > @)X w) € DICUm+2)

m—+2 m—+2

A=Y (G- d)vi € D(K)
i=1 j=1
Assume that
A= aquyi + qus +qsys + - + Gmi2Yms2 € D(K).
Then
A=G+ -+ Gmsa

., 5
=— <k+m—+2)(y1 ot Ymr2) T QY+ G2y € D(K),

where k,r are defined as above.
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D(K,) = D(U(2) x U(2) x U(m — 2))

:{]\:(jﬂh + GoYo + G3Y3 + Guys + GsYs + - - + Gmr2Ym2 |
GEZ (=1 ,m+2),
G —G2,G3 — G4y Gi — Gir1 >0 (i =5,--- ,m+1) }

D(K>) = D(S(U(2) x U(2) x Ulm — 2)))

={A = qy1 + ©y2 + BYs + qays + GY5 + - F GnroYms2 |
m—+2

> 6i=0

i1

Qi_QjGZ (Z7j:1727 7m+2)a

G — 92,93 — Ga,Gi — Gis1 >0 (i =5,6,--- ,m+1) }

D(K5) — D(K>)

is surjective.
Assume that

A = quy1 + Govo + Gsys + Gaya + Goys + - + Gm2Ymao € D(Kg).
Then

A =q1y1 + G2y2 + G3Y3 + Qaya + G5Ys + -+ + Gmi2Ym+2
m+2 m—+2

= m+22qz Zy

m+2 m+2

Ch——zﬂbyl‘i‘ 2— ZC]z

m—+2 m—+2
QS_m—HZquSJF 4—m+2zqz

m+2 m—+2

q5 NP Z QZ Ys + (Qm+2 Z CIZ Ym+-2

m—+2 m—+2

m+zz% Zyz ) € D(C(U(m +2)))
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m+2 m—+2
A= Ch——Zszl—i‘ 2— ZQZ

m-+2 m—+2

Q3——Z%y3+ 4— ZQZ
m—+2 m+2
Q5 S Z Qz Ys + - (Qm+2 Z % Ym+2

€D(Ky)
Assume that

A =quyi+ @+ qys + Qs + GYs + - -+ Gmr2Ymre € D(K).
Then
A:q~1+"’+q~m+2

1
= <m——|—2((m +2)k+7)(y1 + -+ Yma2) + QY1 F - F Gns2Ymto-
D(K,) = D(U(1) x U(1) x U(1) x U(1) x U(m — 2))
:{A = QY1 + QY2 + G3Ys + Qaya + G5Ys + -+ + Gmr2Yms2 |
GEZ (=1, ,m+2),
G—Gp1>0(G=5---,m+1)}

D(K,) = D(S(U(1) x U(1) x U(1) x U(1) x U(m — 2)))

={A = qy1 + Y2 + GYs + Qys + Y5 + -+ Gnr2Yms2 |
m-+2

> a=0,

=1
qi—quZ(i,jzl,---,m+2),
G —q¢p1>00E=5,---,m+1)}

D(K,) — D(K,)

is surjective.
Assume that

A= quy1 + Govo + G3ys + Gaya + Gsys + - + Gmratmez € D(KY).
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Then

A =Gy + Goyo + @3y + Gatia + Gsys + - + GmsoUmao
m—+2 m+2

= m+22% Zy

m+2 m+2
s S = s Y
m+2 m+2
s 3 = s
m—+2 m—+2
Q5 S Z QZ Us + - (Qm+2 Z % Ym+2
=AY+ A,
where
m-+2 m-+2
m—l—QZQZ Zyl )€ D(C(U(m+2)))
m+2 m-+2
A= Q1_—Z%y1+ e —— Zqz
m+2 m-+2
QS_quz ys + C]4—m+2zqz
m+2 m—+2
(G — — Z G)ys + -+ (Gmre — Z G)Ym-+
€eD(K,)

Assume that

A =qu1 + QU2+ q3Ys + qays + GsYs + -+ + GmaoYmr2 € D(K7).

A=G+ -+ Gmsa

1
=- (m((m +2)k+7) (1 4 F Yma2) F QYL+ F Gmp2Ymes2.
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D(Ky) = D(U(1) x U(1) x U(m — 2))
={A = Guyr + Goyo + Gsys + Quva + G5Ys + - F GmroYmeio |
1 1
q = 7 —Z 7 :~ _Z
qs Q1€2 44 CI2€2;
GEZ(i=5,-,m+2),
G —Giy1>0(i=5,6,---,m+1)}

D(Ky) = D(S(U(1) x U(1) x U(m — 2)))

={A = qyn + @y2 + @3ys + Qays + GsYs + -+ Gnr2Ym2 |
m—+2 m+2

Z%‘:2%"‘2(12"'2%:O,Q3ZQ17Q4=(]2,
qz_q]ez (7‘7.]:172757 7m+2)7
G — 1 >0(=5,6,---,m+1)}

D(K,) — D(Ky)

is surjective.
Assume that

A =Gy + Govo + Gsys + Gaya + Gsys + - + (m+2Ym+2 € D(Ko)-
Then

AN =Gy + Goyo + Gays + Gata + Gsys + -+ Gmsalmro
m—+2 m+2

= m+22% Zy

m+2 m+2
Ch——thyl—i‘ (G2 — ZQZ

m+2 m+2
qs——Zqz )ys + %——Zqz

m+2 m+2

(- — Z Gi)ys + -+ + (Gmt2 — Z Gi)Ym-+2

m—+2 m—+2

m+zz% Zyz e D(C(U(m +2)))
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m+2 m+2

A= fh——Zszl—i‘ Q@2 — :_2;@)2/2
m—+2 m—+2
QS_—ZQZy3+ 4— ZQZ
m—+2 m—+2
QS S Z QZ Ys + - Qm+2 - Z % Ym+2
€D(Ko)

Assume that

A =quyi+ que + qys + Qs + ¢GYs + - -+ Gmr2Ymre € D(K)).
Then
A =q1y1 + -+ Gmy2Yms2

1
=- (m—+2((m +2)k+7)) (Y1 4+ Ymr2) F @y G2

€D(Ky).

9.4. Branching laws of (U(m),U(2) x U(m —2)). By the branching
laws of (SU(m), S(U(m) x U(2))) given in [24], we have the following
branching laws of (U(m),U(2) x U(m — 2)).

Let A = prys + -+ + Ppm¥m € D(U(m)) be the highest weight of an
irreducible U(m)-module Vj, where p; € Z (i =1,--- ,m), p; — Dit1 >
0(=1,---,m—1). Then the irreducible decomposition

Vi = & Vi,

AeD(U(2)xU(m—2))

of Vi as a U(2) x U(m — 2)-module contains an irreducible U(2) x
U(m — 2)-module V7, with the highest weight N =Gyi+- 4 Gnym €
D(U(2) x U(m — 2)), where ¢; € Z (i = 1,--- ,m), 1 — G2 > 0, §; —
Giv1 >0 (i=3,---,m — 1), if and only if the following conditions are
satisfied:

() GieZfori=1-- m;

(i) pio>qG>p; (1=3,---,m);
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(Xn'+lfx—(n+1))

(iii) In the finite power series expansion in X of I,

(X*X71)7'L72 9
where
ry = p; — max(qs, Pa)
r; = min(G, pi—1) — max(Giy1,p:), (3<i<m—1)
'm = min(dmaﬁm—l) - ﬁm

the coefficient of X7 ~%*! does not vanish. Moreover, the value
of this coefficient is the multiplicity of the U(2) x U(m — 2)-
module V3,

9.5. Branching laws of (U(3),U(2) x U(1)). Let A = p1y1 + paya +
psys € D(SU(3)) be the highest weight of an irreducible SU(3)-module
Vi, where p; —p; € Z (1,5 =1,2,3), p1 > pa > ps, Zf’:lpi = 0. Then
the irreducible decomposition Vi = @/ VY, of V) as an S(U(2) x U(1))-
module contains an irreducible S(U(2) x U(1))-module V}, with the
highest weight A" = q1y1 + g2y2 + ¢sys € D(S(U(2) x U(1))), with
G —q €Z (i, =1,2,3), ¢1 > go, 2?21 ¢; = 0 if and only if p; > ¢ >
P2 > q2 > p3. Equivalently,

P1—p2 p2—pP3

Voryi+paya-+psys = @ @ V(/pl—a)y1+(p2—,@)y2+(p3+a+ﬁ)y37

a=0 B=0
where A = p1y1 + paya + pays € D(SU(3)).

Let A = p1y1 + Payo + D3ys € D(U(3)) be the highest weight of an
irreducible U(3)-module VA, where p; € Z for i = 1,2,3, p1 > P2 > ps.
Then the irreducible decomposition

~ PL—P2P2—P3
‘/;31y1+;52y2+ﬁ3y3 = @ @ V(;ﬁlfa)y1+(ﬁ2*ﬁ)y2+(ﬁ3+a+5)y3
a=0 B=0

of Vi as a U(2) x U(1)-module holds.

9.6. Descriptions of D(K, Ky), D(K», Ky), D(K, Ky)-

Let
A = prys + Poyo + Pays + -+ + PmroYmia € D(K) = D(U(2) x U(m)),
where ﬁla"' 7ﬁm+2 € 27 ﬁl Z ﬁQu ﬁ3 Z Z ﬁm+2' Thus Acr =
Dy1 + Paye € D(U(2)), Ay = Pays + - -+ + Pmt2Um2 € D(U(m)) and

pi =0 X1 eDK)=DU(2) xU(m)),

where o € D(U(2)), 7 € D(U(m)).
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By the branching law of (U(m),U(2) x U( 2)), we have the
decomposition into irreducible U(2) x U(m — 2)- modules

V. =Pvi,

where A’ = S Gy, € D(U(2) x U(m — 2)) with Gs,- -+, Gmia € Z,
dz- — @-{—1 Z 0 (’L = 3 5 ,m+ 1) Notice that Ag = 673y3 +C?4y4 -
D(U(2)) and A, := Gsy5 + - - + Gmi2Ym+2 € D(U(m — 2)),

Vi =P, BV.RV,).

By the branching law of (U(2),U(1) x U(1)),
pP1—p2

1/ : . /
VU - ‘/1011/1+pr2 - @ ‘/(ﬁl—a)yl'*‘(@"ra)yf

a=0
G3—qa
/
V< - Vt?3y3+ti4y4 - @ W@g—ﬁ)y3+(d4+ﬁ)y4
B=0

Thus we have the decomposition into irreducible U(1) x U(1) x U(1) x
U(1) x U(m — 2)-modules :

Vi

P1—P2 §3—qa

—@ @ @ m a)y1+(p2+a)y IX V(qs B)y3+(Ga+0B)ya X Vqsy5+ +qm+2ym+2)~
a=0 B=0

As a U(1) x U(1)-module,

/ /
V(ﬁl—oz)y1+(152+a)y2 X ‘/(63—5)313-&-(64-&-/3)114

o

TV L (Pr+ds—a—B) (y1+ys)+ 3 (Pat+data+B) (y2tya)

Hence we have the decomposition into irreducible U(1) x U(1) x

U(m — 2)-modules :
Vi
= @(melﬂbyz X Vasys+aays X Vdsys-i-~“+tim+2ym+2)

P1—P2 G3—qa

_@ EB EB p1 a)y1+(p2+a)y |Z]V(q3 —B)y3+(Ga+B8)ya gv‘IS%JF +qM+2ym+2)
a=0 B=0
P1—P2 G3—Ga
Y Xa Lt Vi s
(p1+q3 a—B3)(y1+ys)+ 3 (P2+dato+B) (ya+ya) a5Y5 Im+2Ym+2
a=0 B=0
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Thus A € D(K, K) if and only if there exist a, 3 € Z with 0 < o <
p1—p2 and 0 < B8 < g3 — qa,
" & V” 5
L(Pr+ds—a—B) (y14ys)+2 (Pa+da+a+8)(y2+ya) d5ys - tam+2Ym+2

is a trivial U(1) x U(1) x U(m — 2)-module, that is,
pt+g—a—p3=0,
Pt qata+ =0,

G5 =" = (mt2 = 0.
Thus
Ps =D =" =Dm =0,
P3 > ps =0,

Dm+y2 < Pmy1 < 0,
D1+ D2+ P3 + Pa + Pmg1 + Dmg2 = 0.
If m > 4, then each A € D(K, Kj) is

A= piy1 + Poys + Dsys + Paya + Pt 1Ymes1 + ProsolYmera,
where p; € Z, p1 2 D2, P3 = D1 2 0 2 Prug1 2 Do,
D1+ D2+ D3+ Da+ Pyt + Dtz = 0.
If m = 3, then each A € D(K, K,) is

A = p1y1 + Paya + D3ys + Pays + PsYs,
where p; € Z, p1 2> P2, P3 > Pa 2 Ps, P3 = 0, ps <0,
P1+ D2+ pPs+ps+ps =0.
If m = 2, then each A € D(K, K,) is

A = p1y1 + Doy2 + P3Ys + Paya,
Where ﬁz S Za }51 2 ﬁ27 ﬁS 2 ]547
p1+p2+p3+ps=0.

Each A’ € D(K>, Ko) is

A = pry1 + Poyo + G3ys + Guya,
where D1, D2, 3, Gs € Z, D1 > P2, §3 > G,

pr+p2+ G+ G =0,
in another words, p; + P2 + P3 + Pa + Pms1 + Py = 0 if m
P1+ D2+ D3+ ps+ps =0if m=3.
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Each A" € D(K;, Ky) is
N' = Qi1 + GaY2 + 45ys + dyya,

where iflqu&gg’nqzll € Z7 qi_i_q*é = 07 q*é+q*£1 = 07 q*/l = _Oé—i_ﬁl’ QE = Oé+ﬁ2
for some o = 0,--- ,p1 — Do, and ¢4 = —03 + G3, ¢4 = B + G for some
5207"%@3—64- o

Notice that the coefficient of X%+ ip

1

X - X1

P3—Pa
_ Z (X(ﬁ37ﬁ4)+(13m+1*ﬁm+2)*2i+1 . X(ﬁ37ﬁ4)*(ﬁm+l*ﬁm+2)*2i*1)

(Xﬁa—ﬁ4+1 _ X—(ﬁa—ﬁ4+1))(Xﬁm+1—13m+2+1 _ X—(ﬁm+1—ﬁm+2+1))

i=0
is equal to the multiplicity of the U(2) x U(m —2)-module with respect
to the highest weight A = Z::g? GiVi.-

9.7. Representation of the Casimir operator.
Denote (X,Y) := —tr XY for any X,Y € u.
The Casimir operator of L with respect to the induced metric from
Qam—2(C) is given as follows : if m = 2,
1

Cr =5 ((E)* + (B2)") + (X0) + (1) + (X0)” + (V2)®
=Cr /Ky — % Ck, /Ko
it m > 3,
Co =5((B)? + (B2)) + (X0 + () + (X2 + (1)
n 27§ ((X15)% 4+ (Yi)? + (X20)® + (Ya))?))
—9 CK:KO — Creajro — % C, 5o,

where Cx/k,, Cr, /i, and Ck, /i, denote the Casimir operator of K /Ky,
K,/ Ky and K7/ K, relative to {, )e, (, )e, and (, )|e,, respectively.

9.8. Eigenvalue computation when m = 2.
c; =(A+ 20z, A)
=pr + D5+ Ps + P4+ P1 — P2+ Ps — P
cio =(N"+ 25z, A")
=(q1)* + (®)* + (d5)° + (@)*.
Then the eigenvalue formula is
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1

C=Cj — 50]\,,
= P} + D5 + D5 + P + (P — P2) + (B3 — Pa)
1, . . . .
— 5((611)2 +(3%)* + (@) + (30)?)

Denote A = pyy;+Paya+P3ys+Pays € DK, Ko) by A = (b1, P2, P3, Pa).
Then
{A € D(K,Ky)| — ¢ < 6}
={0,(1,1,-1,-1), (1 0,0,—1),(1,—1,0,0), (1,—1,1,—1),
(1,1,0,-2),(2,0,-1,-1),(0,—1,1,0), (0,0, 1, —1),
(0,-2,1,1), (1, -1, P 0),(=1,-1,1,1)}.

Suppose that A = (1,1,—1,—1). Then dimc Vz = 1. By the
branching law of (U(2), U(1) x U(1)), (@, &, @ @) — (1,1, ~1,~1) €
D(Kl,Ko). Then

Cxp = 4, Cpn = 4, Cp = C{ — 50[\// =2 <6.

On the other hand, V; = CXC, which is fixed by the p; |z -action. But

0 1

-1 0

for a generator g = of Z4 in f([a], pilg) = —Id on Vj.

01

10

Hence, A = (1,1, -1, —1) €D([~(,IN( 1)- Similarly, A = (—1,—1,1,1) &
D(K, Kjg)-

Suppose that A = (1,0,0,—1). Then dimc Vj = 4. It follows from
the branching laws of (U(2),U(1) x U(1)) that (cj’l,d;) (1,0)® (0,1)
and (QBa q4) - ( ) ( 0) Then (q~/17 (jéu Q3a q4) (1 Oa ]-7 O) or

(0,1,0,—1) € D(Ky, Ky). Hence,

cg =4, ¢z =2, cL:cA—§c;\,,=3<6.

Recall that
D(SU(2)) = {(Vi, po)|t € Z, 0 > 0},

where V; denotes the complex vector space of complex homogeneous

polynomials of degree ¢ with two variables zg, z; for any ¢ € Z and the
84



representation p, of SU(2) on V; is defined by

(5 ) ) = 5Go (7))
a —b

for each (b a

) € SU(2). Set

1
Vi = 25T eV, (i=0,1,--- ()
il —1)!
and the standard Hermitian inner product of V, invariant under p, is
defined such that {vg,v1, -+ ,v,} is a unitary basis of V;.
Here,

V]\ - (W%(yﬂryz) ® VI) X <W/ (y1+y2) ® VI)

Here V, denotes the complex vector Space of complex homogeneous
polynomials of degree ¢ with two variables z, z; for any ¢ € Z. Denote
the basis of V} by wvg,v;. The representation of f(o on v; ® v; € Vi
(1,7 = 0,1) is given by

6\/j18
e\/flt
Pi VSP (vi ® v))
eﬁt
eﬁés—w eﬁés—t)
=[p _ﬁ(s—w)](vi) ® [ < _mw—w)](vj)
e 2 e 2

VTG @
Then (VA)K0 = spanc{v; ®vg, vo®uv; }. But for diag(1,1,—-1,—-1) € IN([a]
and 7,7 = 0,1,
pi(diag(1,1,—1,—1))(v; ® vj) = —v; ® v;.
So (Vi)z,, = {0} and A = (1,0,0,—1) ¢ D(K,Kjg). Similarly, A =
(0,-1,1,0) & D(K, Kpq).

Suppose that A = (1,—1,0,0). Then dimg Vi = 3. It follows from
the branching laws of (U( ), U(1) x U(1)) that (¢},q) = (1,-1) @
(0,0) (~1,1) and (¢,2,) = (0.0). Then' (q,d3. g 72) — (0,0,0,0) €
D(K, Ky). Hence,

Cxp = 4, Cpn = O, CrL = C{ — 50[\// =4 < 6.

On the other hand,
ViV, KC.
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The representation of Koonuv;@w € V3 is given by

6\/j15
e\/flt
PA oV Ts (vi ® w)
eVl
_ex/jl( —t)(1 Z)Uz QR w
0 e\/jls
_e\/jlt O
Then (V3) g, = spanc{vi®w}. But for 0 s
6\/jlt O
Kiq,
0 eV—ls
_ex/jt 0
Pil 0 Vs (v @ W) = —v; @ w.

eVt
So (Vi)z,, = {0} and A =(1,-1,0,0) ¢ D(K, Kjg). Similarly, A =
(0,0,1,—1) ¢ D(K, Kpq).

Suppose that A = (1, —1,1,—1). Then dim¢ Vi =9. It follows from
the branching laws of (U(2),U(1) xU(1)) that (g1, ¢) = (1,—1)®(0,0)
and (qg’ﬂqz/l) = (L_l) ¥ (Oa O) Then ((ﬁ?qé?q37Q4) = (1 1 —1 ]‘)
(—=1,1,1,=1) or (0,0,0,0) € D(K, Ko). When (3}, G, @, @) = (0 0,0,0),

Cp = 8, Can = 0, Cp = C{ — 50]\// =8 > 0.

When (QI7Q27Q3aq4) (1 _1 -1 1) ( 171717_1)7

1
cg =8, cyn=4, cp=c;— S = 6.

On the other hand,

Vi &2 V5 K Va.
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The representation of Ky on v; ® v; € Vi (1,7 =0,1,2) is given by
e\/jS

Pi Vs (v ® v;)

V-t it
e 2 e 2
=[p2 ( _W)KW) @ lp2 <
e 2

en (E20) > ] (Uj)

e
=e
Hence

(Vi) i, = spanc{vg ® va, v1 @ v1,02 ® vo}.

0 1
Moreover, the action of the generator -0 0 —1 of Z, in Ky
-1 0
on v; ® v; is given by
0 1
-1 0 3
pa 0 Dwew) =) o,

Therefore,
(Vix)f([a] = span{vy ® vy — v ® Vg, V1 ® V1 }

and A = (1,-1,1, -1) € D(f(, f([a}). Notice that the f([a]—ﬁxed vector
v ®@ v € V{, which corresponds eigenvalue 8 and the Kg-fixed vector
Vo Vg — Vs Qg € V;J’ eV’ which gives eigenvalue
6.

Suppose that A = (2,
the branching laws of (

(0,2) and (g5, q3) = (=
D(K, Ky). Hence,

1—Y2—Y3+ya —Yy1+Yy2+y3—ya’

0,—1,—1). Then dim¢ Vi = 3. It follows from
(), U(1) xU(1)) that (7. d3) = (2,0)®(1, 1)@
17_1) Then (qlhqéaqw(h) = (1 1 —1 _1)

1
ci =8, cin=4, cL=cx— 56;\,, = 6.

On the other hand,

V]\g(VQ@)C)&C.
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The representation of Ky on v; ® w € Vi (i =0,1,2) is given by
6\/—713

PA VT (v ® w)

eﬁés_t)
— eV 1(s+) (P2 ( ﬁ(s_t)>](w) ® e~ V—Istt),,
(& 2

— VD00 & 4.

Hence

V)i, = spang{v; ® 1}.

0 1
. -1 0 .
Moreover, the action of the generator 0 -1 of Z, in Ky
-1 0

on v; ® w is given by

0 1

-1 0 1—i

i 0 Dwen =yt et

Therefore,

(V)i = span{on @ 1}
and A = (2,0,—1,-1) € D(f(, f([a]), which gives eigenvalue 6. Sim-
ilarly, A = (—1,-1,2,0) € D(K, f([a]), which gives eigenvalue 6 and
with multiplicity 1.

Suppose that A = (1,1,0,—2). Then dimcg Vi = 3. It follows
from the branching laws of (U(2),U(1) x U(1)) that (¢},q5) = (1,1)
and ((ZMQNSJ = (_QJOL@ (_L_l) D (07_2) Then (%7%7%7{7@ =
(1,1,—1,—1) € D(K, Ky). Hence,

1
Cp = 8, Can = 47 Cr, = C{ — 562\// = 6.

On the other hand,

Vi ¥ CR (1, ®C).
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The representation of Ky on w ® v; € Vi (i =0,1,2) is given by

6\/—ls

0 1
. -1 0 L=
Moreover, the action of the generator 0 _1 of Z, in Ky
-1 0

on v; ® w is given by

0 1

-1 0

P[\( 0 -1 )(1®Uz) = 1®'U2,Z'.

Therefore,
(V]qua] = spanc{l ® v; }

and A = (2,0,—1,—1) € D(K, f([a]), which gives eigenvalue 6. Simi-
larly, A = (0,-2,1,1) € D(K, f([a]), which gives eigenvalue 6 and with
multiplicity 1.

Observe that

dimg V{(2,0,-1,—1) + dimc V(_1,—1,2,0) + dim¢ V(1,1,0,—2)
+ dlmc ‘/(07_27171) + dlmc ‘/(17_1717_1) =34+3+3+3+9
=21 =dim SO(8) — dim S(U(2) x U(2)) = nux(G).

Therefore, G(N®) C Qs(C) is strictly Hamiltonian stable.
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9.9. Eigenvalue computation when m = 3.

ci =(A+ 25z, A)
=Py + Py + D5 + iy + s + Pr — P2 + 2(Ps — fs),

ci =(AN + 265, A)
=pr + P+ @+ G+ P — P2t 45— @,

cin =(N"+ 25z, A")
=(@)" + (%)" + (3)" + (3)"

Then the eigenvalue formula is

c=2c; — Cx) — =Cin

2
= p1 + D3 + 2(p3 + D5 + P2) + (P1 — P2) + 4(Ps — Ps)
1, . . . .
(@) + (@)% + (@5)° + (@))%

— G+ @)~ (- @) -

Denote A = pry1 + Poye + Psys + Paya + Psys € D(f(7 _f(o) by A =
(D1, D2, P3, Pa, D). Then
{A € D(K, Ko)| — ¢, < 10}
—={0,(1,-1,1,0,—1),(2,0,0, -1
(1,1,0,0,-2), (=1,-1,2,0,0),(1,~1,0,0,0),
(1,0,0,0,-1),(0,-1,1,0,0),(1,1,0, -1, —1),
(=1,-1,1,1,0),(0,0,1,0,—1)}.

,—1),(0,-2,1,1,0),

Suppose that A = (1,—-1,1,0,—1). Then dimc Vi = 24. It fol-
lows from the branching laws of (U(3),U(2) x U(1)) that (g3, G, G5) =
(1,—1,0)&®(0,0,0). When ((]3, q4, q5) = (0,0,0), by the branching laws
of (U(2)7 U<1) X U(l))> (dla Q27 Q3? Q4, Q5> = (07 07 O 0 O) HGHCG

1
cr, = 2c; — Ccj — S = 16 > 10.

en (gs,qs,Gs) = (1,—1,0), by the branching laws of (U(2),U(1) x
U<1) ) £~/1> (jéa q~éa q~£17 (.ig) = (17 _17 _17 17 0)7 (07 07 Oa 07 0) or <_1> ) 17

cr, = 2cy — ¢y — 5CAr = 10,12 or 10,

respectively.
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On the other hand, now
e\/jS

Ko = { eV T s, bl € R} ~ U(1)xU(1)xU(1).

(V]\)f{g C (Wyl—yQ X Wys—y4 X WO) D (Wyl—yz X WO X WO)
= (LKWKLHRC)s (1KCKXC),
where the latter is the Ky = U(2) x U(2) x U(1)-module. The repre-

sentation pjz of Ky on u; Qu;@w e VaKVKC (4,5 =0,1,2) is given
by

e\/—ls

pil eV—ls )(u @ v; @ w)

6\/—1l

( e\/TIS ( 6\/?15

oV Tt ) (wi) ® Pys—y, et ) (vj) ®w

:em(s_t)(Q_i_j)ui ® U] ® w.

:pyl —Y2

The representation p; of Koonu;@v@w e V,KCKC (1=0,1,2)
is given by

e\/—ls

pal eYls )(ui @ v @ w)

:pyl —Y2

e\/jS
( e\/jlt)(u,)@)’U@w

26\/?1(S_t)(1_i)ui RV W
Thus,

(‘7]\)[(0 = Spanc{us ® vy ® W, Uy ® vy @ W, U ® V] @ W, U @V R W}.
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-1 0
Moreover, the action of the generator 0 -1 of
-1 0
6\/fill
Z, in f([a} on u; ® v9_; ® w is given by
0 1
-1 0
pA< 0 -1 )(ui®’027i®7ﬂ)

() 5 Jwen( L Ve eew

= (—1)171"&271' R v; QW
and the action on u; ® v ® w is given by
0 1
-1 0
pil 0 -1 )(u; @ v @ w)

6\/—1l

0 1 _;
=p2 ( 1 0 ) (u) @v@w = (—1)*"uy_; ®v @ w
Therefore,
(‘Z&)k[a] = spang{us @ vy @ W — Uy @ V2 ® W, Uy @ V1 @ W},

dime(V3)g,, = 2 and A = (1,-1,1,0,-1) € D(K, K[g)). Notice that
the K [o-fixed vector u; ® vy ® w € Vj,, which corresponds eigenvalue
12, where A” = 0. And the Kig-fixed vector us ® vy @ w — 1o @vy @w €
V;\,l, & V;\g, which gives eigenvalue 10, where AY = (1,—1,—1,1,0) and
A =(-1,1,1,-1,0).

Suppose that A = (2,0,0,—1,—1). Then dim¢ Vi = 9. It fol-
lows from the branching laws of (U(3),U(2) x U(1)) that (g3, G, G5) =
(0, -1, —1)@&(—1,—1,0). When (s, 4, Gs) = (—1, —1,0), by the branch-
ing laws of (U(2)7 U(]-) X U<1))a ((717 q~,27 Cji/’)a (Zla %) = (17 1a _17 _17 O)
Hence,

1
C = QC[\ — Cxr — 50&// = 10.
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On the other hand,
(VJ\)RO C (W2y1 X W—(y3+y4) X WO) = VvQ XCKX C,

and the representation pyz of Kyonu;@vew e VaKRCKC (1=0,1,2)
is given by

e\/jls
e\/TIt
pil eV1s J(u; @ v@w)
eﬁt
e\/TIZ
6\/7715 e\/jls
=P2y ( oV -1t ) (u;) ® P—y3—ya ( oV 1t ) (v) ®w
VI 0 @ .
Thus,
(Vi)k, = Spancg{u1 ® v ® w}.
0 1
-1 0
Moreover, the action of the generator 0 -1 of Z,
-1 0
eﬁl
in f([a] on u; ® v ®w is given by
0 1
-1 0
pil 0 -1 N u; @ v @ w)

e\/—ll

0 1 0 -1 i
=pP2y, < 1 0 ) (UZ) & P—(ys3+ya) ( 1 0 ) (U) QW w = (_1)1+ Uz—; @V W

Therefore,
(VA)R[G] = spanc{u; ® v @ w},

dimc(f/;\)f{[a] =1and A = (2,0,0,—1,~1) € D(K, Kjg), which gives
eigenvalue 10. Similarly, A = (0,-2,1,1,0) € D(K, f([a}), which gives
eigenvalue 10 and with multiplicity 1 and dimension 9.

Suppose that A = (1,1,0,0, —2). Then dimg Vi = 6. It follows from

the branching laws of (U(3),U(2) x U(1)) that (g3, G4, G5) = (0,0, —2) P
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(0,—1,-1)®(0,—2,0). When (§s, 44, Gs) = (0,—2,0), by the branching
laws of (U(2),U(1)xU(1)), (41, G5, 4, G5) = (1,1,—1,—1,0). Hence,

1
C = QC[\ — Cxr — 50[\// = 10.

On the other hand,
(vﬁko C (WoRW_o, ) XWp) = CXV,XC,

and the representation pj of Kyonu®u;®w e CRV,KC (i =0,1,2)
is given by

e\/—ls

pil eV—ls J(u® v; @ w)

(\7,1)[30 = Spanc{u ® v; @ w}.

0 1
-1 0

Moreover, the action of the generator 0 -1 of Z,
-1 0
6\/fill

in IN([a] on u; ® v @ w is given by

pal 0 -1 (4 ® v, @ w)

0 1 0 -1
:py1+yz(_1 O)(U’)®p—2y4<_1 0 )(Ui)®w:U®U2—i®w

Therefore,

(Vi) i, = spanc{u @ vy © w},
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<ﬁmc(ﬁgkm = 1and A = (1,1,0,0,-2) € D(K, Kp), which gives

eigenvalue 10. Similarly, A = (—1,-1,2,0,0) € D(f(,f([a]), which
gives eigenvalue 10 and with multiplicity 1 and dimension 6.

Suppose that A = (1, —1,0,0,0). Then (G, ¢, G3, da; G5) = (1, —1,0,0,0).
It follows from the branching laws of (U(2), U(1)xU(1)), (41, qé, 5, (14, q5)
(0,0,0,0,0) € D(K, Ky). Hence,

1
cr = 2c5 — ¢y — S = 4 < 10.

On the other hand,

(Vi) =W

Yi—y2

X W, =V, K C,

and the representation pz of Koonu@w e Vo XC (1 =0,1,2) is
given by

e\/—ls

Pl eVl (s ® w)

e\/js;t
=pP2 o~V (u) @ w

—eVT=00=0) @ .

Thus,
V)i, = Spanc{u; ® w}.
0 1
-1 0
Moreover, the action of the generator 0 -1 of Z,
-1 0
6\/?”
in K [ ON u; ® w is given by
0 1
-1 0
Pl 0 -1 J(uw @ w) = —u; @ w.

ex/fll

Therefore, (VA)RM = {0} and A = (1,-1,0,0,0) & D(K, Kiy).
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Suppose that A = (1,0,0,0, —1). It follows from the branching laws
of (U(3),U(2) x U(1)) that (gs,Gs,G5) = (0,0,—1) & (0,—1,0). When
(G3G1,G5) = (0,—1,0), by the branching laws of (U(2),U(1) x U(1)),
(6/17 géa géa (Z,La ng> - (]-7 07 _17 07 0) S¥ (07 ]-7 07 _17 0) S D<K17 KO) Hence,

1
Cr, = 20]\ - CA/ - §CA// — 5, 5 < ]_0

On the other hand, (Vi)z, C (W,, K W_, KW,) = (V X1} K
C), where the latter is the Ky, = U(2) x U(2) x U(1)-module. The
representation p; of Ko on u, @ v; @w € VXV, KC (4,5 =0,1) is
given by

6\/—15

pil eV—ls )(w ®@v; @ w)

Thus,
(Vi)ik, = Spanc{u; ® vp @ w, ug ® v; @ w}.
0 1
-1 0
Moreover, the action of the generator 0 -1 of Z,
-1 0
e\/?1l
in f([a] onw; ®v;_; @w (i =0,1) is given by
0 1
-1 0
p[\( 0 —1 )(ui®vl,i®w) = (—1)1’lu1,i®vi®w.

6\/fll

Therefore, (VJ\)RM = {0} and A = (1,0,0,0,-1) & D(K, K|y).

Suppose that A = (0,—1,1,0,0). It follows from the branching laws
of (U(3),U(2) x U(1)) that (g3,qs,G5) = (0,0,1) & (1,0,0). When
(G3,da, Gs) = (1,0,0), by the branching laws of (U(2),U(1) x U(1)),
(qlla 657 q~i,37 qNAIp g./5> = (_17 07 17 07 O) D (07 _17 07 17 0) € D<K17 KO) Hencea

1
C, = 20[\ — Cxr — 50&// = 5, 5 < 10.
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On the other hand, (Vi)z, C (W_,, BW,, ®W,) = (K1} K
C), where the latter is the Ky, = U(2) x U(2) x U(1)-module. The

representation p; of Ko on v, @ v; @w € VXV, KC (4,5 =0,1) is
given by

e\/jls
eﬁt
Pil eVls )(u; @ v; ® w)
e\/jlt
e\/jl
:e\/jl(sft)(lfi*j)ui RQ Uj ® w.
Thus,
(VZ\)RO = Spanc{u1 ® vo ® w,up @ V1 @ w}.
0 1
-1 0
Moreover, the action of the generator 0 -1 of Z,
-1 0
6\/—71l
in f([a] on u; ®vi—; ®w (i =0,1) is given by
0 1
-1 0
Pal 0 -1 Y @ v @w) = (—=1)'u; @ v; @ w.

Therefore, (VZ\)R[G] = {0} and A= (1,0,0,0,-1) ¢ D(f(’ f([a})'

Suppose that A = (1,1,0,—1,—1). It follows from the branching
laws of (U(3),U(2) x U(1)) that (s, s, G5) = (0,—1,—-1)® (=1, —1,0).
For the element (f1, 7y, Gs, G, G5) = (1,1, —1,—1,0) in D(K>, Ko), by
the branching laws of (U(2),U(1)xU(1)), (¢, @5, @5, @) = (1,1, —1,—1) €
D(K,, Ky). Hence,

1
CL = 20[\ - CA/ - 50&// - 6 < ].0

On the other hand, (V) z, C (Wy, 4y RW_y,_,, ®W,) = (CHCK

C), where the latter is the Ky = U(2) x U(2) x U(1)-module. The
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representation pz of Koonu®v®we CRCKXC is given by
e\/jS

pil eVt (u®v®w)

=V My @ eV Ty gw =uevew.

It says that (V]\)RO = Spanc{l ® 1 ® 1}. Moreover, the action of the
0 1
-1 0

generator 0 -1 of Z, in K ] ON U®VRw is given

by
pil( 0 -1 J(u®vRw)=—-u®uvew.

Therefore (V3)z, = {0} and A = (1,1,0,—1, —1) & D(K, Ko). Simi-
larly, A = (—1,-1,1,1,0) & D(K, K,).

Suppose that A = (0,0,1,0,—1). It follows from the branching
laws of (U(3),U(2) x U(1)) that (g3, qs,q5) = (1,0,—1) & (0,0,0) &
(1,-1,0) & (0, —1,1). For the element (p1, P2, s, ds, Gs) = (0,0,0,0,0)

in D(Ks, Ky), by the branching laws of (U(2),U(1)xU(1)), (g}, @5, @5, @) =

(0,0,0,0) € D(K,, K;). Hence,
1
cr = 2cy — ¢y — 5Chr = 12 > 10.

For the element (py, pa, Gs, 4a, Gs) = (0,0,1, —1,0) in D(K>, Ky), by the
branching laws of (U(2),U(1) x U(1)), (41,5, G5, q1) = (0,0,0,0) €
D(K, Ky). Hence,

1
cr = 2c; —cx — S = 8 < 10.

On the other hand, (V;\)f(o C ‘7('07070’070) 69‘7(’070717_170). We only concern
on ‘7(’%0,17_170) since it corresponds to the smaller eigenvalue 8. Notice
that V(/o,o,1,—1,o) = (W X W, X Wy) = CK V, K C, which is the

Y3—Yya
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Ky, = U(2) x U(2) x U(1)-module. The representation p; of Ky on
u®v;@w € Vo, 40 (6=0,1,2) is given by

6\/715

Pal( eV=ls )(u® v; ® w)

:eﬁ(s—t)(l—i)u ®v; @ w.

Thus (VA)KO = Spanc{l®@v; ® 1} & V(/o,o,o,o,o)'

0 1
-1 0
Moreover, the action of the generator 0 -1 of
-1 0
eﬁl
Z, in IN(M on u ®v; ®w is given by
0 1
-1 0
Pl 0 -1 )(u®@ v @ w)

0 v—1
:u®P2((\/_—1 0 ))vl®w=—u®v1®w.

Therefore, 1 @ v; ® 1 ¢ (V;\)f([a] and (VA)R[a] = ‘7(’07070’070), which gives
the larger eigenvalue 10.

Therefore, G(N') C Q1(C) is Hamiltonian stable. Moreover, since

dimg V{1,—1,1,0,—1) + dime Vio,0,0,—1,—1) + dimc V(o,—2,1,1,0)
+ dimec V{1,1,0,0,—2) + dimc V(—1,-1,2,0,0)
=24+94+9+6+6=54

= dim SO(12) — dim S(U(2) x U(3)) = nur(G),

G(N'9) C Q19(C) is strictly Hamiltonian stable.
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9.10. Eigenvalue computation when m > 4.
Ci :</~\ + 201, /~\>
=Pt + 0y + B3+ Bi + Pogr + Priso
+p1— P2+ (m—1)ps + (m — 3)ps
= (m = 3)Pmi1 — (M = )P,
Cis :</~\/ + 2(5};-2, /~\,>
=pr + D5+ @ + @5+ P~ P2+ G5 — s
Cin :</~\” + 25[(-1, /N\//>
=(q1)" + (®)* + (d5)" + (d))*.

Then the eigenvalue formula is

1
c=2c{ — Cx — 5Chr

= P+ D5 + 2005 + D5 + Doy + Porya)
+ (p1 — P2) +2(m — 1)(P3 — Dm+2) + 2(m — 3)(Pa — Dm+1)

(B )~ (G~ @)~ @)+ (@ + (@) + (@)

In case ]\ = (plaﬁ?aﬁ3aﬁ4vﬁm+lapm+2) = (ﬁl?ﬁZ: 07 07 07 O) :
Since
D3 = P4 = Pm+1 = Pmt2 =0,

we have

35=@=0="""=qmi2=0
and thus
qs = q, = 0.
p1 + p2 = 0, namely, ps = —p1.
¢ = —a+p1, @ = a+py =a—p = —q forsomea =0,1---,p —
P2 =2p;. A € D(K, Ky) implies that ¢} = ¢, = 0 since ¢} + g5 = 0 and
g + & = 0. Then

c=2c; —cx — 5CAr
N N . N 1, . .
=p; + P5 + (P1 — P2) — 5((61’1)2 + (%)%
=2p7 + 2p1 — (G1)°

=2p1(p1 + 1)
100



Now A = ﬁlyl—f—ﬁgyg = 2ﬁ1%(y1—y2> Set ¢ := 2ﬁ1 Then VA = VgXlC,
where V, denotes the complex vector space of complex homogeneous
polynomials of degree ¢ with two variables zy, z;. The representation
p; of Ko on v; @ w € V; is given by

eV—ls
eV -1t
Pi eVls (v ® w)
eVt
T

VT2 0
=l ( 0 e—ﬁ(s_w/z)](%‘) ®w
=v;(e = 20, € = 21) @ w
:e@“_mvi @ w

Hence, (VZ\)RO = spang{vz ® w}. On the other hand,

0 1
-1 0

PA (Uﬁl ® w)

_ O

T

0 1

:[pf (_1 O>](Uﬁ1) Qw

:(_1)151”@ @ w.
Therefore, (f/;\) Ko = spanc{vs ® w} for p; is even. In particular,
form >4, A = 2y — 2y € D(f(, f([a]) with p; = 2 has eigenvalue
c=2p1(p1 + 1) = 12 < 4m — 2, which means that

S(U(2) x U(m))
m—2(C

SUMxUD) xU(m—2))-Zg Qum—(C)

is NOT Hamiltonian stable for m > 4.

— SU2)xU(m)) -
Theorem 9.1. L = smanomywtm-orz; —— @am—2(C) (m = 2) is
not Hamiltonian stable if and only if m > 4. If m = 2 or 3, it is strictly
Hamiltonian stable.

I —

10. THE CASE (U, K) = (Sp(m +2), Sp(2) x Sp(m)) (m > 2)

When m = 2, (U, K) is of By type. When m > 3, (U, K) is of BCj

type.
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u:=sp(m+2) Cu(2m-+4)

(_AB g) € sp(m + 2),

where A € u(m+ 2), B€ M(m+2,C) with ‘B = B.

£
=5p(2) 4 sp(m)

Ay 0 By 0
0 Ay 0 B
{5, T 4, ¢ | !Aneu@.BneM@0).8, =B,

0 —By 0 Ay
Az € u(m), By, € M(m, C), B, = BZQ}

0 A12 0 312
_ |4 0 B, 0 _ : }
p B { 0 —312 0 AIQ | A12 = M(27 m; C)7 B12 € M(Z, m; C)

0 Hyp 0 0
~Hy' 0 0 0

4= {H(&’g?): 0o 0 o A, | !
0 —H!. 0

lez(% 502 8 8)751752€R}

10.1. Description of the subgroups K, and Kg. U := Sp(m + 2)

102



K, :=8p(1) x Sp(1) x Sp(1) x Sp(1) x Sp(m — 2)

aa 0 0 0 O
0O ag 0 0 O
:{ 0 0 a2 0 O ]al,aQEU(2),C€Sp(m—2)}
0 0 0 a O
0 0 0 0 C

Koy =5Sp(1) x Sp(1) x Sp(m — 2)

@i 0 0 0 0
0 a 0 0 0

:{ 0 0 a 0 0 |al,agESp(l):SU(Q),C'ESp(m—Q)}
0 0 0 a 0
00 0 0 C

Ko = {k € K | Ady(k)(a) = a},
Kiq = {k € K, | Ady(k) : a — a preserves the orientation of a}

= (Q - Ko) U (Q* Ko) U (Q* Ko) U Ko,

where

D= 0 1 andQ::(lO) 10)>

]m—2

The deck transformation group of the covering map G : N®™2 —
G(N®™72) (m > 2) is equal to Kq/Ko = Za.

10.2. The groups K, Ky, Ki, Ky. When m = 2,
K = 5Sp(2) x Sp(2)) D K1 = Sp(1) x Sp(1) x Sp(1) x Sp(1)
D Ko = 5p(1) x Sp(1)

When m > 3,
K = 5p(2) x Sp(m) D Ky = Sp(2) x Sp(2) x Sp(m —2)
D Ky = Sp(1) x Sp(1) x Sp(1) x Sp(1) x Sp(m — 2)

D Ky = Sp(1) x Sp(1) x Sp(m — 2)
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10.3. Two fibrations over K/Kj.

)
K/ Ko Sp(1) x Sp(1) x Sp(m — 2)
_ 5p(2) x Sp(2)
Sp(1) x Sp(1)
Sp(2) x Sp(m)
— KR =50 ) {1 % S¥(m =3
N Sp@) < Splm) _ Splm)
KI5 = 55 % 5p(2) x Spim —2) ~ Sp@) = Sp(m — ) C2H)
_ Sp(1) x Sp(1) x Sp(1) x Sp(1) x Sp(m — 2)
/Ko = Sp(1) x Sp(1) x Sp(m —2))
- Sp(1) x Sp(1)  Sp(1) x Sp(l) .3 3
SO R O
C 5p(2) x Sp(m)
BB = X (D) x Splm — )
g Sp(2) x Sp(m)

Sp(1) x Sp(1) x Sp(1) x Sp(1) x Sp(m — 2)
Sp(m)
Sp(1) x Sp(1) x Sp(m —2)

=~ HP' x

10.4. D(Sp(m)) and D(Sp(2) x Sp(m)).

Let G = Sp(m) and K = Sp(2) x Sp(m—2) in this subsection. Their
Lie algebras are g and €, respectively. A maximal abelian subalgebra t
in g is given as

V—1&

it T

Vs

(& GneR}CECg
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[(G) =T(K) ={§ e t] exp(§) = e}
V=1k

_{§:27r V= Tkn

—v—1k;

=Tk,
| ey, ,kmeZ}

D(G) = D(Sp(m))
={A et | A(§) € 2rrZ for each £ € T'(K),(A,a) >0 for each a € II(G)}
={A=piyr+ - DY | P1 P € Lpr Z P2 2o 2 2 0}

D(K) = D(Sp(2) x Sp(m — 2)))
={A et | A(§) € 2rZ for each £ € T'(K), (A, ) > 0 for each a € II(K)}
={A=pwr+- -+ Pmlm [ P1y P €Zipr 2 pp 2 0,ps > - = p 2 0}

10.5. Representation of the Casimir operator.
Denote (X,Y) := —2trXY for any X,Y € sp(m +2) C u(2m + 4).
When m = 2,

1
CL= §CK1/KO + Cr/x;,

1
- CK/K() - écKl/K(N

When m > 3,

1
Cr = Cry/iy +2Ck )k, + QCKl/KO

1
= 2Ck /Ky — Cry Ky — §CK1/K0>

where Ck/k,, Cr, /i, and Ck, /i, denote the Casimir operator of K /Ky,
Ky/Ky and K;/K, relative to { , )e, (, )e, and (, )|e,, respectively.

10.6. Branching laws of (Sp(2), Sp(1) x Sp(1)) ([19], [40].)

Let A = piy1 + paya € D(Sp(2)) be the highest weight of an irre-
ducible Sp(2)-module V}, where py,ps € Z and p; > py > 0. Then the
irreducible decomposition of V as a Sp(1) x Sp(1)-module contains

an irreducible Sp(1) x Sp(1)-module Vi, with the highest weight A’ =
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@iy + @22 € D(Sp(1) x Sp(1)), where q1,¢2 € Z and ¢; > 0,q, > 0, if
and only if

(i) p1 > g2 > 0; 1 .
ri+1_xy—(r;+1
(ii) in the finite power series expansion in X of Hi:O(XX_ X_)i ),
where 7;(i = 0,1) are defined as follows

To :=pP1 — max(pQ, (Jz);
71 :=min(ps, ¢2),

the coefficient of X! does not vanish. Moreover, the value of
this coefficient is the multiplicity of the Sp(1) x Sp(1)-module.

10.7. Descriptions of D(K, Ky), D(K;, Ky) when m = 2.
Each A € D(K, K,) is

A = p1y1 + pay2 + D3y3 + Pala,

where py, -+ ,ps €Z, p1 > p2 >0, p3 > py > 0.
Each A" € D(K}, Ky) is

A = qy1 + Y2 + q3y3 + qaya,

where
q1 =43, 42 = (q4.

10.8. Eigenvalue computation when m = 2.

A = p1y1 + paye + p3ys + pays € D(K, Ky),
(pi €Z, p1 > pa,p3 > ps 2> 0)
ST(K) = {y1 — y2, 1 + Y2, 201, 202, U3 — Ya, Us + Ya, 293, 20a}
205 = 4y + 2y2 + dys + 24

N = qyr + @y2 + @3y3 + @uys € D(K7, Ko)
(G €Z,q>0,1<i<4),q =qs, G2 = qu,

20k, =2(y1 +y2 + Y3 + ya)
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cx =(A+ 20k, A)
=pi + D5 + 3 + i + 4p1 + 2p2 + 4ps + 2py,
car =(N + 26g,, \)
=G+ G+ +aG 20+ e+ et )
=2(q] + 65 + 201 +2¢2), (@1 = 03,02 = qu),

with respect to the inner product (X,Y) := —{Tr(XY) for any X,Y €
sp(4) C u(8). Hence, we have the following eigenvalue formula.

1

C=CK/Ky — EcKl/Ko

4

= (D p} +4p1+ 2pa +4ps + 2ps) — (¢ + B3 + 201 + 2g)
=1

Denote A = p1y1+paya+psys+pays € D(K, Ko) by A = (p1, p2, p3, Pa)-
Then

{AeD(K,Ky) | —cp, <14}
={0,(1,1,0,0),(0,0,1,1),(1,0,1,0), (1,1, 1,1),
(1,1,2,0),(2,0,1,1) }.

Suppose that A = (1,1
branching laws of (Sp(2)
T

and (g3, q1) = (0,0).
Hence,

,0,0). Then dimcV,y = 5. It follows from the
,Sp(1) x Sp(1)) that (g1,¢2) = (0,0) & (1,1)
en (Q1>Q2>QSaCI4) = (07 07070) € D(KlaKO)'

1
cpa =38, cp =0, cL:cA—§cA/:8<14.

On the other hand, there is a double covering 7 : Sp(2) — SO(5),
and 7(Sp(1l) x Sp(1)) = SO(4). Let A5 denote the standard repre-
sentation of SO(5) and 1 the trivial representation of SO(5). Then
the complex representation of K = Sp(2) x Sp(2) with the highest
weight (1,1,0,0) is (As ® 1) ® C and V, = CP. It is easy to see that
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(VA)k, = Cey, where e; = (1,0,0,0,0) € C°. But for
0 1
10

a = GK[O]CK, CL%KO,

— O
o =

m(a) = diag(—1,1,—-1,—-1,—1) € SO(4) and 7(a)e; = —e; # e;.
Therefore (Vi)r, = {0} and A =(1,1,0,0) ¢ D(K, Kjq). Similarly,
A=1(0,0,1,1) g_i D(K K).

Suppose that A = (1,0,1,0). Then dimcVy = 16. The correspond-

ing representation with the highest weight A is just the complexified
isotropy representation Ad,(K)®. Hence A & D(K, K|g).

Suppose that A = (1,1,1,1). Then dimcV) = 25. It follows from
the branching laws of (Sp(2), Sp(1) x Sp(1)) that (¢1,¢2) = (1,1) &
(070) and (QS,CM) = (17 1) D (070) Then (Q1aQ2aCJ3aQ4) = (1717 L, 1) D
(0,0,0,0) € D(K;, Ky). When (q1,¢2,493,91) = (1,1,1,1), ¢, = 10 <
14; When (q1, g2, 43, 94) = (0,0,0,0), ¢, = 16 > 14.

On the other hand,

Vi =C°RC = M(5,C).
There is a double covering

m: K =5p2) x Sp(2) — SO(5) x SO(5)
7|k, : K1 = Sp(1) x Sp(1) x Sp(1) x Sp(1) — SO(4) x SO(4)
Ky = Sp(1) x Sp(1) — SO(4)
The representation of K on V, is realized as the action of 7(K) =

SO(5) x SO(5) on M(5,C) in the following way: for any (A, B) €
SO(5) x SO(5), X € M(5,C) is mapped to AXB~! € M(5,C). Then

- 6 6 9+ )

Wii,1,000 ® W0,0,1,1) ® Wi0,000 © Wi,
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Ky acts on M(5,C) by the adjoint action as a diagonal subgroup of

K. Hence,
z 0

(M(5,C))x,, = C (é 8) — W(0,0,0,0).

Although A = (1,1,1,1) € D(K, KJq), by the previous calculation, we
know that the element in (M (5, C))r, gives eigenvalue c;, =16 > 14.

Suppose that A = (1,1,2,0). Then dlchA = 50. It follows from the
branching laws of (Sp(2), Sp(1) x Sp(1)) that (q1,42) = (1,1) & (0,0)
and (gs,q4) = (0,2) & (1,1) & (2,0). Then

Va =Wy B Up2) © Way BUay) © (Wany BUg)
® (Wioo) B U2) & Wi BUn) & (W0 B Uep)-
Only (q1,92,93,q4) = (1,1,1,1) € D(K;, Ky) and the corresponding
eigenvalue c;, = 14.
On the other hand, the representation of K with highest weight A =
(1,1,2,0) is (A\; M Ad) ® C. Denote Ay = (p1,p2) = (1,1) € D(Sp(2)).
Then

Vi, = C° = Ce; @ spanc{es, 3, e4,e5} = W) & W ).
Using the definition
sp(2) ={X e M(2H)| X"+ X =0},

we can chose the following basis in sp(2).

(0 1 ({0 1 (0 g (0 k
El._(_l O),EQ._ (Z O),Eg.— (j 0),E4._(k 0),
(i 0 (7 0 (kO
E5._(0 0),156._ (0 0),157._ (O O),
0 0 0 0 0 0
ES = (0 7/) ) E9 = (0 j) EIO — (O k,) )

where {1, j, k} denote the unit pure quaternions.
Denote Ay = (p3, ps) = (2,0) € D(Sp(2)). Then

Vi, = spanc{ E1, Es, Es3, By} @ spanc{ Es, Eg, E7} @ spanc{Es, Eo, E10}
= W) ® W0 @ Wope
By straightforward computation, one can get
(VA)k, =spanci{e; ® B +e3® Ey + e, ® 3 +e5 @ By}

=(Va) ki € Wiy ® Un,).
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Therefore, A = (1,1,2,0) € D(K, K|g), which gives eigenvalue 14.
Suppose that A = (2,0,1,1). Then dimcVy = 50. It is similar to
show that A € D(K, K[q)) and it gives eigenvalue 14. Therefore,

dimg V{1,1,2,0) + dimg Vi2,0,1,1) = 100
= dim SO(16) — dim Sp(2) x Sp(2) = npk(G),
G(N') C Q14(C) is strictly Hamiltonian stable.

10.9. Eigenvalue computation when m > 3.
A =piy1 +payo +p3ys + -+ Pm2Ymr2 € D(K, Ky),
(i €Z, p1 > P2, p3 > Ps >+ 2> Pya > 0)
STK) = {y1 — y2, 1 + Y2, 291, 292, % — U5, % + 45, 20:(3 < i < j <m +2)}
20K = dy1 + 2y2 + 2mys + (2m — 2)ys + -+ + Wit1 + 2o

N = qy1 + q2y2 + @3y3 + Qaya + GsYs + -+ GmyoYmr2 € D(Ky, Ko)
(¢ €Z, 1 22> 0,q3 > q1 > 0,95 > +++ > g2 > 0,
Q1 = D1, G2 = P2)
ST(KL) ={vi —yj,ui +y;((4,5) = (1,2) or (3,4) or 5<i<j<m+2),
2y;,1 <i<m+2}
20/, = 4y1 + 2y2 +4ys + 2y + 2(m — 2)ys + -+ 22

A" = kyyr + koys + ksks 4 kays + ksys + -+ + kmioYmie € D(K1, Ky)
(ki €Z,k; >0,(1 <i<4),ks >keg>-->kpyo>0,
k; =q; for 5 < j <m+ 2)
SHEKY) ={yi—yj,yi+y; for 5<i<j<m+2),2y for1 <i<m+2}
205, = 2y1 + 2y2 + 2y3 + 2ys + 2(m — 2)ys + - - - + 2o

cn =(A + 26, A)

=p?+ -+ Do + AP+ 2pa + 2mps + (2m — 2)ps+ - + 2Pa,
e =(A' 4 20g,, \')

=G+ F Qo A0+ 202 + 4gs + 200 + (2m — 4)gs + -+ + 2o,
enr =(N' + 205, A")

=k + -+ k2o + 2Ky + 2k + 2ks + 2ks + (2m — 4)ks + -+ - + 2k o,

with respect to the inner product (X,Y) := —iTr(XY) for any X,Y €
sp(m 4+ 2) C u(2m + 4). Hence, we have the following eigenvalue

formula.
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1
¢=2Ck/k, — Cry/ky — §CK1/K0
m—+2
= 20D P} +4p1 + 22 + 2mps + (2m — 2)ps + -+ + 2ppya)
i=1
m—+2
- (Z G+ 4q +2q0 +4q3 +2q0 + (2m — 4)gs + -+ 2imy2)
i=1
m+2
1 2
- 5(2 k2 4 2ky + 2k + 2k5 + 2y + (2m — Dks + - + 2kpys)
i=1
where q; :kl for 5 < 1 < m+2, P1 = (41, P2 = Q2 and 1{31 :]{73, ]{32 :]C4.

Suppose that A = (p1,p2, -+, Pmr2) = (2,2,0,---,0) € D(K, Ky).
Then A’ = (ql, qa2, - 7Qm+2) = (2, 2, O, ce ,0) S D(KQ, Ko) It fol-
lows from the branching law of (Sp(2),Sp(1) x Sp(1)) that A" =
(k1, ko, -+ kpmao) = (0,0,0,---,0) € D(K;, Kp). Hence the eigenvalue
isecr, =20 < 8n — 2 for m > 3.

On the other hand, the representation of K with highest weight A =
(2,2,0,---,0) is a 14-dimensional irreducible representation, pgyyz(csX
I, where pgyn2(csy 1s the composition of the natural surjective homo-
morphism Sp(2) — SO(5) and the traceless symmetric product repre-
sentation of SO(5) on SymZ2(C®) := {X € M (5;C)| X! = X, trX = 0}.
Notice that an element A € SO(5) acts on Symj(C®) by X +— AX A*
for any X € Sym2(C®). So

sym() =+ (o3, ) {() 1) 15" symy(ch)

0 Z
@{<Zt 0)|ZGM(1,4;C)}
= C o Sym,(C*H @ C*
and
(Symy(Csow = C- (o _1;,) =€
Yo S0(4) = 0 _%1]4 =C.

Under the natural surjective homomorphism Sp(2)(C SU(4)) — SO(5),
01
the element Lo 0 1| € Sp(2) corresponds to diag(—1,1,—1,—1,—1) €
10

SO(5), denoted by @)'. By direct computation, we know that (Symg(C®))q.soN
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(Symg(C®))sowu) = (Symy(C?))so). Thus,
(Va=(2,2,0,-.0)) ko = C - ([1) _(1)[4) XC
and moreover,
(Vaczoo. )iy = C- (é By > X C.
4
This means that A = (2,2,0,---,0) € D(K, Ki) with multiplicity 1,

which corresponds to eigenvalue 20 < 8m — 2. Therefore, G(N®™~2) —
Qsm—_2 is not Hamiltonian stable.

_ Sp(2)x Sp(m) :
Theorem 10.1. L = (sp(1)xsi>(1)xsz;(w_n72))-z4 — Qsm—2(C) (m >2) is

not Hamiltonian stable if and only if m > 3. If m = 2, it is strictly
Hamiltonian stable.

11. THE cAsE (U, K) = (Eg, U(1) - Spin(10))
(U, K) is of BCs-type.

U=Es;DK=(U(1) x Spin(10))/Z4
D Ky = (U(1) x (Spin(2) - Spin(8)))/Z4 = (S* x (Spin(2) - Spin(8)))/Z,
D Ky = (S' x (Spin(2) - (Spin(2) - Spin(6)))/Z4

U = Eg D Fy D Spin(9) D Spin(8)
F,N K = FyN Spin(10) = Spin(9)
(see [44])

11.1. Cayley algebra. Let K be the real Cayley algebra and {cy =
1,¢1,- -+ ,c7} the standard units of K. They satisfy the following rela-
tions:

CiCiy1 = —Ci+1C; = Ci43, Ci+1Ci4+3 = —Ci43Ci41 = Ci,

2 .
Ci+3C; = —CiCi+3 = Cijy+1, C; = —1 for: € Z7.

Let x +— Z be the canonical involution of K, (, ) the canonical inner
product of K. We extend them C-linearly to the complexified alge-
bra K€ of K and denote them by the same notions z + z and ()

respectively.
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11.2. Exceptional Jordan algebra. The exceptional Jordan algebra
H;(K) is defined as the set

H3(K) = {u € M3(K)|u" = u},

with Jordan product

1
uow = §(uv + vu), for wu,v e Hs(K)

and the Freudenthal product
1
U X U= 5(2u ov —tr(u)v — tr(v)u + (tr(u)tr(v) — (u,v))Is),
where the standard real positive inner product ( , ) of H3(K) is defined
by
(u,v) = tr(uow)

for each u,v € H3(K). In H3(K), a trilinear form (u,v,w) and the
determinant det u are defined respectively by

1
(u,v,w) = (u,v X w), detu= g(u,u,u).
The real dimension of H3(K) is 27 and a typical element
§1 r3 To
Uu = T3 52 T s 5@ GR,xi e K (111)
T2 T1 &3
of Hs(K) will be denoted by
u = 5161 + 5262 + 5363 + T1U1 + ToUg + T3U3.
Let
H3(K)C := H3(K) + v—1H;3(K)
be the complexification of H3(K). Then the standard Hermitian inner
product { , ) of H3(K)C is defined by
(u, v) == (Tu,v)

for each u,v € H3(K)€, where 7 denotes the complex conjugation in
H3(K)€ with respect to H3(K). Then H3(K)® is canonically identified
with

H3(K®) = {u € M3(K®)|u* = u}.
An element u € H3(K®) of the form (11.1), with & € C, x; € K®, is
still denoted by u = &6 + &xeo + E3e3 + iUy + Tous + w3usz. Put

SH3(K) = {u € M3(K)|u" = —u, Tru = 0}.
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Denote the complexification of SH3(K) by SHs(K)®. Then SH;(K)®
is identified with

SH3(K) = {u € M3(K®)|u* = —u, Tru = 0}.
An element u € SH3(K)® of the form

21 T3  —To
u = —T3 2o X1 , 2, T; € KC, Zi=—2z;,252 =0
Ty —X1 23

is denoted by u = z1e1 + 299 + 2363 + XU + XUy + T3U3.
Injective linear maps R : H3(K)C — gl(H3(K)€) and D : SH3(K)€ —
gl(H3(K)€) are defined as
R(u)v =uov=f(uww+wvu), foru,ve H3(K)C,
D(u)v = 3[u,v] = 3(uwv —vu), foru e SH3(K)C, v e Hy(K)C.
(11.2)

Let ® denote the subalgebra of gl(H;(K)) generated by the set
{D(Xze;)|z € K, z; = —2;, Xz = 0}, and let

D, = {D(zu;)|r € K} fori=1,2,3,

Ro = {RD_&Ge)lé R, & =0},

R; = {R(zu;)|x €e K} fori=1,2,3.
Remark that dim®; = dim®, = dim®3; = 8, dimRy = 2 and
dimR; = dim Ry = dimR3 = 8.

Using Ise’s notions ([18], p.82), put
D;, =D(c,(—ej+ex), (1<i<3,1<r<7),
and
Dipq = [Di,p>Di,q]v (1<i<3,1<p,q<T),

where {1, j, k} is a cyclic permutation of {1,2,3}. Then from

> (za — wiz ),

{i.5,k}

(11.3)
& 1
D(Z ziei)(v) = 5

we can obtain

7
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—cui, ifz=c
D, (zu;)) = cowyy,  ifz =g,
0, ifx =c,(q#r),
D (zu;) = 3(c,2)uy,
L Di,r(xuk) = %(ZECT)Uk,



and

cqui, itz =c,
D; py(zu;) = ¢ —cpus, ifx = ¢
0, ifz = c.(r <0,# p,q),

D; pq (xuj) = %{Cp(cqxﬂ’uja

L Di,pq(xuk‘) = %{(xcq)cp}uk.

These mean that every D;,, D;,, leave T; = {zu;|x € K} invari-
ant (1 < i < 3,1 < p,q,r < 7) and identifying ¥; with K, it repre-
sents a skew-symmetric matrix with respect to the basis {cg, ¢1, - , ¢7};
namely D;, = Eo, — E,g and D, ,, = E,, — E,,, where E,, denotes the
matrix of degree 8 with all 0-components except (p,q)-component, 1.
Moreover,

[Diry Dipgl = Dipdgr — Dig0rp, (11.4)
[D@pq, Di,m] == D@p,ﬁsq + Di,qsdpr + Diﬂaqésp —|— Di,spérqa (115)
where 1 <i <3 and 1 < p,q,r, s <7. Particulary, we have
[Di,m Di,pq] = 07 [Di,pq7 Di,rs] = 07
if p,q,r, s are all different each other. Denote the real linear space
spanned by all D, ., D; ,, (1 < p,q,7 < 7) by D;0. Then all ®,(1 <
i < 3) are isomorphic to each other, and they are isomorphic to the

Lie algebra o(8). Here we use ©y = D1, dim®, = 28. Notice that
Dy={DeD|D(e;)=0 (=123}

11.3. From the group level. The automorphism group of the Jordan
algebra H3(K)
Fy:={a € GLc(H3(K)) | a(uov) =uowv}
is known to be a connected, simply connected, compact Lie group of
type f4. Its Lie algebra f, is given by
f1:={0 € glc(H3(K)) | §(uov) =duov+uodv}.
The Lie subalgebra 04 of f4
0y ={0€fs|de;=0,i=1,23}

is isomorphic to the Lie algebra o(8) ([44], p.39). Any § € f; can be
uniquely expressed as

0= D() + D(u),
where Dy € 04 and u € SH(K) with diag(u) = 0. In another words,
D =9+ D + Dy + D3 is a subalgebra of gl(H3(K)) and a compact

simple Lie algebra of type f,.
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{a € Fy | ae; = e} = Spin(9),
{a € Fy|ae;=¢; (i=1,2,3)} = Spin(8).
The groups ES and Fg are defined by
ES := {a € GLc(Hs(K)®) | det(au) = det(u) for each u € Hs(K)C},
Eg = {a € GLc(H5(K)®) | det(au) = det u, (au, o) = (u,v)},
respectively. The Lie algebras of EC and Ej are given by
eS = {0 € gla(H5(K)®) | (¢u,u x u) = 0 for each u € Hs(K)®},

€6 = {¢ € g[C<H3(K)C) ’ (gbu, U X U) - 07 <§Z§U, U) + <u7 ¢U> - 0}
Ejg is known to be a connected, simply connected, compact Lie group

of type eg.
Any element ¢ € ¢S is uniquely expressed as

¢ =0+ R(u), §¢efS,ue Hy(K),

i.e., g& = DC+MC is a subalgebra of gl(H3(K)®) and a complex simple
Lie algebra of type eg, where ®¢ and SR denote the complexifications
of ® and R respectively.

Any element ¢ € ¢g is uniquely expressed as

¢=0+V—1R(u), 0 € fs,uc Hy(K).

Equivalently, u := ® + /—1R is a compact simple Lie algebra of type
€g.
Consider a C-linear transformation o of H3(K)€ defined by

§1 x3 T & —x3 —Ty
o| T3 & x| = —73 & 1
To T1 &3 —Ty T &3

Then o € Eg and 02 = 1. It follows from the fact that the subgroup
(Eg)e, of Eg defined by

(Eo)e; = {a € Eg | aey = e1} = Spin(10)
that the subgroup (Fg)? of Eg defined by
(Eg)’ ={a € Es | ca =ac} =U(1)-Spin(10) = (U(1)xSpin(10))/Z,.
Explicitly,
(Bg)e, == {a € Es | aey = er} = Spin(10),
¢(0) := exp(ty/—1R(2e; — ey — €3)) € GLo(Hs(K)),0 = €2,

{0(0)]6 € C, 0] =1} = U(1).
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Define a mapping p : K = U(1) x Spin(10) — K = (E)? by
(6, @) = o(0)cr.
U(1) N Spin(10) = {1 = ¢(1),(=1), o(v=1), o(=v=1)}.
kerp = {(1,6(1)), (=1, 6(-1)), (V=1,6(=V-1)), (=V~1,6(V~1))}
=7y
Hence K = K/Z, = U(1) x Spin(10)/Z,.

K, =U(1) x Spin(2) x Spin(8) ¢ K = U(1) x Spin(10),
where Spin(2) C Spin(10) = (Eg)., is generated by
ags(t) = exp(tv —1R(ez — €3)) :
Ve Na
& 13 To &1 ez r3 e 2z Iy
f?} 52 a1 — egi’g Gt\/jlgg T )

T 7t\/—1 _ _ —
T2 I 53 e~ T Xy T etV 153

and
Spin(8) = (Eg)eyenes = {00 € Eg | ae; = ¢€;(i =1,2,3)}.
Remark that the Lie algebra of (Eg)e, eq.e5 18 just Dg.
Therefore,
Spin(2) N Spin(8) = {aas(t) | eVl = 1} = {a93(0), ans(27) }.
Then the natural projection
pa i Spin(2) x Spin(8) — K
(a3(t), B) — ags(t)B
has a kernel
ker po = {(ap3(t), ans(t) ™) | t = 2km, k € Z}
= {(123(0), 123(0)), (cv23(27), v23(2m)) } = Zo.
Hence K} = (Spin(2) x Spin(8))/Zs.
On the other hand, we also have
= S' x Spin(2) x Spin(8),
where S! is generated by

exp(tv—1R(e; — 2eq + €3)) :
— _t/-1 7 _
51 T3 To etﬁfl € 2 I3 etﬁxQ
> V=T V=1
Ty & w1 | = ey 2Vl "
To T 53 et\/jll.Q e—t*éjlfl et\/jl€3
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Spin(2) C FEg is generated by

ays(t) := exp(tvV/—1R(e; — e3)) :

_ t/—1 V-1 _
51 I3 Xo € gl € 2 I3 Ho)
_ /=1 _ _t/—1
T3 & x| = ez g & e 2 I

To T1 &3 o ot e—tVTg,

T
and Spin(8) = (Eg)e; ey,e5- Here Spin(2)xSpin(8) C (Eg)., = Spin(10).
Similarly, here
Spin(2) N Spin(8) = {aus(t) | V™1 =1} = {a13(0), a13(27)}.

Then the natural projection

Py Spin(2) x Spin(8) — K

(a13(t), B) — az(t)B
has a kernel
ker ph = {(au3(t), ai3(t)™") | t = 2km, k € Z}
= {(015(0), a13(0)), (a13(27), a13(2m)) } = Zs.

Thus,
Ky = (8! x (Spin(2) - Spin(8)))/Za,
Spin(2) - Spin(8) = (Spin(2) x Spin(8))/Zs.
Furthermore,
Spin(8) D Spin(2) - Spin(6) = (Spin(2) x Spin(6))/Z,,
where
Spin(2) (v, g, ai3) € Spin(8) | aa(c;) = ¢, if i # 0,4},

=1
Spin(6) = {(a1, az, a3) € Spin(8) | as(1) = 1,as(cy) = ¢4},
and
Spin(2) N Spin(6) = {(Id, Id, Id), (—1d, Id, —1d) },
Zo = {((1d,1d, Id), (Id, I, Id)), ((—Id, Id, —1d), (~Id, Id, —Id))}.
Thus,
K, = (S* x (Spin(2) - (Spin(2) - Spin(6))))/Z,.
Moreover,
St N Spin(6) = {(1d,1d,1d), (~Id, Id, —Id)},
Zo = {((1d, 1d,1d), (Id, Id, Id)), ((~Id, Id, —Id), (~Id, Id, —Id))}.
Hence,
Ko = (S* x Spin(6))/Zs.
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11.4. From the Lie algebra level. Consider a subalgebra (eg)., of
€g-

(e6)e, =1 € es | pe1 = 0}.
Since for any ¢ € eg, there exist u € SH3(K) and v € H3(K) such that
ger = D(u)(e1) + V=1R(v)(e1),
¢pe; = 0 if and only if
u = z1€1+ 209+ 23e3+ a1ty € SH3(K), v = &ea+E&es+x1u € Hs(K),
where a1, 77 € K, &,& € R with & + & = 0. Hence
(e6)es = {@ € &6 | pe1 =0}
= Do+ D1 + RV—1R(ey — e3) + vV—19%,
= 0s.

It 7 = (61 - 62) + (61 - 63) = 261 — €9 — €3 € SHg(K), then
V—1R(Z)(e1) = 2+/—1e;y. Therefore,

¢6 = (¢6)e; + RV—IR(Z) + Dy + D3 + V1R, + V1R,
=D+ D+ V1R + V-1R; = (¢5)., + RV-1R(2),
p=D+D3+V—1%R + V1R,
where
£ = (¢6)e, + RV—1R(2¢; — €5 — e3)
= (04 + D1 + RV—1R(ey — e3) + vV—19R,) + RV—1R(2¢; — €3 — e3)
= (03 + R(D14 + D112 — Digs + Dis7)) + D1 + RV—=1R(es — €3)
+ V=10, + RV—1R(2¢; — ey — e3)
=03+ R(D14+ D112 — D136+ D157) + R\/—_lR(€3 —e1)
+ R\/__lR(el —2e3+e3) + D + V—1R,
= (03 + RV—1R(e; — 2e5 + €3)) + R(Dy4 + D112 — D136 + D1s7)
+ R\/—_lR(eg —e)+9 + V—1R,.
Here
L =04 + R\/—_IR(eg —e3) + R\/—_lR(Qel — ey — €3),
£ =03+ R(Dy4 + D115 — Dy3s + Dis7) + RV —1R(ey — e3) + RV —1R(2e; — €5 — e3),

EU = 03 + R\/ —1R<€1 — 262 -+ 63).
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11.5. Realization of ¢ and EIII. Put

D = Do+9D; +9,+ Ds,
R = Ro+ R +R + R
Then D is a subalgebra of gl(H3(K)) and a compact simple Lie algebra

of type f4. Denoting by ®€ and RC the complexifications of ® and R
respectively, we put

g° =2 + R
Then g® is a subalgebra of gl( H3(K)®) and a complex simple Lie algebra
of type ¢5. The inclusion ¢ : g& C gl(H3(K)®) is a 27-dimensional
irreducible representation of g©.

Lemma 11.1. Forv = 61€1+£2€2+£363+x1ul +ZoUg+2T3Us € Hg(K)(c,
we have

1
R(OY “mev = mé&er + mbaer + nslses + = (2 + 13)z11

2
+ %(773 + M) Taus + %(Th + 1m2)T3u3,
D(Z ze)v = %(Zﬂl —z123)up + %(2’3@2 — Tp21)Up + %(2’1!103 — T329) U3,
D)o = (v, 2)(e; — ex) + 5(E — &) — (7T, + 5 (5,
R(zu;)v = (x,2;)(e; + ex) + %(fj + & )ru; + %a‘:i’kuj + %i‘jfuk,

where {i,7,k} is a cyclic permutation of {1,2,3}.
Define a real form u of g© by
u==~t+p,
where

E - @04‘@14-\/-1%0-%\/—1%1,
p = Do +D3+ V1R + V—1R;3.

Then u is a compact simple Lie algebra of type EIIl and the above
decomposition is a Cartan decomposition of u, where ¢ is isomorphic
to u(1) + 0(10),

[E, E] = @0 -+ @1 + —1RR(€2 — 63) Y —1%1
is isomorphic to 0(10) and the center of £ is spanned by

Z = V —1R(2€1 — €y — 63).
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11.6. Commutation rules for g€ of type es. The relations (11.3),
(11.4), (11.5) and the following list give commutation rules for g©. Here,
z,y,2 €KE, 2z = —z; fori=1,2,3, >, 2, =0, and &, &, & € C with
>,& = 0. In formulae (11.6) (11.14), (4, j, k) is a cyclic permutation
of (1,2,3). In formulae (11.16) and (11.17), ¢ = 1,2, 3.

[R(zw), R(yu;)] = —(1/2) D(zy ag), (11.6)
[R(zwi), D(yu;)] = [D(zw), R(yw;)] = (1/2) R(Ty ug), (11.7)
[D(zu;), D(yu;)] = —(1/2) D(Tyuy), (11.8)
[D(xt;), R(yw)] = (2, y)Rle; — ex), (11.9)
R(Y. Gen), Rlew)| = (1/2)(g - &)Dew),  (11.10)
R(Y. Gen), D) = (1/2)(& — &) R(wa), (11.11)
:D(Z ze), D(mi)} = (1/2)D((zjz — z2)w),  (11.12)
DY e, Rwi) | = (1/2)R((z50 — w20)u) (11.13)
[Rau), R(ys) = ~D(ens), Dlym)] (11.14)
e L [OEEN)
~[D(=5=(e; = e)). D5 e — ),
[R5, G +Dg] = {0}, (11.15)

R(zu;), [R(zw:), Ryw)]] = R(((z, 2)y — (2, y)x)us), (11.16)
D(zu,), [D(xus), D(yw)]] = D(((z, y)x — (2, 2)y)u)-(11.17)

The following lemma, gives the Killing-Cartan form B of g©.

[
[

Lemma 11.2 ([18], p.88 or [44], p.74). The Killing-Cartan form of the
complex Lie algebra g€ of type Fg is given by

B(X,Y)=4TrXY, XY €g°c gl(H5(K)"). (11.18)
11.7. Isotropy representation of (Es, U(1) - Spin(10)).
U/K = EIII
={X e H3(K)° | X x X =0,X #£0}/C*
= E¢/(U(1) - Spin(10))

(cf. [1, p74-75])
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The tangent vector space T,(U/K) at o = [ey] is
T,(U/K) = T,(ELLI)
- (H3(K) )-o
={X € H3(K)® | X xe; =0, (X, e;) =0}

= {iL‘QUg + T3us ‘ Lo, T3 € KC}

u = ¢g,

t= (eﬁ)a = {¢ € ¢ | 0P = ¢}7

p=1(¢6) 0o =10 €| 0ut = —0}
=Dy + D3+ V1R, + vV—1Rs.

The differential of the natural projection p: U = Eg — U/K = EIII
at e induces a linear isomorphism p, : p — T,(EIII). Then p.(¢) =

¢(eq) and
o (2(D(x21y) + D(2313)) + 2v/—1(R(zhus) + R(2hus)))
=(ms + V—12h)us + (3 + V=124 )us.
Lemma 11.3. (1) For each a € K and each £ € p,
p+(Ad(a)§) = (Ad(a)§)(e1) = (a0 &oa")(er).
(2) For each T € ¢ and each & € p,
p«(ad(T)8) =p. ([T, €])
=([T,¢])(e1)
=(T'o&)(e1) = (o T)(er)
=T'(p«(&)) — &(T(en)).
)

The restriction (pg,V = H3(KC)) of Cheally-Schafer’s representa-
tion (p, H3(K®)) can be decomposed into 3 irreducible representations

(P, V) = (p1, V1) @ (p3, V3) @ (p2, V2),
where Vi, V3 and V5 are given as follows:
Vi={&e: | £ € C},
Vs = Hy(K)
= {&es + Eses + muy | 11 € K©, 6,65 € CY,
V; = (Hy(K9)).,

= {@ous + x3us3 | T2, 75 € KC};
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and Vi @ Vs = (H3(K®)),. p1 is a scalar representation, the restriction
of py to Spin(10) is equivalent to one of the half-spin representations
of Spin(10,C), called A, and the restriction of ps to Spin(10) is
equivalent to the standard representation of Spin(10, C).

The maximal abelian subspace a of p is given as follows :
a=RH'®RH;
= R(D(Czﬂ) —+ —1R(C1'LL2>> D R( (clul) vV — R(CQUQ))

and

p.(a) = R(cy + vV—1cy)uy @ R(c; — v—1co)uy

11.7.1. Isotropy action of $(0) = exp(tv/—1R(2e1—es—e3)) € C(K) C K.
For an element ¢(6) = exp(tv/—1R(2e; —ea—e3)) : H3(K€) — H3(KC)
lying in the center U(1) of K,

&1 T3 T 6'¢,  Ox; 075
pO0) | T3 & = | =025 072 07%x |,
T2 T1 & Oz 0727, 072&

where t = /2. Since
p«(Ad(4(0)) D(21s))
=(¢(0) o D(xatin) 0 p(0)")(e1) = (¢(0) 0 D(22112))(4(0) " (e1))

=¢(0) 0 D(w2) (0 1) = ¢(0)(0* D(w22)(e1))

=01 (0 )(1x2u2) =070 %Z’Q’Ug
0 gm) — 073D (221) (1)
=03p,(D(x213))
and
p«(Ad(¢(0)) R(22uz2))
=(¢(0) o R(wauz) 0 ¢(0) ") (e1) = (6(0) © R(wauz2))(¢(0) " (e1)
(xou

=(¢(6) o R(xauz)) (0~ 461) = 07" ¢(0)(R(z2u2)(e1))

—9 4¢( )(1.’172U2) —9 9 IQ’UQ

51
:9_ 51‘2’&2 = 9_ R(ZEQUQ)(@l)

:0_3p*(R(x2u2)).
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Similarly,
p:(Ad(9(0)) D(w3u3)) = 0 p.(D(w33)),
pe(Ad(6(0)) R(wzu3)) = 0°pu(R(z3us)).

Therefore, the linear isotropy representation of (Eg, U(1) - Spin(10))

is (13 ®c Oo)r-
The maximal abelian subspace a of p is given as follows :

a=RH'®RH}
= R(D(cytiy) + vV —1R(cius)) @ R(D(cyiiz) — vV —1R(cyus)).

and

po(a) = R(cy + vV—1cy)uy @ R(cy — v—1co)us.

11.8. The Subgroup K. The Cayley algebra K naturally contains
the field H of quaternions as

H = {z¢ + x2¢s + w303 + T505|2; € R}
Any element x € K is expressed by
T = To+ T1C1 + TaCo + T3C3 + T4Cq + T5C5 + T6Co + T7Cy
= (2o + T2Co + 303 + T5C5) + (T4 + T1Co + Tcs — T7C5)Cy
=m+ae € He He =K,

where m := xg+xoco+x303+ 2505 € H, 0 := x4+ 2100 +T603— 1705 € H
and e := ¢4. In H & He, we define a multiplication by

(m + ae)(n + be) = (mn — ba) + (an + bm)e.
More explicitly,
(ae)n = (an)e, m(be) = (bm)e, (ae)(be)= —ba.
We can also define a conjugation and an R-linear transformation ~ on
H & He respectively by
m-+ae = m— ae,
v(m+ae) = m—ae.

Thus v € Gy = {a € Iso(K) | a(zy) = a(x)a(y)}. Consider an R-
linear transformation of H3(K), denoted still by -, defined by

&1 T3 Ty &1 Yr3 T2
vyl T3 & o | = Y13 & oy |,
T2 T1 & Yy NTT &3
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forz; e K (i =1,2,3). Thusy € Fy = {a € Isor(H3(K)) | a(X oY) =
a(X)oa(Y)}. Any element

&1 T3 To & mg My 0 aze —age
X=| 23 & o | = m3g & my |+| —aze 0 ae )
To T1 &3 my My &3 ae —ae 0

of H3(K), where x; = m; + a;e € H® He = K and & € R, can be
identified with the element

§1 mg My

mz & my | + (a1, a9, a3)

my My &3
in Hs(H) @ H3. Hereafter, there exists an identification H3(K) =
Hy(H) @ H.

Let H3(K®) = {X, +iX; | X1, X5 € H3(K)} be the complexification

of the Jordan algebra H3(K). Hs(KC) has two complex conjugations,
namely,

X1 +1X, :Xl—i"ng, T(X1+iX2) :Xl—’iXQ, X; EHg(K)

Let the C-linear mapping v : H3(K€) — H3(K®) be the complexifica-
tion of v € Gy C Fy. Then v € Eg and 72 = 1.
Consider an involutive complex conjugate linear transformation 7+
of H3(KC€) and the following subgroup (Es)™ of Eg:
(Es)" ={a € Eg | Ty = atv}.

Correspondingly, H3(KK€) can be decomposed into the following two
R-vector subspaces:

Hy(KO) = (Hy(K)),, @ (Hy(K®))_,

where

(H3(K®))rs := {X € H3(K®) | 79X = X}
&1 mg Mme 0 aze —ase

= { ms3 fg my +v—11 —ase 0 aie | & € R, m;,a; € H}
me My &3 ase  —aie 0

= H3(H) © v—-1H?,
(Hy(KO))_py = {X € Hy(KS) | X = —X}

&1 ms Mo 0 ase  —age
={v—-1| ms & my |+ |—-aze O ae | & e R,m;,a, € H}
my My &3 ase  —aqe€ 0

=V —1H;(H) © H>.
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In particular, H3(K€) = ((H3(K®)),,)C.
Let Hy(H)o := {P € H,(H) | TrP = 0}. Define a C-linear mapping
g H3(K®) = H3(H) & (H*)© — Hy(H)o by

(M) J“Ta
UM +a) = (\/—_1a* M- %tr(M)I) ’
for M + a € H3(K®). Then we have
9(H3(K))r,) = Hay(H)o,
9(H3(K®))—ry) = V=1H,(H)o.

The mapping ¢ : Sp(4) — (Eg)™" C FEg, defined by p(A)X :=
g HA(gX)A*) for each X € H3(KC), is a surjective Lie group homo-
morphism and Ker(y) = {I, =1} = Z,. Therefore we obtain

Sp(4)/Zs = (Ee)™.

Consider R-vector subspaces (H3(K€)). o, (H3(K®))ry —o of H3(K®),,
and (H3(K®)) 1o, (H3(K®))_y _5 of (H3(K®))_,,, which are eigenspaces
of o, respectively given by

(H3(K®))syo = {X € H3(K®)| 79X = X,0X = X}

T

& 0 0 0 0 0
:{ 0 & mi|+v—-110 0 a;e | & eR,my,a € H},
0 my 53 0 —a1e 0

(H3(K®))ry o = {X € H3(K®)| 77X = X,0X = —X}

0 m3 me 0 ase —aoe
={|ms 0 O |++v—-1[—-aze O 0 | ma, ms, as, asz € H},
mo 0 0 ase 0 0

(H3(K®)) 1y = {X € H3(K®)| 77X = —X,0X = X}

& 0 0 0 0 0
:{\/ 110 & my |+ 10 0 a;e | & eR,my,a € H},
0 mq 53 0 —a1e 0

(H3(K®)) o = {X € H3(K®)| 77X = —X,0X = —X}

0 msg me 0 ase —aqe
:{\/—1 ﬁlg 0 0 + —ase 0 0 ’ ma, M3, A2, A3 € H}
moe 0 0 ase 0 0
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Thus we have the following decompositions
(Hy(K)C)y = (Hy(K)O)ror & (Hy(K)C) oo,
(H3(K)®)—o = (H3(K)®)ry,—0 ® (H3(K)) 1,0

Note that the images of (H3(K)€),,, and (H3(K)®),, _, of the map-
ping ¢ defined above can be expressed explicitly as follows:

9((Hs(K)®)7.0)
Ha+&+&) —ay 0 0
={ —a (G- —8&) 0 0
0 0 W& +&—&) m
0 0 my %(_fl — & +&3)
’ 51752753 € R7 ay,my € H}
O O —Q9 —Aas
S ), ) =([ O 0 T8 ey g,y g €
—az my 0 0

The restriction of the map ¢ to the subgroup Sp(2) x Sp(2) of Sp(4),
we have

01 Sp(2) x Sp(2) — (Ee)™° C (Ee)” = U(1) - Spin(10).77?

Next, the restriction of ¢ to the subgroup Sp(1)x Sp(1) x Sp(1) x Sp(1)
gives

¢ Sp(1) x Sp(1) x Sp(1) x Sp(1) —{a € Es | o(E;) = E; (i =1,2,3)}
:{Oé € F4 | Oé(EZ> = .EZ (Z = 1,2,3)}
=Spin(8).7777

And the group Sp(1) x Sp(1) can be considered as the diagonal sub-
group of Sp(1) x Sp(1) x Sp(1) x Sp(1), namely, each (a,b) € Sp(1) x
Sp(1) corresponds to (a,b,a,b) € Sp(l) x Sp(l) x Sp(1) x Sp(1).
Thus the restriction of ¢ to Sp(1) x Sp(1) is mapped to a subgroup
Ky = St Spin(6) of K = E7 = U(1) - Spin(10). In fact, for a 2-
dimensional R-vector subspace

0O 0 a O

~ 0 0 0 mo C

a:= { as 0 0 0 ’ a2, My € R} C g((H3(K ))T’Y,*U)>
0 mg 0 O
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it follows from

a 0 0 O 0 0 a O at 0 0 0
0b 00 0 0 0 me 0 v 0 0
00 a O aa 0 0 O 0 0 a 0
0 0 0 b 0 me 0 O 0 0 0 b
0 0 a O
10 0 0 m
“la 0 0 O
0 me 0 O
that a corresponds to the subspace
0 0 mge—+v—1lage
{ 0 0 0 | mg,ay € R} C (H3(K)®),, 0,

mo + v/ —1CL2€ 0 0

which corresponds to a maximal abelian subspace of p. It implies that

¢ maps the subgroup Ky = Sp(1) x Sp(1) for the exceptional symmetric

space (Eg, Sp(4)/Zs) of type EI to the subgroup K, = S* x Spin(6) of

the exceptional symmetric space (Fg, U(1) - Spin(10)) of type EIIL.
Recall that

010 O

- 100 -

Fi=1o o o _1|€Ka=(Sp(1)xSp(1))-Z
001 0

is a generator of Z,. Its adjoint actions on g((H3(K®)),, ) and g((H3(K)),, o)
are given in the following:

G+ &+ &) —ay 0 0
2 —ay 56— & — &) 0 0 i1
0 0 %(—51 + & — &) my
0 0 my 5(=& — &+ &)
Ha-&6-6&) —ay 0 0
_ —ay 36+ &+ 8) 0 0
0 0 (=& — &+ &) y —my | ’
0 0 —my — (o +& &
0 0 —Qay —Aas 0 0 —TMo M3
]% 0 0 ms meo k,1 i 0 0 as — Q9
as Mg 0 0 o — Mo as 0 0
—C_Lg mo 0 0 mg —am 0 0
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Taking (H3(KS))r, = (Hs(KS)) 0 ® (H3(KE))rr o and Hy(KE) —
((H3(K®)),,)€ into account, together with the above computation, we
know that any element

51 T3 To fl ms + v/ —16L3€ Mo — +/ —1a26
T3 & 1 | = m3—+—lages &3 mi1 + v —lae
Ty T 53 mo + v/ —lase mi; —+v/—laje 53

in H3(K®) is mapped by the adjoint action of k up to isomorphism to
the element

S az —v—1lmge —ay—+/—1mae
as + \/—_177’139 —é_g —my + \/—_1@18
—ELQ + \/—_].mge —mi — \/—_]_&16 —63
&1 V=1(—=m3 +/—laze)e —/—1(my + v/ —1lase)e
= V—1(mz + V/—1aze)e —&2 —(m1 + V/—1ase)
—V/=1(—1my + /—1lase)e —(my ++v/—1ae) —&3
& (—ms + v/—1laze)e (my ++/—1lase)e
= 0423(77')( (m3 + \/—_1d3e)e 52 —(’ﬁ’Ll + \/—_1611_6) ) (1119)
(—mg -+ \/—_16L2e)e —(m1 + \/—_1(_116) §3

Define ay, ag, a3 € SO(K) = SO(8) by

ozl(ml + ale) = —(m1 — &1e),
Ozg(mg + age) = —a9 — Mye,
az(ms + aze) := —az — mge.

for each x1 = my1 + a1e, x5 = mo + ase, x3 = mz + aze € K = H ¢ He.
By simple computation,
(071 (m1 + ale) az(mz + CLge) = (ml — dle) (ELQ + 7’7’L26‘)

= (M1as + meay) + (—a1a2 + Moy e,

asz((my + are)(my + age)) =as((mims — asay) + (ayms + aamy )e)

:<m2&1 + mlag) + (QOl - C_Llag)e,

we obtain aq(m; + aje) as(ms + ase) = az((my + a1e)(ms + aze)).
Hence, (a1, g, a3) € Spin(8). moreover, (11.19) can be expressed as

&1 T3 T
agz(m) o (o, ap,a3)(| Zs & =1 |).
T2 T1 &3
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Notice that

o3 (m) (a1, g, az) (u2) = agg(a(ug)) = qo3(m)(—eus) = \/—_1eu2,

s () (a1, vz, a3) (V= 1eus) = s () (e (v —1eus)) = aos(m)(vV—1ug) = —us.
It implies that
aos(m) (v, ag, az) € Spin(2) - spin(8) C (U(1) x (Spin(2) - Spin(8)))/Z4

— K,

induces an isometry of the maximal abelian subspace a of order 4 which
is a 7/2-rotation of a, we obtain

ags(m) (o, g, az) € Kig

and it is a generator of Kq/Ky = Zy.

11.9. Representation of the Casimir operator. Denote (u,v) :=

—tr(uv) for u,v € e C gl(H3(K)C). Then the Casimir operator C,

with respect to the induced metric g*ggjo(c) is

Cr = 120[(/}(0 - 6CK2/K0 - 3CK1/K0v

where Ck/r,, Ck,/k, and Ck, /g, are the Casimir operators of ho-
mogeneous spaces K /Ky, Ky/Ky and K;/K, with respect to the K-
invariant metrics induced from the metric (, ) of Fj.

11.10. D(SO(10)) and D(Spin(10)). The maximal torus of SO(2n) (n =
5) is described as follows :

cosf; —sinb,
(sin 0, cost ) 0 0
T ={ 0 0 |
cos s — sin s
0 0 <sin 05 cosOs )
;e R (i=1,2,3,4,5)} C SO(10),

0 :={€ = (01,02,05,04,05) | 6 €R (i =1,2,3,4,5)} C 0(10).
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['(SO(10))
={{ € t| exp(§) =¢}
:{5 = 27T(]€1,k2,k3,k’4,/€5) ‘ kl S Z(Z = 1,2,3,4, 5)},
Z(S0(10))
={A et | A(§) € 2nZ for each £ € T'(SO(10))}
={A = p1y1 + pay2 + 3ys +paya +psys €U | pi € Z (1 =1,2,3,4,5)}
=NA
where y; :t3> & — 0, € R (i =1,2,3,4,5). Here we use

A = p1y1 + pay2 + P3Ys + paya + PsYs
and
A(&) = (A, &) = 2m(prk1 + pakay + paks + paky + psks).
Then
D(S0(10))
={A € Z(SO(10)) | (A,a) > 0 for each o € X7 (S0(10))}
={A = p1y1 + pay2 + P3ys + Paya + psys €
| ki €Z (i=1,2,3,4,5), pr > p2 > ps3 > pa > |psl},
where the fundamental root system of 0(10) is given by
I1(S0O(10))
={o1 = Y1 — Y2, 00 = Y2 — Y3,03 = Y3 — Ya, 4 = Ya — Y5, 05 = Ya + Y5 -

The standard universal Zs-covering map p : Spin(10) — SO(10) is
defined by

(pla))x :=a-x-‘a c R c CI(R")
for each a € Spin(10) and each x € R'.
The maximal torus of Spin(10) is
TE)

={t = 11(01)12(02)t5(05)t4(04)t5(05) € CI(R)

| #:(0;) = cos0; — e _1esin6;,0; €R (1 =1,2,3,4,5)}
={(cosb; — ereasinby) - (cos by — ezey8inby) - (cos b3 — eseq sin 63)

- (cos Oy — eregsinby) - (cos b5 — egeqg sin ;)

16, eR (i =1,2,3,4,5)}.
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The double covering map

is given by

(COS 81 — €169 sin 91) . (COS 92 — €3€4 sin 92) . (COS 03 — €5€4 sin 93)

- (cos Oy — ezegsinfy) - (cos b5 — egeqo sin b)

<cos 20 —sin 261) 0 0

sin 260,  cos 26,

0 0 (cos 205 —sin 295)

sin 265 cos 205
In fact,

p(cosby — ejeqsinby))(eq)

(
(COS 91 — €1€9 sin Ql)elt(cos (91 — €169 sin 91)
(

cos ] — ejegsin by )ey (cos b — egeq sin b))

:(COS 9161 — €1€2€1 sin 01)(608 01 — €9€1 sin 81)

=cos b cosbie; — ejeseg sin by cos By — cos b1e1e9€; sin 6] + e1e9€1e9¢1 sin 0 sin 64
= COS2 9161 — €1€2€1 sin ‘91 COS 61 — €1€2€1 COS (91 sin (91 + e1e9e16261 SiIl2 01

= cos? f1e; — ey sin by cos By — es cos By sin B, — eq sin’ 6,

—=(cos® f; —sin®0))e; — ey(2sin b, cos b))

=(cos20;)e; — ey(sin 26,).

Hence,

t
T ={ (cos (A1/2) — ereysin (61/2)) - (cos (A2/2) — eseqsin (62/2))
- (cos (63/2) — esegsin (03/2)) - (cos (04/2) — ereg sin (6,/2))

- (cos (05/2) — egeqgsin (05/2))

16, €R (i =1,2,3,4,5)} C Spin(10)
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['(Spin(10))
={{ = (01,04,03,04,05) € t | exp(§) = e}

5
={& =2 (ky, ko, ks hu, ks) | ki € Z (i = 1,2,3,4,5), ) _k; € 22}
=1

cI'(S0O(10)),
Z(Spin(10))
={A = p1y1 + pay2 + psys + paya + psys €
| A(€) € 2nZ for each £ € I'(Spin(10))}

={A = p1y1 + P22 + P3ys + Paya + Dsys € ¢
1
P €% (= 1.2.3,4.5) or pi+ 3 €2 (i = 1.23,4.5)} 5 Z(S0(10))
1

~7° ®e(1,1,1,1,1), where e =0 or 3

D(Spin(10))
={A = p1y1 + payo + P3ys + pays + psys €
| (A, @) >0 for each a € X7 (Spin(10))}
={A = piy1 + pav2 + P3ys + paya + psys €

1
| (p1,--- ,ps5) € Zs+e(1,1,1,1,1), where e =0 or 5

P1 > D2 > ps > pa > |psl}
D D(SO(10)),

where the fundamental root system of 0(10) is given by
I1(Spin(10))
={1 =y1 — Yo, 0 = Yo — Y3, 03 = Y3 — Y4, 4 = Ya — Y5, 5 = Ya + Y5 |-

11.11. Branching Laws.

11.11.1. Branching laws of (SO(10), SO(2)xSO(8)) and (Spin(10), Spin(2)-
Spin(8)). Spin(10) and Spin(2) - Spin(8) have the common maximal
torus 3
T C Spin(2) - Spin(8) C Spin(10).
SO(10) and SO(2) - SO(8) have the common maximal torus

T C SO(2) x SO(8) € SO(10).
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And t = t. Hence

D(Spin(2) - Spin(8)) = T(Spin(10))
={¢ = (01,04,03,04,05) € t | exp(§) = e}

5
={& =2 (ky, ko, ks hu, k) | ki € Z (i = 1,2,3,4,5), ) _k; € 22}
=1
CT(SO(2) x SO(10)),
Z(Spin(2) - Spin(8))
={A = p1y1 + pay2 + Psys + paya + psys € ¢
| A(&) € 27Z for each £ € I'(Spin(2) - Spin(8))}
={A = p1y1 + pay2 + Psys + paya + psys €

1
| pi €Z (i=1,2,3,4,5) or p; + 5 €Z (i=1,2,3,4,5)} D Z(SO(2) x SO(8))
1
~7° @ e(1,1,1,1,1),  where e =0 or 3

D(Spin(2) - Spin(8))
={A = p1y1 + payo + D3y + pays + psys €

| (A, @) >0 for each a € XF(Spin(2) x Spin(8))}
={A = piy1 + pay2 + P3ys + paya + psys €

1
| (p1,--+ ,ps) € Zs+e(1,1,1,1,1), where e =0 or 5

P2 > Pp3 > pa > |psl}
S D(SO(2) x SO(R)).

Theorem (Branching Laws of (SO(10),SO(2) x SO(8)), [40]). For
each

A = pryr + p2y2 + p3ys + paya + epsys € D(SO(10))
with e =1 or —1 and (py, p2, p3, pa, Ps) € Z° satisfying py > pa > p3 >
Py > ps > 0, Vi contains an irreducible SO(2) x SO(8)-module with
the highest weight
N = qy1 + q2y2 + q3ys + qaya + €psys € D(SO(2) x SO(8))

with € =1 or —1 and

(qb 42,43, 44, q5> € Z57

G2 > q3 > qs = g5 =0
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if and only if N' = qiy1 +qay2 +qsys + qaya+€'gsys € D(SO(2) x SO(8))
satisfying the following conditions :

(1)
P12 G2 = s,
P2 2 q3 2 Pa,
D3 = qa = Ps,
pa=>q5 > 0.
(2) The coefficient of X%

oyl _ x—ti-1
X —-X1 )

X (
i=1

does not vanish. Here the integers {1, 0s,--- U5 are defined by
{1 == p1 — max{ps, g2},
ly := min{py, g2} — max{ps, g3},
l3 »= min{ps, g3} — max{ps, g},
{4 = min{py, g4} — max{ps, ¢s},
U5 := min{ps, g5 }.

Moreover its multiplicity is equal to the coefficient of X4 .

Theorem (Branching Laws of (Spin(10), Spin(2)-Spin(8))). For each

A = piyr + P2y + P3ys + paya + 0psys € D(Spin(10)),

withd =1 or —1 and

1
(p17p27p3>p47p5) € Z5 +5(17 17 1717 1)7 e=1or 5

p1=p2 2 p3=>pa=ps =0,
Vi contains an irreducible Spin(2) - Spin(8)-module with the highest
weight
A= qyr + @292 + G3y3 + aya + 0'gsys € D(Spin(2) - Spin(8))

with ' =1 or — 1 and

1
(Q1aQZa(]3aQ47Q5) S Z5 +€(17 17 ]-a ]-71)7 e=1or 5
G2 > q3 > qs > qs >0,

if and only if N = qy1+qy2+q3ys+qaya+9'qsys € D(Spin(2)-Spin(8))
satisfies the following conditions :
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pF+l>q>ps—1,
p2+1>q3>ps—1,
p3s+1>q>ps—1,
ps+1>qg5 > 0.

(2) The coefficient of X® in the following power series expansion
m X of

4

, Xfri»l _ X*&*l
X054 (H e )
=1

does not vanish. Here

1 == p1 — max{ps, g2},

ly := min{py, g2} — max{ps, g3},
(3 := min{ps, g3} — max{p4, g},
{4 := min{py, ¢} — max{ps, g5},
U5 := min{ps, g5}

Moreover its multiplicity is equal to the coefficient of X .

11.11.2. Branching Laws of (SO(8),SO(2)xSO(6)) and (Spin(8), Spin(2)-
Spin(6)). Spin(8) and Spin(2) - Spin(6) have the common maximal
torus

T c Spin(2) - Spin(6) C Spin(8).
SO(8) and SO(2) - SO(6) have the common maximal torus

T C SO(2) x SO(6) C SO(8).
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And t = t. Hence
['(Spin(2) - Spin(6)) = I'(Spin(8))
={{ = (02,05,04,05) € t | exp(§) = e}

5

={€ =2 (ky, ks, ka,ks) | ki € Z (i =2,3,4,5), > " k; € 27}
1=2

CT(SO(2) x SO(6)),

Z(Spin(2) - Spin(6))
:={A = pay + P3ys + pays + psys € £
| A(&) € 2nZ for each £ € I'(Spin(2) - Spin(6))}
={A = pay> + P3ys + pays + psys € £

1
| €Z(i=2.3,4,5) orp;+ 5 € Z (i =2,3,4,5)} D Z(S0(2) x 50(6))

1
~7° @ e(1,1,1,1), 5:00r§.

D(Spin(2) - Spin(6))
={A = p1y1 + pavo + P3ys + pays + psys € t°

| (A, ) >0 for each a € X" (Spin(2) - Spin(6))}
={A = pays + pays + Pays + psys €

1
| (p2, p3, P4, 05) € Zy +€(1,1,1,1), where e =0 or 3

P2 > p3 > s > |psl}
S D(SO(2) x SO(6))

Theorem (Branching Laws of (SO(8),SO(2) x SO(6))). For each

A = pays + p3ys + paya + epsys € D(SO(8))

with € = 1 or — 1 and (pa, ps, pa, ps) € Z* satisfying py > p3 > py >
ps > 0, Vi contains an irreducible SO(2) x SO(6)-module with the
highest weight

A = @y + g3ys + qays + €psys € D(SO(2) x SO(6))
with € =1 or —1 and

(q27 g3, 44, q5) € Z47

g3 > qs>q5 >0
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if and only if A" = q2y2 + q3ys + quya + €'gsys € D(SO(2) x SO(6))
satisfying the following conditions :

(1)
D2 2 q3 2 Pa,

D3 = 4 = Ps,
pa > qs > 0.

(2) The coefficient of X%
4

! Xei-i-l _ X—Zi—l
xeets ([ A0
=2

does not vanish. Here
ly == py — max{ps, g3},
{3 := min{ps, g3} — max{ps, g1},
Cy = min{py, g4} — max{ps, ¢s},
U5 := min{ps, g5}

Moreover its multiplicity is equal to the coefficient of X%.

Theorem (Branching Laws of (Spin(8), Spin(2) - Spin(6))). For each

A = pays + p3ys + Paya + 0psys € D(Spin(8)),

withe=1 or —1 and

1
(P2, D3, D1, D5) € Z* + e(1,1,1,1), e=1 or 5

P22 p3 2 ps=ps 20,
Vi contains an irreducible Spin(2) - Spin(6)-module with the highest
weight
A" = oy + 3y + @ya + 0'psys € D(Spin(2) - Spin(6))
with € =1 or —1 and

1
(q27q37q4aq5) S Z4 +6(1,1,1, 1), e=1 or §

g3 > qs > g5 > 0.

if and only if N' = g2 + @3ys + quys + €g5ys € D(SO(2) x SO(6))
satisfies the following conditions :
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p2+1>q3>ps—1,
pst+1>qs>ps—1,
pa+1>q5>0.

(2) The coefficient of X%

4 Xﬁi-i-]. _ X—éi—l
X —X1 )

Xé&’fs (

i=2
does not vanish. Here
62 =p2 — ma‘X{p37 Q3}7
(3 := min{ps, g3} — max{ps, g4},
64 = min{p4a Q4} - max{p5, Q5}7
Uy = min{p5, Q5}'

Moreover its multiplicity is equal to the coefficient of X%.

11.12. D(K) = D((U(1) x Spin(10))/Z).

11.12.1. Descriptions of T'(K), Z(K) and D(K). The maximal torus
Tk of K = (U(1) x Spin(10))/Z, is given as follows :

0 0 0 0
% :{(eﬁém (cos ?1 — €169 8in 51)(008 El — e3€4 8in 51)

(cos 2 — eseqsin ) (cos 2 — ereysin 1) (cos 2 — egergsin D)
CO8 7 — €566 Sl ) (cos 7 — eres sin ) (cos 7 — egerosin 5
| 60,0, € R}/ Zy,
where ty = 200, t1 = 91, U(l) = {exp(tm/—lR(Qel—eg—eg)) | ty € R},
Spin(2) = {exp(tiv/—1R(es — e3)) | t1 € R} and
Zy:={(1,1),(=1,-1),(V—=1,—erez---e10), (—V—1,e1e2---€10)}.

The corresponding maximal abelian subalgebra t of € is

t={(60,01,0:,05,04,05) | 0; € R (i=0,1,2,3,4,5)}.
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Then

ko

1
F(K) :{g = 27T( k17k27k37k47k5) +7T5(2, 1, ]., 17 1, 1)
111111

k
- 27T(§,k1,k’2,k‘3,k54,]{55) +27T5(Z7§7§7§a§7§)
5
| ko, ki ko ks, ki ks €Z, e =0o0r 1, > ko € 22},

a=0

Z(K) =Z((U(1) x Spin(10))/Z4)
={A = poyo + Pry1 + P2y + P3ys + Paya + psys € |

1
5Po +p1+p2+p3+ps+ps € 27,

1
Do € Z7 (p17p27p37p47p5) € Z5 +€(17 17 17 17 1)7 e=0or 5}

and
A(K) = A((U(1) x Spin(10))/Z4)
={y1 — Y2, Y2 — Y3, Y3 — Ya, Y1 — Y5, Ya + Y5},

D(K) =D((U(1) x Spin(10))/Z4)
={A = poyo + p1y1 + P2y + D3ys + Pays + psys € Z(K) |
(A, a) >0 for each a € 7 (K)}

={A = poyo + Pry1 + P2y + P3ys + Paya + psys € |

1
5P +p1+p2+p3+pa+ps €22, py €L,
1

<p17p27p37p47p5) S 25 +€(17 17 17 17 1)7 e=0or 57

P1 > P2 > D3 > pa > |ps| )

11.13. Descriptions of D(K5), D(K;) and D(Kj). For Ky = (U(1
(Spin(2) - Spin(8)))/Zs C K, Tk, = Tk, where t; = 6y, Spin(2) =
{exp(tiv/—1R(ez — e3)) | t1 € R}. Hence, I'(Ky) = I'(K), Z(K,3) =
Z(K) and

)X
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D(Ky) =D((U(1) % Spin(2) - Spin(s))/Zs)
={A = poyo + p1y1 + P2vy2 + D3Ys + Paya + DsYs € |

1
3P0 +p1+p2+p3s+pst+ps €24, py €L,

1
<p17p27p37p47p5) € Z5 + €<17 17 17 17 1)7 e=0or 57

P2 > Dps > pa > |ps| T

On the other hand, K> = (1 x (Spin(2) - Spin(8)))/Zs, where St =
{exp(tov—1R(—e1+2e2—e3)) | to € R}, Spin(2) = {exp(t1v/—1R(es—
e1)) | t1 € R} and here Spin(2) - Spin(8) C (Eg)e, = Spin(10). Since

exp(tov/—1R(2e1 — €3 — e3)) - exp(tivV/—1R(es — e3))

to—1 3to+t
0 L V/=1R(—e; + 25 — €3)) - exp(— > h

\/__IR(63 - 61))7

= exp(—

one can take

" to —t A 3t t
oozt 0+1'
2 2
Set
P ? 20 — U1 1 1
Yo 0= 75 1 2904- 4y1,
) N . 6y + 1
=01 =1 := —% = —3Yo — B4R

R 1
mz%:§@+w+m+w,
(11.20)

1
U3 = O3 1= 5(92 +Ys — Y4 — V5),

1
Ug = 04 1= 5(92 — Y3+ Y1 — Ys),

1
mz%:§kw+m+m—%)
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Correspondingly,
290 + 1 1.1,
_——_— — y

Yo = 1 Y O_Zyla
_ - . L.
Y1 = 5 = 9Yo 2y1,
r. . .
yQZE(y2+y3+y4—y5),
1

Y3 = = (Yo + U3 — Ya + Us),

2
1, . . . .

Yq = §(y2 — U3+ Ua + Us),
1, . . .

yszi( 2—93—94—95)7

Thus
A = poYo + 191 + D2U2 + P3Ys + Dala + Pss
€ D(K,) = D((S* x Spin(2) - Spin(8))/Z,),
where

~

1
Po == 3P0 + 3p1,

. 1 1

1 =— Zpo - §p17

~

1
D2 25(]92 + p3+ps+ps),

1

m=§m+m—m—m%

R 1
P4 =§(p2 — p3 + P4 — Ds),

R 1
D5 25(—112 + p3 + ps — ps).

Then D(K5) has the following another expression:
D(K5) =D((S" x Spin(2) - Spin(8))/Z4)
={A = PoJo + D181 + P2 + P3Ys + Pafa + Psfis € £ |
Lo R
5Po + P14 P2+ p3 + pa+ps € 22, po € Z,

2

o 1
<p17p27p37p47p5) € Z5 +‘€<]~7 171717 ]-)7 e=0or 57

P2 > P3 > Pa > |Ps| -
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The maximal torus of K; = (S! x (Spin(2) - (Spin(2)- Spin(6))))/Z4
is given as follows:

; 0 9 0 0
T, = {(e¥™1 (cos = — eyeqsin = )(cos — — egeqsin — )
2 2 2 2
cos - — eseq sin ) (cos o — eregsin o) (cos = — egerp sin 5

| éo,él S R}/Z4
=Ty, = Tk, = Tx.

and the corresponding maximal abelian subalgebra t, of ; is

th - %EQ - {(éOaél7é27é37é47é5) | éz € R (Z = Oa 1727374a 5)}
—

Thus

D(Ky) =D((S" x (Spin(2) - (Spin(2) - Spin(6))))/Z.)
={A = podio + P11 + Dal2 + D33 + Paa + PsYs € t, = 7|
%230 +p1+ D2+ Ps+Pat+ps €272, po € Z,
@hmjkﬁ%%)EZ5+€ﬂﬂﬂﬂLD,EZOOI;
P3 > ps > [ps| }-

The maximal torus of Ko = (S! x Spin(6))/Z, is given as follows :

A~ A~ ~

; 0 0 0 0
Tk, :{(eﬁ%, (cos 53 — 566 Sin 53)(008 54 — eregsin 54)

A

0 0 -
(COS ?5 — egeqp Sin 55)) | 0, € R (Z =0,3,4, 5)}/22

C TKQ =Ty
and the corresponding maximal abelian subalgebra of € is

tey ={(00,0,0,05,04,05) | 6; € R (i = 0,3,4,5)}

Cty, =t.
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Then
D(Ky) =D((S* x Spin(6))/2s)
={A = Goto + G393 + Gu¥a + G5U5 € &, |
L, . R
§QO+Q3+Q4+Q5 €22, qo €7,
1
(43, qa,Gs) € Z° +(1,1,1),e =0 or 3

4s > 4s > |qs| }-

11.14. Branching Laws of K D Ky D K; D K.

11.14.1. Branching laws of (K, K5).
(K, Ks) = ((U(1) x Spin(10))/Z4, (U(1) x Spin(2) - Spin(8))/Z,).
Let
A = poyo + p1y1 + paye + Pays + Paya + epsys € D(K),

where

1

5P + D1+ p2+p3+ps+eps € 22, py € Z,

1

(p17p27p37p47p5) € Z5 +5(17 1a ]-7 17 1)7 e=0or 57

pL=>p2>p3>ps>ps >0, e=1or —1.
Let

A = pyyo + Pry1 + phye + Piys + Piys + €psys € D(Ky),

where

1
§p6+p'1 + py + 05 + D) + €5 € 27, py=po € Z,

1
(pls Db, Py, Py, %) € Z° 4+(1,1,1,1,1), e =0 or 3
Po>py>py>ps >0, € =1or —1.

Then V), contains an irreducible Ks-module Wy, with the highest weight
A" if and only if

(1)
P1 > Py > p3,
P2 > P > P,
p3 > Py > D5,
pa > ps > 0;
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(2) The coefficient of XPi in the following (finite) power series ex-
pansion in X

4yt —4—
X65l€5 H X +1 - X 1
X —-X-t

i=1
does not vanish. Here

by :=p1 — maX{p27p/2}7

ly := min{py, py} — max{ps, ps},
(3 := min{ps, p3} — max{p4, p)},
0y = min{py, p)} — max{ps, ps},
U5 == min{ps, ps}.

Moreover, its multiplicity is equal to the coefficient of X7'.

11.14.2. Branching laws of (K, K7).

(K, K1) =((U(1) x Spin(2) - Spin(8))/Zs = (S* x Spin(2) - Spin(8))/Z,
(S x Spin(2) - (Spin(2) - Spin(6)))/Z.,).

Let
A" = phyo + Pry1 + Phye + Piys + Diys + €P5ys
€ D(Ks) = D((U(1) x Spin(2) - Spin(8))/Z4)
with
L ,
§p0 +p, +py+Ds+py+ps €274, py €L,
(P, 1, P, Py 15) € Z° +6(1,1,1,1,1),6 = 0 or %
Py >py>pyp=>ps >0, ¢ =1or —1L
Then

N = pygo + Piir + Dhye + DaYs + Dyls + € Psys
€ D(K,) = D((S* x Spin(2) - Spin(8))/Z.),
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where

Do = —%p6+3p’1,

=~ — 57

Py = %(p’2+pé+p2+6’p’5),

b = 5+ 7 — i — ),

) = %(p’g — Py +ply — €p5),
1

€ps = 5(=py + 5 + Py — €pg),
with pL > 0, ¢ =1or —1and g; (i =0,1,2,3,4,5) are expressed in
terms of y;’s by (11.20). Here

1. . . . . R .
§p6+p’1 + Py + Py + ) + €D € 27, pyy € Z,

1
(ﬁllaﬁéaﬁéaﬁipﬁg) c Z5 =+ €<17 17 17 17 1)76 =0 or 57

Py > Py > Py >p5 >0, € =1or — L
Let A" = pggo + Pyt + Py + D393 + Figa + €'p595 € D(Ky), with

1, . . . . .

§p3+p’1’+p’g’+qg+pi£+p§ €2Z, py € Z,
1

(ﬁq)ﬁgaﬁg7ﬁxaﬁg) S Z5 +€(17 17 ]-7 ]-) 1)7 £ = 0 or 57

Py > P>l >0, & =1or —1.

Then Wy, contains an irreducible Kj-module Uy» with the highest
weight A” if and only if

(1)

N
Po = Po>
N/ BN

b =Py

Py = Py = P,
Py > Py > P,
Py > ps > 0.
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(2) The coefficient of X?2 in the (finite) power series expansion in

X
4 X+l _ x—ti—1

Xé/é//€5
X - X1

i=2
does not vanish. Here
Uy := py — max{ps, ps},
l3 := min{py, py} — max{p}, pi},
l4 = min{p}, pj} — max{p;, s},

NI SN AN )
U5 := min{p, ps

Moreover, its multiplicity is equal to the coefficient of X7.

11.14.3. Branching laws of (K1, Ko).
(K1, Ko) = ((S" x Spin(2) - (Spin(2) - Spin(6)))/Z4, (S* - Spin(6))/Zs).
Let
A" = pato + Py + Dad2 + P03 + Pida + €' D5 s
€ D(Ky) = D((U(1) x Spin(2) - (Spin(2) - Spin(6)))/Z4)

with
%%+ﬁ+%+%+ﬂ+%eﬂw%ez
(B, P, Pl Y € Z° +2(1,1,1,1,1), e =0 or %
Py >y >ps >0, é"=1or —1.
Let

A" = P Go + P3G + Py G + €"P5'Js € D(Ko) = D((S* - Spin(6))/Z2)
with
1
ﬁg/ & 2Z7 (ﬁg/vﬁzl7ﬁg/) € 23 + 5(1, 1, 1),5 =0or 5

Py >p) >ps >0, " =1or —1.
Then Up» contains an irreducible Ky-module Uy with the highest
weight A" if and only if

N/

Po = Po>
NI A AL AL A AL A AN
P3 = DP3,P4 = P4yPs = P5, € =€ .
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11.15. Determination of D(K, K;). Let

A = poyo + pr1y1 + P2y2 + P3ys + paya + epsys € D(K),
N = poyo + Pryr + Phya + yys + Phya + €p5ys
= Podo + Py + Do + Pys + Pyda + €P53s € D(K>),
A" = pafio + P11 + D502 + D503 + Pida + €'Psds € D(K),
A" = pg'tio + P53 + Py Ja + €"P5 G5 € D(Ko).
Assume that the corresponding representation spaces satisfy
VA D War D Upn = Upm # {0}.

Suppose that Upn # {0} is a trivial representation of Kj, that is,
A" = 0. It must be dlmc UA/// = dlmc UAN = 1. Then we have

i =it =0,
== 0,
) =5 =0,
= =0
Thus
A" = piih + page € D(K1)
with

P34 € 2,5 + Y € 2.
By the branching laws of (K3, K),
P2 =024
]5/ > A// — O >
]fj/ > /*// _ O > O

Thus p) = 0 and pf = 0. Hence (p}, ps) = (0,0) and p), > 0, pj > 0.
Then

Uy = py — max{p, p5} = P — max{p3, 0}

= ﬁIQ - ﬁév

by = mln{ﬁgaﬁg} - max{ﬁgbﬁz} = mln{ﬁg’n O} - maX{O, O}
=0-0=0,

0y = min{p}, pj } — max{ps, ps } = min{0,0} — max{0,0}
=0-0=0,

05 = min{ps, ps } = min{0,0} = 0.
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Then the coefficient of X7 in the (finite) power series expansion in X

4 X+l _ x—ti-1

Xélé//€5
Pl X — X1
B 0XZ2+1 _ X—EQ—].
N X — X1
X PP+l _ x —(Bh—p3)—1
N X — X1

—XP2Ps . XPoP5=2 . 4 X~ (PaP3)
is equal to its multiplicity. Hence we have
—(py — P5) < Py =P — P — 20 < P — Py

for some ¢ € Z with 0 < i < p,, — p. Moreover, p; = py = 0,p; = pf.
Thus

A" = plth + pyge € D(K7),
N =Pl + Phye + psys € D(K).
with

Al Al Al A

Py = DY, Py, P, Py € Zy, Py + Py + Py € 2Z, pY + Py € 2Z,
— (Py = P3) < P =P — Py — 20 < P — Py
for some i € Z with 0 <1 < p, — p}. Therefore,

AN = piyo + piy1 + Phys + Pys + piya + €psys € D(K3)

with
/ ]‘/\/ 3/\/ o 3/\/
by = _§p0 — op; = —oPy,
;- 1 A~/ 1 N 1 N
P = Zpo - 5191 = _§p17
. 1
%=¢m+m+m—@9=¢m+mx
. 1.
m=¢m+%—m+@9=¢m+mx
. 1
m:¢m—m+m+@9:¢m—mx
!/ 1 A~/ A~/ A~/ Al At 1 ~f ~f
€Ps = 5(]92 —P3 —Ps— 6175) = 5(?2 _P3)-
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In particular,

Ph =1 = 57 + %),
/ / 1 ~/ ~/
Py =15 = 5 (P2 — P3)-
By the branching laws of (K, K5),
P1 > Py > p3
P2 > P53 =D5 > Pa
P3 > Py > Ps
pa>ps=py >0
Thus
pL>po > phy =1y > ps > ps > Pl = py > ps > 0.
Then

6y = p1 — max{ps, pr} = p1 — P2,
Uz = min{ps, py} — max{ps, p} = p, — p3 =0,
(3 = min{ps, p3} — max{ps, p}} = ps — pa,
ly = min{py, py } — max{ps, ps} = ply — p5 =0,
{5 = min{ps, p5} = ps.
Then the coefficient of X?1 = X321 = X 2% in the (finite) power

series expansion in X

4 X+l _ x—ti-1

Xee’ﬂs
Pl X - X!
. Xpi—p2+l _ X —(pi—p2+l) Yp3—patl _ X —(pa—patl)
:Xee 5
X —-X-1 X -X-1

—xe'ps (Xprpz 4o XPrP22 Ly X*(pl*m))
(Xp3—p4 oo XPeTPaT2 L X—(p3—p4))

pP1—p2 P3—p4
— X€'ps § :Xprpzf% E :Xpsfpr?j
i=0 §=0
P1—P2 P3—P4
_ ye€e'ps (p1—p2)+(p3—pa)—2(i+7)
=X X
i=0 j=0

is equal to its multiplicity.
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Then

A = poyo + p1y1 + paye + P3ys + Paya + €psys € D(K)
satisfies py = p = —3p| = 6p} € 3Z.

11.16. Eigenvalue formula of C;.
CL = 120[(/[(0 — 6CK2/K0 — SCKl/KO-

Recall that the description of the maximal torus of K, with respect to
the inner product (A, B) = —trAB for A, B € K C Fj, the orthogonal
basis

€y = (1,0,0,0,0, 0) et= {(90,91,92,93,94,05) | 0; € R}

corresponds to 2v/—1R(2e; — e5 — e3) and e; = (0,1,0,0,0,0) € t
corresponds to v/—1R(e; — e3) € spin(10). Moreover,

<eo, eo> = <2\/—_1R(2€1 — €9 — 63), 2\/—_1R(261 — €9 — €3)> =4 x 18 = 72,
(er,e1) = (V—1R(ey—e3),V/—1R(ey —e3)) = 6.

It follows that the inner products of the dual bases {yo, y1, Y2, Y3, Y4, Y5 }
of t* of {eg, €1, €2, €3,e4,e5} of t are given by

<ya>yﬁ>:07 <0§O‘7£6§5>7

1 1 ) .
<y07y0> = ﬁ? <yl7y]> = 67 (1 S (4 # J S 5)

For
A = poYo + p1y1 + Doy + P3ys + pays + epsys € D(K, Ky),

Po
A = poyo + St Py + Pyys + Pyya + DyYs
Do . - .
=-—3ht (05 + Py)y2 + (0 — D)) Us € D(K,, Ko),

A = —%yl + s € D(K), Ko),

STK) ={yity;(1<i<j<5),yi+ysh
20 = Yoo = 8y1 + 6ys + 4ys + 2y4,
Cr(A) = (A + 20k, A)

1

1
=ﬁp3 + 5 {pr +8)p1 + (P2 + 6)pa + (ps + A)ps + (01 + 2)ps + (ps)°}
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ST ={yty;(2<i<j<5)}
20K, = Yasoa = 6y2 + 4ys + 2y,
Ci,(N) = (N + 20g,, \')

1 1
25(196)2 + 5{(19’1)2 + (ph + 6)ph + (ph + 4)ps + (P + 2)p) + (p5)°}

1 1 ) o o o
=5(p6)2 + 5{(19’1)2 + (P + 6)py + (P + 4)ps + (P + 2)p) + (55)°},

SHEY) = {yi £ y;(3<i<j<5)}
20K, = Yasoa = 4ys + 2yy,
Cr, (N") = (N + 26, A")

1 1. ) A o o
Zi(pi)')Q + 5{(19’{)2 + (p5)? + (95 + )P + (P + )0 + (95)%}.

Then for each A € D(K, Ky),

Cp =2{(p1 + 8)p1 + (p2 + 6)ps + (p3 + 4)p3 + (pa + 2)pa + (p5)*}
{0+ 6)ph + (B + 4)ph + (0 + 20+ ()7} — 5 (5
=2(p1 + 8)p1 + 2((p2)* — (1h)?) + 12p2 — 10p5 + 2(p3)* + 8ps
+2((pa)® = (04)%) + 4pa — 20 + 2(ps)* — %(ﬁé’)Q
=2(p1 + 8)p1 + 2((p2)” — (15)?) + 2p2 + 10(p2 — p5) + 2(ps)* + 8ps

2(pa)” — (1)) + 2pa + 2(pa — ) + 2ps)” — ()

2
1, .
>2(p1 4 8)p1 + 2ps + 2(p3)? — 5(1?’2')2 + 8p3 + 2ps + 2(ps)?
1, .
=2(p1 + 8)p1 + 2p2 + (2(19%)2 - 5(1?/2/)2) + 8ps + 2py + 2(195)2

>2(p1 4 8)p1 + 2p2 + 8ps + 2ps + 2(ps)”
(in case py = phy, pa = Py, 2p3 = 2pa = 2p)y = 2p5 = [P5)).
Here
PL=p2 > ph=py>p3 > pa > py=ps >ps >0,

—2p) = —2pf = —(phy — py) < Py < Py — Py = 2pk = 2p)).
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Notice that if p; = 0, then C, = 0 and if p; > 2, then C', > 40 > 30.
In case p1 = %a (pOaplaanpBap4ap5) =

(33333)( 3333_3)( 33331)( 3333_
p0727272a2a2 ’ p072727272a 9 3 p0a272727272 3 p0a27272727
(33311>( 3331_1)( 33111)< 3311_
p07272727272 ) p0727272727 9 ) p07272727272 ) p0727272727
( 31111)( 3111 1)

p07272727272 ) p0727272727 9 .

In these cases,

Cr >2(p1 + 8)p1 + 2p2 + 8ps + 2ps + 2(ps)?
3 3 1 1 1 1
>92. (= 24902 422 49.(2)?
> (2+8) 2+ 2+8 2+ 2+ (2)
=35 > 30.

Hence in order to decide the Hamiltonian stability, i.e., to compare the
first eigenvalue C';, and 30, we can assume that p; = % or 1 in the
following.

11.16. ]_ List OfA S D(K, Ko), N S D(KQ,K()), Ny S D(Kl,K0> with

pL=3 07"1 In case p; = %,

( ) =( ) or ( L1l )
= (po, =y =y =, =, = r (po,=, =, =, =, —= :
Do, P1,DP2,P3, P4, D5 Do, OT (Po, 27 27 27 27 9

If (p07p17p27p37p47p5> (p07%>§7§7§,§) then

(pé)vpllvp,%péapippg) = (3a Aa’a’alal _)a
NN

(p07p,17]5,27ﬁ37p47p5) (O -
(pg7ﬁ/1/7ﬁ/2/7]3gaﬁgaﬁg) = (07 _17 1a 07 07 0) or (Oa _1a _1a 07 07 0)

If (pOap17p27p3ap47p5> (poa%>%7%7%7_%)? then

11111
(pé)7p,17p,27p237p217p,5) = (_37 _57 57 57 57 §>a
(p07p,17]3,27pg725217]5,5) (07171707070)7

(p()/ﬂﬁlll7p,2/aﬁg7p2aﬁ/5,) (07 1a ]-a 07 07 0) or (Oa ]-7 _]-7 07 07 0)
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In case p; =1,
(po,1,1,1,1,1),
(po,1,1,1,1, —1),
(po, 1,1,1,1,0),
(po,1,1,1,0,0),
( )

)

(Po, 1, D25 P3, D1, P5) =

Do, 17 1707070 )
(p07 170707070 .
If (po, p1, P2, P3, pa, Ps) = (po, 1,1, 1,1, 1), then
(Po, Py, P2y P53, Py, 5) = (6,1,1,1, 1, 1),
(ﬁi)vﬁlhﬁlmﬁf%pihﬁé) = (07 _2727()’070)7
(ﬁgaﬁ;/?f)gaﬁg)ﬁ;/aﬁg) = (07 _27 27 Oa 07 0)7 (07 _27 _27 Oa Oa O) or (07 _27 07 Oa 07 0)
If (pOap17p27p37p47p5) = (p()a ]-7 17 17 ]-a _1)a then
(Pos P'1s Py D3y Py, 5) = (6, —1,1,1,1, 1),
(ﬁ{):ﬁ&aﬁéaﬁgvﬁ:pﬁg) = (0727 2707070)7
(ﬁguﬁqvﬁguﬁgvﬁgaﬁg) = (0727 2707070)7 (07 27 _27 07070) or (07 27070707())'
If (p07p17p27p37p47p5> = (p(h 17 17 15 17 O)? then
(Po, 1> Ph, D3, P4, p5) = (0,0,1,1,0,0),
(p07p17ﬁ27]3§37ﬁ:17ﬁ,5) (0707 ]-7 1)070)7
(ﬁgvﬁqaﬁgaﬁgvﬁZaﬁg) = (07070a07070)
or
(p6>p/1>p/27pf37p217p,5) = (07 07 1a ]-7 17 1)7
(ﬁi)?ﬁlhﬁ;)ﬁgvﬁihpé) = (0707 2a07070)7
(f)g,ﬁ/{,ﬁg,ﬁg,ﬁg,ﬁg) =(0,0,2,0,0,0),(0,0,-2,0,0,0) or (0,0,0,0,0,0).
If (pOap17p27p37p47p5) = (pOa ]-7 17 17()’0)7 then
(Po» 1> P, D3, Py, P5) = (6,1,1,1,0,0),
(ﬁéj?ﬁlhﬁlmﬁgvpibpg) = (07 _27 17 17 07 0)7
(ﬁg;ﬁ/{?ﬁgaﬁg?ﬁZJﬁg) = (07 _27070707 0)
or
(p67p/17p/27p2’)7p£17p/5) = (_67 _17 17 17 07 O)J
(]36713/17}5/2715571%1713,5) = (07 27 ]-7 ]-7 07 0)7

(p()vp,l/)ﬁg’ﬁg)ﬁgaﬁg) (0727()’07070)'
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If (pOap17p27p37p47p5) = (pOa 17 1707()’0)7 then

(Po» s Ph, P3: P4, P5) = (0,0,0,0,0,0),
(Pos By, Doy D3, Py, P5) = (0,0,0,0,0,0),
(B0, B, Pa» Py, B4, P5) = (0,0,0,0,0,0)
or

(Po» P> Ph, D3, P4, P5) = (0,0,1,1,0,0),
(Pos By Doy D5, Dy, P5) = (0,0,1,1,0,0),
(B0 DY, Py, 3, 045 D5) = (0,0,0,0,0,0).

If (pOap17p27p37p4)p5) = (pOa 1)0707()’0)7 then

(Po, 1> P, D3, P4, P5) = (6,1,0,0,0,0),
(]36,]5/1,]5/27133713:17ﬂ5) - (07 _27 07 07 Oa 0))
(ﬁgvﬁ/{)]agvﬁg)ﬁgaﬁg) = (07 _27 07 Oa Oa 0)
or

/ / / / / / _ (_ _1
(p07p17p27p37p47p5) - ( 67 707070a0)a
(Po» P1» P, P3» Dy, P5) = (0,2,0,0,0,0),
(ﬁlﬂlaﬁlllaﬁgaﬁgaﬁ27ﬁg) = (07 27 07 07 07 0)

By the direct computation we get the following small eigenvalues in

the above cases.
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A N A Cy
T 1T 1T T 1 T 1T 1T 1T 1
R R T I s LT
bppppn P oL tLOBO LD
R RS R O 1 1 AL
129272197 2 ) 219721219 vy T
6,1,0,0,0,0 6,1,0,0,0,0 0,-2,0,0,0,0 |18
6,1,0,0,0,0 6,—1,0,0,0,0 0,2,0,0,0,0 18
0,1,1,0,0,0 0,0,0,0,0,0 0,0,0,0,0,0 32
0,1,1,0,0,0 0,0,1,1,0,0 0,0,0,0,0,0 20
6,1,1,1,0,0 6,1,1,1,0,0 0,-2,0,0,0,0 |30
—6,1,1,1,0,0 -6,—-1,-1,1,0,010,2,0,0,0,0 30
0,1,1,1,1,0 0,0,1,1,0,0 0,0,0,0,0,0 36
0,1,1,1,1,0 0,0,1,1,1,1 0,0,0,0,0,0 |32
0,1,1,1,1,0 0,0,1,1,1,1 0,0,2,0,0,0 |30
0,1,1,1,1,0 0,0,1,1,1,1 0,0,-2,0,0,0 |30
6,1,1,1,1,1 6,1,1,1,1,1 0,-2,2,0,0,0 |32
6,1,1,1,1,1 6,1,1,1,1,1 0,-2,-2,0,0,0 | 32
6,1,1,1,1,1 6,1,1,1,1,1 0,-2,0,0,0,0 |34
6,1,1,1,1,—1 |6, —1,1,1,1,1 0,2,2,0,0,0 32
6,1,1,1,1,—1 |6 —1,1,1,1,1 0,2,-2,0,0,0 |32
6,1,1,1,1,—1 |6,—1,1,1,1,1 0,2,0,0,0,0 34
Here, A = (po, p1, 02, p3, 01, p5) € D(K, Ko), N' = (py, Py, Db, P, D) D) €

D(K27 KO) and A" = <ﬁ87p{7ﬁ/2/7ﬁg7ﬁg7ﬁ/5/> € D(Kh KO)
11.16.2. On (po, p1,D2,P3,P4,P5) = (0,1,1,0,0,0). In case
A = (p07p17p27p37p47p5) = (07 1a 1707070)7

A/ - (p07p17p27p37p47p5) (07071717070)7
= (p0>p/1>ﬁ/27pgaﬁipﬁg) (07071717070)7
AN = (pOaplll7p,2/aﬁgvﬁZ ﬁg) (07 Oa 07 07 07 0),

we have
Py =Id KId K Adg,,;, s = Id K Id K Adgs
& D(I%5) = D(U(1) X (Spin(2) - Spin(8)))/Z).
Notice that 0(8) = 0(2) @ 0(6) ® M(2,6;R), W = 0(8)C = 0(2)° &
0(6)€ @& M(2,6;R)C, and the subgroups U(1) and Spin(2) of Ky =
(U(1) x (Spin(2) - Spin(8))/Z4 acts trivially on 0(8)€. The subgroup
Spin(6) of Spin(2) - Spin(6) acts trivially on 0(2)€, hence
(WA’)KO = 0(2)07

that is, A € D(K, Ky).
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a3 (m) (0, g, ai3) € Kq

which corresponds to a generator of Zy. ao3(m) € Spin(2) and (v, ae, a3)
commute each other. amgs(m) € Spin(2) acts trivially on 0(2)C. ay of

0 —
-1 0

subspace orthogonally complementary to R1 + Re in K & R®. Thus

the Spin(2)-factor of (v, ae, a3) in Spin(2) - Spin(6) corresponds to

0 -1
(_1 0 ) € 0(2).
Since the adjoint action of
0 -1
(_1 0 ) € S0(2)
on 0(2)€ is —Id, the adjoint action of (ay,as,a3) € Spin(8) is not
trivial on 0(2)€. Hence

(a1, a9, a3) acts on R1 + Re as ( ) and preserves the vector

(WAI)K[a] = {0}
and in particular we obtain A = y; +y» € D(K, K[).

11.16.3. On (po, p1, P2, P3, P, Ps) = (6,1,0,0,0,0).
A =6yo+y1 € D(K, Kyp),
N = 6yo+ 11 = =201 € D(Ks, Ky),
N = =21, € D(K;, Ky),
N"=0€ D(K,)

Cr =18 < 30.
In this case, V) = C ® C! = C!° and py = g X ocio, where ocio
denotes the standard representation of SO(10).

0 0 O
{0 & o] &g eCm ek =or
0 7 &
D) WA’ = UA” = UA”’ = (VA)KO
Note that & = 6y, t; = ;. For each ¢(6) € U(1),
0 0 O _ 0 0 O
ps(0(0) |0 & x| =07°[0 & x4,
0 71 & 0 71 &
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where 0 = eV=1/2 Since

exp(tov/—1R(ey — 2e5 + €3))
~ 1 ~ 3
= exp(toév —1R(2€1 — €9 — 63)) exp(—t0§v —1R(€2 — 63)),

we compute

0 0 0
palexp(tovV/—1R(e; —2e5+¢€3))) | 0 & 2
0 7y &
) 0 0 0
:(/Lﬁ®0010)<6Xp(t0\/—1R<61—2€2+€3))) 0 gg T
0 7y &
1 .3 0
=(pe X aclo)(exp(togv—lR(Zel — ey —e3)) exp(—t0§\/ —1R(ea —e3))) | O
0
1 .3 00
:ug(exp(toév—lR(Zel — ey —e3)))ocio (exp(—toév—lR(eg —e3) |0 &
0 7y
1 3 0 0 O
:/L6(6Xp<t0§\/ —1R<261 — €9 — 63)))0423(—t0§> O 62 I
0 71 &
0 0 0
=(eV T [0 eVTIhig o
0 X eﬁf‘)%fg
0 0 0
:e*\/jl%tAO O e—\/jlfogé2 371
0 X1 6\/j1£0%£3
0 0 0
— 0 e—\/j13£052 e*\/j%fjoxl
0 e Vlahg &3
In particular,
00 0 00 0
pa(exp(toV/—1R(e; —2e2+¢€3))) [0 0 0] =({0 0 O
0 0 & 0 0 &

158

B o

€s

T

£s



for each t, € R. Hence,

(Vi) kg & { 8 &€ c}.

o o O
o O O
o

3

But as a generator of Z, of Kq), the action of

ags(m)(ar, g, a3) € Kq

is given by
000
(&23(7’(')(061,0&2,0[3)) 00 O
0 0 &
000 00 O
=(ag3(m)) {0 0 O] =({0 0 O
00 & 00 =&
Therefore (Va)x,, = {0} and A = 6yo +y1 & D(K, K[y). Similarly,

A= —6yo+uy1 € D(K, Kg).

11.16.4. On (p07p17p27p37p47p5) = (67 17 17 17 07 O)
A =6yo +uy1+y2 +ys € DK, Ko),
A= 6yo +y1 +y2 +ys3 € D(K3, Ko),
kN = =201+ Y2 + U3 € D(KQ, KQ),
A” - —2191 € D(Kl,Ko),
A" =0 € D(K,)
Cr = 30.
In this case,
P =1 B s BAAG ) = 1d B pos K Ad§o )
€ D(K,) = D((S* x (Spin(2) - Spin(8)))/Zy).
Here Wy = 0(8)€ = 0(2)€ @ 0(6)€ & M(2,6;R)C, and the subgroups
St of Ky = (S x (Spin(2) - Spin(8))/Z4 acts trivially on o(8)€. The
subgroup Spin(6) of Ky = S' - Spin(6) C K, acts trivially on 0(2)°,
hence
(WA’)KO = 0(2)07
that is, A € D(K, K).
Notice that

3(T) (1, g, v3) € Ko C Ko,
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which corresponds to a generator of Zy. as3(m) € Spin(2) and (aq, g, a3)
commute each other. The action of am(m) € Spin(2) on H3(K®) is
given by

§1 T3 o &1 V—=1lrs —v/—1Z9
T3 & 11 | V—=1Z3 —& i
) Zf‘l 53 —V —1332 i’l —53

In particular, ass(m) transforms uy to —v/—1ug and eus to —v/—1leus,
which says that aos(m) acts on 0(2) =2 R1 + Re as the matrix mul-

tiplication by ( B '0_1 _\9_—1 ) Thus p1_s(aa3(m)) acts on 0(2) =

R1 + Re is just the matrix multiplication by —Id. On the other hand,

_01 _01) Thus the Spin(2)-
factor of (a1, g, arg) in Spin(2) - Spin(6) corresponds to

0 -1
(_1 0 ) € 0(2).
0 -1 ..
1 o0 )€ O(2) on 0(2)® is —Id. There-

fore, Vi, = 0(2)C, i.e., A = 6yo +y1 + 52 +ys € D(K, Kpg) = 0(2)€.
Thus A = 6yo+ 1 +y2 +ys € D(K, Kjg) with multiplicity 1. Similarly,
A = —6yo +y1 +y2 +y3 € D(K, K) with multiplicity 1.

as of (a1, as,a3) acts on R1 + Re as

Hence the adjoint action of

11.16.5. On (po,p1,p2,P3,P1,p5) = (0,1,1,1,1,0).
A=y +ys+ys+ys € DK, Ko),
N =yy +ys +ya + ys € D(K, Ko),
kN = 27y € D(K,, Ky),
AN =0¢€ D(Ky, Ky),
A} =21, € D(Ky, Ky),
AY = =24, € D(K7, Ky),
N" =0 € D(K,)

Cr, = 30.

Va D Wy D Upn

Va D (Va)ko = Unr(0,0,0,0,0,0) © Unz(0,0,2000) Un2(0,0,-2,0,0,0)
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Wy 2 S3(CP) 2 SE(KY).
Let {1,e1,--- ,er} denote the standard basis of the Cayley algebra
K and denote e := e4. Then

3(1-1+e-e)—(er1-e14+ex-eate3-e3+es-e5+eg-e5+er-e7) € Sg(KC).

> € SO(2), A(1,¢) = (1,¢) <cost —sint)

sint  cost
A(1-1) =(costl +sinte) - (costl + sinte)
=cos?t(1-1) +sin’t(e-e) + 2sintcost(1 - e),
Ale - e) =(—sintl + coste) - (—sintl + coste)
=sin?¢(1-1) + cos’t(e-e) — 2sintcost(1 - e),
A(1-e) =(costl +sinte) - (—sintl + coste)
= —sintcost(l-1) +sintcost(e-e) + (cos*t —sin?t)(1 - e)

cost —sint

For any A = <sin t cost

1 1
=-3 sin2¢(1-1) + 5 sin2t(e - €) + (cos®t — sin®t)(1 - e)

:—%sin2t(1-1—e-e)+6052t(1-e).
Hence
A(l-1+e-e)=1-1+e-e
and
AB(1-14e-e)—(e1-e1+egs-eat+e3-e3+es-e5+es-e5+er-eq))
=3(1-1+e-e)—(e1-e1+ex-e3+e3-e3+e€5-€5+¢€6-€5+e7-e7).

3(1-14e-e)—(e1-e1+eqx-eates-es+es-es+eg-eg+er-er) € Unr(0,00,0,00)
On the other hand,
1-1—e-e+2V-1(1-e) € S3(K®),
1-1—e-e—2V—1(1-¢) € S3(K®),
and
A(l-1—e-e+2V-11-¢)
—(cos2t —/—1sin2t)(1-1—e-e+2v/—11-¢)
—e V1. 1—e.e+2V/—11-¢),
A(l-1—e-e—2y/—11-¢)

—eV (1. 1—e-e—2V/—11-¢).
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Hence,

l1-1—e-e+2v—-11-ec€ UA//(0,077270’0,0),
1-1—e-e—2v—-11-¢e€ UA”(0,0,2,0,0,0)~
Therefore
(VA)KO
=C(l-1—e-e+2v—11-¢)
DC(l-1—e-e—2y/—11"-¢)
®CB(1-1+e-e)—(e1-e1+ex-eate3-e3+e5-e5+¢e5-e6+e7-e7)).
Since
(a3(m) (1, a2, 3)) (2 =1(1 - €)) = 2(vV—1e - (1)) = =2v/—1(1 - e),
(vo3(m) (g, 0, 3))(1-1—e-e)=1-1—e-e,
(aos(m)(ag,0,03))(1-1+e-€)=—(1-14€-e),
we obtain
(VMK =C(1-1—e-e).
and
A=y +ya+ys+ys € DK, Kp)
with the multiplicity 1.

Therefore,

777777777777777

=120 + 120 + 210 = 450
= dim SO(32) — dim U(1) - Spin(10) = nu(G),

G(N3) C Q30(C) is strictly Hamiltonian stable.

Theorem.
K/ K = (U(L) - Spin(10))/(Zs - 8" - Spin(6)) € Quo(C)

1s Hamultonian stable and Hamiltonian rigid, and hence it is strictly
Hamiltonian stable.
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12. APPENDIX
12.1. The principle of triality for SO(8).
K =~ R?,
SO(K) = SO(8).

Theorem 12.1 (The Principle of Triality for SO(8)). For any as €
SO(8), there exist ay,an € SO(8) such that

(nz)(aay) = as(zy)

for each x,y € K. Such ay,as for ag are only aq,as and —aq, —as.
Lemma 12.1. Suppose that aq, ag, a3 € SO(8) satisfy

(1) (cay) = a3(TY)
for each x,y € K. Then

for each z,y € K.
Lemma 12.2. Suppose that oy, as, a3 € O(8) satisfy

(a1z)(ay) = as(TY)
for each x,y € K. Then ay,as, az € SO(8).

Set
b, :={D € Homg(K) | (Dz,y) + (z, Dy) = 0 for each z,y € K}.
k,m, v : by — by are defined by
(kD)x := Dz  for each z € K,
m(Gi;) == F;, i,7=0,1,2,3,4,5,6,7,
Vi=TOoK=TK.

Let Aut(by) be the automorphism group of Lie algebra by. Then
k, m,v € Aut(by) and they satisfy

KE=1,1m=1,1°3=1v=nk.

Proposition 12.1. Let &3 be a subgroup of Aut(by) generated by k
and m and Ss the symmetry group of degree 3. Then there is a group
1somorphism
S = S5s.
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Theorem 12.2 (The Principle of Triality for 94). For any Dy € 04,
there exist Dy, D3 € 04 such that

(Dr2)y + 2(Day) = Ds(zy)

for each z,y € K. Such Dy, D3 for Dy is unique and Dy = vD; and
D3 = 7TD1.

Lemma 12.3. Suppose that D1, Dy, D3 € 04 satisfy
(D17)y + x(Day) = D3(ry)
for each x,y € K. Then
(Daw)y + x(Dsy) = D1(zy),
(D3r)y + x(D1y) = Dy(xy)
for each z,y € K.

12.1.1. Spinor group Spin(7).

Bs :={a € SO(K) | There exists a € SO(Im(K)) such that
(ax)(ay) = a(xy) for each z,y € K}.

Bs = Spin(7)
p: Spin(7) = Bs 3 & — a € SO(Im(K)) = SO(7).
12.1.2. Spinor group Spin(8).

[)4 ::{(041,042,043) S SO(K) X SO(K) X SO(K) ‘
(o) (aoy) = az(Ty) for each z,y € K}

p:Dy 3 (0q, 0, a3) — a; € SO(K) = SO(8)
is a universal covering map. Then Dy = Spin(8).
Lie group isomorphisms s, 7, v : Spin(8) — Spin(8) defined by
k(ar, g, ag) == (kag, kKas, Kag),
(o, ag, a3) == (Kag, kKag, Kay),

7T(O(1, Qg, 053) = (OCQ, Qs, 051)7
where k : SO(8) — SO(8) is defined by ka(z) := a(Z) for each x € K.
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Spin(7) = By 3 & — (a, &, k&) € Dy

is an injective Lie group homomorphism.

Spin(7) =2 {a € Spin(8) | koo = a}.

12.1.3. Subgroup Spin(8) of Fy C Es.
D4 = {CL € F4 | ae; = ¢; (l = 1,2,3)}

P 154(% Spin(8)) 3 (a1, g, az) — p(ay, as,a3) € Dy C Fy C Fg
defined by

&1 T3 To §1  Q3T3 QT
olag,0,03) | T3 & o | == |aszs & gz |
To T1 &3 oy oy &3

@ is a Lie group isomorphism.

pi - Dy(22 Spin(8)) 3 (an, g, ai3) — a; € SO(K) = SO(8) (i =1,2,3)

)
U(1) x SU(4) —U(4)
Spin(7) —SO(7)
SU(4) = Spin(6) —SO(6)

0 0 mo—+v—lasge
a g{ 0 0 0 | Mo, Qg € R}
mae ++v—1lase 0 0
C[F) -0 € ()0 (= p)
c@¥°)

Question 1. Suppose that (aq, as, a3) € SO(€) x SO(€) x SO(€) such
that

(a1z)(aszy) = as(TY)
for each z,y € €. If as(1) = 1 and an(v/—1e) = V—le, i.e. as(e) = e,

then what can you say about a; and ag ?
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(nz)(any) = kas(zy)

By putting y = 1,
(1) (agl) = kas(x)
()l = kas(x)

(1) = Kas(x)
Thus oy = ka3 and hence

(a1z)(ey) = o (zy)

for each x,y € €. By putting y = e,
() (me) = aq(ze)
(anz)e = ay(we)

(nz)e = ay(ze).
As C =R + Re,
¢~ C*~ Cl+ Ce; + Cey + Ces.

Spin(8) 3 (a1, s, a3) — ag € SO(€) = SO(8)

Spin(6) ={(aq, az, a3) € Spin(8) | as(l) = 1,as(e) = e}
S(ay, ag, az) — ag € SO(6)

Spin(6) ={(aq, az, az) € Spin(8) | as(l) = 1,as(e) = e}
9(0(1, g, @3) o € U(4)
is an injective Lie group homomorphism. In fact, if (ay,ag,a3) €
Spin(6), then (o, —as, —asz) € Spin(8) but (ay, —ag, —ag) € Spin(6).
Because (—aq)(1) = —1 # 1 and (—az)(e) = —e # e. Since Spin(6) is
simple,

{a1 | (a1, a9,a3) € Spin(6)} =2 SU(4) C U(4).
Therefore
Spin(6) ={(aq, az, a3) € Spin(8) | az(l) = 1,as(e) = e}
S(ay, ag, a3) — oy € SU(4)

is a Lie group isomorphism.
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