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Abstract. The image of the Gauss map of any oriented isopara-
metric hypersurface of the unit standard sphere Sn+1(1) is a mini-
mal Lagrangian submanifold in the complex hyperquadric Qn(C).
In this paper we determine the Hamiltonian stability of all com-
pact minimal Lagrangian submanifolds embedded in complex hy-
perquadrics which are obtained as the images of the Gauss map of
homogeneous isoparametric hypersurfaces in the unit spheres.

Introduction

In 1990’s Oh initialed the study of Hamiltonian minimality and
Hamiltonian stability of Lagrangian submanifolds in Kähler manifolds
([28], [29], [30]). It provides a suitable constrained volume variational
problem of Lagrangian submanifolds in Kähler manifolds under Hamil-
tonian deformations. Recall that a submanifold L is an n-dimensional
submanifold of a symplectic manifold (M2n, ω) on which the symplec-
tic form vanishes identically. The Lagrangian property is preserved by
Hamiltonian deformations in M . So it is natural to define in a Kähler
manifold (M, ω, g, J) that a Lagrangian submanifold is Hamiltonian
minimal ([28]) or Hamiltonian stationary ([38]), if it is the critical point
of the volume functional under any Hamiltonian deformation of L.
Similarly, a Hamiltonian minimal Lagrangian submanifold in a Kähler
manifold is said to be Hamiltonian stable, if the second variational of
the volume is nonnegative under every Hamiltonian deformation. Min-
imal Lagrangian submanifolds are apparently Hamiltonian minimal. It
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is a natural and interesting problem what Lagrangian submanifolds in
specific Kähler manifolds are Hamiltonian stable. After Oh’s pioneer
papers, there has been extensive research done on Hamiltonian sta-
bilities of minimal or Hamiltonian minimal Lagrangian submanifolds
in various Kähler manifolds, such as complex Euclidean spaces, com-
plex projective spaces, compact Hermitian symmetric spaces, certain
toric Kähler manifolds and so on. (See e.g., [2, 7, 33, 34, 37, 42] and
references therein.)

It is known that the Gauss map of an oriented hypersurface Nn in the
unit standard sphere Sn+1(1) is a Lagrangian immersion of Nn into the
complex hyperquadric Qn(C). It follows from Palmer’s mean curvature
formula [37] that if an oriented hypersurface Nn in Sn+1(1) is of con-
stant principal curvatures, the so called “isoparametric hypersurface”,
then its Gauss map is a minimal Lagrangian immersion of Nn into
Qn(C). Münzner [26], [27] showed that the number g of distinct prin-
cipal curvatures of Nn in Sn+1(1) and their multiplicities m1, · · · ,mg

must be g = 1, 2, 3, 4, 6 and m1 = m3 = · · · ≤ m2 = m4 = · · · , and
Nn is always real algebraic in the sense that Nn is defined by a certain
real homogeneous polynomial of degree g which is called the ”Cartan-
Münzner polynomial”. We observe that the image of the Gauss map
of any compact oriented isoparametric hypersurface Nn embedded in
Sn+1(1) is a smooth compact minimal Lagrangian submanifold embed-
ded in Qn(C) and the Gauss map is a covering map with covering
transformation group Zg.

An isoparametric hypersurface Nn in the unit standard sphere Sn+1(1)
is called homogeneous if Nn can be obtained as an orbit of a compact
Lie subgroup of SO(n + 2). All isoparametric hypersurfaces in the
unit standard sphere are classified into homogeneous ones and non-
homogeneous ones. Every homogeneous isoparametric hypersurface in
a sphere can be obtained as a principal orbit of a linear isotropy rep-
resentation of a compact Riemannian symmetric pair (U,K) of rank
2, due to Hsiang-Lawson [14] and Takagi-Takahashi [39] (cf. Dadok,
Asoh, Ucihda, Yasukura). Only in the case of g = 4 there are known
to exist non-homogeneous isoparametric hypersurfaces, which were dis-
covered first by Ozeki-Takeuchi [35], [36] and extensively generalized
by Ferus-Karcher-Münzner [10].

In this paper we determine the Hamiltonian stability of all com-
pact minimal Lagrangian embedded submanifolds in Qn(C) which are
obtained as the Gauss images of homogeneous isoparametric hypersur-
faces in Sn+1(1). This paper is a continuation of [21], where we have
already treated the cases of g = 1, 2, 3.

The main result of this paper is as follows :
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Theorem. Suppose that (U,K) is not of type EIII, that is, (U,K) ̸=
(E6, U(1) · Spin(10)). Then L = G(N) is not Hamiltonian stable if
and only if m2 − m1 ≥ 3. Moreover if (U,K) is of type EIII, that is,
(U,K) = (E6, U(1) · Spin(10)), then (m1,m2) = (6, 9) but L = G(N)
is strictly Hamiltonian stable.

This paper is organized as follows : In Section 1 we recall the notion
and fundamental properties on Hamiltonian minimality, Hamiltonian
stability and strictly Hamiltonian stability of Lagrangian submanifolds
in Kähler manifolds. In Section 2 we briefly explain properties of min-
imal Lagrangian submanifolds in complex hyperquadrics as the Gauss
image of isoparametric hypersurfaces in spheres, which were discussed
in our previous works. In Section 3 we explain the method of eigen-
value computations of our compact homogeneous spaces which are the
Gauss images of compact homogeneous isoparametric hypersurfaces in
spheres, and the fibrations on homogeneous isoparametric hypersur-
faces by homogeneous isoparametric hypersurfaces. The fibrations are
very useful for our computation. In Sections 4 and 5, we determine
the strictly Hamilonian stability of the Gauss images of compact ho-
mogeneous isoparametric hypersurfaces with g = 6. In Sections 6-11,
we determine the strictly Hamilonian stability of the Gauss images of
compact homogeneous isoparametric hypersurfaces with g = 4.
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1. Hamiltonian minimality and Hamiltonian stability

Assume that (M, ω, J, g) is a Kähler manifold with the compatible
complex structure J and Kähler metric g. Let φ : L → M be a
Lagrangian immersion and H denote the mean curvature vector field of
φ. The corresponding 1-form αH := ω(H, ·) ∈ Ω1(L) is called the mean
curvature form of φ. For simplicity, throughout this paper we assume
that L is compact without boundary.

Definition 1.1. Let M be a Kähler manifold. A Lagrangian immer-
sion φ : L → M is called Hamiltonian minimal (shortly, H-minimal)
or Hamiltonian stationary, if it is the critical point of the volume func-
tional for all Hamiltonian deformations {φt}.
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The corresponding Euler-Lagrange equation is δαH = 0, where δ is
the codifferential with the respect to the induced metric on L.

Definition 1.2. An H-minimal Lagrangian immersion φ is called Hamil-
tonian stable (shortly, H-stable) if the second variation of the volume
is nonnegative under every Hamiltonian deformation {φt}.

The second variational formula is given as follows ([30]):

d2

dt2
Vol (L,φ∗

t g)|t=0

=

∫
L

(
⟨∆1

Lα, α⟩ − ⟨R(α), α⟩ − 2⟨α ⊗ α ⊗ αH, S⟩ + ⟨αH, α⟩2
)
dv

where ∆1
L denotes the Laplace operator of (L,φ∗g) acting on the vector

space Ω1(L) of smooth 1-forms on L and α := ω(V, ·) ∈ B(L) is the ex-
act 1-form corresponding to an infinitesimal Hamiltonian deformation
V . Here,

⟨R(α), α⟩ :=
n∑

i,j=1

RicM(ei, ej)α(ei)α(ej),

for a local orthonormal frame {ei} on L and

S(X, Y, Z) := ω(B(X,Y ), Z)

for each X, Y, Z ∈ C∞(TL), which is a symmetric 3-tensor field on L
defined by the second fundamental form B of L in M .

For an H-minimal Lagrangian immersion φ : L → M , denote by
E0(φ) the null space of the second variation on B1(L) and n(φ) :=
dim E0(φ) is called the nullity of φ.

If H1(M,R) = {0}, then any holomorphic Killing vector field on M
is a Hamiltonian vector field, and thus it generates a volume-preserving
Hamiltonian deformation of φ. Namely,

{φ∗αX | X is a holomorphic Killing vector field on M} ⊂ E0(φ) ⊂ B1(L).

Set nhk(φ) := dim{φ∗αX | X is a holomorphic Killing vector field on M},
which is called the holomorphic Killing nullity of φ.

Definition 1.3. An H-minimal Lagrangian immersion φ is called strictly
Hamiltonian stable (shortly, strictly H-stable) if φ is Hamiltonian sta-
ble and nhk(φ) = n(φ).

Note that if L is strictly Hamiltonian stable, then L has local mini-
mum volume under each Hamiltonian deformation.

In the case when L is a compact minimal Lagrangian submanifold
in an Einstein-Käher manifold M with Einstein constant κ, the second
variational formula becomes much simpler. It follows that L is H-stable
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if and only if the first (positive) eigenvalue λ1 of the Laplacian of L
acting on functions satisfies λ1 ≥ κ ([28]). On the other hand, the
upper bound of the first eigenvalue λ1 of the Laplacian of a compact
minimal Lagrangian submanifold L in a compact homogenous Einstein-
Kähler manifold with positive Einstein constant κ is given by λ1 ≤ κ
([32], [33]). Combing with the argument of H-stability, we get in this
case, L is H-stable if and only if λ1 = κ.

Assume that (M, ω, J, g) is a Kähler manifold and G is an analytic
subgroup of its automorphism group Aut(M,ω, J, g). A Lagrangian or-
bit L = G·x ⊂ M of G is called a homogeneous Lagrangian submanifold
of M . An easy but useful observation can be given as follows.

Proposition 1.1. Any compact homogeneous Lagrangian submanifold
in a Kähler manifold is Hamiltonian minimal.

Proof. Since αH is an invariant 1-form on L, δαH is a constant function
on L. Hence by the divergence theorem we obtain δαH = 0. �

Set

G̃ := {a ∈ Aut(M, ω, J, g) | a(L) = L}.
Then G ⊂ G̃ and G̃ is the maximal subgroup of Aut(M,ω, J, g) pre-
serving L. Moreover we have nhk(φ) = dim(Aut(M, ω, J, g))−dim(G̃).

2. Gauss maps of isoparametric hypersurfaces in a sphere

2.1. Gauss maps of oriented hypersurfaces in spheres. Let Nn ⊂
Sn+1(1) ⊂ Rn+2 be an oriented hypersurface in the unit sphere. Denote
by x its position vector of a point p of N and n the unit normal vector
field of N in Sn+1(1). It is a fundamental fact in symplectic geometry
that the Gauss map defined by

G : Nn ∋ p 7−→ x(p)∧n(p) ∼= [x(p)+
√
−1n(p)] ∈ G̃r2(R

n+2) ∼= Qn(C)

is always a Lagrangian immersion in the complex hyperquadric Qn(C).
Let gstd

Qn(C) be the standard Kähler metric of Qn(C) induced from

the standard inner product of Rn+2. Note that the Einstein constant
of gstd

Qn(C) is equal to n. Let κi (i = 1, · · · , n) denote the principal

curvatures of Nn ⊂ Sn+1(1) and H denote the mean curvature vector
field of the Gauss map G. Palmer gave the following mean curvature
form formula ([37]):

αH = d

(
Im

(
log

n∏
i=1

(1 +
√
−1κi)

))
.
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Hence, if Nn is an oriented austere hypersurface in Sn+1(1), intro-
duced by Harvey-Lawson [13], then its Gauss map G : Nn → Qn(C)
is a minimal Lagrangian immersion. In particular, since any minimal
surface in S3(1) is austere, its Gauss map is a minimal Lagrangian im-
mersion in Q2(C) ∼= S2×S2 ([7]). Note that more minimal Lagrangian
submanifolds of complex hyperquadrics can be obtained from Gauss
maps of certain oriented hypersurfaces in spheres through Palmer’s
formula.

2.2. Gauss maps of isoparametric hypersurfaces in spheres.
Now suppose that Nn is a compact oriented hypersurface in Sn+1(1)
with constant principal curvatures, i.e., isoparametric hypersurface. By
Müzner’s result ([26, 27]), the number g of distinct principal curvatures
must be 1, 2, 3, 4 or 6. It follows from Palmer’s mean curvature form
formula that its Gauss map G : Nn → Qn(C) is a minimal Lagrangian
immersion. Moreover, the “Gauss images ”of G gives a compact em-
bedded minimal Lagrangian submanifold Ln = G(Nn) ∼= Nn/Zg in
Qn(C).

Münzner showed that the distinct principal curvatures of an isopara-
metric hypersurface in a sphere have at most two different multiplicities
m1, m2. In the following, we assume that m1 ≤ m2.

All isoparametric hypersurfaces in spheres are classified into homoge-
neous one and non-homogeneous ones. A hypersurface Nn in Sn+1(1)
is homogeneous if it is obtained as an orbit of a compact connected
subgroup G of SO(n + 2). Obviously a homogeneous hypersurface in
Sn+1(1) is an isoparametric hypersurface. It turns out that Nn is ho-
mogeneous if and only if its Gauss image G(Nn) is homogeneous ([21]).
Due to Hsiang-Lawson ([13]) and Takagi-Takahashi ([39]), any homo-
geneous isoparametric hypersurface in a sphere can be obtained as a
principal orbit of the isotropy representation of a Riemannian symmet-
ric pair (U,K) of rank 2 (Table 1). The construction of homogeneous
isoparametric hypersurfaces are obtained in the following way (cf. [21]).

Let u = k + p be the canonical decomposition of u as a symmetric
Lie algebra of a symmetric pair (U,K) of rank 2 and a be a maximal
abelian subspace of p. Define an AdU -invariant inner product ⟨ , ⟩u
of u from the Killing-Cartan form of u. Then the vector space p can
be identified with the Euclidean space Rn+2 with respect to the inner
product ⟨ , ⟩u and the (n + 1)-dimensional unit sphere Sn+1(1) can
be defined in p naturally. The linear isotropy action Adp of K on p

and thus Sn+1(1) induces the group action of K on G̃r2(p) ∼= Qn(C).
For each regular element H of a ∩ Sn+1(1), we get a homogeneous
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isoparametric hypersurface in the unit sphere

Nn = (AdpK)H ⊂ Sn+1(1) ⊂ p ∼= Rn+2.

Its Gauss image is

G(Nn) = K · [a] = [(AdpK)a] ⊂ G̃r2(p) ∼= Qn(C).

Here N and G(Nn) have homogeneous space expressions N ∼= K/K0

and G(Nn) ∼= K/K[a], where

K0 := {k ∈ K | Adp(k)(H) = H}
= {k ∈ K | Adp(k)(H) = H for each H ∈ a},

Ka := {k ∈ K | Adp(k)(a) = a},
K[a] := {k ∈ Ka | Adp(k) : a −→ a preserves the orientation of a}.

The deck transformation group of the covering map G : N → G(Nn)
is equal to K[a]/K0 = W (U,K)/Z2

∼= Zg, where W (U,K) = Ka/K0 is
the Weyl group of (U,K).

Table 1. Homogeneous isoparametric hypersurfaces in spheres

g Type (U,K) dimN m1,m2 K/K0

1 S1× (S1 × SO(n + 2), SO(n + 1)) n n Sn

BDII (n ≥ 1) [R ⊕ A1]
2 BDII× (SO(p + 2) × SO(n + 2 − p), n p, n − p Sp × Sn−p

BDII SO(p + 1) × SO(n + 1 − p))
(1 ≤ p ≤ n − 1) [A1 ⊕ A1]

3 AI2 (SU(3), SO(3)) [A2] 3 1, 1 SO(3)
Z2+Z2

3 a2 (SU(3) × SU(3), SU(3)) [A2] 6 2, 2 SU(3)
T 2

3 AII2 (SU(6), Sp(3)) [A2] 12 4, 4 Sp(3)
Sp(1)3

3 EIV (E6, F4) [A2] 24 8, 8 F4
Spin(8)

4 b2 (SO(5) × SO(5), SO(5)) [B2] 8 2, 2 SO(5)
T 2

4 AIII2 (SU(m + 2), S(U(2) × U(m))) 4m − 2 2, S(U(2)×U(m))
S(U(1)×U(1)×U(m−2))

(m ≥ 2) [BC2](m ≥ 3), [B2](m = 2) 2m − 3
4 BDI2 (SO(m + 2), SO(2) × SO(m)) 2m − 2 1, SO(2)×SO(m)

Z2×SO(m−2)

(m ≥ 3) [B2] m − 2
4 CII2 (Sp(m + 2), Sp(2) × Sp(m)) 8m − 2 4, Sp(2)×Sp(m)

Sp(1)×Sp(1)×Sp(m−2)

(m ≥ 2) [BC2](m ≥ 3), [B2](m = 2) 4m − 5
4 DIII2 (SO(10), U(5)) [BC2] 18 4, 5 U(5)

SU(2)×SU(2)×U(1)

4 EIII (E6, U(1) · Spin(10)) [BC2] 30 6, 9 U(1)·Spin(10)
S1·Spin(6)

6 g2 (G2 × G2, G2) [G2] 12 2, 2 G2
T 2

6 G (G2, SO(4)) [G2] 6 1, 1 SO(4)
Z2+Z2
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2.3. A remark on strictly Hamiltonian stability and Hamil-
tonian rigidiy of Gauss images of isoparametic hypersurfaces.
Consider

G : Nn ∋ p 7−→ x(p) ∧ n(p) ∈ G̃r2(R
n+2) ⊂

2∧
Rn+2.

Here
∧2 Rn+2 ∼= o(n + 2) can be identified with the Lie algebra of all

(holomorphic) Killing vector fields on Sn+1(1) or G̃r2(R
n+2). Let k̃

be the Lie subalgebra of o(n + 2) consisting of all Killing vector fields
tangent to Nn or G(Nn) and K̃ be an analytic subgroup of SO(n + 2)

generated by k̃. Take the orthogonal direct sum

2∧
Rn+2 = k̃ + V ,

where V is a vector subspace of o(n + 2). The linear map

V ∋ X 7−→ αX |G(Nn) ∈ E0(G) ⊂ B1(G(Nn))

is injective and nhk(G) = dimV . Then G(Nn) ⊂ V and thus G(Nn) ⊂
G̃r2(R

n+2)∩V . Indeed, for each X ∈ k̃ and each p ∈ Nn, ⟨X,x(p) ∧ n(p)⟩ =
⟨Xx(p),n(p)⟩ − ⟨x(p), Xn(p)⟩ = 2⟨Xx(p),n(p)⟩ = 0.

Note that G(Nn) is a compact minimal submanifold embedded in
the unit hypersphere of V and by the theorem of Tsunero Takahashi
each coordinate function of V restricted to G(Nn) is an eigenfunction
of the Laplace operator with eigenvalue n. Then we observe

Lemma 2.1. n is just the first (positive) eigenvalue of G(Nn) if and
only if G(Nn) ⊂ Qn(C) is Hamiltonian stable. Moreover the dimen-
sion of the vector space V is equal to the multiplicity of the (resp. first)
eigenvalue n if and only if G(Nn) ⊂ Qn(C) is Hamilitonian rigid
(resp. strictly Hamiltonian stable).

Next we discuss a relationship between the Gauss images G(Nn)of

isoparametric hypersurfaces and the intersection G̃r2(R
n+2) ∩ V .

Proposition 2.1 ([22]). If Nn is homogeneous, then

G(Nn) = G̃r2(R
n+2) ∩ V .

Define µ : G̃r2(R
n+2) →

∧2 Rn+2 in the following way:

µ : G̃r2(R
n+2) ∋ [W ] 7−→ a ∧ b ∈

2∧
Rn+2 ∼= o(n + 2) = k̃ + V .
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The moment map of the action K̃ on G̃r2(R
n+2) is given by µk̃ :=

πk̃ ◦ µ : G̃r2(R
n+2) → k̃. For any p ∈ Nn,

K̃(x(p) ∧ n(p)) ⊂ G(Nn) ⊂ G̃r2(R
n+2) ∩ V = µ−1

k̃
(0).

It is obvious that Nn is homogeneous if and only if K̃(x(p)∧n(p)) =
G(Nn).

Proposition 2.2 ([22]). Assume that G(Nn) = G̃r2(R
n+2) ∩ V. Then

K̃(x(p) ∧ n(p)) = G(Nn), that is, Nn is homogeneous.

Corollary 2.1 ([22]). Nn is not homogeneous if and only if

K̃(x(p) ∧ n(p)) $ G(Nn) $ G̃r2(R
n+2) ∩ V = µ−1

k̃
(0).

3. The method of eigenvalue computations for our
compact homogeneous spaces

3.1. Basic results from harmonic analysis on compact homo-
geneous spaces. First we recall the basic theory of harmonic analysis
on general compact homogeneous spaces. Let D(G) be the complete
set of all inequivalent irreducible unitary representations of a compact
connected Lie group G. For a maximal abelian subalgebra t of g, let
Σ(G) be the set of all roots of k and Σ+(G) be its subset of all positive
root α ∈ Σ(G) relative to a linear order fixed on g. Set

Γ(G) := {ξ ∈ h | exp(ξ) = e},
Z(G) := {Λ ∈ h∗ | Λ(ξ) ∈ Z for each ξ ∈ Γ(K)},
D(G) := {Λ ∈ Z(G) | ⟨Λ, α⟩ ≥ 0 for each α ∈ Σ+(G)}.

Then there is a bijective correspondence between D(G) ∋ Λ 7−→
(Vλ, ρΛ) ∈ D(G), where (VΛ, ρΛ) denotes an irreducible unitary rep-
resentation of G with the highest weight Λ equipped with a ρΛ(K)-
invariant Hermitian inner product ⟨ , ⟩VΛ

(which is unique up to a mul-
tiplication by a positive constant). Let ⟨ , ⟩g be an AdG-invariant inner
product of g. For a compact Lie subgroup H of G with Lie algebra H,
we take the orthogonal direct sum decomposition g = h+m relative to
⟨ , ⟩g. Set

D(G, H) := {Λ ∈ D(G) | (VΛ)S ̸= {0}}, (3.1)

where
(VΛ)H := {w ∈ Vλ | ρλ(a)w = w (∀a ∈ H)}. (3.2)

Let Λ ∈ D(G,H). For each w̄ ⊗ v ∈ (VΛ)∗H ⊗ VΛ, we define a real
analytic function fw̄⊗v on G/H by

(fw̄⊗v)(aH) := ⟨⟨v, ρΛ(a)w⟩⟩VΛ
(3.3)
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for all aH ∈ G/H. By virtue of the Peter-Weyl’s theorem and the
Frobenius reciprocity law, we have a linear injection

(VΛ)∗H ⊗ VΛ ∋ w̄ ⊗ v 7−→ fw̄⊗v ∈ C∞(G/H,C) (3.4)

and the decomposition

C∞(G/H,C) =
⊕

Λ∈D(G,H)

(VΛ)∗H ⊗ VΛ. (3.5)

in the sense of C∞-topology. Via the natural homogeneous projection
π : G → G/H, the vector space C∞(G/H,C) of all complex val-
ued smooth functions on G/H can be identified with the vector space
C∞(K,C)H of all complex valued smooth functions on G invariant un-
der the right action of H. Let U(g) be the universal enveloping algebra
of Lie algebra g, which is identified to the algebra of all left-invariant
linear differential operators on C∞(G,C). Let

U(g)H := {D ∈ U(g) | Ad(k)D = Rk ◦ D ◦ Rk−1 = D for each k ∈ H}

be a subalgebra of U(g) consisting of elements fixed by the adjoint ac-

tion of H. Here define (Rkf̃)(u) := f̃(uk) for f̃ ∈ C∞(G,C). For each
D ∈ U(g)K0 , we have D(C∞(G,C)H) ⊂ C∞(G,C)H . The Casimir op-
erator CG/K,⟨ , ⟩g of (G,K) relative to ⟨ , ⟩g is defined by C :=

∑n
i=1(Xi)

2

where {Xi | i = 1, · · · , n} is an orthonormal basis of m with respect
to ⟨ , ⟩g. Then CG/K,⟨ , ⟩g ∈ U(g)H and by the AdG-invariance of ⟨ , ⟩g
and Schur’s Lemma there is a non-positive real constant c(Λ, ⟨ , ⟩g)
such that

CG/K,⟨ , ⟩g(fw̄⊗v) = c(Λ, ⟨ , ⟩g)fw̄⊗v (3.6)

for each w̄⊗ v ∈ (VΛ)∗H ⊗VΛ. The eigenvalue c(Λ, ⟨ , ⟩g) is given by the
Freudenthal’s formula

c(Λ, ⟨ , ⟩g) = −⟨Λ, Λ + 2δ⟩g, (3.7)

where 2δ =
∑

α∈Σ+(G) α.

The Laplace operator ∆0
Ln = δd acting on C∞(K/K0,C) with re-

spect to the induced metric G∗gstd
Qn(C) corresponds to the linear differ-

ential operator −CLn on C∞(K,C)K0 , where CLn ∈ U(k) is the Casimir
operator relative to the Adm(K0)-invariant inner product ⟨ , ⟩ of m
defined by

CLn :=
∑

γ∈Σ+(U,K)

m(γ)∑
i=1

1

||γ||2u
(Xγ,i)

2. (3.8)

Notice that CLn ∈ U(k)K0 because of the Adm(K0)-invariance of ⟨ , ⟩.
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Suppose that Σ(U,K) is irreducible. Let γ0 denote the highest root
of Σ(U,K). For g = 3, 4, or 6, the restricted root systems Σ(U,K) is
of type a2, B2, BC2 or G2. Then we know that for each γ ∈ Σ+(U,K),

∥γ∥2
u

∥γ0∥2
u

=


1 if Σ(U,K) is of type A2,

1 or 1/3 if Σ(U,K) is of type G2,

1 or 1/2 if Σ(U,K) is of type B2,

1, 1/2 or 1/4 if Σ(U,K) is of type BC2.

Define

Σ+
1 (U,K) := {γ ∈ Σ+

1 (U,K) | ∥γ∥2
u = ∥γ0∥2

u}. (3.9)

Define a symmetric Lie subalgebra (u1, k1) by

k1 := k0 +
∑

γ∈Σ+
1 (U,K)

kγ, p1 := a +
∑

γ∈Σ+
1 (U,K)

pγ,

u1 := k1 + p1.

Let K1 and U1 denote connected compact Lie subgroups of K and U
generated by k1 and u1.

Suppose that Σ+(U,K) is of type BC2. Define

Σ+
2 (U,K) := {γ ∈ Σ+

1 (U,K) | ∥γ∥2
u = ∥γ0∥2

u or ∥γ0∥2
u/2}. (3.10)

Define a symmetric Lie subalgebra (u2, k2) by

k2 := k0 +
∑

γ∈Σ+
2 (U,K)

kγ, p2 := a +
∑

γ∈Σ+
2 (U,K)

pγ,

u2 := k2 + p2.

Let K2 and U2 denote connected compact Lie subgroups of K and U
generated by k2 and u2. We have the following subgroups of K in each
case:

K0 ⊂ K, if Σ(U,K) is of type a2;
K0 ⊂ K1 ⊂ K, if Σ(U,K) is of type b2 or g2;
K0 ⊂ K1 ⊂ K2 ⊂ K, if Σ(U,K) is of type BC2.
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Set

CK/K0,⟨ , ⟩u :=
∑

γ∈Σ+(U,K)

m(γ)∑
i=1

(Xγ,i)
2,

CK1/K0,⟨ , ⟩u :=
∑

γ∈Σ+
1 (U,K)

m(γ)∑
i=1

(Xγ,i)
2,

CK2/K0,⟨ , ⟩u :=
∑

γ∈Σ+
2 (U,K)

m(γ)∑
i=1

(Xγ,i)
2.

(3.11)

Then CK/K0 , CK1/K0 , CK2/K0 ∈ U(k)K0 and the Casimir operator CLn can
be decomposed as follows:

Lemma 3.1.

CLn =



1

∥γ0∥u
CK/K0,⟨ , ⟩u if Σ(U,K) is of type A2;

3

∥γ0∥u
CK/K0,⟨ , ⟩u −

2

∥γ0∥u
CK1/K0,⟨ , ⟩u if Σ(U,K) is of type G2;

2

∥γ0∥u
CK/K0,⟨ , ⟩u −

1

∥γ0∥u
CK1/K0,⟨ , ⟩u if Σ(U,K) is of type B2;

4

∥γ0∥u
CK/K0,⟨ , ⟩u −

1

∥γ0∥u
CK1/K0,⟨ , ⟩u −

2

∥γ0∥u
CK2/K0,⟨ , ⟩u

if Σ(U,K) is of type BC2.

3.2. Fibrations on homogeneous isoparametric hypersurfaces
by homogeneous isoparametric hypersurfaces. For g = 4, 6, (U,K)
are of G2, B2 or BC2 type. See the 3rd column of Table 1.

In the case when (U,K) is of type B2 or G2, we have one fibration
as follows:

K1/K0

Nn = K/K0

?
K/K1

12



In the case when (U,K) is of type BC2, we have the following two
fibrations:

K/K0

K1/K0 K2/K0

K/K2

-Nn = K/K0

=

? ?
K/K1

K2/K1-

3.2.1. In case g = 6 and (U,K) = (G2, SO(4)), (m1,m2) = (1, 1).

K1/K0 = SO(3)/(Z2 + Z2)

Nn = K/K0 = SO(4)/(Z2 + Z2)

?
K/K1 = SO(4)/SO(3) ∼= S3

U/K = G2/SO(4) ⊃ U1/K1 = SU(3)/SO(3)

K/K0 = SO(4)/(Z2 + Z2) : g = 6,m1 = m2 = 1,

K1/K0 = SO(3)/(Z2 + Z2) : g = 3,m1 = m2 = 1

3.3. In case g = 6 and (U,K) = (G2 × G2, G2), (m1, m2) = (2, 2).

K1/K0 = SU(3)/T 2

Nn = K/K0 = G2/T
2

?
K/K1 = G2/SU(3) ∼= S6

13



U/K = (G2 × G2)/G2 ⊃ U1/K1 = (SU(3) × SU(3))/SO(3)

K/K0 = G2/T
2 : g = 6,m1 = m2 = 2,

K1/K0 = SU(3)/T 2 : g = 3,m1 = m2 = 2

3.4. In case g = 4 and (U,K) = (SO(5)×SO(5), SO(5)), (m1, m2) =
(2, 2).

K1/K0 = SO(4)/T 2

Nn = K/K0 = SO(5)/T 2

?
K/K1 = SO(5)/SO(4) ∼= S4

U/K = (SO(5) × SO(5))/SO(5) ∼= SO(5)

⊃U1/K1 = (SO(4) × SO(4))/SO(4) ∼= SO(4) ∼= S3 · S3

maximal totally geodesic submanifold

SO(4) ∼= Spin(4)/Z2
∼= (SU(2)×SU(2))/Z2

∼= (S3 ×S3)/Z2
∼= S3 ·S3

Remark ([20]). The classification of maximal totally geodesic subman-
ifolds embedded in Sp(2) ∼= Spin(5):

G̃r2(R
5), S1 · S3, S3 × S3, S4 .

Ũ/K̃ = (Sp(2) × Sp(2))/Sp(2) ∼= Sp(2)

⊃ Ũ1/K̃1 = ((Sp(1) × Sp(1)) × (Sp(1) × Sp(1)))/(Sp(1) × Sp(1))

∼= Sp(1) × Sp(1) ∼= S3 × S3

K̃/K̃0 = Sp(2)/T̃ 2 : g = 4, (m1,m2) = (2, 2)

K̃1/K̃0 = (Sp(1) × Sp(1))/T̃ 2 ∼= S2 × S2 : g = 2, (m1,m2) = (2, 2)
14



U/K = (SO(5) × SO(5))/SO(5) ∼= SO(5) ∼= Spin(5)/Z2

⊃U1/K1 = (SO(4) × SO(4))/SO(4) ∼= SO(4) ∼= S3 · S3 ∼= (S3 × S3)/Z2

(max. tot. geod. submfd.)

K/K0 = SO(5)/T 2 : g = 4,m1 = m2 = 2,

K1/K0 = SO(4)/T 2 ∼= S2 × S2 : g = 2,m1 = m2 = 2

3.5. In case g = 4 and (U,K) = (SO(10), U(5)), (m1,m2) = (4, 5).

K/K0 =
U(5)

SU(2) × SU(2) × U(1)

K1/K0 = U(2)×U(2)×U(1)
SU(2)×SU(2)×U(1)

K2/K0 = U(4)×U(1)
SU(2)×SU(2)×U(1)

K/K2 =
U(5)

U(4) × U(1)

-Nn = K/K0 =
U(5)

SU(2) × SU(2) × U(1)

=

? ?

K/K1 =
U(5)

U(2) × U(2) × U(1)

K2/K1 = U(4)×U(1)
U(2)×U(2)×U(1)

-

U/K = SO(10)/U(5)

⊃U2/K2 =
SO(8) × SO(2)

U(4) × U(1)

∼=
SO(8)

U(4)
∼=

SO(8)

SO(2) × SO(6)
∼= G̃r2(R

8) (DIII(4)=BDI(2,6))

(maximal totally geodesic submanifold)

⊃U1/K1 =
SO(4) × SO(4) × SO(2)

U(2) × U(2) × U(1)

∼=
SO(4) × SO(4)

U(2) × U(2)
∼=

SO(4)

U(2)
× SO(4)

U(2)

∼= S2 × S2 ∼= G̃r2(R
4) (

SO(4)

U(2)
∼= S2 )

(not maximal totally geodesic submanifold)

Remark ([20]). The classification of maximal totally geodesic subman-

ifolds embedded in
SO(10)

U(5)
(DIII(5)):

G̃r2(R
8), Gr2(C

5), SO(5), S2 × CP 3, CP 4.
15



The classification of maximal totally geodesic submanifolds embedded

in G̃r2(R
8):

G̃r2(R
7), Sp · Sq(p + q = 6), CP 3.

Here U2/K2 = G̃r2(R
8) ⊃ G̃r2(R

7) ⊃ G̃r2(R
4) = U1/K1.

Remark.

SO(8)

U(4)
∼=

SO(8)

SO(2) × SO(6)
∼= G̃r2(R

8) (DIII(4)=BDI(2,6)) :

K/K0 =
U(5)

SU(2) × SU(2) × U(1)
, g = 4, (m1,m2) = (4, 5)

K2/K0 =
U(4) × U(1)

SU(2) × SU(2) × U(1)
∼=

SO(2) × SO(6)

Z2 × SO(4)
, g = 4, (m1,m2) = (1, 4)

K1/K0 =
U(2) × U(2) × U(1)

SU(2) × SU(2) × U(1)

∼=
U(2)

SU(2)
× U(2)

SU(2)
∼= S1 × S1, g = 2, (m1,m2) = (1, 1)

3.6. In case g = 4 and (U,K) = (SO(m + 2), SO(2) × SO(m)) (m ≥ 3),
(m1,m2) = (1,m − 2).

K1/K0 = SO(2)×SO(2)×SO(m−2)
Z2×SO(m−2)

∼= SO(2)×SO(2)
Z2

∼= S1 × S1

Nn = K/K0 = SO(2)×SO(m)
Z2×SO(m−2)

?
K/K1 = SO(2)×SO(m)

SO(2)×SO(2)×SO(m−2)
∼= SO(m)

SO(2)×SO(m−2)
∼= G̃r2(Rm)

U/K =
SO(m + 2)

SO(2) × SO(m)
∼= G̃r2(R

m+2)(
⊃ SO(m + 1)

SO(2) × SO(m − 1)
∼= G̃r2(R

m+1) max. tot. geod. submfd.
)

⊃ U1/K1 =
SO(4) × SO(m − 2)

SO(2) × SO(2) × SO(m − 2)
∼= G̃r2(R

4) ∼= S2 × S2

(not maximal totally geodesic submanifold)
16



The classification of maximal totally geodesic submanifolds embed-

ded in G̃r2(R
m+2) (m ≥ 3):

G̃r2(R
m+1), Sp · Sq(p + q = m), CP [m

2
].

K/K0 =
SO(2) × SO(m)

Z2 × SO(m − 2)
: g = 4, (m1,m2) = (1,m − 2)

K1/K0 =
SO(2) × SO(2) × SO(m − 2)

Z2 × SO(m − 2)
∼=

SO(2) × SO(2)

Z2

∼= S1 × S1 : g = 2, (m1,m2) = (1, 1)

3.7. In case g = 4 and (U,K) = (SU(m+2), S(U(2)×U(m)) (m ≥ 2),
(m1,m2) = (2, 2m − 3).

Remark. The classification of maximal totally geodesic submanifolds
embedded in Gr2(C

m+2) (m ≥ 3):

Gr2(C
m+1), G̃r2(R

m+2), CP p × CP q(p + q = m), HP [m
2

].

3.7.1. m = 2. (U,K) = (SU(4), S(U(2) × U(2)), (m1,m2) = (2, 1)

K1/K0 = S(U(1)×U(1)×U(1)×U(1))
S(U(1)×U(1))

∼= S1 × S1

Nn = K/K0 = S(U(2)×U(2))
S(U(1)×U(1))

?
K/K1 = S(U(2)×U(2))

S(U(1)×U(1)×U(1)×U(1))
∼= S2 × S2

U/K =
SU(4)

S(U(2) × U(2))
∼= Gr2(C

4)

⊃ U1/K1 =
S(U(2) × U(2))

S(U(1) × U(1) × U(1) × U(1))
∼= S2 × S2

K/K0 =
S(U(2) × U(2))

S(U(1) × U(1))
, g = 4, (m1, m2) = (2, 1)

K1/K0 =
S(U(1) × U(1) × U(1) × U(1))

S(U(1) × U(1))
∼= S1 × S1, g = 2, (m1,m2) = (1, 1)
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3.7.2. m ≥ 3.

K
K0

= S(U(2)×U(m))
S(U(1)×U(1)×U(m−2))

K1
K0

= S(U(1)×U(1)×U(1)×U(1)×U(m−2))
S(U(1)×U(1)×U(m−2))

K2
K0

= S(U(2)×U(2)×U(m−2))
S(U(1)×U(1)×U(m−2))

K
K2

= S(U(2)×U(m))
S(U(2)×U(2)×U(m−2))

-Nn = K
K0

= S(U(2)×U(m))
S(U(1)×U(1)×U(m−2))

=

? ?

K
K1

= S(U(2)×U(m))
S(U(1)×U(1)×U(1)×U(1)×U(m−2))

K2
K1

∼= CP 1 × CP 1

-

U/K =
SU(m + 2)

S(U(2) × U(m))
∼= Gr2(C

m+2)

⊃ U2/K2 =
S(U(4) × U(m − 2))

S(U(2) × U(2) × U(m − 2))
∼=

SU(4)

S(U(2) × U(2))
∼= Gr2(C

4)

(not maximal tot. geod. submfd.)

⊃ U1/K1 =
S(U(2) × U(2) × U(m − 2))

S(U(1) × U(1) × U(1) × U(1) × U(m − 2))

∼=
S(U(2) × U(2))

S(U(1) × U(1) × U(1) × U(1))
∼= CP 1 × CP 1

(maximal tot. geod. submfd.)

K/K0 =
S(U(2) × U(m))

S(U(1) × U(1) × U(m − 2))
, g = 4, (m1, m2) = (2, 2m − 3)

K2/K0 =
S(U(2) × U(2) × U(m − 2))

S(U(1) × U(1) × U(m − 2))
, g = 4, (m1,m2) = (2, 1)

K1/K0 =
S(U(1) × U(1) × U(1) × U(1) × U(m − 2))

S(U(1) × U(1) × U(m − 2))
∼= S1 × S1,

g = 2, (m1, m2) = (1, 1).

3.8. In case g = 4 and (U,K) = (Sp(m+2), Sp(2)×Sp(m)) (m ≥ 2),
(m1,m2) = (4, 4m − 5).

Remark. The classification of maximal totally geodesic submanifolds
embedded in Gr2(H

m+2) (m ≥ 3):

Gr2(H
m+1), Gr2(C

m+2), HP p × HP q(p + q = m).
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3.8.1. In case g = 4 and (U,K) = (Sp(4), Sp(2)×Sp(2)) (m = 2), (m1, m2) =
(4, 3).

K1/K0 = Sp(1)×Sp(1)×Sp(1)×Sp(1)
Sp(1)×Sp(1)

∼= S3 × S3

Nn = K/K0 = Sp(2)×Sp(2)
Sp(1)×Sp(1)

?
K/K1 = Sp(2)×Sp(2)

Sp(1)×Sp(1)×Sp(1)×Sp(1)
∼= HP 1 × HP 1 ∼= S4 × S4

U/K =
Sp(4)

Sp(2) × Sp(2)
∼= Gr2(H

4)

⊃U1/K1 =
Sp(2) × Sp(2)

Sp(1) × Sp(1) × Sp(1) × Sp(1)
∼= HP 1 × HP 1

(maximal totally geodesic submanifold)

K/K0 =
Sp(2) × Sp(2)

Sp(1) × Sp(1)
, g = 4, (m1,m2) = (4, 3)

K1/K0 =
Sp(1) × Sp(1) × Sp(1) × Sp(1)

Sp(1) × Sp(1)
∼= Sp(1) × Sp(1) ∼= S3 × S3, g = 2, (m1,m2) = (3, 3)

3.8.2. m ≥ 3.

K
K0

= Sp(2)×Sp(m)
Sp(1)×Sp(1)×Sp(m−2)

K1
K0

= Sp(1)×Sp(1)×Sp(1)×Sp(1)×Sp(m−2)
Sp(1)×Sp(1)×Sp(m−2)

K2
K0

= Sp(2)×Sp(2)×Sp(m−2)
Sp(1)×Sp(1)×Sp(m−2)

K
K2

= Sp(2)×Sp(m))
Sp(2)×Sp(2)×Sp(m−2)

-Nn = K
K0

= Sp(2)×Sp(m)
Sp(1)×Sp(1)×Sp(m−2)

=

? ?

K
K1

= Sp(2)×Sp(m)
Sp(1)×Sp(1)×Sp(1)×Sp(1)×Sp(m−2)

K2
K1

∼= HP 1 × HP 1

-
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U/K =
Sp(m + 2)

Sp(2) × Sp(m)
∼= Gr2(H

m+2)

⊃ U2/K2 =
Sp(4) × Sp(m − 2)

Sp(2) × Sp(2) × Sp(m − 2)
∼=

Sp(4)

Sp(2) × Sp(2)
∼= Gr2(H

4)

(not maximal tot. geod. submfd.)

⊃ U1/K1 =
Sp(2) × Sp(2) × Sp(m − 2)

Sp(1) × Sp(1) × Sp(1) × Sp(1) × Sp(m − 2)

∼=
Sp(2) × Sp(2)

Sp(1) × Sp(1) × Sp(1) × Sp(1)
∼= HP 1 × HP 1

(maximal tot. geod. submfd.)

K/K0 =
Sp(2) × Sp(m)

Sp(1) × Sp(1) × Sp(m − 2)
: g = 4, (m1,m2) = (4, 4m − 5)

K2/K0 =
Sp(2) × Sp(2) × Sp(m − 2)

Sp(1) × Sp(1) × Sp(m − 2)

∼=
Sp(2) × Sp(2)

Sp(1) × Sp(1)
: g = 4, (m1, m2) = (4, 3)

K1/K0 =
Sp(1) × Sp(1) × Sp(1) × Sp(1) × Sp(m − 2)

Sp(1) × Sp(1) × Sp(m − 2)

∼=
Sp(1) × Sp(1) × Sp(1) × Sp(1)

Sp(1) × Sp(1)
∼= Sp(1) × Sp(1) ∼= S3 × S3 : g = 2, (m1,m2) = (3, 3).

3.9. In case g = 4 and (U,K) = (E6, U(1) · Spin(10)), (m1,m2) =
(6, 9).

Remark. The classification of maximal totally geodesic submanifolds
embedded in E6/U(1) · Spin(10) (EIII):

Gr2(H
4)/Z2, OP 2, S2×CP 2, SO(10)/U(5) (DIII(5)), Gr2(C

6), G̃r2(R
10).

20



K
K0

= U(1)·Spin(10)
S1·Spin(6)

K1
K0

= S1·(Spin(2)·(Spin(2)·Spin(6)))
S1·Spin(6)

K2
K0

= U(1)·(Spin(2)·Spin(8))
S1·Spin(6)

K
K2

= U(1)·Spin(10)
U(1)·(Spin(2)·Spin(8))

-Nn = K
K0

= U(1)·Spin(10)
S1·Spin(6)

=

? ?

K
K1

= U(1)·Spin(10)
S1·(Spin(2)·(Spin(2)·Spin(6)))

K2
K1

= U(1)·(Spin(2)·Spin(8))
S1·(Spin(2)·(Spin(2)·Spin(6))

-

U/K =
E6

U(1) · Spin(10)

⊃ U2/K2 =
U(1) · Spin(10)

U(1) · (Spin(2) · Spin(8))
∼=

Spin(10)

Spin(2) · Spin(8)
∼= G̃r2(R

10)

(maximal tot. geod. submfd.)

⊃ U1/K1 =
S1 · Spin(4) · Spin(6)

S1 · (Spin(2) · Spin(2) · Spin(6))

∼=
Spin(4)

Spin(2) · Spin(2)
∼= G̃r2(R

4) ∼= S2 × S2

(not maximal tot. geod. submfd.)

K/K0 =
U(1) · Spin(10)

S1 · Spin(6)
: g = 4, (m1,m2) = (6, 9)

K2/K0 =
U(1) · (Spin(2) · Spin(8))

S1 · Spin(6)

∼=
Spin(2) · Spin(8)

Spin(6)

∼=
SO(2) × SO(8)

Z2 × SO(6)
: g = 4, (m1,m2) = (1, 6)

K1/K0 =
S1 · (Spin(2) · (Spin(2) · Spin(6)))

S1 · Spin(6)
∼= S1 × S1 : g = 2, (m1, m2) = (1, 1).

4. The case (U,K) = (G2 × G2, G2)

(U,K) is of type G2.
In this case, U = G2 × G2, K = {(x, x) ∈ U | x ∈ G2} and (U,K)

is the corresponding symmetric pair. Let u = k + p be the canonical
decomposition and a ⊂ p be the maximal abelian subspace of p. Then
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K0 = {k ∈ K | Ad(k)H = H for each H ∈ a} ∼= T 2 is a maximal
torus of G2 and N = K/K0

∼= G2/T
2 is a flag manifold of dimension

n = 12. Thus the Gauss image L12 = G(N12)(∼= N12/Z6) = K · [a] ∼=
(K/K[a]) ⊂ Q12(C).

Note that TeK0(K/K0) ∼= TeK[a]
(K/K[a]) ∼= m. Set ⟨ , ⟩u = −Bu( , ),

where Bu( , ) denotes the Killing-Cartan form of u. Let ⟨ , ⟩ be the in-
ner product corresponding to the induced metric on Ln from (Qn(C), gstd

Qn(C)).

The restricted root system Σ(U,K) is of G2 type, which can be given
as follows ([6]):

Σ(U,K) ={±(ε1 − ε2) = ±α1,±(ε3 − ε1) = ±(α1 + α2),

± (ε3 − ε2) = ±(2α1 + α2),±(−2ε1 + ε2 + ε3) = ±α2,

± (ε1 − 2ε2 + ε3) = ±(3α1 + α2),

± (2ε3 − ε1 − ε2) = ±(3α1 + 2α2) = α̃},

where Π(U,K) = {α1 = ε1−ε2, α2 = −2ε1 +ε2 +ε3} is its fundamental
root system. Since

{
1

∥γ∥u
Xγ,i | γ ∈ Σ+(U,K), i = 1, · · · ,m(γ)

}

is an orthonormal basis of m with respect to ⟨ , ⟩, where {Xγ,i} is the
standard orthonormal basis with respect to ⟨ , ⟩u, the Laplace operator
∆Ln of Ln, or equivalently, the Casimir operator CL of Ln, with respect
to the induce metric ⟨ , ⟩ can be expressed as follows:

CL =
∑

γ:short

1

∥γ∥2
u

(Xγ,i)
2 +

∑
γ:long

1

∥γ∥2
u

(Xγ,i)
2,

where

∥γ∥2
u =


1

24
if γ is short,

1

8
if γ is long.
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Let K1 = SU(3). Then we have K0 = T 2 ⊂ K1 = SU(3) ⊂ K = G2.
Therefore,

CL =
∑

γ:short

24(Xγ,i)
2 +

∑
γ:long

8(Xγ,i)
2

=24
∑

γ∈Σ(U,K)

(Xγ,i)
2 − 16

∑
γ:long

(Xγ,i)
2

=12CkK/K0
− 8CkK1/K0

=12CkK/K0
− 6Ck1K1/K0

,

where CkK/K0
denotes the Casimir operator of K/K0 with respect to the

K0-invariant metric induced from the standard Killing-Cartan metric
of K, and similarly, Ck1K1/K0

denotes the Casimir operator of K1/K0 with

respect to the K0-invariant metric induced from the standard Killing-
Cartan metric of K1.

Let {α1, α2} be the fundamental root system of G2 defined above and
{Λ1, Λ2} be the fundamental weight system of G2. By S. Yamaguchi
[43], D(G2, T

2) = D(G2) and each Λ ∈ D(G2, T
2) = D(G2) can be

uniquely expressed as

Λ = m1Λ1 + m2Λ2 = p1α1 + p1α2,

where

m1,m2 ∈ Z, m1 ≥ 0,m2 ≥ 0,

p1, p2 ∈ Z, p1 ≥ 1, p2 ≥ 1

and {
m1 = 2p1 − 3p2 ≥ 0,

m2 = −p1 + 2p2 ≥ 0,{
p1 = 2m1 + 3m2 ≥ 1,

p2 = m1 + 2m2 ≥ 1.

The eigenvalue formula of the Casimir operator CK/K0 with respect to
the inner produce induced from the standard Killing-Cartan metric of
G2 is given by

−c(Λ, ⟨ , ⟩g2) =
1

24
(m1p1 + 3m1p2 + 2p1 + 6p2)

for any Λ ∈ D(G2, T
2). Since

CL = 4 Cg2K/K0
+
∑

γ:short

16(Xγ,i)
2 ≥ 4 Cg2K/K0

,
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the first eigenvalue of CL, i.e., −cL ≤ n = 12 implies −cΛ ≤ 3. There-
fore we get

{Λ ∈ D(G2, T
2) | − c(Λ, ⟨ , ⟩g2) ≤ 3}

={0, Λ1((p1, p2) = (2, 1)), 2Λ1((p1, p2) = (4, 2)), 3Λ1((p1, p2) = (6, 3)),

Λ2((p1, p2) = (3, 2)), 2Λ2((p1, p2) = (6, 4)), Λ1 + Λ2((p1, p2) = (5, 3)),

2Λ1 + Λ2((p1, p2) = (7, 4))}.

Let α′
1, α

′
2 be the fundamental root system of SU(3) and Λ′

1, Λ
′
2 be

the fundamental weight system of SU(3). By the branching laws of
(G2, SU(3)) in [23], we can obtain that for each Λ ∈ D(G2, T

2) such
that −c(Λ, ⟨ , ⟩g2) ≤ 3, the irreducible G2-module VΛ with the heigh-
est weight Λ contains an irreducible SU(3)-submodule VΛ′ with the
heighest weight Λ′ = m′

1Λ
′
1 + m2Λ

′
2 given in the following table:

(m1,m2) (p1, p2) −c dimC VΛ irred.SU(3)-submodules (m′
1,m

′
2)

(1, 0) (2, 1) 1
2

7 (1, 0), (0, 1), (0, 0)

(2, 0) (4, 2) 7
6

27
(2, 0), (1, 1), (0, 2), (1, 0), (0, 1),
(0, 0)

(3, 0) (6, 3) 2 77
(3, 0), (2, 1), (1, 2), (0, 3), (2, 0),
(1, 1), (0, 2), (1, 0), (0, 1), (0, 0)

(0, 1) (3, 2) 1 14 (1, 1), (1, 0), (0, 1)

(0, 2) (6, 4) 5
2

77
(2, 2), (2, 1), (1, 2), (2, 0), (1, 1),
(0, 2)

(1, 1) (5, 3) 7
4

64
(2, 1), (1, 2), (2, 0), 2(1, 1), (0, 2),
(1, 0), (0, 1)

(2, 1) (7, 4) 8
3

189
(3, 1), (2, 2), (1, 3), (3, 0), 2(2, 1),
2(1, 2), (0, 3), (2, 0), 2(1, 1), (0, 2),
(1, 0), (0, 1)

Since

gC
2 = tC +

∑
α∈Σ(g2)

gα = tC +
∑

α:short

gα +
∑

α:long

gα,

su(3)C = tC +
∑

α:long

gα,

we know that

T 2 · Z6 ={a ∈ G2 | Ad(a)(t) = t preserving the orientation of t}
⊃{a ∈ SU(3) | Ad(a)(t) = t preserving the orientation of t}
=T 2 · Z3.
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By the results of Yamaguchi [43], each Λ′ ∈ D(SU(3), T 2) can be
uniquely expressed as

Λ′ = m′
1Λ

′
1 + m′

2Λ
′
2 = p′1α

′
1 + p′2α

′
2,

where m′
i ∈ Z, m′

i ≥ 0, p′i ∈ Z, p′i ≥ 1 and

m′
1 = 2p′1 − p′2 ≥ 0, m′

2 = −p′1 + 2p′2 ≥ 0 .

The eigenvalue formula is given by

−c(Λ′, ⟨ , ⟩su(3)) =
1

6
(m′

1p
′
1 + m′

1p
′
2 + 2p′1 + 2p′2)

for any Λ′ ∈ D(SU(3), T 2). Therefore, it is easy to check that Λ′ =
m′

1Λ
′
1 + m′

2Λ
′
2 ∈ D(SU(3), T 2) such that VΛ′ ⊂ VΛ for some Λ ∈

D(G2, T
2) with −c(Λ, ⟨ , ⟩g2) ≤ 3 satisfies

(m′
1,m

′
2) ∈ {(1, 1), (3, 0), (0, 3), (2, 2)}.

Then the corresponding eigenvalues of CK1/K0 are given in the following:

(p′1, p
′
2) (m′

1,m
′
2) −c′ = −c(Λ′, ⟨ , ⟩su(3))

(1, 1) (1, 1) 1
(2, 1) (3, 0) 2
(1, 2) (0, 3) 2
(2, 2) (2, 2) 8

3

So for Λ ∈ D(G2, T
2), Λ′ ∈ D(SU(3), T 2) such that VΛ′ ⊂ VΛ and

−c(Λ, ⟨ , ⟩g2) ≤ 3, the eigenvalues of −CL = −12c+6c′ are given in the
following table:

(m1,m2) (p1, p2) dimC VΛ −c (m′
1,m

′
2) −c′ −12c + 6c′

(2, 0) (4, 2) 27 7
6

(1, 1) 1 8
(3, 0) (6, 3) 77 2 (1, 1) 1 18
(3, 0) (6, 3) 77 2 (3, 0) 2 12
(3, 0) (6, 3) 77 2 (0, 3) 2 12
(0, 1) (3, 2) 14 1 (1, 1) 1 6
(0, 2) (6, 4) 77 5

2
(1, 1) 1 24

(0, 2) (6, 4) 77 5
2

(2, 2) 8
3

14
(1, 1) (5, 3) 64 7

4
2(1, 1) 1 15

(2, 1) (7, 4) 189 8
3

2(1, 1) 1 26
(2, 1) (7, 4) 189 8

3
(3, 0) 2 20

(2, 1) (7, 4) 189 8
3

(0, 3) 2 20
(2, 1) (7, 4) 189 8

3
(2, 2) 8

3
16

Since Λ′
1 + Λ′

2 ((m′
1,m

′
2) = (1, 1)) corresponds to the adjoint repre-

sentation of SU(3), (V ′
Λ′

1+Λ′
2
)T 2

∼= t2 and (V ′
Λ′

1+Λ′
2
)T 2·Z3

= {0}. Then

Λ′
1 + Λ′

2 ̸∈ D(SU(3), T 2 · Z3).
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Thus we have
2Λ1, Λ2 ̸∈ D(G2, T

2 · Z6).

We only need to check if 3Λ1 ∈ D(K,K[a]) = D(G2, T
2 · Z6). Consider

(V3Λ1)T 2 = (V ′
3Λ′

1
)T 2 ⊕ (V ′

3Λ′
2
)T 2 ⊕ (V ′

Λ′
1+Λ′

2
)T 2 .

Since

V ′
3Λ′

1

∼= Sym3(C3) = spanC{ei1 · ei2 · ei3 | 1 ≤ i1 ≤ i2 ≤ i3 ≤ 3},

where {e1, e2, e3} is a basis of C3, we know that

(V ′
3Λ′

1
)T 2 = (V ′

3Λ′
1
)T 2·Z3

= spanC{e1 · e2 · e3}.

Similarly, V ′
3Λ′

2

∼= Sym3(C̄3) and (V ′
3Λ′

2
)T 2 = (V ′

3Λ′
2
)T 2·Z3

with dimension

1. On the other hand, (V ′
Λ′

1+Λ′
2
)T 2

∼= t and (V ′
Λ′

1+Λ′
2
)T 2·Z3

= {0}. Hence,

dimC(V3Λ1)T 2 = 4. But dimC(V3Λ1)T 2·Z6
= 1. In fact, T 2 ·Z6 ⊂ G2, T 2 ·

Z6 ̸⊂ SU(3), T 2 ·Z3 ⊂ SU(3) and (T 2 ·Z6)/(T
2 ·Z3) ∼= Z2. Hence, there

exists an element u ∈ T 2 · Z6 which satisfies Ad(u)(SU(3)) ⊂ SU(3)
and provides generators of (T 2 ·Z6)/T

2 ∼= Z6 and (T 2 ·Z6)/(T
2 ·Z3) ∼=

Z2. Then we observe that ρ3Λ′
1
◦Ad(u)|SU(3)

∼= ρ3Λ′
2
and ρ3Λ1(u)(V ′

3Λ′
1
) =

V ′
3Λ′

2
. Thus ρ3Λ1(u)(V ′

3Λ′
1
)T 2·Z3

= (V ′
3Λ′

2
)T 2·Z3

and

(ρ3Λ1(u))2|(V ′
3Λ′

1
)T2·Z3

=(ρ3Λ1(u
2))|(V ′

3Λ′
1
)T2·Z3

=Id,

because u2 ∈ T 2 · Z3. Hence

(V3Λ1)T 2·Z6

⊂(V ′
3Λ′

1
)T 2·Z3

⊕ (V ′
3Λ′

2
)T 2·Z3

and
dim(V3Λ1)T 2·Z6

= 1.

Therefor we obtain that 3Λ1 ∈ D(G2, T
2 · Z6) and its multiplicity is

equal to 1. Moreover,

n(L12) = dimC(V3Λ1) = 77 = 91−14 = dim(SO(14))−dim(G2) = nhk(L
12),

that is, G(G2/T
2) ⊂ Q12(C) is Hamiltonian rigid.

Let
∧2 R14 = o(n + 2) = adp(g2) + V ∼= g2 + V . Then

2∧
C14 = (

2∧
R14)C = o(n+2)C = o(n+2,C) = adp(g

C
2 )+VC ∼= gC

2 +VC,

where dimV = 77 and dimC VC = 77. More precisely, we observe that
V is a real 77-dimensional irreducible G2-module with (V)T 2·Z6

̸= {0},
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and VC is a complex 77-dimensional G2-module with (V)CT 2·Z6
̸= {0}.

Moreover, we have VC ∼= V3Λ1 with dimC(V)CT 2·Z6
= 1.

We conclude that

Theorem 4.1. The Gauss image L12 = G2

T 2·Z6
→ Q12(C) is strictly

Hamiltonian stable.

5. The case (U,K) = (G2, SO(4))

(U,K) is of type G2.
Let u = k+p be the orthogonal symmetric Lie algebra of (G2, SO(4))

and a be the maximal abelian subspace of p. Here u = g2, k = so(4) ∼=
su(2) ⊕ su(2), Let

p : K̃ = Spin(4) = SU(2) × SU(2) −→ K = SO(4)

be the universal covering Lie group homomorphism with Deck trans-
formation group Z2. The isotropy representation of (G2, SO(4)) is
explicitly described as follows (cf. [12]) :

Let (Vl ⊗ Vm, ρl � ρm) denote an irreducible unitary representaion of
SU(2)×SU(2) of complex dimension (l+1)(m+1) obtained by taking
the exterior tensor product of Vl and Vm and then

{(Vl ⊗ Vm, ρl × ρm) | l,m ∈ Z, l, m ≥ 0}
is the complete set of all inequivalent irreducible unitary representa-
tions of SU(2) × SU(2).

Suppose that (l,m) = (3, 1). The real 8-dimensional vector subspace
W of V3 ⊗ V1 spanned over R by

{ v
(3)
0 ⊗ v

(1)
0 + v

(3)
3 ⊗ v

(1)
1 ,

√
−1 (v

(3)
0 ⊗ v

(1)
0 − v

(3)
3 ⊗ v

(1)
1 ),

v
(3)
1 ⊗ v

(1)
0 − v

(3)
2 ⊗ v

(1)
1 ,

√
−1 (v

(3)
1 ⊗ v

(1)
0 + v

(3)
2 ⊗ v

(1)
1 ),

v
(3)
0 ⊗ v

(1)
1 − v

(3)
3 ⊗ v

(1)
0 ,

√
−1 (v

(3)
0 ⊗ v

(1)
1 + v

(3)
3 ⊗ v

(1)
0 ),

v
(3)
2 ⊗ v

(1)
0 + v

(3)
1 ⊗ v

(1)
1 ,

√
−1 (v

(3)
2 ⊗ v

(1)
0 − v

(3)
1 ⊗ v

(1)
1 ) }.

(5.1)

gives an irreducible orthogonal representation of SU(2)×SU(2) whose
complexification is V3 ⊗V1, i.e. which is the real form of V3 ⊗V1. Then
the vector space p is isomorphic to W and a corresponds to

R(v
(3)
0 ⊗ v

(1)
0 + v

(3)
3 ⊗ v

(1)
1 ) + R(v

(3)
2 ⊗ v

(1)
0 + v

(3)
1 ⊗ v

(1)
1 ) .

For each

X =

(√
−1x u
−ū −

√
−1x

)
, Y =

(√
−1y w
−w̄ −

√
−1y

)
∈ su(2), (5.2)

the following useful formula holds :
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Lemma 5.1.

[d(ρl � ρm)(X, Y )]
(
v

(l)
i ⊗ v

(m)
j ±v

(l)
l−i ⊗ v

(m)
m−j

)
={(2i − l)x + (2j − m)y}

√
−1(v

(l)
i ⊗ v

(m)
j ∓v

(l)
l−i ⊗ v

(m)
m−j)

−
√

i(l − i + 1) Re(u) (v
(l)
i−1 ⊗ v

(m)
j ∓v

(l)
l−i+1 ⊗ v

(m)
m−j)

+
√

i(l − i + 1) Im(u)
√
−1(v

(l)
i−1 ⊗ v

(m)
j ±v

(l)
l−i+1 ⊗ v

(m)
m−j)

−
√

j(m − j + 1) Re(w) (v
(l)
i ⊗ v

(m)
j−1∓v

(l)
l−i ⊗ v

(m)
m−j+1)

+
√

j(m − j + 1) Im(w)
√
−1(v

(l)
i ⊗ v

(m)
j−1∓v

(l)
l−i ⊗ v

(m)
m−j+1)

+
√

(l − i)(i + 1) Re(u) (v
(l)
i+1 ⊗ v

(m)
j ∓v

(l)
l−i−1 ⊗ v

(m)
m−j)

+
√

(l − i)(i + 1) Im(u)
√
−1(v

(l)
i+1 ⊗ v

(m)
j ±v

(l)
l−i−1 ⊗ v

(m)
m−j)

+
√

(m − j)(j + 1) Re(w) (v
(l)
i ⊗ v

(m)
j+1∓v

(l)
l−i ⊗ v

(m)
m−j−1)

+
√

(m − j)(j + 1) Im(w) (v
(l)
i ⊗ v

(m)
j+1±v

(l)
l−i ⊗ v

(m)
m−j−1) .

(5.3)

Remark. By using the formula (5.3) we can show that the real vector
subspace W is invariant under the action of SU(2)×SU(2) via ρ3 �ρ1.

Define an orthonormal basis of the real vector space W ∼= p as

H1 : =
1√
2
(v

(3)
0 ⊗ v

(1)
0 + v

(3)
3 ⊗ v

(1)
1 ),

H2 : =
1√
2
(v

(3)
2 ⊗ v

(1)
0 + v

(3)
1 ⊗ v

(1)
1 ),

E1 : =
1√
2

√
−1 (v

(3)
0 ⊗ v

(1)
0 − v

(3)
3 ⊗ v

(1)
1 ),

E2 : =
1√
2
(v

(3)
1 ⊗ v

(1)
0 − v

(3)
2 ⊗ v

(1)
1 ),

E3 : =
1√
2

√
−1 (v

(3)
1 ⊗ v

(1)
0 + v

(3)
2 ⊗ v

(1)
1 ),

E4 : =
1√
2
(v

(3)
0 ⊗ v

(1)
1 − v

(3)
3 ⊗ v

(1)
0 ),

E5 : =
1√
2

√
−1 (v

(3)
0 ⊗ v

(1)
1 + v

(3)
3 ⊗ v

(1)
0 ),

E6 : =
1√
2

√
−1 (v

(3)
2 ⊗ v

(1)
0 − v

(3)
1 ⊗ v

(1)
1 ) .

(5.4)

28



Then we have the matrix expression as follows :

[d(ρ3 � ρ1)(X, Y )] (H1, H2)

= (E1, E2, E3, E4, E5, E6, )



−(3x + y) 0√
3 Re(u) −(2 Re(u) + Re(w))√
3 Im(u) 2 Im(u) + Im(w)

Re(w) −
√

3 Re(u)

Im(w)
√

3 Im(u)
0 x − y

 .

(5.5)

The inner product ⟨ , ⟩ corresponding to the metric induced from
gstd

Q6(C) is given as follows : For (X,X ′), (Y.Y ′) ∈ su(2) ⊕ su(2),

⟨(X,X ′), (Y, Y ′)⟩
:= (3x + x′)(3y + y′)

+ 3 Re(u)Re(w) + (2 Re(u) + Re(u′))(2 Re(w) + Re(w′))

+ 3 Im(u)Im(w) + (2 Im(u) + Im(u′))(2 Im(w) + Im(w′))

+ Re(u′)Re(w′) + 3Re(u)Re(w)

+ Im(u′)Im(w′) + 3Im(u)Re(w)

+ (x − x′)(y − y′)

= 10xy + 2x′y + 2xy′ + 2x′y′

+ 10 Re(u)Re(w) + 2 Re(u′)Re(w) + 2 Re(u)Re(w′) + 2Re(u′)Re(w′)

+ 10 Im(u)Im(w) + 2 Im(u′)Im(w) + 2 Im(u)Im(w′) + 2Im(u′)Im(w′)
(5.6)

Thus the Casimir operator of (K̃, K̃[a]) with respect to the inner prod-
uct ⟨ , ⟩ is given as follows :

CL =
1

2
(X1, 0) · (X1, 0) +

1

2
(X2, 0) · (X2, 0) +

1

2
(X3, 0) · (X3, 0)

+
5

2
(0, X1) · (0, X1) +

5

2
(0, X2) · (0, X2) +

5

2
(0, X3) · (0, X3)

− (X1, 0) · (0, X1) − (X2, 0) · (0, X2) − (X3, 0) · (0, X3).

Set

K̃0 := {(A,B) ∈ K̃ | Ad(p(A,B))H = H for each H ∈ a }. (5.7)
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Then Therefore

K̃0

=
{((

1 0
0 1

)
,

(
1 0
0 1

))
,

((√
−1 0
0 −

√
−1

)
,

(√
−1 0
0 −

√
−1

))
,((

−1 0
0 −1

)
,

(
−1 0
0 −1

))
,

((
−
√
−1 0

0
√
−1

)
,

(
−
√
−1 0

0
√
−1

))
,((

0 −1
1 0

)
,

(
0 −1
1 0

))
,

((
0

√
−1√

−1 0

)
,

(
0

√
−1√

−1 0

))
,((

0 1
−1 0

)
,

(
0 1
−1 0

))
,

((
0 −

√
−1

−
√
−1 0

)
,

(
0 −

√
−1

−
√
−1 0

))}
.

(5.8)

In particular, the order of K̃0 is 8. This result is consistent with the re-
sults of [4, p.611], [5, p.651], [41, p.573] in Topology of Transformation
Group Theory. Moreover we obtain

K0

=
{

p

((
1 0
0 1

)
,

(
1 0
0 1

))
= p

((
−1 0
0 −1

)
,

(
−1 0
0 −1

))
,

p

((√
−1 0
0 −

√
−1

)
,

(√
−1 0
0 −

√
−1

))
= p

((
−
√
−1 0

0
√
−1

)
,

(
−
√
−1 0

0
√
−1

))
,

p

((
0 −1
1 0

)
,

(
0 −1
1 0

))
= p

((
0 1
−1 0

)
,

(
0 1
−1 0

))
,

p

((
0

√
−1√

−1 0

)
,

(
0

√
−1√

−1 0

))
= p

((
0 −

√
−1

−
√
−1 0

)
,

(
0 −

√
−1

−
√
−1 0

))}
∼= Z2 + Z2.

(5.9)

Hence the order of group K0 is equal to 4 and

K̃/K̃0
∼= K/K0 = SO(4)/Z2 + Z2. (5.10)

Next we describe the subgroups of K̃ defined as

K̃a :={(A,B) ∈ K̃ | [(ρ3 � ρ1)(A,B)](a) = a},

K̃[a] :={(A,B) ∈ K̃ | [(ρ3 � ρ1)(A,B)](a) = a

preserving the orientation of a} ⊂ K̃a.

(5.11)
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(A,B) ∈ K̃a if and only if (A,B) is one of the following elements :

((
e
√
−1θ1 0

0 e−
√
−1θ1

)
,

(
e
√
−1θ′1 0

0 e−
√
−1θ′1

))
,

where θ1 =
π

4
k1, θ

′
1 =

π

4
k′

1, k1, k
′
1 ∈ Z, k1 − k′

1 ∈ 4Z,((
0 −e−

√
−1θ2

e
√
−1θ2 0

)
,

(
0 −e−

√
−1θ′2

e
√
−1θ′2 0

))
,

where θ2 =
π

4
k2, θ

′
2 =

π

4
k′

2, k2, k
′
2 ∈ Z, k2 − k′

2 ∈ 4Z,((
1√
2
e
√
−1θ1 − 1√

2
e−

√
−1θ2

1√
2
e
√
−1θ2 1√

2
e−

√
−1θ1

)
,

(
1√
2
e
√
−1θ′1 − 1√

2
e−

√
−1θ′2

1√
2
e
√
−1θ′2 1√

2
e−

√
−1θ′1

))
where θ1 =

π

4
k1, θ2 =

π

4
k2, θ

′
1 =

π

4
k′

1, θ
′
2 =

π

4
k′

2,

k1, k2, k
′
1, k

′
2 ∈ Z,

k1 + k2, k1 − k2, k
′
1 + k′

2, k
′
1 − k′

2 ∈ 2Z,

k1 − k′
1, k2 − k′

2 ∈ 4Z,

k1 + k2 − k′
1 − k′

2, k1 − k2 − k′
1 + k′

2,∈ 8Z.

(5.12)

The order of K̃a is equal to 16 + 16 + 32 + 32 = 96.
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(A,B) ∈ K̃[a] if and only if (A,B) is one of the following elements :((
e
√
−1θ1 0

0 e−
√
−1θ1

)
,

(
e
√
−1θ′1 0

0 e−
√
−1θ′1

))
,

where θ1 =
π

4
k1, θ

′
1 =

π

4
k′

1, k1, k
′
1 ∈ 2Z, k1 − k′

1 ∈ 4Z,((
0 −e−

√
−1θ2

e
√
−1θ2 0

)
,

(
0 −e−

√
−1θ′2

e
√
−1θ′2 0

))
,

where θ2 =
π

4
k2, θ

′
2 =

π

4
k′

2, k2, k
′
2 ∈ 2Z, k2 − k′

2 ∈ 4Z,((
1√
2
e
√
−1θ1 − 1√

2
e−

√
−1θ2

1√
2
e
√
−1θ2 1√

2
e−

√
−1θ1

)
,

(
1√
2
e
√
−1θ′1 − 1√

2
e−

√
−1θ′2

1√
2
e
√
−1θ′2 1√

2
e−

√
−1θ′1

))
where θ1 =

π

4
k1, θ2 =

π

4
k2, θ

′
1 =

π

4
k′

1, θ
′
2 =

π

4
k′

2,

k1, k2, k
′
1, k

′
2 ∈ 2Z + 1,

k1 + k2, k1 − k2, k
′
1 + k′

2, k
′
1 − k′

2 ∈ 2Z,

k1 − k′
1, k2 − k′

2 ∈ 4Z,

k1 + k2 − k′
1 − k′

2, k1 − k2 − k′
1 + k′

2,∈ 8Z,

(5.13)

in other words, (A,B) is one of the following elements :((
e
√
−1θ1 0

0 e−
√
−1θ1

)
,

(
e
√
−1θ′1 0

0 e−
√
−1θ′1

))
,

where θ1 =
π

2
l1, θ

′
1 =

π

2
l′1, l1, l

′
1 ∈ Z, l1 − l′1 ∈ 2Z,((

0 −e−
√
−1θ2

e
√
−1θ2 0

)
,

(
0 −e−

√
−1θ′2

e
√
−1θ′2 0

))
,

where θ2 =
π

2
l2, θ

′
2 =

π

2
l′2, l2, l

′
2 ∈ Z, l2 − l′2 ∈ 2Z,((

1√
2
e
√
−1θ1 − 1√

2
e−

√
−1θ2

1√
2
e
√
−1θ2 1√

2
e−

√
−1θ1

)
,

(
1√
2
e
√
−1θ′1 − 1√

2
e−

√
−1θ′2

1√
2
e
√
−1θ′2 1√

2
e−

√
−1θ′1

))
where θ1 =

π

2
l1 +

π

4
, θ2 =

π

2
l2 +

π

4
, θ′1 =

π

2
l′1 +

π

4
, θ′2 =

π

2
l′2 +

π

4
,

l1, l2, l
′
1, l

′
2 ∈ Z,

l1 − l′1, l2 − l′2 ∈ 2Z,

l1 + l2 − l′1 − l′2, l1 − l2 − l′1 + l′2,∈ 4Z.
(5.14)
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The order of K̃[a] is equal to 8 + 8 + 16 + 16 = 48 = 8× 6 = ♯K̃0 × ♯Z6.

Lemma 5.2.
K̃[a]/K̃0

∼= Z6 . (5.15)

Indeed, we compute

A =

(
1√
2
e
√
−1(π

2
l1+π

4
) − 1√

2
e−

√
−1(π

2
l2+π

4
)

1√
2
e
√
−1(π

2
l2+π

4
) 1√

2
e−

√
−1( π

2
l1+π

4
)

)
,

A3 =

(
−
√

2 cos(π
2
l1 + π

4
) 0

0 −
√

2 cos(π
2
l1 + π

4
)

)
=

{
−I2 if l1 ≡ 0 or 3 (mod 4)

I2 if l1 ≡ 1 or 2 (mod 4)
,

A6 = I2 .

The generator of K̃[a]/K̃0
∼= Z6 is represented by the element((

1+
√
−1

2
−1−

√
−1

2
1+

√
−1

2
1−

√
−1

2

)
,

(
−1+

√
−1

2
1−

√
−1

2

−1+
√
−1

2
−1−

√
−1

2

))
. (5.16)

5.1. Eigenvalue computation. The Casimir operator CL is given as

CL =
(1
2
(X2

1 + X2
2 + X3

2 ), 0
)

+
(
0,

5

2
(X2

1 + X2
2 + X3

2 )
)

−
(
X1, 0

)(
0, X1

)
−
(
X2, 0

)(
0, X2

)
−
(
X3, 0

)(
0, X3

)
.

(5.17)

Here

X1 :=
1

2

(√
−1 0
0 −

√
−1

)
, X2 :=

1

2

(
0 1
−1 0

)
, X3 :=

1

2

(
0

√
−1√

−1 0

)
.

(5.18)

Lemma 5.3.

[d(ρl � ρm)(CL)](v
(l)
i ⊗ v(m)

a )

= −
{{i − (l − i)}2

8
+

l + 2i(l − i)

4

+
5{a − (m − a)}2

8
+

5{m + 2a(m − a)}
4

− (i − (l − i))(a − (m − a))

4

}
(v

(l)
i ⊗ v(m)

a )

+
1

2

√
(i + 1)(l − i)a(m − a + 1)(v

(l)
i+1 ⊗ v

(m)
a−1)

+
1

2

√
i(l − i + 1)(a + 1)(m − a)(v

(l)
i−1 ⊗ v

(m)
a+1)
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(l, m) dim(Vl ⊗ Vm)K̃0
eigenvalues of CL −λ ≤ 6

(1, 1) 1 −3 *
(2, 0) 0
(0, 2) 0
(3, 1) 2 −3,−3 *
(1, 3) 2 −9,−9
(4, 0) 2 −3,−3 *
(0, 4) 2 −15,−15 *
(2, 2) 2 −5, −5, −8 *
(5, 1) 3 −5,−5,−8 *
(6, 0) 1 −6 *
(4, 2) 3 −6,−9,−9 *
(3, 3) 4 −9,−12,−12,−15
(8, 0) 2 −10,−10
(7, 1) 4 −12,−12,−8,−8
(6, 2) 5 −15,−12,−8,−8,−12

{(l, m) | − CL ≤ 6 and (Vl ⊗ Vm)K̃0
̸= {0}}

={(1, 1), (4, 0), (2, 2), (1, 3), (6, 0), (5, 1), (4, 2)}.

It can shown that (Vl ⊗ Vm)K̃[a]
= {0} for (l,m) = (1, 1), (4, 0), (1, 3)

and (Vl⊗Vm)K̃[a]
̸= {0} for (l, m) = (2, 2), (6, 0), (4, 2) with multiplicity

1, respectively. But the fixed vector in (V2 ⊗ V2)K̃[a]
̸= {0} corresponds

to the larger eigenvalue 8 > 6. Then from the dimension computation

dimC V6 � V0 + dimC V4 � V2 = 7 × 1 + 5 × 3 = 7 + 15 = 22

=dimSO(8) − dimSO(4) = nhk(L),

we can conclude

Theorem 5.1. The Gauss image L6 = SO(4)
(Z2+Z2)·Z6

→ Q6(C) is strictly

Hamiltonian stable.

6. The case (U,K) = (SO(5) × SO(5), SO(5))

(U,K) is of type B2.
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u =k + p, a ⊂ p,

u =o(5) ⊕ o(5)

k ={(X, X)|X ∈ o(5)} ∼= o(5),

p ={(X,−X)|X ∈ o(5)},

a =
{

(H,−H) | H = H(ξ1, ξ2) =


0 −ξ1 0 0 0
ξ1 0 0 0 0
0 0 0 −ξ2 0
0 0 ξ2 0 0
0 0 0 0 0

 , ξ1, ξ2 ∈ R
}

∼=t = {H(ξ1, ξ2)|ξ1, ξ2 ∈ R} ⊂ o(5).

6.1. Description of the subgroups K0 and K[a].

K =SO(5)

K0 ={A ∈ K|Ad(A)H = H, ∀H ∈ a}

=
{A 0 0

0 B 0
0 0 1

 |A,B ∈ SO(2)
}

= T 2

K[a] :={A ∈ K | Ad(A)a ⊂ t2, preserving orientations of a} ⊂ Ka

=

I2

I2

1

 · T 2 ∪


1 0
0 −1

1 0
0 −1

1

 · T 2

∪


1 0
0 1

1 0
0 −1

−1

 · T 2 ∪


1 0
0 −1

1 0
0 −1

−1

 · T 2.

The deck transformation group of the covering map G : N8 → G(N8)
is equal to K[a]/K0

∼= Z4.

6.2. The groups K, K1, K0 and the fibration over K/K0.

K = SO(5) ⊃ K1 = SO(4) ⊃ K0 = T 2

K1/K0 =
SO(4)

T 2
−→ K/K0 =

SO(5)

T 2
−→ K/K1 =

SO(5)

SO(4)
∼= S4
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6.3. Representation of the Casimir operator.

⟨X, Y ⟩so(5) := −Tr(XY)

CL = ((X31)
2 + (X41)

2 + (X32)
2 + (X42)

2)

+ 2((X51)
2 + (X52)

2 + (X53)
2 + (X54)

2)

= CK1/K0 + 2CK/K1

= 2CK/K0 − CK1/K0 , w.r.t. ⟨X,Y ⟩ = −trXY,∀X, Y ∈ k ∼= o(5)

where CK/K0 and CK1/K0 denote the Casimir operator of K/K0 and
K1/K0 relative to ⟨ , ⟩|k and ⟨ , ⟩|k1 , respectively.

6.4. D(K), D(K1).

t =
{


0 −ξ1

ξ1 0
0 −ξ2

ξ2 0
0

 | ξ1, ξ2 ∈ R
}
⊂ k

Γ(K) = Γ(K1) = {ξ ∈ t | exp(ξ) = e}

=
{

ξ =


0 −ξ1

ξ1 0
0 −ξ2

ξ2 0
0

 | ξ1, ξ2 ∈ 2πZ
}

yi : t ∋ ξ 7→ ξi ∈ R.

D(K) = D(SO(5))

={Λ ∈ t∗ | Λ(ξ) ∈ 2πZ for each ξ ∈ Γ(K), ⟨Λ, α⟩ ≥ 0 for each α ∈ Π(K)}
={Λ = p1y1 + p2y2 | p1, p2 ∈ Z, p1 ≥ p2 ≥ 0}

D(K1) = D(SO(4))

={Λ = p1y1 + p2y2 | p1, p2 ∈ Z, p1 ≥ |p2|}
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6.5. Branching laws of (SO(5), SO(4)). Let Λ = k1y1 + k2y2 ∈
D(SO(5)) be the highest weight of an irreducible SO(5)-module VΛ,
where k1, k2 ∈ Z and k1 ≥ k2 ≥ 0. Then by the branching laws of
(SO(5), SO(4)) given in [15], VΛ contains an irreducible SO(4)−module
WΛ′ with the highest weight Λ′ = k′

1y1 + k′
2y2 ∈ D(SO(4)), where

k′
1, k

′
2 ∈ Z, k′

1 ≥ |k′
2|, if and only if

k1 ≥ k′
1 ≥ k2 ≥ |k′

2|. (6.1)

6.6. Descriptions of D(K, K0), D(K1, K0). Let {α′
1 = y1 − y2, α

′
2 =

y1 + y2} be the fundamental root system of SO(4) and {ω′
1 = 1

2
(y1 −

y2), ω
′
2 = 1

2
(y1 + y2)} be the fundamental weight system of SO(4). We

use the results of Satoru Yamaguchi [43] as follows:
Each Λ′ ∈ D(SO(4), T 2) can be expressed as

Λ′ = k′
1y1 + k′

2y2 = m′
1ω

′
1 + m′

2ω
′
2 = p′1α

′
1 + p′2α

′
2,

where m′
i ∈ Z, m′

i ≥ 0, p′i ∈ Z, p′i ≥ 1 and

p′1 = (k′
1 − k′

2)/2, p′2 = (k′
1 + k′

2)/2. (6.2)

Let {α1 = y1−y2, α2 = y2} be the fundamental root system of SO(5)
and {ω1 = y1, ω2 = 1

2
(y1 + y2)} be the fundamental weight system of

SO(5). We use the results of Satoru Yamaguchi [43] as follows:
Each Λ ∈ D(SO(5), T 2) can be expressed as

Λ = k1y1 + k2y2 = m1Λ1 + m2Λ2 = p1α1 + p2α2, (6.3)

where mi ∈ Z, mi ≥ 0, pi ∈ Z, pi ≥ 1 and

p1 = k1, p2 = k1 + k2.

6.7. Eigenvalue computation.

Λ = k1y1 + k2y2 ∈ D(K, K0),

(ki ∈ Z, k1 ≥ k2 ≥ 0)

Σ+(K) = {y1 + y2, y1 − y2, y1, y2}
2δK = 3y1 + y2

Λ′ = k′
1y1 + k′

2y2 ∈ D(K1, K0)

(k′
i ∈ Z, k′

1 ≥ |k′
2|)

Σ+(K1) = {y1 − y2, y1 + y2}
2δK2 = 2y1
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cΛ =⟨Λ + 2δK , Λ⟩ =
1

2
(k2

1 + k2
2 + 3k1 + k2),

cΛ′ =⟨Λ′ + 2δK1 , Λ
′⟩ =

1

2
((k′

1)
2 + (k′

2)
2 + 2k′

1),

with respect to the inner product ⟨X, Y ⟩ := −Tr(XY ) for any X, Y ∈
k = o(5). Hence, we have the following eigenvalue formula.

cL = 2cK/K0 − cK1/K0

= (k2
1 + k2

2 + 3k1 + k2) −
1

2
((k′

1)
2 + (k′

2)
2 + 2k′

1).

Since
CL = CK/K0 + CS4 ≥ CK/K0 ,

the first eigenvalue of CL, i.e., cL ≤ n = 8 implies cΛ ≤ 8. Therefore
we get

{Λ ∈ D(SO(5), T 2) | c(Λ, ⟨ , ⟩so5) ≤ 8}
={y1, y1 + y2, 2y1, 2y1 + y2, 2y1 + 2y2}.

Suppose that (k1, k2) = (1, 0). Then dimCVΛ = 5. It follows from
the branching laws (6.1) that (k′

1, k
′
2) = (0, 0) ⊕ (1, 0). By (6.2), we

have (p′1, p
′
2) = (0, 0) ⊕ (1

2
, 1

2
). Then Λ′|(p′1,p′2)=( 1

2
, 1
2
) ̸∈ D(SO(4), T 2).

When (p′1, p
′
2) = (0, 0),

cΛ = 2, cΛ′ = 0, cL = 2cΛ − cΛ′ = 4 − 0 = 4 < 8.

On the other hand,A 0 0
0 B 0
0 0 1




0
...
0
1

 =


0
...
0
1

 ,

so

VΛ1
∼= (R5)C ⊃ (R5)CK0

= C


0
...
0
1

 .

But 
0 0 1 0 0
0 0 0 1 0
1 0 0 0 0
0 −1 0 0 0
0 0 0 0 −1




0
...
0
1

 ̸=


0
...
0
1

 ,
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therefore,

VΛ1
∼= (R5)C ⊃ (R5)CK0

= C


0
...
0
1

 % (R5)CK0·Z4
= {0}.

Hence, Λ1 ̸∈ D(K,K[a]).
Suppose that (k1, k2) = (1, 1). Then dimCVΛ = 10. Then VΛ

∼=
o(5,C) and

(VΛ)K0
∼= (t2)C ⊃ (VΛ)Ka = {0} ⇒ (VΛ)K[a]

= {0}.

Hence, Λ|(k1,k2)=(1,1) ̸∈ D(K,K[a]).
Suppose that (k1, k2) = (2, 0). Then (m1,m2) = (2, 0) and dimCVΛ =

14. It follows from the branching laws (6.1) that (k′
1, k

′
2) = (0, 0) ⊕

(1, 0)⊕ (2, 0). By (6.2), we have (p′1, p
′
2) = (0, 0)⊕ (1

2
, 1

2
)⊕ (1, 1). Then

Λ′|(p′1,p′2)=( 1
2
, 1
2
) ̸∈ D(SO(4), T 2). When (p′1, p

′
2) = (0, 0) ⇒ (m′

1,m
′
2) =

(0, 0),

cΛ = 5, cΛ′ = 0, cL = 2cΛ − cΛ′ = 10 − 0 = 10 > 8.

When (p′1, p
′
2) = (1, 1) ⇒ (m′

1,m
′
2) = (2, 2),

cΛ = 5, cΛ′ = 4, cL = 2cΛ − cΛ′ = 10 − 4 = 6 < 8.

On the other hand,

V2Λ1
∼= Sym0(C

5)

= C ·
(
−1

4
I4 0

0 1

)
⊕
{(

X 0
0 0

)
|X ∈ Sym0(C

4)
}

⊕
{(

0 Z
tZ 0

)
|Z ∈ M(4, 1;C)

}
= W (0, 0) ⊕ W (2, 2) ⊕ W (1, 1)

(V2Λ1)K0 =
{c1I2

c2I2

c3

 | c1, c2, c3 ∈ C, 2c1 + 2c2 + c3 = 0
}
.
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By direct calculation, we know that
0 0 1 0 0
0 0 0 −1 0
1 0 0 0 0
0 −1 0 0 0
0 0 0 0 −1


c1I2

c2I2

c3




0 0 1 0 0
0 0 0 1 0
1 0 0 0 0
0 −1 0 0 0
0 0 0 0 −1


=

c2I2

c1I2

c3

 .

(V2Λ1)K[a]
=
{(− c

4
I4

c

)
| c ∈ C

}
= W(0,0).

Thus
W(2,2) ∩ (V2Λ1)K[a]

= {0}.
Suppose that (k1, k2) = (2, 1). Then (m1,m2) = (2, 1) and dimCV2Λ1+Λ2 =

35. It follows from the branching laws (6.1) that (k′
1, k

′
2) = (1, 0) ⊕

(1,−1)⊕ (1, 1)⊕ (2, 0)⊕ (2,−1)⊕ (2, 1). By (6.2), we have (m′
1, m

′
2) =

(1, 1) ⊕ (2, 0) ⊕ (0, 2) ⊕ (2, 2) ⊕ (3, 1) ⊕ (1, 3), thus

VΛ(2,1) = WΛ′(1,1) ⊕ WΛ′(2,0) ⊕ WΛ′(0,2) ⊕ WΛ′(2,2) ⊕ WΛ′(3,1) ⊕ WΛ′(1,3).

It follows (6.2) that (p′1, p
′
2) = (1

2
, 1

2
) ⊕ (1, 0) ⊕ (0, 1) ⊕ (1, 1) ⊕ (3

2
, 1

2
) ⊕

(1
2
, 3

2
). Then Λ′|(p′1,p′2)=( 1

2
, 1
2
), Λ′|(p′1,p′2)=( 3

2
, 1
2
), Λ′|(p′1,p′2)=( 1

2
, 3
2
) ̸∈ D(SO(4), T 2).

When (p′1, p
′
2) = (1, 0),

cΛ = 6, cΛ′ = 2, cL = 2cΛ − cΛ′ = 12 − 2 = 10 > 8.

When (p′1, p
′
2) = (0, 1),

cΛ = 6, cΛ′ = 2, cL = 2cΛ − cΛ′ = 12 − 2 = 10 > 8.

When (p′1, p
′
2) = (1, 1), ⇒ (m′

1,m
′
2) = (2, 2),

cΛ = 6, cΛ′ = 4, cL = 2cΛ − cΛ′ = 12 − 4 = 8.

Thus we need to determine the dimension of (WΛ′(2,2))K[a]
̸= {0} di-

rectly.
WΛ′(2,2)

∼= sl(2, C) � sl(2, C)

(WΛ′(2,2))K0
∼= (sl(2, C) � sl(2, C))K0 = C � C

Thus dimC(WΛ′(2,2))K0 = 1.

{0} ≠ VC ⊂ V2y1+y2

By the irreducibility of V2y1+y2 , we have VC = V2y1+y2 . Since {0} ̸=
(VC)K[a]

= (WΛ′(2,2))K[a]
⊂ (WΛ′(2,2))K0 and dimC(WΛ′(2,2))K0 = 1, we
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obtain {0} ̸= (VC)K[a]
= (WΛ′(2,2))K[a]

= (WΛ′(2,2))K0 and dimC(WΛ′(2,2))K[a]
=

1.
Here we note that

2∧
R10 =so(10)

=ad(so(5)) + V ,

2∧
C10 =so(10, C)

=ad(so(5))C + VC,
∼=so(5, C) + VC .

n(L8) = dimC V2y1+y2 = 35
nhk(L

8) = dim(SO(10)) − dim(SO(5)) = 45 − 10 = 35

Suppose that (k1, k2) = (2, 2). It follows from the branching laws
(6.1) that (k′

1, k
′
2) = (2, 0) ⊕ (2, 1) ⊕ (2, 2) ⊕ (2,−1) ⊕ (2,−2). By

(6.2), we have (p′1, p
′
2) = (1, 1) ⊕ (1

2
, 3

2
) ⊕ (0, 2) ⊕ (3

2
, 1

2
) ⊕ (2, 0), thus

Λ′|(p′1,p′2)=( 1
2
, 3
2
), Λ′|(p′1,p′2)=( 3

2
, 3
2
), ̸∈ D(SO(4), T 2). When (p′1, p

′
2) = (1, 1),

cΛ = 8, cΛ′ = 4, cL = 2cΛ − cΛ′ = 16 − 4 = 12 > 8.

When (p′1, p
′
2) = (0, 2),

cΛ = 8, cΛ′ = 6, cL = 2cΛ − cΛ′ = 16 − 6 = 10 > 8.

When (p′1, p
′
2) = (2, 0),

cΛ = 8, cΛ′ = 6, cL = 2cΛ − cΛ′ = 16 − 6 = 10 > 8.
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Remark 1. It follows from the branching laws (6.1) that

Vk1ϵ1+k2ϵ2 = ⊕Wk1ϵ′1+k′
2ϵ2 ,

where k1, k2, k
′
1, k

′
2 are given as follows

(k1, k2) (k′
1, k

′
2) (p′1, p

′
2) dimCVΛ cL

(1, 0) (0, 0) ⊕ (1, 0) (0, 0) ⊕ (1
2
, 1

2
) 5 4

(1, 1) (1, 0) ⊕ (1, 1) ⊕ (1,−1) (1
2
, 1

2
) ⊕ (0, 1) ⊕ (1, 0) 10 4, 4

(2, 0) (0, 0) ⊕ (1, 0) ⊕ (2, 0) (0, 0) ⊕ (1
2
, 1

2
) ⊕ (1, 1) 14 10, 6

(2, 1) (1, 0) ⊕ (1,−1) ⊕ (1, 1) (1
2
, 1

2
) ⊕ (1, 0) ⊕ (0, 1) 35 10, 10, 8

⊕(2, 0) ⊕ (2,−1) ⊕ (2, 1) ⊕(1, 1) ⊕ (3
2
, 1

2
) ⊕ (1

2
, 3

2
)

(2, 2) (2, 0) ⊕ (2, 1) ⊕ (2, 2) (1, 1) ⊕ (1
2
, 3

2
) ⊕ (0, 2) 35 12, 10, 10

⊕(2,−1) ⊕ (2,−2) ⊕(3
2
, 1

2
) ⊕ (2, 0)

Therefore we conclude that

Theorem 6.1. The Gauss image G(SO(5)/T 2) ⊂ Q8(C) is strictly
Hamiltonian stable.

7. The case (U,K) = (SO(10), U(5))

(U,K) is of BC2 type.
Let u = k + p is the canonical decomposition of u as a symmetric

Lie algebra of a symmetric pair (U,K) and a be a maximal abelian
subspace of p.

σ : u → u, X 7→ J5XJ−1
5 , J5 =

(
0 I5

−I5 0

)
u =so(10)

k ={
(

X −Y
Y X

)
∈ so(10)| − X t = X, Y t = Y } ∼= u(5) ∋ X +

√
−1Y,

p ={
(

X Y
Y −X

)
∈ so(10)|X, Y ∈ so(5)},

a =
{(

H1 0
0 −H1

)
| H1 =


0 −ξ1

ξ1 0
0 −ξ2

ξ2 0
0

 , ξ1, ξ2 ∈ R
}

.

n = 18,

nkl(G) = dim SO(n + 2) − dim K = dim SO(20) − dim U(5) = 165.

Define an Ad(U)-invariant inner product ⟨ , ⟩u of u by

⟨X,Y ⟩u := −Tr(XY )
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for each X, Y ∈ u. The vector space p is identified with the Euclidean
space R20 with respect to the inner product ⟨ , ⟩u. The 19-dimensional
unit sphere S19(1) in p is defined as

S19(1) := {X ∈ p | ∥X∥2
u = ⟨X, X⟩u = 1}.

The isotropy linear action Adp of K on p and thus S19(1) induces the

group action of K on G̃r2(p) ∼= Q18(C). For each regular element H
of a∩ S19(1), we get a homogeneous isoparametric hypersurface in the
unit sphere

N18 = (AdpK)H ⊂ S19(1) ⊂ R20 ∼= p.

Its Gauss image is

G(N18) = K · [a] = [(AdpK)a] ⊂ G̃r2(p) ∼= Q18(C).

Here N and G(N18) have homogeneous space expressions N ∼= K/K0

and G(N18) ∼= K/K[a].

7.1. Description of the subgroups K0 and K[a].

K = U(5) −→ U = SO(10)

A +
√
−1B 7→

(
A −B
B A

)
,

where A,B ∈ gl(5,R).
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K0 := {k ∈ K | Adp(k)(H) = H for each H ∈ a},

=
{


a11 + ib11 a12 + ib12 0 0 0
−a12 + ib12 a11 − ib11 0 0 0

0 0 a22 + ib22 a21 + ib21 0
0 0 −a21 + ib21 a22 − ib22 0
0 0 0 0 a33 + ib33

 ∈ U(5)
}

∼= SU(2) × SU(2) × U(1)

Ka := {k ∈ K | Adp(k)(a) = a},
K[a] := {k ∈ Ka | Adp(k) : a −→ a preserves the orientation of a}

=


1 0
0 1

1 0
0 −1

1

 · K0 ∪


1

−1
1

−1
1

 · K0

∪


1 0
0 −1

1 0
0 1

1

 · K0 ∪ K0,

The deck transformation group of the covering map G : N → G(N18)
is equal to K[a]/K0

∼= Z4.

7.2. The groups K, K2, K1, K0 and the corresponding Lie al-
gebras.

K = U(5) ⊃ K2 = U(4) × U(1) ⊃ K1 = U(2) × U(2) × U(1)

⊃ K0 = SU(2) × SU(2) × U(1)
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K = U(5)

K2 = U(4) × U(1)

=
{(

A 0
0 b

)
| A ∈ U(4), b ∈ U(1)

}
K1 = U(2) × U(2) × U(1)

=
{A 0 0

0 B 0
0 0 b

 | A,B ∈ U(2), b ∈ U(1)
}

K0 = SU(2) × SU(2) × U(1)

=
{A 0 0

0 B 0
0 0 b

 | A,B ∈ SU(2), b ∈ U(1)
}

k = u(5) = k0 ⊕ k2ξ1 ⊕ k2ξ2 ⊕ kξ1+ξ2 ⊕ kξ1−ξ2 ⊕ kξ1 ⊕ kξ2

k2 =
{( X √

−1θ

)
| X ∈ u(4), θ ∈ R

}
= u(4) ⊕ u(1)

= k0 ⊕ k2ξ1 ⊕ k2ξ2 ⊕ kξ1+ξ2 ⊕ kξ1−ξ2

k1 =
{ X

Y √
−1θ

 | X, Y ∈ u(2), θ ∈ R
}

= u(2) ⊕ u(2) ⊕ u(1)

= k0 ⊕ k2ξ1 ⊕ k2ξ2

k0 =
{ X

Y √
−1θ

 | X, Y ∈ su(2), θ ∈ R
}

= su(2) ⊕ su(2) ⊕ u(1)
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7.3. Two fibrations over K/K0.

K2/K0 =
U(4) × U(1)

SU(2) × SU(2) × U(1)

−→ K/K0 =
U(5)

SU(2) × SU(2) × U(1)

−→ K/K2 =
U(5)

U(4) × U(1)
∼= CP 4

K1/K0 =
U(2) × U(2) × U(1)

SU(2) × SU(2) × U(1)

−→ K/K0 =
U(5)

SU(2) × SU(2) × U(1)

−→ K/K1 =
U(5)

U(2) × U(2) × U(1)

7.4. Γ(K), D(K), etc.

t =
{

√
−1y1 0 0 0 0
0

√
−1y2 0 0 0

0 0
√
−1y3 0 0

0 0 0
√
−1y4 0

0 0 0 0
√
−1y5


| y1, y2, y3, y4, y5 ∈ R

}
⊂ k

Γ(K) = Γ(K2) = Γ(K1) = Γ(K0)

={ξ ∈ t | exp(ξ) = e}

=
{

ξ =


√
−1ξ1 0 0 0 0
0

√
−1ξ2 0 0 0

0 0
√
−1ξ3 0 0

0 0 0
√
−1ξ4 0

0 0 0 0
√
−1ξ5

 | ξ1, · · · , ξ5 ∈ 2πZ
}

Γ(C(K)) ={ξ ∈ c(k) | exp(ξ) = e} =
{

ξ ∈ 2πZI5

}
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D(K) = D(U(5))

={Λ ∈ t∗ | Λ(ξ) ∈ 2πZ for each ξ ∈ Γ(K), ⟨Λ, α⟩ ≥ 0 for each α ∈ Π(K)}
={Λ = p1y1 + · · · + p5y5 | p1, · · · , p5 ∈ Z, p1 ≥ p2 ≥ p3 ≥ p4 ≥ p5}

D(K2) = D(U(4) × U(1))

={Λ = p1y1 + · · · + p5y5 | p1, · · · , p5 ∈ Z, p1 ≥ p2 ≥ p3 ≥ p4}

D(K1) = D(U(2) × U(2) × U(1))

={Λ = p1y1 + · · · + p5y5 | p1, · · · , p5 ∈ Z, p1 ≥ p2, p3 ≥ p4}

7.5. Branching laws of (U(5), U(4) × U(1)).

Let Λ = p1y1 + · · · + p5y5 ∈ D(U(5)) be the highest weight of an
irreducible U(5)-module VΛ, where pi ∈ Z (i = 1, · · · , 5) and p1 ≥
p2 ≥ p3 ≥ p4 ≥ p5. Then the irreducible decomposition of VΛ as a
U(4) × U(1)-module contains an irreducible U(4) × U(1)-module VΛ′

with the highest weight VΛ′ = q1y1+· · ·+q5y5 ∈ D(U(4)×U(1)), where
qi ∈ Z and q1 ≥ q2 ≥ q3 ≥ q4, if and only if

p1 ≥ q1 ≥ p2 ≥ q2 ≥ p3 ≥ q3 ≥ p4 ≥ q4 ≥ p5,

5∑
i=1

pi =
5∑

i=1

qi.

Moreover, the multiplicity of VΛ′ is 1.

7.6. Branching laws of (U(4), U(2) × U(2)).

Let Λ = p1y1 + · · · + p4y4 ∈ D(U(4)) be the highest weight of an
irreducible U(4)-module VΛ, where pi ∈ Z (i = 1, · · · , 4) and p1 ≥ p2 ≥
p3 ≥ p4. Then the irreducible decomposition of VΛ as a U(2) × U(2)-
module contains an irreducible U(2)×U(2)-module VΛ′ with the highest
weight VΛ′ = q1y1 + · · · + q4y4 ∈ D(U(2) × U(2)), where qi ∈ Z and
q1 ≥ q2, q3 ≥ q4, if and only if

(i)
∑4

i=1 pi =
∑4

i=1 qi;
(ii) p1 ≥ q1 ≥ p3, p2 ≥ q2 ≥ p4;

(iii) in the finite power series expansion in X of
∏3

i=1(Xri+1−X−(ri+1))

(X−X−1)2
,

where ri(i = 1, 2, 3) are defined as follows

r1 :=p1 − max(q1, p2)

r2 := min(q1, p2) − max(q2, p3)

r3 := min(q2, p3) − p4
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the coefficient of Xq3−q4+1 does not vanish. Moreover, the value
of this coefficient is the multiplicity of the U(2)×U(2)-module.

7.7. D(K, K0).
Each Λ ∈ D(U(5)) is expressed as

Λ = p1y1 + · · · p5y5,

where pi ∈ Z, p1 ≥ p2 ≥ p3 ≥ p4 ≥ p5. Then by the branching law of
(U(5), U(4) × U(1)),

VΛ =
s⊕

i=1

V ′
Λ′

i
=

s⊕
i=1

W ′
Λ′

1i
� Uq5y5 ,

where Λ′
i = q1y1 +q2y2 +q3y3 +q4y4 +q5y5 ∈ D(K2), Λ′

1i = q1y1 +q2y2 +
q3y3 + q4y4 ∈ D(U(4)), q5y5 ∈ D(U(1)) and

p1 ≥ q1 ≥ p2 ≥ q2 ≥ p3 ≥ q3 ≥ p4 ≥ q4 ≥ p5,

5∑
i=1

pi =
5∑

j=1

qj.

By the branching law of (U(4), U(2) × U(2)),

W ′
Λ′

1i
=
⊕

W ′′
Λ′′ =

⊕
W ′′

Λ̃σ
� W ′′

Λ̃ρ
,

where Λ′′ = k1y1 + k2y2 + k3y3 + k4y4 ∈ D(U(2) × U(2)), Λ̃σ = k1y1 +
k2y2 ∈ D(U(2)), Λ̃ρ = k3y3 + k4y4 ∈ D(U(2)) and

(i)
∑4

i=1 ki =
∑4

i=1 qi;
(ii) q1 ≥ k1 ≥ q3, q2 ≥ k2 ≥ q4;

(iii) in the finite power series expansion in X of
∏3

i=1(Xri+1−X−(ri+1))

(X−X−1)2
,

where ri(i = 1, 2, 3) are defined as follows

r1 :=q1 − max(k1, q2)

r2 := min(k1, q2) − max(k2, q3)

r3 := min(k2, q3) − q4

the coefficient of Xk3−k4+1 does not vanish. Moreover, the value
of this coefficient is the multiplicity of the U(2)×U(2)-module.

By the branching law of (U(2), SU(2)),

W ′′
Λ̃σ

= W ′′
Λσ

, W ′′
Λ̃ρ

= W ′′
Λρ

,

where Λσ = k1−k2

2
(y1 − y2) ∈ D(SU(2)), Λρ = k3−k4

2
(y3 − y4) ∈

D(SU(2)).
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Hence, one can decompose a K-module VΛ into the following irre-
ducible K0-modules.

VΛ =
⊕⊕

W ′′
Λσ

� W ′′
Λρ

� Uq5y5 .

Now assume that Λ ∈ D(K,K0). Then there exists at least one
nonzero trivial irreducible K0-module in the above decomposition for
some σ and ρ. So in this case, we have

k1 − k2 = 0,

k3 − k4 = 0,

q5 = 0.

Therefore,

2k1 + 2k3 =
4∑

i=1

qi =
5∑

j=1

pj

q2 ≥ k1 = k2 ≥ q3

r1 = q1 − q2,

r2 = k1 − k2 = 0,

r3 = q3 − q4,

and in the finite power series expansion in X of

(Xq1−q2+1 − X−(q1−q2+1))(Xq3−q4+1 − X−(q3−q4+1))

X − X−1
,

the coefficient of X does not vanish. Moreover, the value of this coef-
ficient is the multiplicity of the U(2) × U(2)-module.

7.8. Descriptions of D(K,K0), D(K2, K0), D(K1, K0). Each Λ ∈
D(K, K0) is

Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5

where
p1, · · · , p5 ∈ Z, p1 ≥ p2 ≥ p3 ≥ p4 ≥ p5.

Each Λ′ ∈ D(K2, K0) is

Λ′ = q1y1 + q2y2 + q3y3 + q4y4

where
q1, · · · , q4 ∈ Z,

q1 ≥ q2 ≥ q3 ≥ q4,

5∑
i=1

pi =
4∑

j=1

qj.
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Each Λ′′ ∈ D(K1, K0) is

Λ′′ = k1y1 + k2y2 + k3y3 + k4y4

where

k1, · · · , k4 ∈ Z,

k1 = k2, k3 = k4,

2k1 + 2k3 =
4∑

j=1

qj.

7.9. Representation of the Casimir operator.

CL = 2((X31)
2 + (X41)

2 + (X32)
2 + (X42)

2 + (Y31)
2 + (Y41)

2 + (Y32)
2 + (Y42)

2)

+ 4((X51)
2 + (X52)

2 + (X53)
2 + (X54)

2 + (Y51)
2 + (Y52)

2 + (Y53)
2 + (Y54)

2)

+ ((Y11)
2 + (Y33)

2)

= 2CK2/K1 + 4CK/K2 + CK1/K0

= 4CK/K0 − 2CK2/K0 − CK1/K0 , w.r.t. ⟨X,Y ⟩ = −trXY,∀X, Y ∈ u = so(10)

= 2CK/K0 − CK2/K0 −
1

2
CK1/K0 , w.r.t. ⟨X,Y ⟩ := −tr(re(XY ))∀X,Y ∈ k = u(5),

where CK/K0 , CK2/K0 and CK1/K0 denote the Casimir operator of K/K0,
K2/K0 and K1/K0 relative to ⟨ , ⟩|k, ⟨ , ⟩|k2 and ⟨ , ⟩|k1 , respectively.

7.10. Eigenvalue computation.

Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ D(K, K0),

(pi ∈ Z, p1 ≥ p2 ≥ p3 ≥ p4 ≥ p5)

Σ+(K) = {yi − yj, 1 ≤ i < j ≤ 5}

2δK =
5∑

i=1

(6 − 2i)yi = 4y1 + 2y2 − 2y4 − 4y5

Λ′ = q1y1 + q2y2 + q3y3 + q4y4 ∈ D(K2, K0)

(qi ∈ Z, q1 ≥ q2 ≥ q3 ≥ q4)

Σ+(K2) = {yi − yj, 1 ≤ i < j ≤ 4}

2δK2 =
4∑

i=1

(5 − 2i)yi = 3y1 + y2 − y3 − 3y4
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Λ′′ = k1y1 + k2y2 + k3y3 + k4y4 ∈ D(K1, K0)

Σ+(K1) = {y1 − y2, y3 − y4}
2δK1 = y1 − y2 + y3 − y4

cΛ =⟨Λ + 2δK , Λ⟩
=p2

1 + p2
2 + p2

3 + p2
4 + p2

5 + 4p1 + 2p2 − 2p4 − 4p5,

cΛ′ =⟨Λ′ + 2δK2 , Λ
′⟩

=q2
1 + q2

2 + q2
3 + q2

4 + 3q1 + q2 − q3 − 3q4,

cΛ′′ =⟨Λ′′ + 2δK1 , Λ
′′⟩

=k2
1 + k2

2 + k2
3 + k2

4 + k1 − k2 + k3 − k4

=k2
1 + k2

2 + k2
3 + k2

4 (∵ k1 = k2, k3 = k4),

with respect to the inner product ⟨X, Y ⟩ := −Tr(ReXY ) for any
X, Y ∈ k = u(5). Hence, we have the following eigenvalue formula.

c = 4cK/K0 − 2cK2/K0 − cK1/K0

= 2cΛ − cΛ′ − 1

2
cΛ′′

= 2(p2
1 + p2

2 + p2
3 + p2

4 + p2
5 + 4p1 + 2p2 − 2p4 − 4p5)

− (q2
1 + q2

2 + q2
3 + q2

4 + 3q1 + q2 − q3 − 3q4)

− 1

2
(k2

1 + k2
2 + k2

3 + k2
4)

{ Λ ∈ D(K,K0) | − c ≤ 18 }
={ 0, (p1, p2, p3, p4, p5) = (0,−1,−1,−1,−1),

(p1, p2, p3, p4, p5) = (1, 1, 1, 1, 0),

(p1, p2, p3, p4, p5) = (1, 1, 0, 0, 0),

(p1, p2, p3, p4, p5) = (0, 0, 0,−1,−1),

(p1, p2, p3, p4, p5) = (1, 0, 0, 0,−1),

(p1, p2, p3, p4, p5) = (2, 1, 1, 0, 0),

(p1, p2, p3, p4, p5) = (0, 0,−1,−1,−2),

(p1, p2, p3, p4, p5) = (1, 1, 0,−1,−1) }.
Denote the fundamental weight system of SU(5) by ω1, ω2, ω3, ω4.
Suppose that Λ = (1, 1, 1, 1, 0). Then dim VΛ = 5. By the branching

law of (U(5), U(4)×U(1)) that Λ′ = (0,−1,−1,−1,−1)⊕(−1,−1,−1,−1, 0),
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where Λ′ = (−1,−1,−1,−1, 0) ∈ D(K2, K0). By the branching law of
(U(4), U(2) × U(2)) that Λ′′ = (−1,−1,−1,−1) ∈ D(K1, K0). Thus
cΛ = 8, cΛ′ = 4, cΛ′′ = 4 and cL = 2cΛ − cΛ′ − 1

2
cΛ′′ = 10 < 18.

On the other hand, Λ = Λ0 + ω4, where Λ0 = 4
5

∑5
i=1 yi. The

group K = U(5) = C(U(5)) · SU(5) acts on dim VΛ = 5 and VΛ
∼=

C ⊗ C̄5 by ρΛ0 � µ̄5, where µ̄5 denotes the conjugate representation
of the standard representation of SU(5) on C5. For any element

g0 =

 A
B

e
√
−1θ

 ∈ K0 any element u ⊗ w ∈ C ⊗ C̄5, where

A,B ∈ SU(2) and θ ∈ R,

ρΛ(g0)(u ⊗ w) =ρΛ0(e
√
−1
5

θI5)(u) ⊗ ρω4(e
−

√
−1
5

θg0)w

= e
4
√

−1
5

θu ⊗


e

√
−1
5

θĀ

(
w1

w2

)
e

√
−1
5

θB̄

(
w3

w4

)
e−

4
√

−1
5

θw5

 .

Hence (VΛ)K0 = spanC{1 ⊗


0
0
0
0
1

}.

For a generator g =


1 0
0 1

1 0
0 −1

1

 ∈ K[a] ⊂ K2 of Z4,

ρΛ(g)(u ⊗ e5) = ρΛ0(e
√
−1π

5 I5)(u) ⊗ ρω4(e
−
√
−1π

5 g)(e5)

= e
√
−1 4π

5 u ⊗ e
√
−1π

5 e5 = −u ⊗ e5.

So (VΛ)K[a]
= {0}, i.e., Λ = (1, 1, 1, 1, 0) ̸∈ D(K, K[a]). Similarly,

Λ = (0,−1,−1,−1,−1) ̸∈ D(K, K[a]).

Suppose that Λ = (1, 1, 0, 0, 0). Then dim VΛ = 10. By the branching
law of (U(5), U(4)×U(1)) that Λ′ = (1, 1, 0, 0, 0)⊕ (1, 0, 0, 0, 1), where
Λ′ = (1, 1, 0, 0, 0) ∈ D(K2, K0). By the branching law of (U(4), U(2)×
U(2)) that Λ′′ = (1, 1, 0, 0)⊕(0, 0, 1, 1)⊕(1, 0, 1, 0), where Λ′′ = (1, 1, 0, 0)⊕
(0, 0, 1, 1) ∈ D(K1, K0). Thus cΛ = 8, cΛ′ = 6, cΛ′′ = 2 and cL =
2cΛ − cΛ′ − 1

2
cΛ′′ = 9 < 18.
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On the other hand, Λ = Λ0 + ω2, where Λ0 = 2
5

∑5
i=1 yi. VΛ

∼=
C ⊕ ∧2C5. Let {e1, e2, e3, e4, e5} be the standard basis of C5. For
any element g0 ∈ K0 given above and any element u ⊗ ei ∧ ej ∈ VΛ,
(1 ≤ i < j ≤ 5),

ρΛ(g0)(u ⊗ ei ∧ ej) = ρΛ0(e
√

−1
5

θI5)(u) ⊗ ρω2(ei ∧ ej)

= e
√
−1 2

5
θu ⊗ (e−

√
−1
5

θg0ei ∧ e−
√

−1
5

θg0ej).

It is easy to see that (VΛ)K0 = spanC{1⊗ (e1 ∧ e2), 1⊗ (e3 ∧ e4)}. For
the generator g ∈ K[a] of Z4 given above, we have

ρΛ(g)(1 ⊗ e1 ∧ e2) = −1 ⊗ e3 ∧ e4,

ρΛ(g)(1 ⊗ e3 ∧ e4) = 1 ⊗ e1 ∧ e2.

Hence (VΛ)K[a]
= {0}, i.e., Λ = (1, 1, 0, 0, 0) ̸∈ D(K,K[a]). Similarly,

Λ = (0, 0, 0,−1,−1) ̸∈ D(K,K[a]).

Suppose that Λ = (1, 0, 0, 0,−1). Then dim VΛ = 24. By the branch-
ing law of (U(5), U(4)×U(1)) that Λ′ = (1, 0, 0, 0,−1)⊕(1, 0, 0,−1, 1)⊕
(0, 0, 0, 0, 0)⊕(0, 0, 0,−1, 1), where Λ′

1 = (1, 0, 0,−1, 0), Λ′
2 = (0, 0, 0, 0, 0) ∈

D(K2, K0). By the branching law of (U(4), U(2) × U(2)) that Λ′′
1 =

(1, 0, 0,−1)⊕(1,−1, 0, 0)⊕(0, 0, 0, 0)⊕(0, 0, 1,−1)⊕(0,−1, 1, 0), where
Λ′′

1 = (0, 0, 0, 0) ∈ D(K1, K0). Also, Λ′′
2 = (0, 0, 0, 0) ∈ D(K1, K0).

Thus cΛ = 10, cΛ′
1

= 8, cΛ′′
1

= 0, cL = 2cΛ − cΛ′ − 1
2
cΛ′′ = 12 < 18 and

cΛ′
2

= 0, cΛ′′
2

= 0, cL = 20 > 18.
On the other hand, Λ = ω1 + ω4 corresponds to the adjoint repre-

sentation of SU(5).

VΛ = C ⊗ (C ·
(
−1

4
I4 0

0 1

)
⊕ C ·

(
∗ 0
0 0

)

⊕ C ·

 ∗
0

∗ 0 0

⊕ C ·

 0
∗

0 ∗ 0

)

= V ′
(0,0,0,0,0) ⊕ V ′

(1,0,0,−1,0) ⊕ V ′
(1,0,0,0,−1) ⊕ V ′

(0,0,0,−1,1).

(VΛ)K0 =
{c1I2

c2I2

c3

 | c1, c2, c3 ∈ C, 2c1 + 2c2 + c3 = 0
}

⊂V ′
(0,0,0,0,0) ⊕ V ′

(1,0,0,−1,0).
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By direct calculation, we know that for g ∈ D(K,K[a]) given above,

Ad(g)

c1I2

c2I2

c3

 =

c2I2

c1I2

c3

 .

Hence,

(VΛ)K[a]
=
{(− c

4
I4

c

)
| c ∈ C

}
= V ′

(0,0,0,0,0).

But this 1-dimensional fixed vector space corresponds to the larger
eigenvalue 20.

Suppose that Λ = (2, 1, 1, 0, 0). Then dim VΛ = 45. By the branching
law of (U(5), U(4) × U(1)) that VΛ can be decomposed the following
irreducible K1 = U(4) × U(1)-submodules:

VΛ = V ′
(2,1,1,0,0) ⊕ V ′

(1,1,1,0,1) ⊕ V ′
(2,1,0,0,1) ⊕ V ′

(1,1,0,0,2),

where Λ′ = (2, 1, 1, 0, 0) ∈ D(K2, K0). By the branching law of (U(4), U(2)×
U(2)) that Λ′′ = (2, 1, 1, 0) ⊕ (2, 0, 1, 1) ⊕ (1, 1, 2, 0) ⊕ (1, 1, 1, 1) ⊕
(1, 0, 2, 1), where Λ′′ = (1, 1, 1, 1) ∈ D(K1, K0). Thus cΛ = 16, cΛ′ = 12,
cΛ′′ = 4, cL = 2cΛ − cΛ′ − 1

2
cΛ′′ = 18.

On the other hand, from the irreducible U(4)×U(1)-decomposition
of VΛ, we know that (VΛ)K0 ⊂ V ′

(2,1,1,0,0). Notice that Λ′ = 2y1+y2+y3 =∑4
i=1 yi + y1 − y4 ∈ D(K2, K0) corresponds to the tensor product of

C(U(4)) representation with the highest weight
∑4

i=1 yi, the adjoint
representation of SU(4) with the highest weight y1 − y4 and the trivial
representation of U(1). Then for any element g0 ∈ K0 and any element
u ⊗ X ⊗ v ∈ C ⊗ su(4) ⊗ C ∼= VΛ′ ,

ρΛ′(g0)(u ⊗ X ⊗ v) = u ⊗ Ad

(
A

B

)
(X) ⊗ v.

Thus (VΛ)K0 = span{1⊗
(

I2

−I2

)
⊗1}. For the element g ∈ K[a] ⊂

K2,

ρΛ′(g)(u ⊗
(

I2

−I2

)
⊗ v) = e

√
−1πu ⊗

(
−I2

I2

)
⊗ w,

it follows that (V[a]) = (VΛ)K0 , i.e., Λ = (2, 1, 1, 0, 0) ∈ D(K, K[a]) with
multiplicity 1. Similarly, Λ = (0, 0,−1,−1,−2) ∈ D(K, K[a]) with
multiplicity 1 and it also gives eigenvalue 18.
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Suppose that Λ = (1, 1, 0,−1,−1). Then dim VΛ = 75. By the
branching law of (U(4), U(2) × U(2)), VΛ can be decomposed the fol-
lowing irreducible K1 = U(4) × U(1)-submodules:

VΛ = V ′
(1,1,0,−1,−1) ⊕ V ′

(1,1,−1,−1,0) ⊕ V ′
(1,0,0,−1,0) ⊕ V ′

(1,0,−1,−1,1),

where Λ′
1 = (1, 1,−1,−1, 0) and Λ′

2 = (1, 0, 0,−1, 0) ∈ D(K2, K0). For
Λ′

2, by the branching law of (U(4), U(2) × U(2)), Λ′′
2 = (1, 0, 0,−1) ⊕

(1,−1, 0, 0) ⊕ (0, 0,−1,−1) ⊕ (0, 0, 0, 0) ⊕ (0,−1, 1, 0), where Λ′′
2 =

(0, 0, 0, 0) ∈ D(K1, K0). Therefore, cΛ = 16, cΛ′
2

= 8, cΛ′′
2

= 0,

and cL = 2cΛ − cΛ′
2
− 1

2
cΛ′′

2
= 24 > 18. For Λ′

1, by the branching
law of (U(4), U(2) × U(2)) that Λ′′ = (1, 1,−1,−1) ⊕ (1, 0, 0,−1) ⊕
(1,−1, 1,−1) ⊕ (0, 0, 0, 0) ⊕ (0,−1, 1, 0) ⊕ (−1,−1, 1, 1), where Λ′′

11 =
(1, 1,−1,−1), Λ′′

12 = (−1,−1, 1, 1), Λ′′
13 = (0, 0, 0, 0) ∈ D(K1, K0).

Thus cΛ = 16, cΛ′ = 12, cΛ′′
11

= cΛ′′
12

= 4, cΛ′′
13

= 0, cL = 2cΛ −
cΛ′ − 1

2
cΛ′′ = 18, 18 or 20. Moreover, from the above irreducible K2-

decomposition of VΛ and eigenvalue calculations, we only need to de-
termine dim(VΛ)K[a]

∩(V ′′
11⊕V ′′

12) since the fixed vectors in this subspace
by K[a] give eigenvalue 18.

Recall that the irreducible representation of SU(4) with the highest
weight Λ′

1 = y1 + y2 − y3 − y4 = 2ω2 can be described as follows ([11]):

Sym2(∧2C4) = I(Gr2(C
4))2 ⊕ V ′

Λ′
1
,

where I(Gr2(C
4))2, the ideal of the Grassmannian Gr2(C

4), denotes
the space of all homogeneous polynomials of degree 2 on P(∧2C4∗) that
vanish on Gr2(C

4). Here, I(Gr2(C
4))2

∼= ∧4C4 ∼= C can be written
down explicitly in terms of a basis e1, e2, e3, e4 of C4:

I(Gr2(C
4))2 = span{(e1 ∧ e2) · (e3 ∧ e4) + (e1 ∧ e4) · (e2 ∧ e3)

− (e1 ∧ e3) · (e2 ∧ e4)}.

Thus, a basis for V ′
Λ′

1
can be given explicitly. For any element g0 ∈ K0,

denote g′
0 =

(
A

B

)
∈ SU(2)×SU(2) ⊂ U(4). The representation of

K0 on any element u ⊗ X ⊗ w ∈ C ⊗ V ′
Λ′ ⊗ C is

ρΛ(g)(u ⊗ X ⊗ w) = ρ0(1)(u) ⊗ ρΛ′
1
(g′

0)(X) ⊗ ρ0(e
√
−1θ)(w).

By direct computation,

(VΛ)K0 ∩ V ′
Λ′

1
= spanC{ 1 ⊗ (e1 ∧ e2) · (e1 ∧ e2) ⊗ 1,

1 ⊗ (e3 ∧ e4) · (e3 ∧ e4) ⊗ 1,

1 ⊗ (e1 ∧ e2) · (e3 ∧ e4) ⊗ 1},
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where (e1 ∧ e2) · (e1 ∧ e2) ∈ V ′′
11, (e3 ∧ e4) · (e3 ∧ e4) ∈ V ′′

12 and (e1 ∧
e2) · (e3 ∧ e4) ∈ V ′′

13. For the generator g ∈ K[a] ⊂ K2, denote g′ =
1

1
1

−1

. The representation of g on u ⊗ X ⊗ w is

ρΛ(g)(u ⊗ X ⊗ w) = ρ0(e
√

−1
4

πI4)(u) ⊗ ρΛ′
1
(e−

√
−1
4

πg′)(X) ⊗ ρ0(1)(w).

It follows that

(VΛ)K[a]
∩ V ′

Λ′
1

= spanC{1 ⊗ (e1 ∧ e2) · (e3 ∧ e4) ⊗ 1,

1 ⊗ (e1 ∧ e2) · (e1 ∧ e2) ⊗ 1,−1 ⊗ (e3 ∧ e4) · (e3 ∧ e4) ⊗ 1}.

In particular, Λ = (1, 1, 0,−1,−1) ∈ D(K, K[a]) and

(VΛ)K[a]
∩ (V ′′

11 ∪ V ′′
12)

= spanC{1 ⊗ (e1 ∧ e2) · (e1 ∧ e2) ⊗ 1 − 1 ⊗ (e3 ∧ e4) · (e3 ∧ e4) ⊗ 1}
with dimension 1, which corresponds to eigenvalue 18.

Therefore, The Gauss image L is Hamiltonian stable. Moreover,

dim V(0,0,−1,−1,−2) + dim V(2,1,1,0,0) + dim V(1,1,0,−1,−1)

=45 + 45 + 75 = 165

= dim SO(20) − dim U(5) = nhl(L).

Hence we can obtain the following

Theorem 7.1. The Gauss image L18 = U(5)
(SU(2)×SU(2)×U(1))·Z4

→ Q18(C)

is strictly Hamiltonian stable.

8. The case (U,K) = (SO(m + 2), SO(2) × SO(m)) (m ≥ 3)

(U,K) is of type B2.

u = o(m + 2), σ : u → u, X 7→ JXJ−1, J =

(
I2 0
0 −Im

)
,

k =
{(

T1 0
0 T2

)
| T1 ∈ o(2), T2 ∈ o(m)

}
= o(2) + o(m),

p =
{(

0 −tX
X 0

)
| X ∈ M(m, 2;R)

}
,

a =
{

H = H(ξ1, ξ2) =

0 −tξ 0
ξ 0 0
0 0 0

 | ξ =

(
ξ1 0
0 ξ2

)
, ξ1, ξ2 ∈ R

}
.
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8.1. Description of the subgroups K0 and K[a].

K0 ={k ∈ K|Ad(k)H = H, for each H ∈ a}

=
{ I2

I2

T

 |T ∈ SO(m − 2)
}

∪{ −I2

−I2

T

 |T ∈ SO(m − 2)
}

∼=Z2 × SO(m − 2).

K[a] = {k ∈ K|Ad(k)a ⊂ a & preserving the orientation of a}
∼= (Z2 × SO(m − 2)) · Z4

consists of all elements

a =

A 0 0
0 B 0
0 0 B′

 ∈ K = SO(2) × SO(m),

where

(A,B) =

((
1 0
0 1

)
,

(
1 0
0 1

))
,

((
−1 0
0 −1

)
,

(
1 0
0 1

))
,((

1 0
0 1

)
,

(
−1 0
0 −1

))
,

((
−1 0
0 −1

)
,

(
−1 0
0 −1

))
,((

0 −1
1 0

)
,

(
0 1
1 0

))
,

((
0 1
−1 0

)
,

(
0 1
1 0

))
,((

0 −1
1 0

)
,

(
0 −1
−1 0

))
,

((
0 1
−1 0

)
,

(
0 −1
−1 0

))
.

The deck transformation group of the covering map G : N2m−2 →
G(N2m−2) is equal to K[a]/K0

∼= Z4.

8.2. The groups K, K1, K0 and the fibration over K/K0.

T 2 ∼=
SO(2) × SO(2)

Z2

∼=
SO(2) × SO(2) × SO(m − 2)

Z2 × SO(m − 2)
= K1/K0

−→K/K0 =
SO(2) × SO(m)

Z2 × SO(m − 2)

−→K/K1 =
SO(2) × SO(m)

SO(2) × SO(2) × SO(m − 2)
∼=

SO(m)

SO(2) × SO(m − 2)
∼= Qm−2(C)
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8.3. Representation of the Casimir operator.
Denote ⟨X, Y ⟩ := −1

2
trXY for any X, Y ∈ u.

The Casimir operator of L with respect to the induced metric from
Q2m−2(C) is given as follows :

CL = CK/K0 −
1

2
CK1/K0 ,

where CK/K0 and CK1/K0 denote the Casimir operator of K/K0 and
K1/K0 relative to ⟨ , ⟩|k and ⟨ , ⟩|k1 , respectively.

8.4. Branching laws.

8.4.1. Branching laws for (SO(2p + 2), SO(2) × SO(2p)) (p ≥ 1).
Let Λ = h0ε0 +h1ε1 + · · ·+hp−1εp−1 + ϵhpεp ∈ D(SO(2p+2)), where

ϵ = 1 or −1 and

h0, h1, · · · , hp ∈ Z, h0 ≥ h1 ≥ · · · ≥ hp ≥ 0,

and Λ′ = k0ε0 + k1ε1 + · · · + kp−1εp−1 + ϵ′kpεp ∈ D(SO(2) × SO(2p))
where ϵ′ = 1 or −1 and

k0, k1, · · · , kp ∈ Z, k1 ≥ · · · ≥ kp ≥ 0.

The irreducible decomposition of VΛ as a SO(2)×SO(2p)-module con-
tains an irreducible SO(2) × SO(2p)-module V ′

Λ′ if and only if

hi−1 ≥ ki ≥ hi+1, (1 ≤ i ≤ p − 1)

hp−1 ≥ kp ≥ 0.

and the coefficient of Xk0 in the finite power series

Xϵϵ′lp

p−1∏
i=0

X li+1 − X−li−1

X − X−1
,

does not vanish, where

l0 := h0 − max{h1, k1},
li := min{hi, ki} − max{hi+1, ki+1}, (1 ≤ i ≤ p − 1)

lp := min{hp, kp}.

Moreover, the coefficient of Xk0 is the multiplicity of V ′
Λ′ appearing in

the irreducible decomposition.
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8.4.2. Branching laws for (SO(2p + 3), SO(2) × SO(2p + 1)) (p ≥ 1).
Let Λ = h0ε0 + h1ε1 + · · ·+ hp−1εp−1 + hpεp ∈ D(SO(2p + 3)), where

h0, h1, · · · , hp ∈ Z, h0 ≥ h1 ≥ · · · ≥ hp ≥ 0,

and Λ′ = k0ε0 + k1ε1 + · · ·+kp−1εp−1 +kpεp ∈ D(SO(2) × SO(2p + 1))
where

k0, k1, · · · , kp ∈ Z, k1 ≥ k2 ≥ · · · ≥ kp ≥ 0.

The irreducible decomposition of VΛ as a SO(2) × SO(2p + 1)-module
contains an irreducible SO(2) × SO(2p + 1)-module V ′

Λ′ if and only if

hi−1 ≥ ki ≥ hi+1, (1 ≤ i ≤ p − 1)

hp−1 ≥ kp ≥ 0.

and the coefficient of Xk0 in the finite power series

(

p−1∏
i=0

X li+1 − X−li−1

X − X−1
)
X lp+ 1

2 − X−lp− 1
2

X
1
2 − X− 1

2

does not vanish, where

l0 := h0 − max{h1, k1},
li := min{hi, ki} − max{hi+1, ki+1}, (1 ≤ i ≤ p − 1)

lp := min{hp, kp}.

Moreover, the coefficient of Xk0 is the multiplicity of V ′
Λ′ appearing in

the irreducible decomposition.

8.5. D(K, K0) and eigenvalue computation.
For each Λ̃ ∈ D(K) = D(SO(2) × SO(m)), where m ≥ 3, m =

2p (p ≥ 2) or m = 2p + 1 (p ≥ 1),

Λ̃ = k0ε0 + k1ε1 + · · · + kpεp,

where k0ε0 ∈ D(O(2)), k1ε1+· · ·+kpεp ∈ D(O(m)), and k0, k1, · · · , kp ∈
Z satisfying

k1 ≥ k2 ≥ · · · ≥ kp−1 ≥ |kp| if m = 2p,

k1 ≥ k2 ≥ · · · ≥ kp−1 ≥ kp ≥ 0 if m = 2p + 1.

Set

Λ = k1ε1 + · · · + kpεp ∈ D(SO(m)).

Then we have

ṼΛ̃ = Uk0ε0 ⊗ VΛ.
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8.5.1. The case m = 2p (p ≥ 2). Suppose that m = 2p (p ≥ 2). Notice
that

D(K, K0) = D(SO(2) × SO(m),Z2 × SO(m − 2))

⊂ D(SO(2) × SO(m), SO(m − 2)),

D(K1, K0) = D(SO(2) × SO(2) × SO(m − 2),Z2 × SO(m − 2))

⊂ D(SO(2) × SO(2) × SO(m − 2), SO(m − 2)).

Let Λ ∈ D(SO(2p)) be the highest weight of an irreducible SO(2p)-
module VΛ. It follows from the branching laws for (SO(2p), SO(2) ×
SO(2p − 2)) that VΛ contains an irreducible SO(2) × SO(2p − 2)-
module VΛ′ with the highest weight Λ′ ∈ D(SO(2) × SO(2p − 2)) and
(V ′

Λ′)SO(2p−2) ̸= {0} if and only if

Λ = k1ε1 + k2ε2 ∈ D(SO(2p), SO(2p − 2)),

Λ′ = k′
1ε1 ∈ D(SO(2) × SO(2p − 2), SO(2p − 2)),

where k1, k2, k
′
1 ∈ Z, k1 ≥ k2 ≥ 0 and the coefficient of Xk′

1 in the finite

power series expression in X of Xk1−k2+1−X−(k1−k2+1)

X−X−1 does not vanish. In
particular,

−(k1 − k2) ≤ k′
1 ≤ k1 − k2.

For each Λ̃ = k0ε0 + k1ε1 + k2ε2 ∈ D(SO(2) × SO(2p), SO(2p − 2)),
Λ̃′ = k0ε0+k′

1ε1 ∈ D(SO(2)×SO(2)×SO(2p−2), SO(2p−2)). Hence,

CL = CK/K0 −
1

2
CK1/K0

= ⟨Λ̃ + 2δK , Λ̃⟩ − 1

2
⟨Λ̃′ + 2δK1 , Λ̃

′⟩

= k2
0 + k2

1 + k2
2 + 2(p − 1)k1 + 2(p − 2)k2 −

1

2
(k2

0 + k′2
1)

(i) The case G(N6) ∼= SO(2)×SO(4)
(Z2×SO(2))·Z4

→ Q6(C) with p = 2

Denote Λ̃ = k0ε0 + k1ε1 + k2ε2 ∈ D(SO(2) × SO(4),Z2 ×
SO(2)) by Λ̃ = (k0, k1, k2). Let Λ̃′ = k0ε0 + k′

1ε1 ∈ D(SO(2) ×
SO(2) × SO(2),Z2 × SO(2)). Thus k0 + k′

1 is even. Then

{ Λ ∈ D(K,K0) | − cL ≤ 6 }
= { 0, (±1, 1, 0), (0, 1, 1), (±2, 1, 1), (0, 2, 0),

(0, 1,−1), (±2, 1,−1) }.

Suppose that Λ̃ = (k0, 1, 0). Then dim ṼΛ̃ = 4 and ṼΛ̃
∼=

Uk0ε0 ⊗ C4, where Λ = ε1 ∈ D(K) corresponds to the matrix
multiplication of SO(4) on C4. It follows from the branching
law of (SO(4), SO(2) × SO(2)) that k′

1 = ±1. Hence cL =
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1
2
k2

0 + 5
2
. Notice that Uk0ε0 ⊗ C4 can be decomposed into the

following SO(2) × SO(2) × SO(2)-modules:

Uk0ε0 ⊗ C4 = (Uk0ε0 ⊗ (C2 ⊕ {0})) ⊕ (Uk0ε0 ⊗ ({0} ⊕ C2)).

Uk0ε0 ⊗ ({0} ⊕C2) has no nonzero fixed vector by Z2 × SO(2).
Since

ρk0ε0+ε1

−I2

−I2

T

 (v ⊗


w1

w2

0
0

)

=e
√
−1πk0v ⊗


−w1

−w2

0
0

 = e
√
−1π(k0+1)v ⊗


w1

w2

0
0

 ,

(ṼΛ̃)Z2⊗SO(2) = Uk0ε0 ⊗ (C2 ⊕ {0}) if k0 is odd. But since

ρk0ε0+ε1


0 1
−1 0

0 1
1 0

T ′

 (v ⊗


w1

w2

0
0

)

=e
√
−1π

2
k0v ⊗


w2

w1

0
0

 ,

Uk0ε0 ⊗(C2⊕{0}) has no nonzero fixed vector by (Z2×SO(2)) ·
Z4, i.e., (±1, 1, 0) ̸∈ D(K,K[a]).

Suppose that Λ̃1 = (k0, 1, 1) and Λ̃2 = (k0, 1,−1). Then
dim ṼΛ̃1

= dim ṼΛ̃2
= 3 and ṼΛ̃1

⊕ ṼΛ̃2

∼= C ⊗ ∧2C4. It follows
from the branching law of (SO(4), SO(2) × SO(2)) that

ṼΛ̃1
= Ṽ ′

(k0,1,1) ⊕ Ṽ ′
(k0,−1,−1) ⊕ Ṽ ′

(k0,0,0).

Hence (k0, 0, 0) ∈ D(K1, K0). Thus cL = 1
2
k2

0 + 4, which equals
to 4 if k0 = 0 and 6 if k0 = ±2.

Let {e1, e2, e3, e4} be the standard basis of C4. Then

ṼΛ̃1
= span{e1 ∧ e2, e1 ∧ e3 − e2 ∧ e4, e1 ∧ e4 + e2 ∧ e3},

ṼΛ̃2
= span{e3 ∧ e4, e1 ∧ e3 + e2 ∧ e4, e1 ∧ e4 − e2 ∧ e3}.
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Since e1 ∧ e2 ∈ ∧2C4 is fixed by the representation of SO(2) ×
SO(2) with respect to the highest weight Λ̃1,

(ṼΛ̃1
)K0 = span{1 ⊗ (e1 ∧ e2)}.

Moreover,

ρΛ̃1
(


0 1
−1 0

0 1
1 0

T ′

)(v ⊗ (e1 ∧ e2))

=e
√
−1π

2
k0v ⊗ (e2 ∧ e1).

Hence, Λ̃1 = (0, 1, 1) ̸∈ D(K,K[a]) but Λ̃1 = (±2, 1, 1) ∈
D(K,K[a]) and (ṼΛ̃1

)K[a]
∼= C ⊗ C{e1 ∧ e2} for k0 = 2 or −2,

both of which give eigenvalue 6. Similarly, Λ̃2 = (0, 1,−1) ̸∈
D(K,K[a]) but Λ̃2 = (±2, 1,−1) ∈ D(K,K[a]) and (ṼΛ̃2

)K[a]
∼=

C⊗C{e3 ∧ e4} for k0 = 2 or −2, both of which give eigenvalue
6.

Suppose that Λ̃ = (0, 2, 0). Then dim ṼΛ̃ = 9 and ṼΛ̃
∼=

C ⊗ S2
0(C

4), where the corresponding representation of SO(4)
is just the adjoint representation on S2

0(C
4). It follows from

the branching law of (SO(4), SO(2) × SO(2)) that k′
1 = 0,±2.

Thus cL = 8 − 1
2
k′

1
2. When k′

1 = ±2, cL = 6, otherwise cL =
8 > 6. On the other hand, S2

0(C
4) can be decomposed into the

following SO(2) × SO(2)-modules:

V2ε1
∼= S2

0(C
4)

= S2
0(C

2) ⊕ S2
0(C

2) ⊕ M(2, 2;C) ⊕ C

(
I2

−I2

)
.
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Thus, S2
0(C

2) ⊕ C

(
I2

−I2

)
is fixed by {−I2} × SO(2) and

dim(ṼΛ̃)K0 = 3. Moreover,

ρΛ̃(


0 1
−1 0

0 1
1 0

T ′

)(v ⊗

a b
b −a

0

)

= v ⊗

−a b
b a

0

 ,

ρΛ̃(


0 1
−1 0

0 1
1 0

T ′

)(v ⊗
(

I2

−I2

)
)

= v ⊗
(

I2

−I2

)
.

Hence,

(ṼΛ̃)K[a]
= C ⊗ C

0 1
1 0

0

⊕ C ⊗ C

(
I2

−I2

)
.

Notice that the first summand lies in the SO(2) × SO(2) ×
SO(2)-module V ′

2ε1
⊕ V ′

−2ε1
, which gives eigenvalue 6 and the

second summand lies in the SO(2) × SO(2) × SO(2)-module
with respect to weight (0, 0, 0) ∈ D(K1, K0), which gives eigen-
value 8 > 6. Therefore, Λ̃ = (0, 2, 0) ∈ D(K, K[a]) and the
multiplicity corresponding to eigenvalue 6 is 1.

Since Λ̃ = (2, 1, 1), (−2, 1, 1), (2, 1,−1), (−2, 1,−1), (0, 2, 0) ∈
D(K,K[a]) give the smallest eigenvalue 6 with multiplicity 1 and

dim Ṽ(2,1,1) + dim Ṽ(−2,1,1) + dim Ṽ(2,1,−1)

+ dim Ṽ(−2,1,−1) + dim Ṽ(0,2,0)

= 3 + 3 + 3 + 3 + 9 = 21

= dim SO(8) − dim SO(2) × SO(4),

hence, G(N6) ⊂ Q6(C) is strictly Hamiltonian stable.
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(ii) The case G(N4p−2) ∼= SO(2)×SO(2p)
(Z2×SO(2p−2))·Z4

→ Q4p−2(C) with p ≥ 3.

Suppose that Λ̃ = (k0, k1, k2) = (±4, 0, 0) ∈ D(K, K[a]).
Then k′

1 = 0 and cL = 8 < 4p − 2 for p ≥ 3. Therefore,

G(N4p−2) ∼= SO(2)×SO(2p)
(Z2×SO(2p−2))·Z4

→ Q4p−2(C) is not Hamiltonian

stable if p ≥ 3.

Theorem 8.1.

(SO(2) × SO(2p))/(Z2 × SO(2p − 2))Z4 (p ≥ 2)

is not Hamiltonian stable if and only if (m − 2) − 1 = 2p − 3 ≥ 3. If
p = 2, then it is strictly Hamiltonian stable. (And they all are rigid.)

8.5.2. The case m = 2p + 1 (p ≥ 1). Suppose that m = 2p + 1 (p ≥
1). Let Λ ∈ D(SO(2p + 1)) be the highest weight of an irreducible
SO(2p+1)-module VΛ. It follows from the branching laws for (SO(2p+
1), SO(2)×SO(2p−1)) that VΛ contains an irreducible SO(2)×SO(2p−
1)-module VΛ′ with the highest weight Λ′ ∈ D(SO(2) × SO(2p − 1))
and (V ′

Λ′)SO(2p−1) ̸= {0} if and only if

Λ = k1ε1 + k2ε2 ∈ D(SO(2p + 1), SO(2p − 1)),

Λ′ = k′
1ε1 ∈ D(SO(2) × SO(2p − 1), SO(2p − 1)),

where k1, k2, k
′
1 ∈ Z, k1 ≥ k2 ≥ 0 and the coefficient of Xk′

1 in the finite

power series expression in X of Xk1−k2+1−X−(k1−k2+1)

X−X−1 does not vanish. In
particular,

−(k1 − k2) ≤ k′
1 ≤ k1 − k2.

For each Λ̃ = k0ε0+k1ε1+k2ε2 ∈ D(SO(2) × SO(2p + 1), SO(2p − 1))
for p ≥ 2, or Λ̃ = k0ε0 + k1ε1 ∈ D(SO(2) × SO(3)) with p = 1,
Λ̃′ = k0ε0 +k′

1ε1 ∈ D(SO(2)×SO(2)×SO(2p−1), SO(2p−1)), where
k0, k1, k

′
1 ∈ Z, k1 ≥ 0, |k′

1| ≤ k1, k0 + k′
1 is even for Λ̃′ ∈ D(K1, K0).

Hence,

CL = CK/K0 −
1

2
CK1/K0

= ⟨Λ̃ + 2δK , Λ̃⟩ − 1

2
⟨Λ̃′ + 2δK1 , Λ̃

′⟩

=

{
k2

0 + k2
1 + k2

2 + (2p − 1)k1 + (2p − 3)k2 − 1
2
(k2

0 + k′2
1), p ≥ 2;

1
2
k2

0 + k2
1 + k1 − 1

2
k′2

1, p = 1.

(i) The case G(N4) ∼= SO(2)×SO(3)
Z2·Z4

→ Q4(C) with p = 1

Denote Λ̃ = k0ε0 + k1ε1 ∈ D(SO(2) × SO(3),Z2) by Λ̃ =
(k0, k1). Let Λ̃′ = k0ε0 + k′

1ε1 ∈ D(SO(2) × SO(2),Z2). Thus
k0 + k′

1 is even. Then
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{ Λ ∈ D(K, K0) | − cL ≤ 4 } = { (±2, 0), (±2, 1), (±1, 1),

(0, 1), (0, 2) }.

Suppose that Λ̃ = (±2, 0). Notice that for any v ⊗ w ∈
Ṽk0ε0

∼= C ⊗ C,

ρk0ε0(


0 1
−1 0

0 −1
−1 0

−1

)(v ⊗ w) = e
√
−1k0

π
2 v ⊗ w,

Λ̃ = k0ε0 ∈ D(K,K[a]) if and only if k0 ∈ 4Z. Hence here

Λ̃ = (±2, 0) ̸∈ D(K, K[a]).

Suppose that Λ̃ = (k0, 1). Then dim ṼΛ̃ = 3. The complex
representation of K = SO(2) × SO(3) with the highest weight
Λ̃ corresponds to

ṼΛ̃ = Uk0ε0 ⊗ Vε1
∼= Uk0ε0 ⊗ C3

= (Uk0ε0 ⊗ C2) ⊕ (Uk0ε0 ⊗ C1).

For each v ⊗w ∈ Uk0ε0 ⊗C3 and diag(−I2,−I2, 1) ∈ K0, where
w = (w1, w2, w2)

t ∈ C3, the representation of K0 is given by

ρΛ̃(

−I2

−I2

1

)(v ⊗ w)

=e
√
−1k0πv ⊗ (−w1,−w2, w3)

t

Then (VΛ̃)K0 = C ⊗ C(0, 0, w3)
t ∼= C ⊗ C if k0 is even and

(VΛ̃)K0 = C ⊗ C(w1, w2, 0)t ∼= C ⊗ C2 if k0 is odd. Moreover,

ρΛ̃(


0 1
−1 0

0 −1
−1 0

−1

)(v ⊗ w)

=e
√
−1k0

π
2 v ⊗

 −w2

−w1

−w3

 .

Thus Λ̃ ∈ D(K, K[a]) if and only if k0 ≡ 2 mod 4 and its mul-

tiplicity is 1. In particular, Λ̃ = (0, 1) or (±1, 1) ̸∈ D(K, K[a])
65



and Λ̃ = (±2, 1) ∈ D(K,K[a]). For Λ̃ = (±2, 1), it follows from
the branching laws of (SO(3), SO(2)) that |k′

1| ≤ k1 thus k′
1 = 0

such that k0 + k′
1 is even. Hence, cL = 4.

Suppose that Λ̃ = (0, 2). Then dimC ṼΛ̃ = 5. It follows from
the branching law of (SO(3), SO(2)) that k′

1 = 0,±2. When
k′

1 = ±2, cL = 4, otherwise cL > 4. On the other hand,
Λ = 2ε1 ∈ D(SO(3)) corresponds to VΛ

∼= S2
0(C

3) and the
representation of SO(3) on S2

0(C
3) is just the adjoint repre-

sentation. Thus, S2
0(C

3) can be decomposed into the following
SO(2)-modules:

V2ε1
∼= S2

0(C
3)

= S2
0(C

2) ⊕
{0 0 a

0 0 b
a b 0

 | a, b ∈ C
}

⊕ C

(
I2

−2

)
= C ·

(
1

√
−1√

−1 −1

)
⊕ C ·

(
1 −

√
−1

−
√
−1 −1

)

⊕ C ·

0 0 1
0 0

√
−1

1
√
−1 0

⊕ C ·

0 0 1
0 0 −

√
−1

1 −
√
−1 0


⊕ C

(
I2

−2

)
= V ′

2ε1
⊕ V ′

−2ε1
⊕ V ′

ε1
⊕ V ′

−ε1
⊕ V ′

0 .

It is easy to see that (ṼΛ̃)K0
∼= (C⊗S2

0(C
2))⊕(C⊗C

(
I2

−2

)
)

and (ṼΛ̃)K[a]
∼= C ⊗ C

(
0

√
−1√

−1 0

)
⊕ (C ⊗ C

(
I2

−2

)
).

Hence, Λ̃ = (0, 2) ∈ D(K,K[a]). Notice that the first summand
lies in C⊗(V ′

2ε1
⊕V ′

−2ε1
), which gives eigenvalue 4 and the second

summand lies in C ⊗ V ′
0 , which gives eigenvalue 6 > 4.

Therefore, G(N4) ⊂ Q4(C) is Hamiltonian stable. Moreover,

dim Ṽ(2,1) + dim Ṽ(−2,1) + dim Ṽ(0,2) = 3 + 3 + 5

= 11 = dim SO(6) − dim SO(2) × SO(3),

hence, G(N4) ⊂ Q4(C) is strictly Hamiltonian stable.

(ii) The case G(N8) ∼= SO(2)×SO(5)
(Z2×SO(3))·Z4

→ Q8(C) with p = 2
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Denote Λ̃ = k0ε0 + k1ε1 + k2ε2 ∈ D(SO(2) × SO(5),Z2 ×
SO(3)) by Λ̃ = (k0, k1, k2). Let Λ̃′ = k0ε0 + k′

1ε1 ∈ D(SO(2) ×
SO(2) × SO(3),Z2 × SO(3)). Then

{ Λ ∈ D(K,K0) | − cL ≤ 8 } = { (±4, 0, 0), (±1, 1, 0),

(±3, 1, 0), (0, 1, 1), (±2, 1, 1), (0, 2, 0) }.

Suppose that Λ̃ = (±4, 0, 0). Then dim ṼΛ̃ = 1. It follows
from the branching law of (SO(5), SO(2)×SO(3)) that k′

1 = 0.
Thus cL = 8. On the other hand, for v ⊗ w ∈ Ṽk0ε0

∼= C ⊗ C

and the generator


0 1
−1 0

0 −1
−1 0

T ′

 ∈ K[a],

ρk0ε0


0 1
−1 0

0 −1
−1 0

T ′

 (v ⊗ w) = e
√
−1π

2
k0v ⊗ w = v ⊗ w,

if k0 ∈ 4Z\{0}. So Λ̃ = (±4, 0, 0) ∈ D(K, K[a]).

Suppose that Λ̃ = (k0, 1, 0). Then dim ṼΛ̃ = 5 and ṼΛ̃
∼=

Uk0ε0 ⊗ C5, where Λ = ε1 ∈ D(K) corresponds to the matrix
multiplication of SO(5) on C5. It follows from the branching
law of (SO(5), SO(2) × SO(3)) that k′

1 = ±1. Hence cL =
1
2
k2

0 + 7
2
. Notice that Uk0ε0 ⊗ C5 can be decomposed into the

following SO(2) × SO(3)-modules:

Uk0ε0 ⊗ C5 = (Uk0ε0 ⊗ (C2 ⊕ {0})) ⊕ (Uk0ε0 ⊗ ({0} ⊕ C3)).
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Uk0ε0 ⊗ ({0}⊕C3) has no nonzero fixed vector by Z2 × SO(3).
If k0 is odd, then

ρk0ε0+ε1

−I2

−I2

T

 (v ⊗


w1

w2

0
0
0

)

=e
√
−1πk0v ⊗


−w1

−w2

0
0
0

 = v ⊗


w1

w2

0
0
0

 ,

i.e., (ṼΛ̃)Z2⊗SO(3) = Uk0ε0 ⊗ (C2 ⊕ {0}) if k0 is odd. But since

ρk0ε0+ε1


0 1
−1 0

0 1
1 0

T ′

 (v ⊗


w1

w2

0
0
0

)

=e
√
−1π

2
k0v ⊗


w2

w1

0
0
0

 ,

Uk0ε0 ⊗(C2⊕{0}) has no nonzero fixed vector by (Z2×SO(3)) ·
Z4, i.e., neither (±1, 1, 0) and (±3, 1, 0) is in D(K,K[a]).

Suppose that Λ̃ = (k0, 1, 1). Then dim ṼΛ̃ = 10 and ṼΛ̃
∼=

C⊗∧2C5. It follows from the branching law of (SO(5), SO(2)×
SO(3)) that k′

1 = 0. Thus cL = 1
2
k2

0 + 6. On the other hand,
since e1 ∧ e2 ∈ ∧2C5 is fixed by SO(2)× SO(3), v ⊗ (e1 ∧ e2) ∈
C ⊗ ∧2C5 is fixed by Z2 × SO(3) ⊂ SO(2) × SO(2) × SO(3).
Moreover,

ρk0ε0+ε1+ε2


0 1
−1 0

0 1
1 0

T ′

 (v ⊗ (e1 ∧ e2))

=e
√
−1π

2
k0v ⊗ (e2 ∧ e1).
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Hence, Λ̃ = (0, 1, 1) ̸∈ D(K, K[a]) but Λ̃ = (±2, 1, 1) ∈ D(K, K[a])

and (ṼΛ̃)K[a]
∼= C⊗C{e1 ∧ e2} for k0 = 2 or −2, both of which

give eigenvalue 8.
Suppose that Λ̃ = (0, 2, 0). Then dim ṼΛ̃ = 14 and ṼΛ̃

∼= C⊗
S2

0(C
5), where the representation of SO(5) with highest weight

2ε1 is just the adjoint representation on S2
0(C

5). It follows from
the branching law of (SO(5), SO(2) × SO(3)) that k′

1 = 0,±2.
Thus cL = 10 − 1

2
k′

1
2. When k′

1 = ±2, cL = 8, otherwise
cL = 10 > 8. On the other hand, S2

0(C
5) can be decomposed

into the following SO(2) × SO(3)-modules:

V2ε1
∼= S2

0(C
5)

= S2
0(C

2) ⊕ S2
0(C

3) ⊕ M(2, 3;C)

⊕
{(

zI2

0 wI3

)
| z, w ∈ C, 2z + 3w = 0

}
.

Thus, S2
0(C

2) is fixed by {−I2} × SO(3) and

(ṼΛ̃)K0
∼= C ⊗ S2

0(C
2) ⊕ C ⊗ C

(
3I2

−2I3

)
.

Moreover,

ρ2ε1


0 1
−1 0

0 1
1 0

T ′

 (v ⊗

a b
b −a

0

)

= v ⊗

−a b
b a

0

 .

Hence, (ṼΛ̃)K[a]
= C⊗C ·

0 1
1 0

0

⊕C⊗C

(
3I2

−2I3

)
.

Therefore, Λ̃ = (0, 2, 0) ∈ D(K,K[a]). Notice the first summand

lies in Ṽ ′
(0,2,0) ⊕ Ṽ ′

(0,−2,0) which gives eigenvalue 8 and the second

summand lies in Ṽ ′
(0,0,0) which gives eigenvalue 10. Hence the

multiplicity corresponding to eigenvalue 8 is 1.
Since Λ̃ = (4, 0, 0), (−4, 0, 0), (2, 1, 1), (−2, 1, 1), (0, 2, 0) ∈

D(K,K[a]) give the smallest eigenvalue 8 with multiplicity 1
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and

dim Ṽ(4,0,0) + dim Ṽ(−4,0,0) + dim Ṽ(2,1,1) + dim Ṽ(−2,1,1)

+ dim Ṽ(0,2,0)

= 1 + 1 + 10 + 10 + 14 = 36

> 34 = dim SO(10) − dim SO(2) × SO(5),

hence, G(N8) ⊂ Q8(C) is Hamiltonian stable but not strictly
Hamiltonian stable.

(iii) The case G(N4p) ∼= SO(2)×SO(2p+1)
(Z2×SO(2p−1))·Z4

→ Q4p(C) with p ≥ 3.

Suppose that Λ̃ = (k0, k1, k2) = (±4, 0, 0) ∈ D(K, K[a]).
Then k′

1 = 0 and cL = 8 < 4p for p ≥ 3. Therefore, G(N4p) ∼=
SO(2)×SO(2p+1)

(Z2×SO(2p−1))·Z4
→ Q4p(C) is not Hamiltonian stable if p ≥ 3.

Theorem 8.2.

(SO(2) × SO(2p + 1))/(Z2 × SO(2p − 1))Z4 (p ≥ 1)

is not Hamiltonian stable if and only if (m − 2) − 1 = 2p − 2 ≥ 3.
If p = 1 then it is strictly Hamiltonian stable and if p = 2, then it is
Hamiltonian stable but not strictly Hamiltonian stable.

9. The case (U,K) = (SU(m + 2), S(U(2) × U(m))) (m ≥ 2)

9.1. Description of the subgroups K0 and K[a].

U =SU(m + 2), (m ≥ 2)

K =S(U(2) × U(m)) =
{(A

B

)
∈ SU(m + 2)|A ∈ U(2), B ∈ U(m)

}
a =
{

H(ξ1, ξ2) =

(
0 H12

−H̄12
t

0

)
| H12 =

(
ξ1 0 0 · · · 0
0 ξ2 0 · · · 0

)
,

ξ1, ξ2 ∈ R
}

K0 =
{


eiθ1

eiθ2

eiθ1

eiθ2

T22

 | T22 ∈ U(m − 2)
}

∼=S(U(1) × U(1) × U(m − 2))

K[a] = K0 ∪ (K0 · Q) ∪ (K0 · Q2) ∪ (K0 · Q3),
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where

Q =


0 1
−1 0

0 −1
−1 0

Im−2

 ∈ U(m + 2).

The deck transformation group of the covering map G : N8m−2 →
G(N4m−2) (m ≥ 2) is equal to K[a]/K0

∼= Z4.
When m = 2, (U,K) is of B2 type.

K = S(U(2) × U(2)) ⊃ K1 = S(U(1) × U(1) × U(1) × U(1))

⊃ K0 = S(U(1) × U(1))

When m ≥ 3, (U,K) is of BC2 type.

K = S(U(2) × U(m)) ⊃ K2 = S(U(2) × U(2) × U(m − 2))

⊃ K1 = S(U(1) × U(1) × U(1) × U(1) × U(m − 2))

⊃ K0 = S(U(1) × U(1) × U(m − 2))

9.2. Two fibrations over K/K0.

K2/K0 =
S(U(2) × U(2) × U(m − 2))

S(U(1) × U(1) × U(m − 2))
∼=

U(2) × U(2) × U(m − 2)

U(1) × U(1) × U(m − 2)

∼=
U(2) × U(2)

U(1) × U(1)
∼=??

−→ K/K0 =
S(U(2) × U(m))

S(U(1) × U(1) × U(m − 2))

∼=
U(2) × U(m)

U(1) × U(1) × U(m − 2)

−→ K/K2 =
S(U(2) × U(m))

S(U(2) × U(2) × U(m − 2))
=

U(m)

U(2) × U(m − 2)
∼= Gr2(C

m) ,
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K1/K0 =
S(U(1) × U(1) × U(1) × U(1) × U(m − 2))

S(U(1) × U(1) × U(m − 2))

∼=
U(1) × U(1) × U(1) × U(1) × U(m − 2)

U(1) × U(1) × U(m − 2)

∼=
U(1) × U(1) × U(1) × U(1)

U(1) × U(1)
∼= S1 × S1

−→ K/K0 =
S(U(2) × U(m))

S(U(1) × U(1) × U(m − 2))

∼=
U(2) × U(m)

U(1) × U(1) × U(m − 2)

−→ K/K1 =
S(U(2) × U(m))

S(U(1) × U(1) × U(1) × U(1) × U(m − 2))

∼=
U(2) × U(m)

U(1) × U(1) × U(1) × U(1) × U(m − 2)

∼=
U(2)

U(1) × U(1)
× U(m)

U(1) × U(1) × U(m − 2)
∼= CP 1 × F1,1,m−2(C

m) .

9.3. D(SU(m)) and D(S(U(2) × U(m))).
Let Ũ := U(m+2), K̃ := U(2)×U(m), K̃2 := U(2)×U(2)×U(m−2),

K̃1 := U(1)×U(1)×U(1)×U(1)×U(m−2) and K̃0 := U(1)×U(1)×
U(m − 2). Then Ũ = C(Ũ) · U , K̃ = C(Ũ) · K, K̃2 = C(Ũ) · K2,
K̃1 = C(Ũ) ·K1, K̃0 = C(Ũ) ·K0 and ũ = u(m+2) = c(ũ)⊕ su(m+2),

k̃ = c(ũ) ⊕ k, k̃2 = c(ũ) ⊕ k2, k̃1 = c(ũ) ⊕ k1, k̃0 = c(ũ) ⊕ k0.
For each Λ̃ ∈ D(Ũ),

Λ̃ = Λ̃0 + Λ

where Λ̃0 ∈ c(ũ) and Λ ∈ D(U).

D(Ũ) = D(U(m + 2))

={Λ̃ = p̃1y1 + · · · + p̃m+2ym+2 | p̃1, · · · , p̃m+2 ∈ Z, p̃i − p̃i+1 ≥ 0 (i = 1, · · · , m + 1)}

D(C(Ũ)) = D(C(U(m + 2)))

={Λ = p0(y1 + · · · + ym+2) | p0 ∈
1

m + 2
Z, }
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D(U) = D(SU(m + 2))

={Λ = p1y1 + · · · + pm+2ym+2 |
m+2∑
i=1

pi = 0, pi − pm+2 ∈ Z, pi − pi+1 ≥ 0 (i = 1, · · · ,m + 1)}

If

Λ̃ = p̃1y1 + · · · + p̃m+2ym+2 ∈ D(U(m + 2)),

then

Λ̃ = Λ0 + Λ,

where

Λ0 = (
1

m + 2

m+2∑
i=1

p̃i)(
m+2∑
i=1

yi) ∈ D(C(U(m + 2)))

and

Λ = (p̃1−
1

m + 2

m+2∑
i=1

p̃i)y1+· · ·+(p̃m+2−
1

m + 2

m+2∑
i=1

p̃i)ym+2 ∈ D(SU(m + 2)).

Assume that

Λ = p1y1 + · · · + pm+2ym+2 ∈ D(SU(m + 2))

with
∑m+2

i=1 pi = 0, pi − pm+2 ∈ Z, pi − pi+1 ≥ 0 (i = 1, · · · ,m + 1).
pm+2 ∈ 1

m+2
Z. thus pi ∈ 1

m+2
Z. Since pi − pj ∈ Z, then there is

r ∈ Z with 0 ≤ r < m + 2 such that pi = 1
m+2

((m + 2)ki + r) for some
ki ∈ Z.

If we set p̃i := pi− 1
m+2

((m+2)k+r) (i = 1, · · · ,m+2) for arbitrary
k ∈ Z, then

Λ̃ :=p̃1y1 + · · · + p̃m+2ym+2

= − (
1

m + 2
((m + 2)k + r))(y1 + · · · + ym+2) + p1y1 + · · · + pm+2ym+2

= − (k +
r

m + 2
)(y1 + · · · + ym+2) + p1y1 + · · · + pm+2ym+2

= − (k +
r

m + 2
)(y1 + · · · + ym+2) + Λ ∈ D(U(m + 2))

−(k +
r

m + 2
)(y1 + · · · + ym+2) ∈ D(C(U(m + 2))).
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D(K̃) = D(U(2) × U(m))

={Λ̃ = q̃1y1 + q̃2y2 + q̃3y3 + · · · + q̃m+2ym+2 |
q̃i ∈ Z (i = 1, · · · ,m + 2),

q̃1 − q̃2 ≥ 0, q̃i − q̃i+1 ≥ 0 (i = 3, · · · ,m + 1) }

D(K) = D(S(U(2) × U(m)))

={Λ = q1y1 + q2y2 + q3y3 + · · · + qm+2ym+2 |
m+2∑
i=1

qi = 0,

qi − qj ∈ Z (i, j = 1, 2, · · · ,m + 2),

q1 − q2 ≥ 0, qi − qi+1 ≥ 0 (i = 3, 4, · · · ,m + 1) }

D(K̃) −→ D(K)

is surjective.
Assume that

Λ̃ = q̃1y1 + q̃2y2 + q̃3y3 + · · · + q̃m+2ym+2 ∈ D(K̃).

Then

Λ̃ = (
1

m + 2

m+2∑
i=1

q̃i)(
m+2∑
i=1

yi) +
m+2∑
i=1

(q̃i −
m+2∑
j=1

q̃j)yi

Λ0 = (
1

m + 2

m+2∑
i=1

q̃i)(
m+2∑
i=1

yi) ∈ D(C(U(m + 2)))

Λ =
m+2∑
i=1

(q̃i −
m+2∑
j=1

q̃j)yi ∈ D(K)

Assume that

Λ = q1y1 + q2y2 + q3y3 + · · · + qm+2ym+2 ∈ D(K).

Then

Λ̃ =q̃1 + · · · + q̃m+2

= − (k +
r

m + 2
)(y1 + · · · + ym+2) + q1y1 + · · · + qm+2ym+2 ∈ D(K̃),

where k, r are defined as above.
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D(K̃2) = D(U(2) × U(2) × U(m − 2))

={Λ̃ = q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2 |
q̃i ∈ Z (i = 1, · · · ,m + 2),

q̃1 − q̃2, q̃3 − q̃4, q̃i − q̃i+1 ≥ 0 (i = 5, · · · ,m + 1) }

D(K2) = D(S(U(2) × U(2) × U(m − 2)))

={Λ = q1y1 + q2y2 + q3y3 + q4y4 + q5y5 + · · · + qm+2ym+2 |
m+2∑
i=1

qi = 0,

qi − qj ∈ Z (i, j = 1, 2, · · · ,m + 2),

q1 − q2, q3 − q4, qi − qi+1 ≥ 0 (i = 5, 6, · · · ,m + 1) }

D(K̃2) −→ D(K2)

is surjective.
Assume that

Λ̃ = q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2 ∈ D(K̃2).

Then

Λ̃ =q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2

= (
1

m + 2

m+2∑
i=1

q̃i)(
m+2∑
i=1

yi)

+ (q̃1 −
1

m + 2

m+2∑
i=1

q̃i)y1 + (q̃2 −
1

m + 2

m+2∑
i=1

q̃i)y2

+ (q̃3 −
1

m + 2

m+2∑
i=1

q̃i)y3 + (q̃4 −
1

m + 2

m+2∑
i=1

q̃i)y4

+ (q̃5 −
1

m + 2

m+2∑
i=1

q̃i)y5 + · · · + (q̃m+2 −
1

m + 2

m+2∑
i=1

q̃i)ym+2

Λ0 = (
1

m + 2

m+2∑
i=1

q̃i)(
m+2∑
i=1

yi) ∈ D(C(U(m + 2)))
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Λ =(q̃1 −
1

m + 2

m+2∑
i=1

q̃i)y1 + (q̃2 −
1

m + 2

m+2∑
i=1

q̃i)y2

+ (q̃3 −
1

m + 2

m+2∑
i=1

q̃i)y3 + (q̃4 −
1

m + 2

m+2∑
i=1

q̃i)y4

+ (q̃5 −
1

m + 2

m+2∑
i=1

q̃i)y5 + · · · + (q̃m+2 −
1

m + 2

m+2∑
i=1

q̃i)ym+2

∈D(K2)

Assume that

Λ = q1y1 + q2y2 + q3y3 + q4y4 + q5y5 + · · · + qm+2ym+2 ∈ D(K2).

Then

Λ̃ =q̃1 + · · · + q̃m+2

= − (
1

m + 2
((m + 2)k + r))(y1 + · · · + ym+2) + q1y1 + · · · + qm+2ym+2.

D(K̃1) = D(U(1) × U(1) × U(1) × U(1) × U(m − 2))

={Λ̃ = q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2 |
q̃i ∈ Z (i = 1, · · · ,m + 2),

q̃i − q̃i+1 ≥ 0 (i = 5, · · · ,m + 1) }

D(K1) = D(S(U(1) × U(1) × U(1) × U(1) × U(m − 2)))

={Λ = q1y1 + q2y2 + q3y3 + q4y4 + q5y5 + · · · + qm+2ym+2 |
m+2∑
i=1

qi = 0,

qi − qj ∈ Z (i, j = 1, · · · ,m + 2),

qi − qi+1 ≥ 0 (i = 5, · · · ,m + 1) }

D(K̃1) −→ D(K1)

is surjective.
Assume that

Λ̃ = q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2 ∈ D(K̃1).
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Then

Λ̃ =q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2

= (
1

m + 2

m+2∑
i=1

q̃i)(
m+2∑
i=1

yi)

+ (q̃1 −
1

m + 2

m+2∑
i=1

q̃i)y1 + (q̃2 −
1

m + 2

m+2∑
i=1

q̃i)y2

+ (q̃3 −
1

m + 2

m+2∑
i=1

q̃i)y3 + (q̃4 −
1

m + 2

m+2∑
i=1

q̃i)y4

+ (q̃5 −
1

m + 2

m+2∑
i=1

q̃i)y5 + · · · + (q̃m+2 −
1

m + 2

m+2∑
i=1

q̃i)ym+2

= Λ0 + Λ,

where

Λ0 = (
1

m + 2

m+2∑
i=1

q̃i)(
m+2∑
i=1

yi) ∈ D(C(U(m + 2)))

Λ =(q̃1 −
1

m + 2

m+2∑
i=1

q̃i)y1 + (q̃2 −
1

m + 2

m+2∑
i=1

q̃i)y2

+ (q̃3 −
1

m + 2

m+2∑
i=1

q̃i)y3 + (q̃4 −
1

m + 2

m+2∑
i=1

q̃i)y4

+ (q̃5 −
1

m + 2

m+2∑
i=1

q̃i)y5 + · · · + (q̃m+2 −
1

m + 2

m+2∑
i=1

q̃i)ym+2

∈D(K1)

Assume that

Λ = q1y1 + q2y2 + q3y3 + q4y4 + q5y5 + · · · + qm+2ym+2 ∈ D(K1).

Then

Λ̃ =q̃1 + · · · + q̃m+2

= − (
1

m + 2
((m + 2)k + r))(y1 + · · · + ym+2) + q1y1 + · · · + qm+2ym+2.
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D(K̃0) = D(U(1) × U(1) × U(m − 2))

={Λ̃ = q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2 |

q̃3 = q̃1 ∈
1

2
Z, q̃4 = q̃2 ∈

1

2
Z,

q̃i ∈ Z (i = 5, · · · ,m + 2),

q̃i − q̃i+1 ≥ 0 (i = 5, 6, · · · ,m + 1) }

D(K0) = D(S(U(1) × U(1) × U(m − 2)))

={Λ = q1y1 + q2y2 + q3y3 + q4y4 + q5y5 + · · · + qm+2ym+2 |
m+2∑
i=1

qi = 2q1 + 2q2 +
m+2∑
i=5

qi = 0, q3 = q1, q4 = q2,

qi − qj ∈ Z (i, j = 1, 2, 5, · · · ,m + 2),

qi − qi+1 ≥ 0 (i = 5, 6, · · · ,m + 1) }

D(K̃0) −→ D(K0)

is surjective.
Assume that

Λ̃ = q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2 ∈ D(K̃0).

Then

Λ̃ =q̃1y1 + q̃2y2 + q̃3y3 + q̃4y4 + q̃5y5 + · · · + q̃m+2ym+2

= (
1

m + 2

m+2∑
i=1

q̃i)(
m+2∑
i=1

yi)

+ (q̃1 −
1

m + 2

m+2∑
i=1

q̃i)y1 + (q̃2 −
1

m + 2

m+2∑
i=1

q̃i)y2

+ (q̃3 −
1

m + 2

m+2∑
i=1

q̃i)y3 + (q̃4 −
1

m + 2

m+2∑
i=1

q̃i)y4

+ (q̃5 −
1

m + 2

m+2∑
i=1

q̃i)y5 + · · · + (q̃m+2 −
1

m + 2

m+2∑
i=1

q̃i)ym+2

Λ0 = (
1

m + 2

m+2∑
i=1

q̃i)(
m+2∑
i=1

yi) ∈ D(C(U(m + 2)))
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Λ =(q̃1 −
1

m + 2

m+2∑
i=1

q̃i)y1 + (q̃2 −
1

m + 2

m+2∑
i=1

q̃i)y2

+ (q̃3 −
1

m + 2

m+2∑
i=1

q̃i)y3 + (q̃4 −
1

m + 2

m+2∑
i=1

q̃i)y4

+ (q̃5 −
1

m + 2

m+2∑
i=1

q̃i)y5 + · · · + (q̃m+2 −
1

m + 2

m+2∑
i=1

q̃i)ym+2

∈D(K0)

Assume that

Λ = q1y1 + q2y2 + q3y3 + q4y4 + q5y5 + · · · + qm+2ym+2 ∈ D(K0).

Then

Λ̃ =q̃1y1 + · · · + q̃m+2ym+2

= − (
1

m + 2
((m + 2)k + r))(y1 + · · · + ym+2) + q1y1 + · · · + qm+2ym+2

∈D(K̃0).

9.4. Branching laws of (U(m), U(2)×U(m− 2)). By the branching
laws of (SU(m), S(U(m) × U(2))) given in [24], we have the following
branching laws of (U(m), U(2) × U(m − 2)).

Let Λ̃ = p̃1y1 + · · · + p̃mym ∈ D(U(m)) be the highest weight of an
irreducible U(m)-module VΛ̃, where p̃i ∈ Z (i = 1, · · · , m), p̃i − p̃i+1 ≥
0 (i = 1, · · · ,m − 1). Then the irreducible decomposition

VΛ̃ =
⊕

Λ̃′∈D(U(2)×U(m−2))

V ′
Λ̃′ ,

of VΛ̃ as a U(2) × U(m − 2)-module contains an irreducible U(2) ×
U(m− 2)-module V ′

Λ̃′ with the highest weight Λ̃′ = q̃1y1 + · · ·+ q̃mym ∈
D(U(2) × U(m − 2)), where q̃i ∈ Z (i = 1, · · · ,m), q̃1 − q̃2 ≥ 0, q̃i −
q̃i+1 ≥ 0 (i = 3, · · · ,m − 1), if and only if the following conditions are
satisfied:

(i) q̃i ∈ Z for i = 1, · · · ,m;
(ii) p̃i−2 ≥ q̃i ≥ p̃i (i = 3, · · · ,m);
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(iii) In the finite power series expansion in X of
∏m

i=2(Xri+1−X−(ri+1))

(X−X−1)m−2 ,

where

r2 := p̃1 − max(q̃3, p̃2)

ri := min(q̃i, p̃i−1) − max(q̃i+1, p̃i), (3 ≤ i ≤ m − 1)

rm := min(q̃m, p̃m−1) − p̃m

the coefficient of X q̃1−q̃2+1 does not vanish. Moreover, the value
of this coefficient is the multiplicity of the U(2) × U(m − 2)-
module V ′

Λ̃′ .

9.5. Branching laws of (U(3), U(2) × U(1)). Let Λ = p1y1 + p2y2 +
p3y3 ∈ D(SU(3)) be the highest weight of an irreducible SU(3)-module
VΛ, where pi − pj ∈ Z (i, j = 1, 2, 3), p1 ≥ p2 ≥ p3,

∑3
i=1 pi = 0. Then

the irreducible decomposition VΛ = ⊕Λ′V ′
Λ′ of VΛ as an S(U(2)×U(1))-

module contains an irreducible S(U(2) × U(1))-module V ′
Λ′ with the

highest weight Λ′ = q1y1 + q2y2 + q3y3 ∈ D(S(U(2) × U(1))), with
qi − qj ∈ Z (i, j = 1, 2, 3), q1 ≥ q2,

∑3
i=1 qi = 0 if and only if p1 ≥ q1 ≥

p2 ≥ q2 ≥ p3. Equivalently,

Vp1y1+p2y2+p3y3 =

p1−p2⊕
α=0

p2−p3⊕
β=0

V ′
(p1−α)y1+(p2−β)y2+(p3+α+β)y3

,

where Λ = p1y1 + p2y2 + p3y3 ∈ D(SU(3)).
Let Λ̃ = p̃1y1 + p̃2y2 + p̃3y3 ∈ D(U(3)) be the highest weight of an

irreducible U(3)-module ṼΛ̃, where p̃i ∈ Z for i = 1, 2, 3, p̃1 ≥ p̃2 ≥ p̃3.
Then the irreducible decomposition

Ṽp̃1y1+p̃2y2+p̃3y3 =

p̃1−p̃2⊕
α=0

p̃2−p̃3⊕
β=0

Ṽ ′
(p̃1−α)y1+(p̃2−β)y2+(p̃3+α+β)y3

of ṼΛ̃ as a U(2) × U(1)-module holds.

9.6. Descriptions of D(K̃, K̃0), D(K̃2, K̃0), D(K̃1, K̃0).
Let

Λ̃ = p̃1y1 + p̃2y2 + p̃3y3 + · · · + p̃m+2ym+2 ∈ D(K̃) = D(U(2) × U(m)),

where p̃1, · · · , p̃m+2 ∈ Z, p̃1 ≥ p̃2, p̃3 ≥ · · · ≥ p̃m+2. Thus Λσ =
p̃1y1 + p̃2y2 ∈ D(U(2)), Λτ = p̃3y3 + · · · + p̃m+2ym+2 ∈ D(U(m)) and

ρ̃Λ̃ = σ � τ ∈ D(K̃) = D(U(2) × U(m)),

where σ ∈ D(U(2)), τ ∈ D(U(m)).
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By the branching law of (U(m), U(2) × U(m − 2)), we have the
decomposition into irreducible U(2) × U(m − 2)-modules:

Vτ =
⊕

V ′
Λ̃′ ,

where Λ̃′ =
∑m+2

i=3 q̃iyi ∈ D(U(2) × U(m − 2)) with q̃3, · · · , q̃m+2 ∈ Z,
q̃i − q̃i+1 ≥ 0 (i = 3, 5, · · · ,m + 1). Notice that Λς := q̃3y3 + q̃4y4 ∈
D(U(2)) and Λγ := q̃5y5 + · · · + q̃m+2ym+2 ∈ D(U(m − 2)),

VΛ̃ =
⊕

(Vσ � Vς � Vγ).

By the branching law of (U(2), U(1) × U(1)),

Vσ = Vp̃1y1+p̃2y2 =

p̃1−p̃2⊕
α=0

V ′
(p̃1−α)y1+(p̃2+α)y2

,

Vς = Vq̃3y3+q̃4y4 =

q̃3−q̃4⊕
β=0

V ′
(q̃3−β)y3+(q̃4+β)y4

.

Thus we have the decomposition into irreducible U(1)×U(1)×U(1)×
U(1) × U(m − 2)-modules :

VΛ̃

=
⊕ p̃1−p̃2⊕

α=0

q̃3−q̃4⊕
β=0

(V ′
(p̃1−α)y1+(p̃2+α)y2

� V ′
(q̃3−β)y3+(q̃4+β)y4

� Vq̃5y5+···+q̃m+2ym+2).

As a U(1) × U(1)-module,

V ′
(p̃1−α)y1+(p̃2+α)y2

� V ′
(q̃3−β)y3+(q̃4+β)y4

=V ′′
1
2
(p̃1+q̃3−α−β)(y1+y3)+ 1

2
(p̃2+q̃4+α+β)(y2+y4)

.

Hence we have the decomposition into irreducible U(1) × U(1) ×
U(m − 2)-modules :

VΛ̃

=
⊕

(Vp̃1y1+p̃2y2 � Vq̃3y3+q̃4y4 � Vq̃5y5+···+q̃m+2ym+2)

=
⊕ p̃1−p̃2⊕

α=0

q̃3−q̃4⊕
β=0

(V ′
(p̃1−α)y1+(p̃2+α)y2

� V ′
(q̃3−β)y3+(q̃4+β)y4

� Vq̃5y5+···+q̃m+2ym+2)

=
⊕ p̃1−p̃2⊕

α=0

q̃3−q̃4⊕
β=0

V ′′
1
2
(p̃1+q̃3−α−β)(y1+y3)+ 1

2
(p̃2+q̃4+α+β)(y2+y4)

� Vq̃5y5+···+q̃m+2ym+2 .
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Thus Λ̃ ∈ D(K̃, K̃0) if and only if there exist α, β ∈ Z with 0 ≤ α ≤
p̃1 − p̃2 and 0 ≤ β ≤ q̃3 − q̃4,

V ′′
1
2
(p̃1+q̃3−α−β)(y1+y3)+ 1

2
(p̃2+q̃4+α+β)(y2+y4)

� Vq̃5y5+···+q̃m+2ym+2

is a trivial U(1) × U(1) × U(m − 2)-module, that is,
p̃1 + q̃3 − α − β = 0,

p̃2 + q̃4 + α + β = 0,

q̃5 = · · · = q̃m+2 = 0.

Thus
p̃5 = p̃6 = · · · = p̃m = 0,

p̃3 ≥ p̃4 ≥ 0,

p̃m+2 ≤ p̃m+1 ≤ 0,

p̃1 + p̃2 + p̃3 + p̃4 + p̃m+1 + p̃m+2 = 0.

If m ≥ 4, then each Λ̃ ∈ D(K̃, K̃0) is

Λ̃ = p̃1y1 + p̃2y2 + p̃3y3 + p̃4y4 + p̃m+1ym+1 + p̃m+2ym+2,

where p̃i ∈ Z, p̃1 ≥ p̃2, p̃3 ≥ p̃4 ≥ 0 ≥ p̃m+1 ≥ p̃m+2,

p̃1 + p̃2 + p̃3 + p̃4 + p̃m+1 + p̃m+2 = 0.

If m = 3, then each Λ̃ ∈ D(K̃, K̃0) is

Λ̃ = p̃1y1 + p̃2y2 + p̃3y3 + p̃4y4 + p̃5y5,

where p̃i ∈ Z, p̃1 ≥ p̃2, p̃3 ≥ p̃4 ≥ p̃5, p̃3 ≥ 0, p̃5 ≤ 0,

p̃1 + p̃2 + p̃3 + p̃4 + p̃5 = 0.

If m = 2, then each Λ̃ ∈ D(K̃, K̃0) is

Λ̃ = p̃1y1 + p̃2y2 + p̃3y3 + p̃4y4,

where p̃i ∈ Z, p̃1 ≥ p̃2, p̃3 ≥ p̃4,

p̃1 + p̃2 + p̃3 + p̃4 = 0.

Each Λ̃′ ∈ D(K̃2, K̃0) is

Λ̃′ = p̃1y1 + p̃2y2 + q̃3y3 + q̃4y4,

where p̃1, p̃2, q̃3, q̃4 ∈ Z, p̃1 ≥ p̃2, q̃3 ≥ q̃4,

p̃1 + p̃2 + q̃3 + q̃4 = 0,

in another words, p̃1 + p̃2 + p̃3 + p̃4 + p̃m+1 + p̃m+2 = 0 if m ≥ 4,
p̃1 + p̃2 + p̃3 + p̃4 + p̃5 = 0 if m = 3.
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Each Λ̃′′ ∈ D(K̃1, K̃0) is

Λ̃′′ = q̃′1y1 + q̃′2y2 + q̃′3y3 + q̃′4y4,

where q̃′1, q̃
′
2, q̃

′
3, q̃

′
4 ∈ Z, q̃′1+q̃′3 = 0, q̃′2+q̃′4 = 0, q̃′1 = −α+p̃1, q̃′2 = α+p̃2

for some α = 0, · · · , p̃1 − p̃2, and q̃′3 = −β + q̃3, q̃′4 = β + q̃4 for some
β = 0, · · · , q̃3 − q̃4.

Notice that the coefficient of X q̃3−q̃4+1 in
1

X − X−1
(X p̃3−p̃4+1 − X−(p̃3−p̃4+1))(X p̃m+1−p̃m+2+1 − X−(p̃m+1−p̃m+2+1))

=

p̃3−p̃4∑
i=0

(X(p̃3−p̃4)+(p̃m+1−p̃m+2)−2i+1 − X(p̃3−p̃4)−(p̃m+1−p̃m+2)−2i−1)

is equal to the multiplicity of the U(2)×U(m−2)-module with respect
to the highest weight Λ =

∑m+2
i=3 q̃iyi.

9.7. Representation of the Casimir operator.
Denote ⟨X, Y ⟩ := −trXY for any X,Y ∈ u.
The Casimir operator of L with respect to the induced metric from

Q4m−2(C) is given as follows : if m = 2,

CL =
1

2
((E1)

2 + (E2)
2) + (X1)

2 + (Y1)
2 + (X2)

2 + (Y2)
2

=CK/K0 −
1

2
CK1/K0 ,

if m ≥ 3,

CL =
1

2
((E1)

2 + (E2)
2) + (X1)

2 + (Y1)
2 + (X2)

2 + (Y2)
2

+ 2
m−2∑
i=1

(
(X1i)

2 + (Y1i)
2 + (X2i)

2 + (Y2i)
2)
)

=2 CK/K0 − CK2/K0 −
1

2
CK1/K0 ,

where CK/K0 , CK2/K0 and CK1/K0 denote the Casimir operator of K/K0,
K2/K0 and K1/K0 relative to ⟨ , ⟩|k, ⟨ , ⟩|k2 and ⟨ , ⟩|k1 , respectively.

9.8. Eigenvalue computation when m = 2.

cΛ̃ =⟨Λ̃ + 2δK̃ , Λ̃⟩
=p̃2

1 + p̃2
2 + p̃2

3 + p̃2
4 + p̃1 − p̃2 + p̃3 − p̃4

cΛ̃′′ =⟨Λ̃′′ + 2δK̃1
, Λ̃′′⟩

=(q̃′1)
2 + (q̃′2)

2 + (q̃′3)
2 + (q̃′4)

2.

Then the eigenvalue formula is
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c =cΛ̃ − 1

2
cΛ̃′′

= p̃2
1 + p̃2

2 + p̃2
3 + p̃2

4 + (p̃1 − p̃2) + (p̃3 − p̃4)

− 1

2
((q̃′1)

2 + (q̃′2)
2 + (q̃′3)

2 + (q̃′4)
2)

Denote Λ̃ = p̃1y1+p̃2y2+p̃3y3+p̃4y4 ∈ D(K̃, K̃0) by Λ̃ = (p̃1, p̃2, p̃3, p̃4).
Then

{Λ̃ ∈ D(K̃, K̃0)| − cL ≤ 6}
={0, (1, 1,−1,−1), (1, 0, 0,−1), (1,−1, 0, 0), (1,−1, 1,−1),

(1, 1, 0,−2), (2, 0,−1,−1), (0,−1, 1, 0), (0, 0, 1,−1),

(0,−2, 1, 1), (−1,−1, 2, 0), (−1,−1, 1, 1)}.

Suppose that Λ̃ = (1, 1,−1,−1). Then dimC VΛ̃ = 1. By the
branching law of (U(2), U(1) × U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) = (1, 1,−1,−1) ∈

D(K̃1, K̃0). Then

cΛ̃ = 4, cΛ̃′′ = 4, cL = cΛ̃ − 1

2
cΛ̃′′ = 2 < 6.

On the other hand, VΛ̃ = C�C, which is fixed by the ρΛ̃|K̃0
-action. But

for a generator g =


0 1
−1 0

0 1
1 0

 of Z4 in K̃[a], ρΛ̃(g) = −Id on VΛ̃.

Hence, Λ̃ = (1, 1,−1,−1) ̸∈ D(K̃, K̃[a]). Similarly, Λ̃ = (−1,−1, 1, 1) ̸∈
D(K̃, K̃[a]).

Suppose that Λ̃ = (1, 0, 0,−1). Then dimC VΛ̃ = 4. It follows from
the branching laws of (U(2), U(1)×U(1)) that (q̃′1, q̃

′
2) = (1, 0)⊕ (0, 1)

and (q̃′3, q̃
′
4) = (0,−1) ⊕ (−1, 0). Then (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) = (1, 0,−1, 0) or

(0, 1, 0,−1) ∈ D(K̃1, K̃0). Hence,

cΛ̃ = 4, cΛ̃′′ = 2, cL = cΛ̃ − 1

2
cΛ̃′′ = 3 < 6.

Recall that

D(SU(2)) = {(Vℓ, ρℓ)|ℓ ∈ Z, ℓ > 0},

where Vℓ denotes the complex vector space of complex homogeneous
polynomials of degree ℓ with two variables z0, z1 for any ℓ ∈ Z and the
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representation ρℓ of SU(2) on Vℓ is defined by

(ρℓ

(
a −b̄
b ā

)
f)(z0, z1) = f((z0, z1)

(
a −b̄
b ā

)
)

for each

(
a −b̄
b ā

)
∈ SU(2). Set

vi :=
1√

i!(ℓ − i)!
zℓ−i
0 zi

1 ∈ Vℓ (i = 0, 1, · · · , ℓ)

and the standard Hermitian inner product of Vℓ invariant under ρℓ is
defined such that {v0, v1, · · · , vℓ} is a unitary basis of Vℓ.

Here,
VΛ̃ = (W ′

1
2
(y1+y2)

⊗ V1) � (W ′
− 1

2
(y1+y2)

⊗ V1).

Here Vℓ denotes the complex vector space of complex homogeneous
polynomials of degree ℓ with two variables z0, z1 for any ℓ ∈ Z. Denote
the basis of V1 by v0, v1. The representation of K̃0 on vi ⊗ vj ∈ VΛ̃

(i, j = 0, 1) is given by

ρΛ̃


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

 (vi ⊗ vj)

=[ρ1

(
e

√
−1(s−t)

2

e−
√

−1(s−t)
2

)
](vi) ⊗ [ρ1

(
e

√
−1(s−t)

2

e−
√

−1(s−t)
2

)
](vj)

=e
√
−1(s−t)[1−(i+j)]vi ⊗ vj.

Then (VΛ̃)K̃0
= spanC{v1⊗v0, v0⊗v1}. But for diag(1, 1,−1,−1) ∈ K̃[a]

and i, j = 0, 1,

ρΛ̃(diag(1, 1,−1,−1))(vi ⊗ vj) = −vi ⊗ vj.

So (VΛ̃)K̃[a]
= {0} and Λ̃ = (1, 0, 0,−1) /∈ D(K̃, K̃[a]). Similarly, Λ̃ =

(0,−1, 1, 0) /∈ D(K̃, K̃[a]).

Suppose that Λ̃ = (1,−1, 0, 0). Then dimC VΛ̃ = 3. It follows from
the branching laws of (U(2), U(1) × U(1)) that (q̃′1, q̃

′
2) = (1,−1) ⊕

(0, 0) ⊕ (−1, 1) and (q̃′3, q̃
′
4) = (0, 0). Then (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) = (0, 0, 0, 0) ∈

D(K̃, K̃0). Hence,

cΛ̃ = 4, cΛ̃′′ = 0, cL = cΛ̃ − 1

2
cΛ̃′′ = 4 < 6.

On the other hand,
VΛ̃

∼= V2 � C.
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The representation of K̃0 on vi ⊗ w ∈ VΛ̃ is given by

ρΛ̃


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

 (vi ⊗ w)

=e
√
−1(s−t)(1−i)vi ⊗ w.

Then (VΛ̃)K̃0
= spanC{v1⊗w}. But for


0 e

√
−1s

−e
√
−1t 0

0 e
√
−1s

e
√
−1t 0

 ∈

K̃[a],

ρΛ̃(


0 e

√
−1s

−e
√
−1t 0

0 e
√
−1s

e
√
−1t 0

 (v1 ⊗ w) = −v1 ⊗ w.

So (VΛ̃)K̃[a]
= {0} and Λ̃ = (1,−1, 0, 0) /∈ D(K̃, K̃[a]). Similarly, Λ̃ =

(0, 0, 1,−1) /∈ D(K̃, K̃[a]).

Suppose that Λ̃ = (1,−1, 1,−1). Then dimC VΛ̃ = 9. It follows from
the branching laws of (U(2), U(1)×U(1)) that (q̃′1, q̃

′
2) = (1,−1)⊕(0, 0)

and (q̃′3, q̃
′
4) = (1,−1) ⊕ (0, 0). Then (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) = (1,−1,−1, 1),

(−1, 1, 1,−1) or (0, 0, 0, 0) ∈ D(K̃, K̃0). When (q̃′1, q̃
′
2, q̃

′
3, q̃

′
4) = (0, 0, 0, 0),

cΛ̃ = 8, cΛ̃′′ = 0, cL = cΛ̃ − 1

2
cΛ̃′′ = 8 > 6.

When (q̃′1, q̃
′
2, q̃

′
3, q̃

′
4) = (1,−1,−1, 1) or (−1, 1, 1,−1),

cΛ̃ = 8, cΛ̃′′ = 4, cL = cΛ̃ − 1

2
cΛ̃′′ = 6.

On the other hand,

VΛ̃
∼= V2 � V2.
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The representation of K̃0 on vi ⊗ vj ∈ VΛ̃ (i, j = 0, 1, 2) is given by

ρΛ̃


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

 (vi ⊗ vj)

=[ρ2

(
e

√
−1(s−t)

2

e−
√

−1(s−t)
2

)
](vi) ⊗ [ρ2

(
e

√
−1(s−t)

2

e−
√

−1(s−t)
2

)
](vj)

=e
√
−1(s−t)[2−(i+j)]vi ⊗ vj.

Hence

(VΛ̃)K̃0
= spanC{v0 ⊗ v2, v1 ⊗ v1, v2 ⊗ v0}.

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

 of Z4 in K̃[a]

on vi ⊗ vj is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

)(vi ⊗ vj) = (−1)3−iv2−i ⊗ v2−j.

Therefore,

(VΛ̃)K̃[a]
= span{v0 ⊗ v2 − v2 ⊗ v0, v1 ⊗ v1}

and Λ̃ = (1,−1, 1,−1) ∈ D(K̃, K̃[a]). Notice that the K̃[a]-fixed vector

v1 ⊗ v1 ∈ V ′
0 , which corresponds eigenvalue 8 and the K̃[a]-fixed vector

v0 ⊗ v2 − v2 ⊗ v0 ∈ V ′
y1−y2−y3+y4

⊕ V ′
−y1+y2+y3−y4

, which gives eigenvalue
6.

Suppose that Λ̃ = (2, 0,−1,−1). Then dimC VΛ̃ = 3. It follows from
the branching laws of (U(2), U(1)×U(1)) that (q̃′1, q̃

′
2) = (2, 0)⊕(1, 1)⊕

(0, 2) and (q̃′3, q̃
′
4) = (−1,−1). Then (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) = (1, 1,−1,−1) ∈

D(K̃, K̃0). Hence,

cΛ̃ = 8, cΛ̃′′ = 4, cL = cΛ̃ − 1

2
cΛ̃′′ = 6.

On the other hand,

VΛ̃
∼= (V2 ⊗ C) � C.
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The representation of K̃0 on vi ⊗ w ∈ VΛ̃ (i = 0, 1, 2) is given by

ρΛ̃


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

 (vi ⊗ w)

=e
√
−1(s+t)[ρ2

(
e

√
−1(s−t)

2

e−
√

−1(s−t)
2

)
](vi) ⊗ e−

√
−1(s+t)w

=e
√
−1(s−t)(1−i)vi ⊗ w.

Hence

(VΛ̃)K̃0
= spanC{v1 ⊗ 1}.

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

 of Z4 in K̃[a]

on vi ⊗ w is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

)(vi ⊗ 1) = (−1)1−iv2−i ⊗ 1.

Therefore,

(VΛ̃)K̃[a]
= span{v1 ⊗ 1}

and Λ̃ = (2, 0,−1,−1) ∈ D(K̃, K̃[a]), which gives eigenvalue 6. Sim-

ilarly, Λ̃ = (−1,−1, 2, 0) ∈ D(K̃, K̃[a]), which gives eigenvalue 6 and
with multiplicity 1.

Suppose that Λ̃ = (1, 1, 0,−2). Then dimC VΛ̃ = 3. It follows
from the branching laws of (U(2), U(1) × U(1)) that (q̃′1, q̃

′
2) = (1, 1)

and (q̃′3, q̃
′
4) = (−2, 0) ⊕ (−1,−1) ⊕ (0,−2). Then (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) =

(1, 1,−1,−1) ∈ D(K̃, K̃0). Hence,

cΛ̃ = 8, cΛ̃′′ = 4, cL = cΛ̃ − 1

2
cΛ̃′′ = 6.

On the other hand,

VΛ̃
∼= C � (V2 ⊗ C).
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The representation of K̃0 on w ⊗ vi ∈ VΛ̃ (i = 0, 1, 2) is given by

ρΛ̃


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

 (w ⊗ vi)

=e
√
−1(s+t)w ⊗ e−

√
−1(s+t)[ρ2

(
e

√
−1(s−t)

2

e−
√

−1(s−t)
2

)
](vi)

=e
√
−1(s−t)(1−i)w ⊗ vi.

Hence

(VΛ̃)K̃0
= spanC{1 ⊗ v1}.

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

 of Z4 in K̃[a]

on vi ⊗ w is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

)(1 ⊗ vi) = 1 ⊗ v2−i.

Therefore,

(VΛ̃)K̃[a]
= spanC{1 ⊗ v1}

and Λ̃ = (2, 0,−1,−1) ∈ D(K̃, K̃[a]), which gives eigenvalue 6. Simi-

larly, Λ̃ = (0,−2, 1, 1) ∈ D(K̃, K̃[a]), which gives eigenvalue 6 and with
multiplicity 1.

Observe that

dimC V(2,0,−1,−1) + dimC V(−1,−1,2,0) + dimC V(1,1,0,−2)

+ dimC V(0,−2,1,1) + dimC V(1,−1,1,−1) = 3 + 3 + 3 + 3 + 9

= 21 = dim SO(8) − dim S(U(2) × U(2)) = nhk(G).

Therefore, G(N6) ⊂ Q6(C) is strictly Hamiltonian stable.
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9.9. Eigenvalue computation when m = 3.

cΛ̃ =⟨Λ̃ + 2δK̃ , Λ̃⟩
=p̃2

1 + p̃2
2 + p̃2

3 + p̃2
4 + p̃2

5 + p̃1 − p̃2 + 2(p̃3 − p̃5),

cΛ̃′ =⟨Λ̃′ + 2δK̃2
, Λ̃′⟩

=p̃2
1 + p̃2

2 + q̃2
3 + q̃2

4 + p̃1 − p̃2 + q̃3 − q̃4,

cΛ̃′′ =⟨Λ̃′′ + 2δK̃1
, Λ̃′′⟩

=(q̃′1)
2 + (q̃′2)

2 + (q̃′3)
2 + (q̃′4)

2.

Then the eigenvalue formula is

c =2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′

= p̃2
1 + p̃2

2 + 2(p̃2
3 + p̃2

4 + p̃2
5) + (p̃1 − p̃2) + 4(p̃3 − p̃5)

− (q̃2
3 + q̃2

4) − (q̃3 − q̃4) −
1

2
((q̃′1)

2 + (q̃′2)
2 + (q̃′3)

2 + (q̃′4)
2)

Denote Λ̃ = p̃1y1 + p̃2y2 + p̃3y3 + p̃4y4 + p̃5y5 ∈ D(K̃, K̃0) by Λ̃ =
(p̃1, p̃2, p̃3, p̃4, p̃5). Then

{Λ̃ ∈ D(K̃, K̃0)| − cL ≤ 10}
={0, (1,−1, 1, 0,−1), (2, 0, 0,−1,−1), (0,−2, 1, 1, 0),

(1, 1, 0, 0,−2), (−1,−1, 2, 0, 0), (1,−1, 0, 0, 0),

(1, 0, 0, 0,−1), (0,−1, 1, 0, 0), (1, 1, 0,−1,−1),

(−1,−1, 1, 1, 0), (0, 0, 1, 0,−1)}.

Suppose that Λ̃ = (1,−1, 1, 0,−1). Then dimC VΛ̃ = 24. It fol-
lows from the branching laws of (U(3), U(2) × U(1)) that (q̃3, q̃4, q̃5) =
(1,−1, 0)⊕ (0, 0, 0). When (q̃3, q̃4, q̃5) = (0, 0, 0), by the branching laws
of (U(2), U(1) × U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4, q̃

′
5) = (0, 0, 0, 0, 0). Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 16 > 10.

When (q̃3, q̃4, q̃5) = (1,−1, 0), by the branching laws of (U(2), U(1) ×
U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4, q̃

′
5) = (1,−1,−1, 1, 0), (0, 0, 0, 0, 0) or (−1, 1, 1,−1, 0) ∈

D(K̃, K̃0), respectively. Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 10, 12 or 10,

respectively.
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On the other hand, now

K̃0 =
{


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

 ; s, t, l ∈ R
}
∼= U(1)×U(1)×U(1).

(ṼΛ̃)K̃0
⊂ (Wy1−y2 � Wy3−y4 � W0) ⊕ (Wy1−y2 � W0 � W0)
∼= (V2 � V2 � C) ⊕ (V2 � C � C),

where the latter is the K̃2 = U(2) × U(2) × U(1)-module. The repre-
sentation ρΛ̃ of K̃0 on ui ⊗ vj ⊗w ∈ V2 � V2 � C (i, j = 0, 1, 2) is given
by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(ui ⊗ vj ⊗ w)

=ρy1−y2

(
e
√
−1s

e
√
−1t

)
(ui) ⊗ ρy3−y4

(
e
√
−1s

e
√
−1t

)
(vj) ⊗ w

=e
√
−1(s−t)(2−i−j)ui ⊗ vj ⊗ w.

The representation ρΛ̃ of K̃0 on ui ⊗ v⊗w ∈ V2 �C�C (i = 0, 1, 2)
is given by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(ui ⊗ v ⊗ w)

=ρy1−y2

(
e
√
−1s

e
√
−1t

)
(ui) ⊗ v ⊗ w

=e
√
−1(s−t)(1−i)ui ⊗ v ⊗ w

Thus,

(ṼΛ̃)K̃0
= SpanC{u2 ⊗ v0 ⊗ w, u0 ⊗ v2 ⊗ w, u1 ⊗ v1 ⊗ w, u1 ⊗ v ⊗ w}.
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Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

e
√
−1l

 of

Z4 in K̃[a] on ui ⊗ v2−i ⊗ w is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(ui ⊗ v2−i ⊗ w)

=ρ2

(
0 1
−1 0

)
(ui) ⊗ ρ2

(
0

√
−1√

−1 0

)
(v2−i) ⊗ w

= (−1)1−iu2−i ⊗ vi ⊗ w

and the action on ui ⊗ v ⊗ w is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(ui ⊗ v ⊗ w)

=ρ2

(
0 1
−1 0

)
(ui) ⊗ v ⊗ w = (−1)2−iu2−i ⊗ v ⊗ w

Therefore,

(ṼΛ̃)K̃[a]
= spanC{u2 ⊗ v0 ⊗ w − u0 ⊗ v2 ⊗ w, u1 ⊗ v1 ⊗ w},

dimC(ṼΛ̃)K̃[a]
= 2 and Λ̃ = (1,−1, 1, 0,−1) ∈ D(K̃, K̃[a]). Notice that

the K̃[a]-fixed vector u1 ⊗ v1 ⊗ w ∈ VΛ̃′′ , which corresponds eigenvalue

12, where Λ̃′′ = 0. And the K̃[a]-fixed vector u2⊗v0⊗w−u0⊗v2⊗w ∈
VΛ̃′′

1
⊕ VΛ̃′′

2
, which gives eigenvalue 10, where Λ̃′′

1 = (1,−1,−1, 1, 0) and

Λ̃′′
2 = (−1, 1, 1,−1, 0).

Suppose that Λ̃ = (2, 0, 0,−1,−1). Then dimC VΛ̃ = 9. It fol-
lows from the branching laws of (U(3), U(2) × U(1)) that (q̃3, q̃4, q̃5) =
(0,−1,−1)⊕(−1,−1, 0). When (q̃3, q̃4, q̃5) = (−1,−1, 0), by the branch-
ing laws of (U(2), U(1) × U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4, q̃

′
5) = (1, 1,−1,−1, 0).

Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 10.
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On the other hand,

(ṼΛ̃)K̃0
⊂ (W2y1 � W−(y3+y4) � W0) ∼= V2 � C � C,

and the representation ρΛ̃ of K̃0 on ui⊗v⊗w ∈ V2 �C�C (i = 0, 1, 2)
is given by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(ui ⊗ v ⊗ w)

=ρ2y1

(
e
√
−1s

e
√
−1t

)
(ui) ⊗ ρ−y3−y4

(
e
√
−1s

e
√
−1t

)
(v) ⊗ w

=e
√
−1(s−t)(1−i)ui ⊗ v ⊗ w.

Thus,

(ṼΛ̃)K̃0
= SpanC{u1 ⊗ v ⊗ w}.

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

e
√
−1l

 of Z4

in K̃[a] on ui ⊗ v ⊗ w is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(ui ⊗ v ⊗ w)

=ρ2y1

(
0 1
−1 0

)
(ui) ⊗ ρ−(y3+y4)

(
0 −1
−1 0

)
(v) ⊗ w = (−1)1+iu2−i ⊗ v ⊗ w

Therefore,

(ṼΛ̃)K̃[a]
= spanC{u1 ⊗ v ⊗ w},

dimC(ṼΛ̃)K̃[a]
= 1 and Λ̃ = (2, 0, 0,−1,−1) ∈ D(K̃, K̃[a]), which gives

eigenvalue 10. Similarly, Λ̃ = (0,−2, 1, 1, 0) ∈ D(K̃, K̃[a]), which gives
eigenvalue 10 and with multiplicity 1 and dimension 9.

Suppose that Λ̃ = (1, 1, 0, 0,−2). Then dimC VΛ̃ = 6. It follows from
the branching laws of (U(3), U(2)×U(1)) that (q̃3, q̃4, q̃5) = (0, 0,−2)⊕
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(0,−1,−1)⊕(0,−2, 0). When (q̃3, q̃4, q̃5) = (0,−2, 0), by the branching
laws of (U(2), U(1)×U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4, q̃

′
5) = (1, 1,−1,−1, 0). Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 10.

On the other hand,

(ṼΛ̃)K̃0
⊂ (W0 � W−2y4) � W0) ∼= C � V2 � C,

and the representation ρΛ̃ of K̃0 on u⊗vi⊗w ∈ C�V2 �C (i = 0, 1, 2)
is given by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(u ⊗ vi ⊗ w)

=ρy1+y2

(
e
√
−1s

e
√
−1t

)
(u) ⊗ ρ−2y4

(
e
√
−1s

e
√
−1t

)
(vi) ⊗ w

=e
√
−1(s−t)(1−i)u ⊗ vi ⊗ w.

Thus,

(ṼΛ̃)K̃0
= SpanC{u ⊗ v1 ⊗ w}.

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

e
√
−1l

 of Z4

in K̃[a] on ui ⊗ v ⊗ w is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(u ⊗ vi ⊗ w)

=ρy1+y2

(
0 1
−1 0

)
(u) ⊗ ρ−2y4

(
0 −1
−1 0

)
(vi) ⊗ w = u ⊗ v2−i ⊗ w

Therefore,

(ṼΛ̃)K̃[a]
= spanC{u ⊗ v1 ⊗ w},
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dimC(ṼΛ̃)K̃[a]
= 1 and Λ̃ = (1, 1, 0, 0,−2) ∈ D(K̃, K̃[a]), which gives

eigenvalue 10. Similarly, Λ̃ = (−1,−1, 2, 0, 0) ∈ D(K̃, K̃[a]), which
gives eigenvalue 10 and with multiplicity 1 and dimension 6.

Suppose that Λ̃ = (1,−1, 0, 0, 0). Then (q̃1, q̃2, q̃3, q̃4, q̃5) = (1,−1, 0, 0, 0).
It follows from the branching laws of (U(2), U(1)×U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4, q̃

′
5) =

(0, 0, 0, 0, 0) ∈ D(K̃1, K̃0). Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 4 < 10.

On the other hand,

(ṼΛ̃) = Wy1−y2 � W0
∼= V2 � C,

and the representation ρΛ̃ of K̃0 on ui ⊗ w ∈ V2 � C (i = 0, 1, 2) is
given by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(ui ⊗ w)

=ρ2

(
e
√
−1 s−t

2

e−
√
−1 s−t

2

)
(ui) ⊗ w

=e
√
−1(s−t)(1−i)ui ⊗ w.

Thus,

(ṼΛ̃)K̃0
= SpanC{u1 ⊗ w}.

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

e
√
−1l

 of Z4

in K̃[a] on u1 ⊗ w is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(u1 ⊗ w) = −u1 ⊗ w.

Therefore, (ṼΛ̃)K̃[a]
= {0} and Λ̃ = (1,−1, 0, 0, 0) ̸∈ D(K̃, K̃[a]).
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Suppose that Λ̃ = (1, 0, 0, 0,−1). It follows from the branching laws
of (U(3), U(2) × U(1)) that (q̃3, q̃4, q̃5) = (0, 0,−1) ⊕ (0,−1, 0). When
(q̃3, q̃4, q̃5) = (0,−1, 0), by the branching laws of (U(2), U(1) × U(1)),
(q̃′1, q̃

′
2, q̃

′
3, q̃

′
4, q̃

′
5) = (1, 0,−1, 0, 0) ⊕ (0, 1, 0,−1, 0) ∈ D(K̃1, K̃0). Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 5, 5 < 10.

On the other hand, (ṼΛ̃)K̃0
⊂ (Wy1 � W−y4 � W0) ∼= (V1 � V1 �

C), where the latter is the K̃2 = U(2) × U(2) × U(1)-module. The
representation ρΛ̃ of K̃0 on ui ⊗ vj ⊗ w ∈ V1 � V1 � C (i, j = 0, 1) is
given by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(ui ⊗ vj ⊗ w)

=e
√
−1(s−t)(1−i−j)ui ⊗ vj ⊗ w.

Thus,

(ṼΛ̃)K̃0
= SpanC{u1 ⊗ v0 ⊗ w, u0 ⊗ v1 ⊗ w}.

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

e
√
−1l

 of Z4

in K̃[a] on ui ⊗ v1−i ⊗ w (i = 0, 1) is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(ui ⊗ v1−i ⊗w) = (−1)1−iu1−i ⊗ vi ⊗w.

Therefore, (ṼΛ̃)K̃[a]
= {0} and Λ̃ = (1, 0, 0, 0,−1) ̸∈ D(K̃, K̃[a]).

Suppose that Λ̃ = (0,−1, 1, 0, 0). It follows from the branching laws
of (U(3), U(2) × U(1)) that (q̃3, q̃4, q̃5) = (0, 0, 1) ⊕ (1, 0, 0). When
(q̃3, q̃4, q̃5) = (1, 0, 0), by the branching laws of (U(2), U(1) × U(1)),
(q̃′1, q̃

′
2, q̃

′
3, q̃

′
4, q̃

′
5) = (−1, 0, 1, 0, 0) ⊕ (0,−1, 0, 1, 0) ∈ D(K̃1, K̃0). Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 5, 5 < 10.
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On the other hand, (ṼΛ̃)K̃0
⊂ (W−y2 � Wy3 � W0) ∼= (V1 � V1 �

C), where the latter is the K̃2 = U(2) × U(2) × U(1)-module. The
representation ρΛ̃ of K̃0 on ui ⊗ vj ⊗ w ∈ V1 � V1 � C (i, j = 0, 1) is
given by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(ui ⊗ vj ⊗ w)

=e
√
−1(s−t)(1−i−j)ui ⊗ vj ⊗ w.

Thus,

(ṼΛ̃)K̃0
= SpanC{u1 ⊗ v0 ⊗ w, u0 ⊗ v1 ⊗ w}.

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

e
√
−1l

 of Z4

in K̃[a] on ui ⊗ v1−i ⊗ w (i = 0, 1) is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(ui ⊗ v1−i ⊗ w) = (−1)iu1−i ⊗ vi ⊗ w.

Therefore, (ṼΛ̃)K̃[a]
= {0} and Λ̃ = (1, 0, 0, 0,−1) ̸∈ D(K̃, K̃[a]).

Suppose that Λ̃ = (1, 1, 0,−1,−1). It follows from the branching
laws of (U(3), U(2)×U(1)) that (q̃3, q̃4, q̃5) = (0,−1,−1)⊕ (−1,−1, 0).
For the element (p̃1, p̃2, q̃3, q̃4, q̃5) = (1, 1,−1,−1, 0) in D(K̃2, K̃0), by
the branching laws of (U(2), U(1)×U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) = (1, 1,−1,−1) ∈

D(K̃1, K̃0). Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 6 < 10.

On the other hand, (ṼΛ̃)K̃0
⊂ (Wy1+y2 � W−y3−y4 � W0) ∼= (C � C �

C), where the latter is the K̃2 = U(2) × U(2) × U(1)-module. The
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representation ρΛ̃ of K̃0 on u ⊗ v ⊗ w ∈ C � C � C is given by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(u ⊗ v ⊗ w)

=e
√
−1(s+t)u ⊗ e−

√
−1(s+t)v ⊗ w = u ⊗ v ⊗ w.

It says that (ṼΛ̃)K̃0
= SpanC{1 ⊗ 1 ⊗ 1}. Moreover, the action of the

generator


0 1
−1 0

0 −1
−1 0

e
√
−1l

 of Z4 in K̃[a] on u⊗v⊗w is given

by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(u ⊗ v ⊗ w) = −u ⊗ v ⊗ w.

Therefore (ṼΛ̃)K̃[a]
= {0} and Λ̃ = (1, 1, 0,−1,−1) ̸∈ D(K̃, K̃0). Simi-

larly, Λ̃ = (−1,−1, 1, 1, 0) ̸∈ D(K̃, K̃0).

Suppose that Λ̃ = (0, 0, 1, 0,−1). It follows from the branching
laws of (U(3), U(2) × U(1)) that (q̃3, q̃4, q̃5) = (1, 0,−1) ⊕ (0, 0, 0) ⊕
(1,−1, 0) ⊕ (0,−1, 1). For the element (p̃1, p̃2, q̃3, q̃4, q̃5) = (0, 0, 0, 0, 0)
in D(K̃2, K̃0), by the branching laws of (U(2), U(1)×U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) =

(0, 0, 0, 0) ∈ D(K̃1, K̃0). Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 12 > 10.

For the element (p̃1, p̃2, q̃3, q̃4, q̃5) = (0, 0, 1,−1, 0) in D(K̃2, K̃0), by the
branching laws of (U(2), U(1) × U(1)), (q̃′1, q̃

′
2, q̃

′
3, q̃

′
4) = (0, 0, 0, 0) ∈

D(K̃1, K̃0). Hence,

cL = 2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′ = 8 < 10.

On the other hand, (ṼΛ̃)K̃0
⊂ Ṽ ′

(0,0,0,0,0)⊕Ṽ ′
(0,0,1,−1,0). We only concern

on Ṽ ′
(0,0,1,−1,0) since it corresponds to the smaller eigenvalue 8. Notice

that Ṽ ′
(0,0,1,−1,0) = (W0 � Wy3−y4 � W0) ∼= C � V2 � C, which is the
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K̃2 = U(2) × U(2) × U(1)-module. The representation ρΛ̃ of K̃0 on

u ⊗ vi ⊗ w ∈ Ṽ ′
(0,0,1,−1,0) (i = 0, 1, 2) is given by

ρΛ̃(


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

e
√
−1l

)(u ⊗ vi ⊗ w)

=e
√
−1(s−t)(1−i)u ⊗ vi ⊗ w.

Thus (ṼΛ̃)K̃0
= SpanC{1 ⊗ v1 ⊗ 1} ⊕ Ṽ ′

(0,0,0,0,0).

Moreover, the action of the generator


0 1
−1 0

0 −1
−1 0

e
√
−1l

 of

Z4 in K̃[a] on u ⊗ v1 ⊗ w is given by

ρΛ̃(


0 1
−1 0

0 −1
−1 0

e
√
−1l

)(u ⊗ v1 ⊗ w)

=u ⊗ ρ2(

(
0

√
−1√

−1 0

)
)v1 ⊗ w = −u ⊗ v1 ⊗ w.

Therefore, 1 ⊗ v1 ⊗ 1 ̸∈ (ṼΛ̃)K̃[a]
and (ṼΛ̃)K̃[a]

= Ṽ ′
(0,0,0,0,0), which gives

the larger eigenvalue 10.

Therefore, G(N10) ⊂ Q10(C) is Hamiltonian stable. Moreover, since

dimC V(1,−1,1,0,−1) + dimC V(2,0,0,−1,−1) + dimC V(0,−2,1,1,0)

+ dimC V(1,1,0,0,−2) + dimC V(−1,−1,2,0,0)

= 24 + 9 + 9 + 6 + 6 = 54

= dim SO(12) − dim S(U(2) × U(3)) = nhk(G),

G(N10) ⊂ Q10(C) is strictly Hamiltonian stable.
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9.10. Eigenvalue computation when m ≥ 4.

cΛ̃ =⟨Λ̃ + 2δK̃ , Λ̃⟩
=p̃2

1 + p̃2
2 + p̃2

3 + p̃2
4 + p̃2

m+1 + p̃2
m+2

+ p̃1 − p̃2 + (m − 1)p̃3 + (m − 3)p̃4

− (m − 3)p̃m+1 − (m − 1)p̃m+2,

cΛ̃′ =⟨Λ̃′ + 2δK̃2
, Λ̃′⟩

=p̃2
1 + p̃2

2 + q̃2
3 + q̃2

4 + p̃1 − p̃2 + q̃3 − q̃4,

cΛ̃′′ =⟨Λ̃′′ + 2δK̃1
, Λ̃′′⟩

=(q̃′1)
2 + (q̃′2)

2 + (q̃′3)
2 + (q̃′4)

2.

Then the eigenvalue formula is

c =2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′

= p̃2
1 + p̃2

2 + 2(p̃2
3 + p̃2

4 + p̃2
m+1 + p̃2

m+2)

+ (p̃1 − p̃2) + 2(m − 1)(p̃3 − p̃m+2) + 2(m − 3)(p̃4 − p̃m+1)

− (q̃2
3 + q̃2

4) − (q̃3 − q̃4) −
1

2
((q̃′1)

2 + (q̃′2)
2 + (q̃′3)

2 + (q̃′4)
2)

In case Λ̃ = (p̃1, p̃2, p̃3, p̃4, p̃m+1, p̃m+2) = (p̃1, p̃2, 0, 0, 0, 0) :
Since

p̃3 = p̃4 = p̃m+1 = p̃m+2 = 0,

we have

q̃3 = q̃4 = q̃5 = · · · = q̃m+2 = 0

and thus

q̃′3 = q̃′4 = 0.

p̃1 + p̃2 = 0, namely, p̃2 = −p̃1.
q̃′1 = −α+ p̃1, q̃′2 = α+ p̃2 = α− p̃1 = −q̃′1 for some α = 0, 1 · · · , p̃1−

p̃2 = 2p̃1. Λ̃ ∈ D(K̃, K̃0) implies that q̃′1 = q̃′2 = 0 since q̃′1 + q̃′3 = 0 and
q̃′2 + q̃′4 = 0. Then

c =2cΛ̃ − cΛ̃′ −
1

2
cΛ̃′′

=p̃2
1 + p̃2

2 + (p̃1 − p̃2) −
1

2
((q̃′1)

2 + (q̃′2)
2)

=2p̃2
1 + 2p̃1 − (q̃′1)

2

=2p̃1(p̃1 + 1)
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Now Λ̃ = p̃1y1+p̃2y2 = 2p̃1
1
2
(y1−y2). Set ℓ := 2p̃1. Then ṼΛ̃

∼= Vℓ�C,
where Vℓ denotes the complex vector space of complex homogeneous
polynomials of degree ℓ with two variables z0, z1. The representation
ρΛ̃ of K̃0 on vi ⊗ w ∈ ṼΛ̃ is given by

ρΛ̃


e
√
−1s

e
√
−1t

e
√
−1s

e
√
−1t

T

 (vi ⊗ w)

=[ρℓ

(
e
√
−1(s−t)/2 0

0 e−
√
−1(s−t)/2

)
](vi) ⊗ w

=vi(e
√

−1(s−t)
2 z0, e

−
√

−1(s−t)
2 z1) ⊗ w

=e
√
−1(s−t)

2
(ℓ−2i)vi ⊗ w

Hence, (ṼΛ̃)K̃0
= spanC{vp̃1 ⊗ w}. On the other hand,

ρΛ̃


0 1
−1 0

0 1
1 0

T

 (vp̃1 ⊗ w)

=[ρℓ

(
0 1
−1 0

)
](vp̃1) ⊗ w

=(−1)p̃1vp̃1 ⊗ w.

Therefore, (ṼΛ̃)K̃[a]
= spanC{vp̃1 ⊗ w} for p̃1 is even. In particular,

for m ≥ 4, Λ̃ = 2y1 − 2y2 ∈ D(K̃, K̃[a]) with p̃1 = 2 has eigenvalue
c = 2p̃1(p̃1 + 1) = 12 < 4m − 2, which means that

L =
S(U(2) × U(m))

S(U(1) × U(1) × U(m − 2)) · Z4

−→ Q4m−2(C)

is NOT Hamiltonian stable for m ≥ 4.

Theorem 9.1. L = S(U(2)×U(m))
S(U(1)×U(1)×U(m−2))·Z4

−→ Q4m−2(C) (m ≥ 2) is

not Hamiltonian stable if and only if m ≥ 4. If m = 2 or 3, it is strictly
Hamiltonian stable.

10. The case (U,K) = (Sp(m + 2), Sp(2) × Sp(m)) (m ≥ 2)

When m = 2, (U,K) is of B2 type. When m ≥ 3, (U,K) is of BC2

type.
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u := sp(m + 2) ⊂ u(2m + 4)

(
A B
−B̄ Ā

)
∈ sp(m + 2),

where A ∈ u(m + 2), B ∈ M(m + 2,C) with tB = B.

k

=sp(2) + sp(m)

=
{

A11 0 B11 0
0 A22 0 B22

−B̄11 0 Ā11 0
0 −B̄22 0 Ā22

 | A11 ∈ u(2), B11 ∈ M(2,C), Bt
11 = B11,

A22 ∈ u(m), B22 ∈ M(m,C), Bt
22 = B22

}

p =
{

0 A12 0 B12

−Ā12
t

0 Bt
12 0

0 −B̄12 0 Ā12

−B̄t
11 0 −At

12 0

 | A12 ∈ M(2,m;C), B12 ∈ M(2,m;C)
}

a =
{

H(ξ1, ξ2) =


0 H12 0 0

−H̄12
t

0 0 0
0 0 0 H̄12

0 0 −H t
12 0

 |

H12 =

(
ξ1 0 0 · · · 0
0 ξ2 0 · · · 0

)
, ξ1, ξ2 ∈ R

}
10.1. Description of the subgroups K0 and K[a]. U := Sp(m + 2)

K :=Sp(2) × Sp(m)

=
{(

A 0
0 B

)
| A ∈ Sp(2), B ∈ Sp(m)

}
K2 :=Sp(2) × Sp(2) × Sp(m − 2)

=
{A 0 0

0 B1 0
0 0 B2

 | A,B1 ∈ Sp(2), B2 ∈ Sp(m − 2)
}
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K1 :=Sp(1) × Sp(1) × Sp(1) × Sp(1) × Sp(m − 2)

=
{


a1 0 0 0 0
0 ā1 0 0 0
0 0 a2 0 0
0 0 0 ā2 0
0 0 0 0 C

 | a1, a2 ∈ U(2), C ∈ Sp(m − 2)
}

K0 =Sp(1) × Sp(1) × Sp(m − 2)

=
{


a1 0 0 0 0
0 a2 0 0 0
0 0 a1 0 0
0 0 0 a2 0
0 0 0 0 C

 | a1, a2 ∈ Sp(1) = SU(2), C ∈ Sp(m − 2)
}

Ka := {k ∈ K | Adp(k)(a) = a},
K[a] := {k ∈ Ka | Adp(k) : a −→ a preserves the orientation of a}
= (Q · K0) ∪ (Q2 · K0) ∪ (Q3 · K0) ∪ K0,

where

D =


0 1
1 0

0 1
−1 0

Im−2

 and Q :=

(
D 0
0 D

)
.

The deck transformation group of the covering map G : N8m−2 →
G(N8m−2) (m ≥ 2) is equal to K[a]/K0

∼= Z4.

10.2. The groups K, K2, K1, K0. When m = 2,

K = Sp(2) × Sp(2)) ⊃ K1 = Sp(1) × Sp(1) × Sp(1) × Sp(1)

⊃ K0 = Sp(1) × Sp(1)

When m ≥ 3,

K = Sp(2) × Sp(m) ⊃ K2 = Sp(2) × Sp(2) × Sp(m − 2)

⊃ K1 = Sp(1) × Sp(1) × Sp(1) × Sp(1) × Sp(m − 2)

⊃ K0 = Sp(1) × Sp(1) × Sp(m − 2)
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10.3. Two fibrations over K/K0.

K2/K0 =
Sp(2) × Sp(2) × Sp(m − 2)

Sp(1) × Sp(1) × Sp(m − 2)

∼=
Sp(2) × Sp(2)

Sp(1) × Sp(1)

−→ K/K0 =
Sp(2) × Sp(m)

Sp(1) × Sp(1) × Sp(m − 2)

−→ K/K2 =
Sp(2) × Sp(m)

Sp(2) × Sp(2) × Sp(m − 2)
=

Sp(m)

Sp(2) × Sp(m − 2)
∼= Gr2(H

m) .

K1/K0 =
Sp(1) × Sp(1) × Sp(1) × Sp(1) × Sp(m − 2)

Sp(1) × Sp(1) × Sp(m − 2))

∼=
Sp(1) × Sp(1)

Sp(1)
× Sp(1) × Sp(1)

Sp(1)
∼= S3 × S3

−→ K/K0 =
Sp(2) × Sp(m)

Sp(1) × Sp(1) × Sp(m − 2))

−→ K/K1 =
Sp(2) × Sp(m)

Sp(1) × Sp(1) × Sp(1) × Sp(1) × Sp(m − 2)

∼= HP 1 × Sp(m)

Sp(1) × Sp(1) × Sp(m − 2)

10.4. D(Sp(m)) and D(Sp(2) × Sp(m)).
Let G = Sp(m) and K = Sp(2)×Sp(m−2) in this subsection. Their

Lie algebras are g and k, respectively. A maximal abelian subalgebra t
in g is given as

t =
{

ξ =



√
−1ξ1

. . . √
−1ξm

−
√
−1ξ1

. . .

−
√
−1ξm


| ξ1, · · · , ξm ∈ R

}
⊂ k ⊂ g
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Γ(G) = Γ(K) = {ξ ∈ t | exp(ξ) = e}

=
{

ξ = 2π



√
−1k1

. . . √
−1km

−
√
−1k1

. . .

−
√
−1km


| k1, · · · , km ∈ Z

}
D(G) = D(Sp(m))

={Λ ∈ t∗ | Λ(ξ) ∈ 2πZ for each ξ ∈ Γ(K), ⟨Λ, α⟩ ≥ 0 for each α ∈ Π(G)}
={Λ = p1y1 + · · · + pmym | p1, · · · , pm ∈ Z, p1 ≥ p2 ≥ · · · ≥ pm ≥ 0}

D(K) = D(Sp(2) × Sp(m − 2)))

={Λ ∈ t∗ | Λ(ξ) ∈ 2πZ for each ξ ∈ Γ(K), ⟨Λ, α⟩ ≥ 0 for each α ∈ Π(K)}
={Λ = p1y1 + · · · + pmym | p1, · · · , pm ∈ Z, p1 ≥ p2 ≥ 0, p3 ≥ · · · ≥ pm ≥ 0}

10.5. Representation of the Casimir operator.
Denote ⟨X, Y ⟩ := −1

2
trXY for any X, Y ∈ sp(m + 2) ⊂ u(2m + 4).

When m = 2,

CL =
1

2
CK1/K0 + Ck/K1

= CK/K0 −
1

2
CK1/K0 ,

When m ≥ 3,

CL = CK2/K1 + 2CK/K2 +
1

2
CK1/K0

= 2CK/K0 − CK2/K0 −
1

2
CK1/K0 ,

where CK/K0 , CK2/K0 and CK1/K0 denote the Casimir operator of K/K0,
K2/K0 and K1/K0 relative to ⟨ , ⟩|k, ⟨ , ⟩|k2 and ⟨ , ⟩|k1 , respectively.

10.6. Branching laws of (Sp(2), Sp(1) × Sp(1)) ([19], [40].)
Let Λ = p1y1 + p2y2 ∈ D(Sp(2)) be the highest weight of an irre-

ducible Sp(2)-module VΛ, where p1, p2 ∈ Z and p1 ≥ p2 ≥ 0. Then the
irreducible decomposition of VΛ as a Sp(1) × Sp(1)-module contains
an irreducible Sp(1) × Sp(1)-module VΛ′ with the highest weight Λ′ =
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q1y1 + q2y2 ∈ D(Sp(1) × Sp(1)), where q1, q2 ∈ Z and q1 ≥ 0, q2 ≥ 0, if
and only if

(i) p1 ≥ q2 ≥ 0;

(ii) in the finite power series expansion in X of
∏1

i=0(Xri+1−X−(ri+1))

X−X−1 ,
where ri(i = 0, 1) are defined as follows

r0 :=p1 − max(p2, q2),

r1 := min(p2, q2),

the coefficient of Xq1+1 does not vanish. Moreover, the value of
this coefficient is the multiplicity of the Sp(1)× Sp(1)-module.

10.7. Descriptions of D(K, K0), D(K1, K0) when m = 2.
Each Λ ∈ D(K, K0) is

Λ = p1y1 + p2y2 + p3y3 + p4y4,

where p1, · · · , p4 ∈ Z, p1 ≥ p2 ≥ 0, p3 ≥ p4 ≥ 0.
Each Λ′ ∈ D(K1, K0) is

Λ = q1y1 + q2y2 + q3y3 + q4y4,

where

qi ∈ Z, qi ≥ 0 (i = 1, · · · , 4),

q1 = q3, q2 = q4.

10.8. Eigenvalue computation when m = 2.

Λ = p1y1 + p2y2 + p3y3 + p4y4 ∈ D(K,K0),

(pi ∈ Z, p1 ≥ p2, p3 ≥ p4 ≥ 0)

Σ+(K) = {y1 − y2, y1 + y2, 2y1, 2y2, y3 − y4, y3 + y4, 2y3, 2y4}
2δK = 4y1 + 2y2 + 4y3 + 2y4

Λ′ = q1y1 + q2y2 + q3y3 + q4y4 ∈ D(K1, K0)

(qi ∈ Z, qi ≥ 0, 1 ≤ i ≤ 4), q1 = q3, q2 = q4,

Σ+(K1) = {2yi, 1 ≤ i ≤ 4}
2δK1 = 2(y1 + y2 + y3 + y4)
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cΛ =⟨Λ + 2δK , Λ⟩
=p2

1 + p2
2 + p2

3 + p2
4 + 4p1 + 2p2 + 4p3 + 2p4,

cΛ′ =⟨Λ′ + 2δK1 , Λ
′⟩

=q2
1 + q2

2 + q2
3 + q2

4 + 2(q1 + q2 + q3 + q4)

=2(q2
1 + q2

2 + 2q1 + 2q2), (∵ q1 = q3, q2 = q4),

with respect to the inner product ⟨X, Y ⟩ := −1
2
Tr(XY ) for any X, Y ∈

sp(4) ⊂ u(8). Hence, we have the following eigenvalue formula.

c = cK/K0 −
1

2
cK1/K0

= (
4∑

i=1

p2
i + 4p1 + 2p2 + 4p3 + 2p4) − (q2

1 + q2
2 + 2q1 + 2q2)

Denote Λ = p1y1+p2y2+p3y3+p4y4 ∈ D(K,K0) by Λ = (p1, p2, p3, p4).
Then

{ Λ ∈ D(K,K0) | − cL ≤ 14 }
={ 0, (1, 1, 0, 0), (0, 0, 1, 1), (1, 0, 1, 0), (1, 1, 1, 1),

(1, 1, 2, 0), (2, 0, 1, 1) }.

Suppose that Λ = (1, 1, 0, 0). Then dimCVΛ = 5. It follows from the
branching laws of (Sp(2), Sp(1) × Sp(1)) that (q1, q2) = (0, 0) ⊕ (1, 1)
and (q3, q4) = (0, 0). Then (q1, q2, q3, q4) = (0, 0, 0, 0) ∈ D(K1, K0).
Hence,

cΛ = 8, cΛ′ = 0, cL = cΛ − 1

2
cΛ′ = 8 < 14.

On the other hand, there is a double covering π : Sp(2) → SO(5),
and π(Sp(1) × Sp(1)) = SO(4). Let λ5 denote the standard repre-
sentation of SO(5) and 1 the trivial representation of SO(5). Then
the complex representation of K = Sp(2) × Sp(2) with the highest
weight (1, 1, 0, 0) is (λ5 ⊗ 1) ⊗ C and VΛ = C5. It is easy to see that
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(VΛ)K0 = Ce1, where e1 = (1, 0, 0, 0, 0)t ∈ C5. But for

a =



0 1
1 0

0 1
−1 0

0 1
1 0

0 1
−1 0


∈ K[a] ⊂ K, a ̸∈ K0,

π(a) = diag(−1, 1,−1,−1,−1) ̸∈ SO(4) and π(a)e1 = −e1 ̸= e1.
Therefore (VΛ)K[a]

= {0} and Λ = (1, 1, 0, 0) ̸∈ D(K,K[a]). Similarly,

Λ = (0, 0, 1, 1) ̸∈ D(K, K[a]).

Suppose that Λ = (1, 0, 1, 0). Then dimCVΛ = 16. The correspond-
ing representation with the highest weight Λ is just the complexified
isotropy representation Adp(K)C. Hence Λ ̸∈ D(K,K[a]).

Suppose that Λ = (1, 1, 1, 1). Then dimCVΛ = 25. It follows from
the branching laws of (Sp(2), Sp(1) × Sp(1)) that (q1, q2) = (1, 1) ⊕
(0, 0) and (q3, q4) = (1, 1) ⊕ (0, 0). Then (q1, q2, q3, q4) = (1, 1, 1, 1) ⊕
(0, 0, 0, 0) ∈ D(K1, K0). When (q1, q2, q3, q4) = (1, 1, 1, 1), cL = 10 <
14; When (q1, q2, q3, q4) = (0, 0, 0, 0), cL = 16 > 14.

On the other hand,

V(1,1,1,1) = C5 � C5 ∼= M(5,C).

There is a double covering

π : K = Sp(2) × Sp(2) −→ SO(5) × SO(5)

π|K1 : K1 = Sp(1) × Sp(1) × Sp(1) × Sp(1) −→ SO(4) × SO(4)

K0 = Sp(1) × Sp(1) −→ SO(4)

The representation of K on VΛ is realized as the action of π(K) =
SO(5) × SO(5) on M(5,C) in the following way: for any (A,B) ∈
SO(5)× SO(5), X ∈ M(5,C) is mapped to AXB−1 ∈ M(5,C). Then
as a K1-module,

M(5,C) =

(
0 0
∗ 0

)
⊕
(

0 ∗
0 0

)
⊕
(
∗ 0
0 0

)
⊕
(

0 0
0 ∗

)
= W(1,1,0,0) ⊕ W(0,0,1,1) ⊕ W(0,0,0,0) ⊕ W(1,1,1,1).
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K0 acts on M(5,C) by the adjoint action as a diagonal subgroup of
K1. Hence,

(M(5,C))K0 =
{(

x 0
0 yI4

)
| x, y ∈ C

}
,

(M(5,C))K[a]
= C

(
1 0
0 0

)
= W (0, 0, 0, 0).

Although Λ = (1, 1, 1, 1) ∈ D(K, K[a]), by the previous calculation, we
know that the element in (M(5,C))K[a]

gives eigenvalue cL = 16 > 14.

Suppose that Λ = (1, 1, 2, 0). Then dimCVΛ = 50. It follows from the
branching laws of (Sp(2), Sp(1) × Sp(1)) that (q1, q2) = (1, 1) ⊕ (0, 0)
and (q3, q4) = (0, 2) ⊕ (1, 1) ⊕ (2, 0). Then

VΛ =(W(1,1) � U(0,2)) ⊕ (W(1,1) � U(1,1)) ⊕ (W(1,1) � U(2,0))

⊕ (W(0,0) � U(0,2)) ⊕ (W(0,0) � U(1,1)) ⊕ (W(0,0) � U(2,0)).

Only (q1, q2, q3, q4) = (1, 1, 1, 1) ∈ D(K1, K0) and the corresponding
eigenvalue cL = 14.

On the other hand, the representation of K with highest weight Λ =
(1, 1, 2, 0) is (λ5 � Ad) ⊗C. Denote Λ1 = (p1, p2) = (1, 1) ∈ D(Sp(2)).
Then

VΛ1
∼= C5 = Ce1 ⊕ spanC{e2, e3, e4, e5} = W(0,0) ⊕ W(1,1).

Using the definition

sp(2) = {X ∈ M(2,H) | X∗ + X = 0},
we can chose the following basis in sp(2).

E1 :=

(
0 1
−1 0

)
, E2 :=

(
0 i
i 0

)
, E3 :=

(
0 j
j 0

)
, E4 :=

(
0 k
k 0

)
,

E5 :=

(
i 0
0 0

)
, E6 :=

(
j 0
0 0

)
, E7 :=

(
k 0
0 0

)
,

E8 :=

(
0 0
0 i

)
, E9 :=

(
0 0
0 j

)
, E10 :=

(
0 0
0 k

)
,

where {i, j, k} denote the unit pure quaternions.
Denote Λ2 = (p3, p4) = (2, 0) ∈ D(Sp(2)). Then

VΛ2 = spanC{E1, E2, E3, E4} ⊕ spanC{E5, E6, E7} ⊕ spanC{E8, E9, E10}
= W(1,1) ⊕ W(2,0) ⊕ W(0,2)

By straightforward computation, one can get

(VΛ)K0 =spanC{e2 ⊗ E1 + e3 ⊗ E2 + e4 ⊗ E3 + e5 ⊗ E4}
=(VΛ)K[a]

⊂ W(1,1) ⊗ U(1,1).
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Therefore, Λ = (1, 1, 2, 0) ∈ D(K,K[a]), which gives eigenvalue 14.

Suppose that Λ = (2, 0, 1, 1). Then dimCVΛ = 50. It is similar to
show that Λ ∈ D(K, K[a]) and it gives eigenvalue 14. Therefore,

dimC V(1,1,2,0) + dimC V(2,0,1,1) = 100

= dim SO(16) − dim Sp(2) × Sp(2) = nhk(G),

G(N14) ⊂ Q14(C) is strictly Hamiltonian stable.

10.9. Eigenvalue computation when m ≥ 3.

Λ = p1y1 + p2y2 + p3y3 + · · · + pm+2ym+2 ∈ D(K, K0),

(pi ∈ Z, p1 ≥ p2, p3 ≥ p4 ≥ · · · ≥ pm+2 ≥ 0)

Σ+(K) = {y1 − y2, y1 + y2, 2y1, 2y2, yi − yj, yi + yj, 2yi(3 ≤ i < j ≤ m + 2)}
2δK = 4y1 + 2y2 + 2my3 + (2m − 2)y4 + · · · + 4ym+1 + 2ym+2

Λ′ = q1y1 + q2y2 + q3y3 + q4y4 + q5y5 + · · · + qm+2ym+2 ∈ D(K2, K0)

(qi ∈ Z, q1 ≥ q2 ≥ 0, q3 ≥ q4 ≥ 0, q5 ≥ · · · ≥ qm+2 ≥ 0,

q1 = p1, q2 = p2)

Σ+(K2) = {yi − yj, yi + yj((i, j) = (1, 2) or (3, 4) or 5 ≤ i < j ≤ m + 2),

2yi, 1 ≤ i ≤ m + 2}
2δK2 = 4y1 + 2y2 + 4y3 + 2y4 + 2(m − 2)y5 + · · · 2ym+2

Λ′′ = k1y1 + k2y2 + k3k3 + k4y4 + k5y5 + · · · + km+2ym+2 ∈ D(K1, K0)

(ki ∈ Z, ki ≥ 0, (1 ≤ i ≤ 4), k5 ≥ k6 ≥ · · · ≥ km+2 ≥ 0,

ki = qj for 5 ≤ j ≤ m + 2)

Σ+(K1) = {yi − yj, yi + yj for 5 ≤ i < j ≤ m + 2), 2yi for 1 ≤ i ≤ m + 2}
2δK1 = 2y1 + 2y2 + 2y3 + 2y4 + 2(m − 2)y5 + · · · + 2ym+2

cΛ =⟨Λ + 2δK , Λ⟩
=p2

1 + · · · + p2
m+2 + 4p1 + 2p2 + 2mp3 + (2m − 2)p4 + · · · + 2pm+2,

cΛ′ =⟨Λ′ + 2δK2 , Λ
′⟩

=q2
1 + · · · + q2

m+2 + 4q1 + 2q2 + 4q3 + 2q4 + (2m − 4)q5 + · · · + 2qm+2,

cΛ′′ =⟨Λ′′ + 2δK1 , Λ
′′⟩

=k2
1 + · · · + k2

m+2 + 2k1 + 2k2 + 2k3 + 2k4 + (2m − 4)k5 + · · · + 2km+2,

with respect to the inner product ⟨X, Y ⟩ := −1
2
Tr(XY ) for any X, Y ∈

sp(m + 2) ⊂ u(2m + 4). Hence, we have the following eigenvalue
formula.
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c = 2CK/K0 − CK2/K0 −
1

2
CK1/K0

= 2(
m+2∑
i=1

p2
i + 4p1 + 2p2 + 2mp3 + (2m − 2)p4 + · · · + 2pm+2)

− (
m+2∑
i=1

q2
i + 4q1 + 2q2 + 4q3 + 2q4 + (2m − 4)q5 + · · · + 2qm+2)

− 1

2
(
m+2∑
i=1

k2
i + 2k1 + 2k2 + 2k3 + 2k4 + (2m − 4)k5 + · · · + 2km+2)

where qi = ki for 5 ≤ i ≤ m + 2, p1 = q1, p2 = q2 and k1 = k3, k2 = k4.
Suppose that Λ = (p1, p2, · · · , pm+2) = (2, 2, 0, · · · , 0) ∈ D(K, K0).

Then Λ′ = (q1, q2, · · · , qm+2) = (2, 2, 0, · · · , 0) ∈ D(K2, K0). It fol-
lows from the branching law of (Sp(2), Sp(1) × Sp(1)) that Λ′′ =
(k1, k2, · · · , km+2) = (0, 0, 0, · · · , 0) ∈ D(K1, K0). Hence the eigenvalue
is cL = 20 < 8m − 2 for m ≥ 3.

On the other hand, the representation of K with highest weight Λ =
(2, 2, 0, · · · , 0) is a 14-dimensional irreducible representation, ρSym2

0(C5)�
I, where ρSym2

0(C5) is the composition of the natural surjective homo-

morphism Sp(2) → SO(5) and the traceless symmetric product repre-
sentation of SO(5) on Sym2

0(C
5) := {X ∈ M(5;C)|X t = X, trX = 0}.

Notice that an element A ∈ SO(5) acts on Sym2
0(C

5) by X 7→ AXAt

for any X ∈ Sym2
0(C

5). So

Sym0(C
5) = C ·

(
1 0
0 −1

4
I4

)
⊕
{(

0 0
0 X ′

)
|X ′ ∈ Sym0(C

4)
}

⊕
{(

0 Z
Zt 0

)
|Z ∈ M(1, 4;C)

}
= C ⊕ Sym0(C

4) ⊕ C4

and

(Sym0(C
5))SO(4) = C ·

(
1 0
0 −1

4
I4

)
∼= C.

Under the natural surjective homomorphism Sp(2)(⊂ SU(4)) → SO(5),

the element


0 1
1 0

0 1
1 0

 ∈ Sp(2) corresponds to diag(−1, 1,−1,−1,−1) ∈

SO(5), denoted by Q′. By direct computation, we know that (Sym0(C
5))Q′·SO(4)∩
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(Sym0(C
5))SO(4) = (Sym0(C

5))SO(4). Thus,

(VΛ=(2,2,0,··· ,0))K0 = C ·
(

1 0
0 −1

4
I4

)
� C

and moreover,

(VΛ=(2,2,0,··· ,0))K[a]
= C ·

(
1 0
0 −1

4
I4

)
� C.

This means that Λ = (2, 2, 0, · · · , 0) ∈ D(K, K[a]) with multiplicity 1,
which corresponds to eigenvalue 20 < 8m− 2. Therefore, G(N8m−2) →
Q8m−2 is not Hamiltonian stable.

Theorem 10.1. L = Sp(2)×Sp(m)
(Sp(1)×Sp(1)×Sp(m−2))·Z4

−→ Q8m−2(C) (m ≥ 2) is

not Hamiltonian stable if and only if m ≥ 3. If m = 2, it is strictly
Hamiltonian stable.

11. The case (U,K) = (E6, U(1) · Spin(10))

(U,K) is of BC2-type.

U = E6 ⊃ K = (U(1) × Spin(10))/Z4

⊃ K2 = (U(1) × (Spin(2) · Spin(8)))/Z4 = (S1 × (Spin(2) · Spin(8)))/Z4

⊃ K1 = (S1 × (Spin(2) · (Spin(2) · Spin(6)))/Z4

⊃ K0 = (S1 × Spin(6))/Z2

U = E6 ⊃ F4 ⊃ Spin(9) ⊃ Spin(8)

F4 ∩ K = F4 ∩ Spin(10) = Spin(9)

(see [44])

11.1. Cayley algebra. Let K be the real Cayley algebra and {c0 =
1, c1, · · · , c7} the standard units of K. They satisfy the following rela-
tions:

cici+1 = −ci+1ci = ci+3, ci+1ci+3 = −ci+3ci+1 = ci,

ci+3ci = −cici+3 = ci+1, c2
i = −1 for i ∈ Z7.

Let x 7→ x̄ be the canonical involution of K, ( , ) the canonical inner
product of K. We extend them C-linearly to the complexified alge-
bra KC of K and denote them by the same notions x 7→ x̄ and ( , )
respectively.
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11.2. Exceptional Jordan algebra. The exceptional Jordan algebra
H3(K) is defined as the set

H3(K) = {u ∈ M3(K)|u∗ = u},

with Jordan product

u ◦ v =
1

2
(uv + vu), for u, v ∈ H3(K)

and the Freudenthal product

u × v :=
1

2
(2u ◦ v − tr(u)v − tr(v)u + (tr(u)tr(v) − (u, v))I3),

where the standard real positive inner product ( , ) of H3(K) is defined
by

(u, v) := tr(u ◦ v)

for each u, v ∈ H3(K). In H3(K), a trilinear form (u, v, w) and the
determinant det u are defined respectively by

(u, v, w) = (u, v × w), det u =
1

3
(u, u, u).

The real dimension of H3(K) is 27 and a typical element

u =

 ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 , ξi ∈ R, xi ∈ K (11.1)

of H3(K) will be denoted by

u = ξ1e1 + ξ2e2 + ξ3e3 + x1u1 + x2u2 + x3u3.

Let

H3(K)C := H3(K) +
√
−1H3(K)

be the complexification of H3(K). Then the standard Hermitian inner
product ⟨ , ⟩ of H3(K)C is defined by

⟨u, v⟩ := (τu, v)

for each u, v ∈ H3(K)C, where τ denotes the complex conjugation in
H3(K)C with respect to H3(K). Then H3(K)C is canonically identified
with

H3(KC) = {u ∈ M3(KC)|u∗ = u}.
An element u ∈ H3(KC) of the form (11.1), with ξi ∈ C, xi ∈ KC, is
still denoted by u = ξ1e1 + ξ2e2 + ξ3e3 + x1u1 + x2u2 + x3u3. Put

SH3(K) = {u ∈ M3(K)|u∗ = −u, Tru = 0}.
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Denote the complexification of SH3(K) by SH3(K)C. Then SH3(K)C

is identified with

SH3(KC) = {u ∈ M3(KC)|u∗ = −u, Tru = 0}.
An element u ∈ SH3(K)C of the form

u =

 z1 x3 −x̄2

−x̄3 z2 x1

x2 −x̄1 z3

 , zi, xi ∈ KC, z̄i = −zi, Σzi = 0

is denoted by u = z1e1 + z2e2 + z3e3 + x1ū1 + x2ū2 + x3ū3.
Injective linear maps R : H3(K)C → gl(H3(K)C) and D : SH3(K)C →

gl(H3(K)C) are defined as{
R(u)v = u ◦ v = 1

2
(uv + vu), for u, v ∈ H3(K)C,

D(u)v = 1
2
[u, v] = 1

2
(uv − vu), for u ∈ SH3(K)C, v ∈ H3(K)C.

(11.2)
Let D0 denote the subalgebra of gl(H3(K)) generated by the set

{D(Σziei)|zi ∈ K, z̄i = −zi, Σzi = 0}, and let

Di = {D(xūi)|x ∈ K} for i = 1, 2, 3,

R0 = {R(
∑

ξiei)|ξi ∈ R,
∑

ξi = 0},
Ri = {R(xui)|x ∈ K} for i = 1, 2, 3.

Remark that dim D1 = dim D2 = dim D3 = 8, dim R0 = 2 and
dim R1 = dim R2 = dim R3 = 8.

Using Ise’s notions ([18], p.82), put

Di,r = D(cr(−ej + ek)), (1 ≤ i ≤ 3, 1 ≤ r ≤ 7),

and
Di,pq = [Di,p, Di,q], (1 ≤ i ≤ 3, 1 ≤ p, q ≤ 7), (11.3)

where {i, j, k} is a cyclic permutation of {1, 2, 3}. Then from

D(
3∑

i=1

ziei)(v) =
1

2

∑
{i,j,k}

(zjxi − xizk)ui,

we can obtain

Di,r(xui) =

 −crui, if x = c0

c0ui, if x = cr

0, if x = cq(q ̸= r),

Di,r(xuj) = 1
2
(crx)uj,

Di,r(xuk) = 1
2
(xcr)uk,
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and 

Di,pq(xui) =

 cqui, if x = cp

−cpui, if x = cq

0, if x = cr(r ≤ 0, ̸= p, q),

Di,pq(xuj) = 1
2
{cp(cqx)}uj,

Di,pq(xuk) = 1
2
{(xcq)cp}uk.

These mean that every Di,r, Di,pq leave Ti = {xui|x ∈ K} invari-
ant (1 ≤ i ≤ 3, 1 ≤ p, q, r ≤ 7) and identifying Ti with K, it repre-
sents a skew-symmetric matrix with respect to the basis {c0, c1, · · · , c7};
namely Di,r = E0r −Er0 and Di,pq = Eqp −Epq, where Epq denotes the
matrix of degree 8 with all 0-components except (p, q)-component, 1.
Moreover,

[Di,r, Di,pq] = Di,pδqr − Di,qδrp, (11.4)

[Di,pq, Di,rs] = Di,prδsq + Di,qsδpr + Di,rqδsp + Di,spδrq, (11.5)

where 1 ≤ i ≤ 3 and 1 ≤ p, q, r, s ≤ 7. Particulary, we have

[Di,r, Di,pq] = 0, [Di,pq, Di,rs] = 0,

if p, q, r, s are all different each other. Denote the real linear space
spanned by all Di,r, Di,pq (1 ≤ p, q, r ≤ 7) by Di,0. Then all Di,0(1 ≤
i ≤ 3) are isomorphic to each other, and they are isomorphic to the
Lie algebra o(8). Here we use D0 = D1,0, dim D0 = 28. Notice that
D0 = {D ∈ D | D(ei) = 0 (i = 1, 2, 3)}.

11.3. From the group level. The automorphism group of the Jordan
algebra H3(K)

F4 := {a ∈ GLC(H3(K)) | a(u ◦ v) = u ◦ v}
is known to be a connected, simply connected, compact Lie group of
type f4. Its Lie algebra f4 is given by

f4 := {δ ∈ glC(H3(K)) | δ(u ◦ v) = δu ◦ v + u ◦ δv}.
The Lie subalgebra d4 of f4

d4 = {δ ∈ f4 | δei = 0, i = 1, 2, 3}
is isomorphic to the Lie algebra o(8) ([44], p.39). Any δ ∈ f4 can be
uniquely expressed as

δ = D0 + D(u),

where D0 ∈ d4 and u ∈ SH(K) with diag(u) = 0. In another words,
D = D0 + D1 + D2 + D3 is a subalgebra of gl(H3(K)) and a compact
simple Lie algebra of type f4.
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{a ∈ F4 | ae1 = e1} ∼= Spin(9),

{a ∈ F4 | aei = ei (i = 1, 2, 3)} ∼= Spin(8).

The groups EC
6 and E6 are defined by

EC
6 := {α ∈ GLC(H3(K)C) | det(αu) = det(u) for each u ∈ H3(K)C},

E6 := {α ∈ GLC(H3(K)C) | det(αu) = det u, ⟨αu, αv⟩ = ⟨u, v⟩},

respectively. The Lie algebras of EC
6 and E6 are given by

eC6 := {ϕ ∈ glC(H3(K)C) | (ϕu, u × u) = 0 for each u ∈ H3(K)C},

e6 := {ϕ ∈ glC(H3(K)C) | (ϕu, u × u) = 0, ⟨ϕu, v⟩ + ⟨u, ϕv⟩ = 0}.
E6 is known to be a connected, simply connected, compact Lie group

of type e6.
Any element ϕ ∈ eC6 is uniquely expressed as

ϕ = δ + R(u), δ ∈ fC4 , u ∈ H3(K)C,

i.e., gC = DC+RC is a subalgebra of gl(H3(K)C) and a complex simple
Lie algebra of type e6, where DC and RC denote the complexifications
of D and R respectively.

Any element ϕ ∈ e6 is uniquely expressed as

ϕ = δ +
√
−1R(u), δ ∈ f4, u ∈ H3(K).

Equivalently, u := D +
√
−1R is a compact simple Lie algebra of type

e6.
Consider a C-linear transformation σ of H3(K)C defined by

σ

 ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 =

 ξ1 −x3 −x̄2

−x̄3 ξ2 x1

−x2 x̄1 ξ3

 .

Then σ ∈ E6 and σ2 = 1. It follows from the fact that the subgroup
(E6)e1 of E6 defined by

(E6)e1 = {α ∈ E6 | αe1 = e1} ∼= Spin(10)

that the subgroup (E6)
σ of E6 defined by

(E6)
σ = {α ∈ E6 | σα = ασ} ∼= U(1)·Spin(10) = (U(1)×Spin(10))/Z4.

Explicitly,

(E6)e1 := {α ∈ E6 | αe1 = e1} ∼= Spin(10),

ϕ(θ) := exp(t
√
−1R(2e1 − e2 − e3)) ∈ GLC(H3(K)), θ = e

it
2 ,

{ϕ(θ)|θ ∈ C, |θ| = 1} ∼= U(1).
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Define a mapping p : K̃ = U(1) × Spin(10) → K = (E)σ by

(θ, α) 7→ ϕ(θ)α.

U(1) ∩ Spin(10) = {1 = ϕ(1), ϕ(−1), ϕ(
√
−1), ϕ(−

√
−1)}.

ker p = {(1, ϕ(1)), (−1, ϕ(−1)), (
√
−1, ϕ(−

√
−1)), (−

√
−1, ϕ(

√
−1))}

∼= Z4.

Hence K = K̃/Z4 = U(1) × Spin(10)/Z4.

K̃2 = U(1) × Spin(2) × Spin(8) ⊂ K̃ = U(1) × Spin(10),

where Spin(2) ⊂ Spin(10) ∼= (E6)e1 is generated by

α23(t) := exp(t
√
−1R(e2 − e3)) :ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 7→

 ξ1 e
t
√

−1
2 x3 e−

t
√

−1
2 x̄2

e
t
√
−1
2 x̄3 et

√
−1ξ2 x1

e−
t
√

−1
2 x2 x̄1 e−t

√
−1ξ3

 ,

and

Spin(8) = (E6)e1,e2,e3 = {α ∈ E6 | αei = ei(i = 1, 2, 3)}.
Remark that the Lie algebra of (E6)e1,e2,e3 is just D0.

Therefore,

Spin(2) ∩ Spin(8) = {α23(t) | et
√
−1 = 1} = {α23(0), α23(2π)}.

Then the natural projection

p2 : Spin(2) × Spin(8) → K ′
2

(α23(t), β) 7→ α23(t)β

has a kernel

ker p2 = {(α23(t), α23(t)
−1) | t = 2kπ, k ∈ Z}

= {(α23(0), α23(0)), (α23(2π), α23(2π))} ∼= Z2.

Hence K ′
2
∼= (Spin(2) × Spin(8))/Z2.

On the other hand, we also have

K̃2 = S1 × Spin(2) × Spin(8),

where S1 is generated by

exp(t
√
−1R(e1 − 2e2 + e3)) :ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 7→

 et
√
−1ξ1 e−

t
√

−1
2 x3 et

√
−1x̄2

e−
t
√

−1
2 x̄3 e−2t

√
−1ξ2 e−

t
√
−1
2 x1

et
√
−1x2 e−

t
√

−1
2 x̄1 et

√
−1ξ3

 ,
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Spin(2) ⊂ E6 is generated by

α13(t) := exp(t
√
−1R(e1 − e3)) :ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 7→

et
√
−1ξ1 e

t
√

−1
2 x3 x̄2

e
t
√

−1
2 x̄3 ξ2 e−

t
√

−1
2 x1

x2 e−
t
√

−1
2 x̄1 e−t

√
−1ξ3

 .

and Spin(8) = (E6)e1,e2,e3 . Here Spin(2)×Spin(8) ⊂ (E6)e2
∼= Spin(10).

Similarly, here

Spin(2) ∩ Spin(8) = {α13(t) | et
√
−1 = 1} = {α13(0), α13(2π)}.

Then the natural projection

p′2 : Spin(2) × Spin(8) → K ′
2

(α13(t), β) 7→ α13(t)β

has a kernel

ker p′2 = {(α13(t), α13(t)
−1) | t = 2kπ, k ∈ Z}

= {(α13(0), α13(0)), (α13(2π), α13(2π))} ∼= Z2.

Thus,

K2 = (S1 × (Spin(2) · Spin(8)))/Z4,

Spin(2) · Spin(8) = (Spin(2) × Spin(8))/Z2.

Furthermore,

Spin(8) ⊃ Spin(2) · Spin(6) ∼= (Spin(2) × Spin(6))/Z2,

where

Spin(2) := {(α1, α2, α3) ∈ Spin(8) | α2(ci) = ci, if i ̸= 0, 4},
Spin(6) := {(α1, α2, α3) ∈ Spin(8) | α2(1) = 1, α2(c4) = c4},

and
Spin(2) ∩ Spin(6) = {(Id, Id, Id), (−Id, Id,−Id)},

Z2 = {((Id, Id, Id), (Id, Id, Id)), ((−Id, Id,−Id), (−Id, Id,−Id))}.
Thus,

K1 = (S1 × (Spin(2) · (Spin(2) · Spin(6))))/Z4.

Moreover,

S1 ∩ Spin(6) = {(Id, Id, Id), (−Id, Id,−Id)},

Z2 = {((Id, Id, Id), (Id, Id, Id)), ((−Id, Id,−Id), (−Id, Id,−Id))}.
Hence,

K0 = (S1 × Spin(6))/Z2.
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11.4. From the Lie algebra level. Consider a subalgebra (e6)e1 of
e6:

(e6)e1 := {ϕ ∈ e6 | ϕe1 = 0}.

Since for any ϕ ∈ e6, there exist u ∈ SH3(K) and v ∈ H3(K) such that

ϕe1 = D(u)(e1) +
√
−1R(v)(e1),

ϕe1 = 0 if and only if

u = z1e1+z2e2+z3e3+a1ū1 ∈ SH3(K), v = ξ2e2+ξ3e3+x1u1 ∈ H3(K),

where a1, x1 ∈ K, ξ2, ξ3 ∈ R with ξ2 + ξ3 = 0. Hence

(e6)e1 = {ϕ ∈ e6 | ϕe1 = 0}
= D0 + D1 + R

√
−1R(e2 − e3) +

√
−1R1

∼= d5.

If Z = (e1 − e2) + (e1 − e3) = 2e1 − e2 − e3 ∈ SH3(K), then√
−1R(Z)(e1) = 2

√
−1e1. Therefore,

e6 = (e6)e1 + R
√
−1R(Z) + D2 + D3 +

√
−1R2 +

√
−1R3,

k = D0 + D1 +
√
−1R0 +

√
−1R1 = (e6)e1 + R

√
−1R(Z),

p = D2 + D3 +
√
−1R2 +

√
−1R3,

where

k = (e6)e1 + R
√
−1R(2e1 − e2 − e3)

= (d4 + D1 + R
√
−1R(e2 − e3) +

√
−1R1) + R

√
−1R(2e1 − e2 − e3)

= (d3 + R(D1,4 + D1,12 − D1,36 + D1,57)) + D1 + R
√
−1R(e2 − e3)

+
√
−1R1 + R

√
−1R(2e1 − e2 − e3)

= d3 + R(D1,4 + D1,12 − D1,36 + D1,57) + R
√
−1R(e3 − e1)

+ R
√
−1R(e1 − 2e2 + e3) + D1 +

√
−1R1

= (d3 + R
√
−1R(e1 − 2e2 + e3)) + R(D1,4 + D1,12 − D1,36 + D1,57)

+ R
√
−1R(e3 − e1) + D1 +

√
−1R1.

Here

k2 = d4 + R
√
−1R(e2 − e3) + R

√
−1R(2e1 − e2 − e3),

k1 = d3 + R(D1,4 + D1,12 − D1,36 + D1,57) + R
√
−1R(e2 − e3) + R

√
−1R(2e1 − e2 − e3),

k0 = d3 + R
√
−1R(e1 − 2e2 + e3).
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11.5. Realization of e6 and EIII. Put

D = D0 + D1 + D2 + D3,

R = R0 + R1 + R2 + R3.

Then D is a subalgebra of gl(H3(K)) and a compact simple Lie algebra
of type f4. Denoting by DC and RC the complexifications of D and R
respectively, we put

gC = DC + RC.

Then gC is a subalgebra of gl(H3(K)C) and a complex simple Lie algebra
of type e6. The inclusion ϕ : gC ⊂ gl(H3(K)C) is a 27-dimensional
irreducible representation of gC.

Lemma 11.1. For v = ξ1e1+ξ2e2+ξ3e3+x1u1+x2u2+x3u3 ∈ H3(K)C,
we have

R(
∑

ηlel)v = η1ξ1e1 + η2ξ2e2 + η3ξ3e3 +
1

2
(η2 + η3)x1u1

+
1

2
(η3 + η1)x2u2 +

1

2
(η1 + η2)x3u3,

D(
∑

zlel)v =
1

2
(z2x1 − x1z3)u1 +

1

2
(z3x2 − x2z1)u2 +

1

2
(z1x3 − x3z2)u3,

D(xūi)v = (x, xi)(ej − ek) +
1

2
(ξk − ξj)xui −

1

2
(x̄x̄k)uj +

1

2
(x̄jx̄)uk,

R(xui)v = (x, xi)(ej + ek) +
1

2
(ξj + ξk)xui +

1

2
x̄x̄kuj +

1

2
x̄jx̄uk,

where {i, j, k} is a cyclic permutation of {1, 2, 3}.

Define a real form u of gC by

u = k + p,

where

k = D0 + D1 +
√
−1R0 +

√
−1R1,

p = D2 + D3 +
√
−1R2 +

√
−1R3.

Then u is a compact simple Lie algebra of type EIII and the above
decomposition is a Cartan decomposition of u, where k is isomorphic
to u(1) + o(10),

[k, k] = D0 + D1 +
√
−1RR(e2 − e3) +

√
−1R1

is isomorphic to o(10) and the center of k is spanned by

Z =
√
−1R(2e1 − e2 − e3).
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11.6. Commutation rules for gC of type e6. The relations (11.3),
(11.4), (11.5) and the following list give commutation rules for gC. Here,
x, y, zi ∈ KC, z̄i = −zi for i = 1, 2, 3,

∑
i zi = 0, and ξ1, ξ2, ξ3 ∈ C with∑

l ξl = 0. In formulae (11.6) (11.14), (i, j, k) is a cyclic permutation
of (1, 2, 3). In formulae (11.16) and (11.17), i = 1, 2, 3.

[R(xui), R(yuj)] = −(1/2)D(xy ūk), (11.6)

[R(xui), D(yuj)] = [D(xūi), R(yuj)] = (1/2)R(xy ūk), (11.7)

[D(xūi), D(yūj)] = −(1/2)D(xyūk), (11.8)

[D(xūi), R(yūi)] = (x, y)R(ej − ek), (11.9)[
R(
∑

ξlel), R(xūi)
]

= (1/2)(ξj − ξk)D(xūi), (11.10)[
R(
∑

ξlel), D(xūi)
]

= (1/2)(ξj − ξk)R(xūi), (11.11)[
D(
∑

zlel), D(xūi)
]

= (1/2)D((zjx − xzk)ūi), (11.12)[
D(
∑

zlel), R(xūi)
]

= (1/2)R((zjx − xzk)ui), (11.13)

[R(xui), R(yui)] = −[D(xūi), D(yūi)] (11.14)

= D((
y + ȳ

2

x − x̄

2
− x + x̄

2

y − ȳ

2
)(ej − ek))

−[D(
x − x̄

2
(ej − ek)), D(

y − ȳ

2
(ej − ek))],[

RC0 , RC0 + DC0
]

= {0}, (11.15)

[R(xui), [R(xui), R(yui)]] = R(((x, x)y − (x, y)x)ui), (11.16)

[D(xūi), [D(xūi), D(yūi)]] = D(((x, y)x − (x, x)y)ūi).(11.17)

The following lemma gives the Killing-Cartan form B of gC.

Lemma 11.2 ([18], p.88 or [44], p.74). The Killing-Cartan form of the
complex Lie algebra gC of type E6 is given by

B(X, Y ) = 4TrXY, X, Y ∈ gC ⊂ gl(H3(K)C). (11.18)

11.7. Isotropy representation of (E6, U(1) · Spin(10)).

U/K = EIII

= {X ∈ H3(K)C | X × X = 0, X ̸= 0}/C∗

∼= E6/(U(1) · Spin(10))

(cf. [1, p74-75])
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The tangent vector space To(U/K) at o = [e1] is

To(U/K) = To(EIII)

= (H3(K)C)−σ

= {X ∈ H3(K)C | X × e1 = 0, ⟨X, e1⟩ = 0}
= {x2u2 + x3u3 | x2, x3 ∈ KC}.

u = e6,

k = (e6)σ = {ϕ ∈ e6 | σ∗ϕ = ϕ},
p = (e6)−σ = {ϕ ∈ e6 | σ∗ϕ = −ϕ}

= D2 + D3 +
√
−1R2 +

√
−1R3.

The differential of the natural projection p : U = E6 → U/K = EIII
at e induces a linear isomorphism p∗ : p → To(EIII). Then p∗(ϕ) =
ϕ(e1) and

p∗(2(D(x2ū2) + D(x3ū3)) + 2
√
−1(R(x′

2u2) + R(x′
3u3)))

=(x2 +
√
−1x′

2)u2 + (x3 +
√
−1x′

3)u3.

Lemma 11.3. (1) For each a ∈ K and each ξ ∈ p,

p∗(Ad(a)ξ) = (Ad(a)ξ)(e1) = (a ◦ ξ ◦ a−1)(e1).

(2) For each T ∈ k and each ξ ∈ p,

p∗(ad(T )ξ) =p∗([T, ξ])

=([T, ξ])(e1)

=(T ◦ ξ)(e1) − (ξ ◦ T )(e1)

=T (p∗(ξ)) − ξ(T (e1)).

The restriction (ρK , V = H3(KC)) of Cheally-Schafer’s representa-
tion (ρ̃, H3(KC)) can be decomposed into 3 irreducible representations

(ρK , V ) = (ρ1, V1) ⊕ (ρ3, V3) ⊕ (ρ2, V2),

where V1, V3 and V2 are given as follows:

V1 = {ξe1 | ξ ∈ C},
V3 = H2(KC)

= {ξ2e2 + ξ3e3 + x1u1 | x1 ∈ KC, ξ2, ξ3 ∈ C},
V2 = (H3(KC))−σ

= {x2u2 + x3u3 | x2, x3 ∈ KC},
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and V1 ⊕ V3 = (H3(KC))σ. ρ1 is a scalar representation, the restriction
of ρ2 to Spin(10) is equivalent to one of the half-spin representations
of Spin(10,C), called ∆+

10, and the restriction of ρ3 to Spin(10) is
equivalent to the standard representation of Spin(10,C).

The maximal abelian subspace a of p is given as follows :

a = RHu
1 ⊕ RHu

2

= R(D(c2ū) +
√
−1R(c1u2)) ⊕ R(D(c1ū1) −

√
−1R(c2u2)).

and

p∗(a) = R(c2 +
√
−1c1)u2 ⊕ R(c1 −

√
−1c2)u2.

11.7.1. Isotropy action of ϕ(θ) = exp(t
√
−1R(2e1−e2−e3)) ∈ C(K) ⊂ K.

For an element ϕ(θ) = exp(t
√
−1R(2e1−e2−e3)) : H3(KC) → H3(KC)

lying in the center U(1) of K,

ϕ(θ)

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 =

θ4ξ1 θx3 θx̄2

θx̄3 θ−2ξ2 θ−2x1

θx2 θ−2x̄1 θ−2ξ3

 ,

where t = eit/2. Since

p∗(Ad(ϕ(θ))D(x2ū2))

=(ϕ(θ) ◦ D(x2ū2) ◦ ϕ(θ)−1)(e1) = (ϕ(θ) ◦ D(x2ū2))(ϕ(θ)−1(e1))

=ϕ(θ) ◦ D(x2ū2)(θ
−4e1) = ϕ(θ)(θ−4D(x2ū2)(e1))

=θ−4ϕ(θ)(
1

2
x2u2) = θ−4θ · 1

2
x2u2

=θ−3(
1

2
x2u2) = θ−3(D(x2ū2))(e1)

=θ−3p∗(D(x2ū2))

and

p∗(Ad(ϕ(θ))R(x2u2))

=(ϕ(θ) ◦ R(x2u2) ◦ ϕ(θ)−1)(e1) = (ϕ(θ) ◦ R(x2u2))(ϕ(θ)−1(e1)

=(ϕ(θ) ◦ R(x2u2))(θ
−4e1) = θ−4ϕ(θ)(R(x2u2)(e1))

=θ−4ϕ(θ)(
1

2
x2u2) = θ−4θ

1

2
x2u2

=θ−3 1

2
x2u2 = θ−3R(x2u2)(e1)

=θ−3p∗(R(x2u2)).
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Similarly,

p∗(Ad(ϕ(θ))D(x3ū3)) = θ−3p∗(D(x3ū3)),

p∗(Ad(ϕ(θ))R(x3u3)) = θ−3p∗(R(x3u3)).

Therefore, the linear isotropy representation of (E6, U(1) ·Spin(10))
is (µ3 ⊗C △+

10)R.
The maximal abelian subspace a of p is given as follows :

a = RHu
1 ⊕ RHu

2

= R(D(c2ū2) +
√
−1R(c1u2)) ⊕ R(D(c1ū2) −

√
−1R(c2u2)).

and

p∗(a) = R(c2 +
√
−1c1)u2 ⊕ R(c1 −

√
−1c2)u2.

11.8. The Subgroup K[a]. The Cayley algebra K naturally contains
the field H of quaternions as

H = {x0 + x2c2 + x3c3 + x5c5|xi ∈ R}.
Any element x ∈ K is expressed by

x = x0 + x1c1 + x2c2 + x3c3 + x4c4 + x5c5 + x6c6 + x7c7

= (x0 + x2c2 + x3c3 + x5c5) + (x4 + x1c2 + x6c3 − x7c5)c4

=: m + ae ∈ H ⊕ He = K,

where m := x0+x2c2+x3c3+x5c5 ∈ H, a := x4+x1c2+x6c3−x7c5 ∈ H
and e := c4. In H ⊕ He, we define a multiplication by

(m + ae)(n + be) = (mn − b̄a) + (an̄ + bm)e.

More explicitly,

(ae)n = (an̄)e, m(be) = (bm)e, (ae)(be) = −b̄a.

We can also define a conjugation and an R-linear transformation γ on
H ⊕ He respectively by

m + ae = m̄ − ae,

γ(m + ae) = m − ae.

Thus γ ∈ G2 = {α ∈ Iso(K) | α(xy) = α(x)α(y)}. Consider an R-
linear transformation of H3(K), denoted still by γ, defined by

γ

 ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 :=

 ξ1 γx3 γx2

γx3 ξ2 γx1

γx2 γx1 ξ3

 ,
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for xi ∈ K (i = 1, 2, 3). Thus γ ∈ F4 = {α ∈ IsoR(H3(K)) | α(X ◦Y ) =
α(X) ◦ α(Y )}. Any element

X =

 ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 =

 ξ1 m3 m̄2

m̄3 ξ2 m1

m2 m̄1 ξ3

+

 0 a3e −a2e
−a3e 0 a1e
a2e −a1e 0

 ,

of H3(K), where xi = mi + aie ∈ H ⊕ He = K and ξi ∈ R, can be
identified with the element ξ1 m3 m̄2

m̄3 ξ2 m1

m2 m̄1 ξ3

+ (a1, a2, a3)

in H3(H) ⊕ H3. Hereafter, there exists an identification H3(K) ∼=
H3(H) ⊕ H3.

Let H3(KC) = {X1 + iX2 | X1, X2 ∈ H3(K)} be the complexification
of the Jordan algebra H3(K). H3(KC) has two complex conjugations,
namely,

X1 + iX2 = X̄1 + iX̄2, τ(X1 + iX2) = X1 − iX2, Xi ∈ H3(K).

Let the C-linear mapping γ : H3(KC) → H3(KC) be the complexifica-
tion of γ ∈ G2 ⊂ F4. Then γ ∈ E6 and γ2 = 1.

Consider an involutive complex conjugate linear transformation τγ
of H3(KC) and the following subgroup (E6)

τγ of E6:

(E6)
τγ = {α ∈ E6 | τγα = ατγ}.

Correspondingly, H3(KC) can be decomposed into the following two
R-vector subspaces:

H3(KC) = (H3(KC))τγ ⊕ (H3(KC))−τγ,

where

(H3(KC))τγ := {X ∈ H3(KC) | τγX = X}

= {

 ξ1 m3 m̄2

m̄3 ξ2 m1

m2 m̄1 ξ3

+
√
−1

 0 a3e −a2e
−a3e 0 a1e
a2e −a1e 0

 | ξi ∈ R,mi, ai ∈ H}

= H3(H) ⊕
√
−1H3,

(H3(KC))−τγ := {X ∈ H3(KC) | τγX = −X}

= {
√
−1

 ξ1 m3 m̄2

m̄3 ξ2 m1

m2 m̄1 ξ3

+

 0 a3e −a2e
−a3e 0 a1e
a2e −a1e 0

 | ξi ∈ R,mi, ai ∈ H}

=
√
−1H3(H) ⊕ H3.
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In particular, H3(KC) = ((H3(KC))τγ)
C.

Let H4(H)0 := {P ∈ H4(H) | TrP = 0}. Define a C-linear mapping
g : H3(KC) = H3(HC) ⊕ (H3)C → H4(H)0 by

g(M + a) :=

(
1
2
tr(M)

√
−1a√

−1a∗ M − 1
2
tr(M)I

)
,

for M + a ∈ H3(KC). Then we have

g(H3(KC))τγ) = H4(H)0,

g(H3(KC))−τγ) =
√
−1H4(H)0.

The mapping φ : Sp(4) −→ (E6)
τγ ⊂ E6, defined by φ(A)X :=

g−1(A(gX)A∗) for each X ∈ H3(KC), is a surjective Lie group homo-
morphism and Ker(φ) = {I,−I} ∼= Z2. Therefore we obtain

Sp(4)/Z2
∼= (E6)

τγ.

Consider R-vector subspaces (H3(KC))τγ,σ, (H3(KC))τγ,−σ of H3(KC)τγ

and (H3(KC))−τγ,σ, (H3(KC))−τγ,−σ of (H3(KC))−τγ, which are eigenspaces
of σ, respectively given by

(H3(KC))τγ,σ = {X ∈ H3(KC)| τγX = X, σX = X}

={

ξ1 0 0
0 ξ2 m1

0 m̄1 ξ3

+
√
−1

0 0 0
0 0 a1e
0 −a1e 0

 | ξi ∈ R,m1, a1 ∈ H},

(H3(KC))τγ,−σ = {X ∈ H3(KC)| τγX = X, σX = −X}

={

 0 m3 m̄2

m̄3 0 0
m2 0 0

+
√
−1

 0 a3e −a2e
−a3e 0 0
a2e 0 0

 | m2,m3, a2, a3 ∈ H},

(H3(KC))−τγ,σ = {X ∈ H3(KC)| τγX = −X, σX = X}

={
√
−1

ξ1 0 0
0 ξ2 m1

0 m̄1 ξ3

+

0 0 0
0 0 a1e
0 −a1e 0

 | ξi ∈ R,m1, a1 ∈ H},

(H3(KC))−τγ,−σ = {X ∈ H3(KC)| τγX = −X, σX = −X}

={
√
−1

 0 m3 m̄2

m̄3 0 0
m2 0 0

+

 0 a3e −a2e
−a3e 0 0
a2e 0 0

 | m2,m3, a2, a3 ∈ H}.
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Thus we have the following decompositions

(H3(K)C)σ = (H3(K)C)τγ,σ ⊕ (H3(K)C)−τγ,σ,

(H3(K)C)−σ = (H3(K)C)τγ,−σ ⊕ (H3(K)C)−τγ,−σ.

Note that the images of (H3(K)C)τγ,σ and (H3(K)C)τγ,−σ of the map-
ping g defined above can be expressed explicitly as follows:

g((H3(K)C)τγ,σ)

={


1
2
(ξ1 + ξ2 + ξ3) −a1 0 0

−ā1
1
2
(ξ1 − ξ2 − ξ3) 0 0

0 0 1
2
(−ξ1 + ξ2 − ξ3) m1

0 0 m̄1
1
2
(−ξ1 − ξ2 + ξ3)


| ξ1, ξ2, ξ3 ∈ R, a1,m1 ∈ H}

g((H3(K)C)τγ,−σ) ={


0 0 −a2 −a3

0 0 m3 m̄2

−ā2 m̄3 0 0
−ā3 m2 0 0

 | a2, a3,m2, m3 ∈ H}.

The restriction of the map φ to the subgroup Sp(2)×Sp(2) of Sp(4),
we have

φ : Sp(2) × Sp(2) −→ (E6)
τγ,σ ⊂ (E6)

σ ∼= U(1) · Spin(10).???

Next, the restriction of φ to the subgroup Sp(1)×Sp(1)×Sp(1)×Sp(1)
gives

φ : Sp(1) × Sp(1) × Sp(1) × Sp(1) −→{α ∈ E6 | α(Ei) = Ei (i = 1, 2, 3)}
={α ∈ F4 | α(Ei) = Ei (i = 1, 2, 3)}
∼=Spin(8).????

And the group Sp(1) × Sp(1) can be considered as the diagonal sub-
group of Sp(1)× Sp(1)× Sp(1)× Sp(1), namely, each (a, b) ∈ Sp(1)×
Sp(1) corresponds to (a, b, a, b) ∈ Sp(1) × Sp(1) × Sp(1) × Sp(1).
Thus the restriction of φ to Sp(1) × Sp(1) is mapped to a subgroup
K0 = S1 · Spin(6) of K = Eσ = U(1) · Spin(10). In fact, for a 2-
dimensional R-vector subspace

ã := {


0 0 a2 0
0 0 0 m2

a2 0 0 0
0 m2 0 0

 | a2,m2 ∈ R} ⊂ g((H3(KC))τγ,−σ),
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it follows from
a 0 0 0
0 b 0 0
0 0 a 0
0 0 0 b




0 0 a2 0
0 0 0 m2

a2 0 0 0
0 m2 0 0




a∗ 0 0 0
0 b∗ 0 0
0 0 a∗ 0
0 0 0 b∗



=


0 0 a2 0
0 0 0 m2

a2 0 0 0
0 m2 0 0

 .

that ã corresponds to the subspace

{

 0 0 m2 −
√
−1a2e

0 0 0
m2 +

√
−1a2e 0 0

 | m2, a2 ∈ R} ⊂ (H3(K)C)τγ,−σ,

which corresponds to a maximal abelian subspace of p. It implies that
φ maps the subgroup Ǩ0 = Sp(1)×Sp(1) for the exceptional symmetric
space (E6, Sp(4)/Z2) of type EI to the subgroup K0 = S1 ×Spin(6) of
the exceptional symmetric space (E6, U(1) · Spin(10)) of type EIII.

Recall that

ǩ :=


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 ∈ Ǩ[ǎ] = (Sp(1) × Sp(1)) · Z4

is a generator of Z4. Its adjoint actions on g((H3(KC))τγ,σ) and g((H3(KC))τγ,−σ)
are given in the following:

ǩ


1
2
(ξ1 + ξ2 + ξ3) −a1 0 0

−ā1
1
2
(ξ1 − ξ2 − ξ3) 0 0

0 0 1
2
(−ξ1 + ξ2 − ξ3) m1

0 0 m̄1
1
2
(−ξ1 − ξ2 + ξ3)

 ǩ−1

=


1
2
(ξ1 − ξ2 − ξ3) −ā1 0 0

−a1
1
2
(ξ1 + ξ2 + ξ3) 0 0

0 0 1
2
(−ξ1 − ξ2 + ξ3) −m̄1

0 0 −m1 −1
2
(−ξ1 + ξ2 − ξ3)

 ,

ǩ


0 0 −a2 −a3

0 0 m3 m̄2

−ā2 m̄3 0 0
−ā3 m2 0 0

 ǩ−1 =


0 0 −m̄2 m3

0 0 a3 −a2

−m2 ā3 0 0
m̄3 −ā2 0 0

 .
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Taking (H3(KC))τγ = (H3(KC))τγ,σ ⊕ (H3(KC))τγ,−σ and H3(KC) =
((H3(KC))τγ)

C into account, together with the above computation, we
know that any element ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 =

 ξ1 m3 +
√
−1a3e m̄2 −

√
−1a2e

m̄3 −
√
−1a3e3 ξ3 m1 +

√
−1a1e

m2 +
√
−1a2e m̄1 −

√
−1a1e ξ3


in H3(KC) is mapped by the adjoint action of ǩ up to isomorphism to
the element ξ1 a3 −

√
−1m3e −a2 −

√
−1m̄2e

ā3 +
√
−1m3e −ξ2 −m̄1 +

√
−1ā1e

−ā2 +
√
−1m̄2e −m1 −

√
−1ā1e −ξ3


=

 ξ1

√
−1(−m3 +

√
−1a3e)e −

√
−1(m̄2 +

√
−1a2e)e√

−1(m3 +
√
−1ā3e)e −ξ2 −(m̄1 +

√
−1ā1e)

−
√
−1(−m̄2 +

√
−1ā2e)e −(m1 +

√
−1ā1e) −ξ3


= α23(π)(

 ξ1 (−m3 +
√
−1a3e)e (m̄2 +

√
−1a2e)e

(m3 +
√
−1ā3e)e ξ2 −(m̄1 +

√
−1ā1e)

(−m̄2 +
√
−1ā2e)e −(m1 +

√
−1ā1e) ξ3

). (11.19)

Define α1, α2, α3 ∈ SO(K) ∼= SO(8) by

α1(m1 + a1e) := −(m̄1 − ā1e),

α2(m2 + a2e) := −ā2 − m̄2e,

α3(m3 + a3e) := −a3 − m3e.

for each x1 = m1 + a1e, x2 = m2 + a2e, x3 = m3 + a3e ∈ K = H⊕He.
By simple computation,

α1(m1 + a1e) α2(m2 + a2e) = (m̄1 − ā1e)(ā2 + m̄2e)

= (m̄1ā2 + m2ā1) + (−ā1a2 + m̄2m̄1)e,

α3((m1 + a1e)(m2 + a2e)) =α3((m1m2 − ā2a1) + (a1m̄2 + a2m1)e)

=(m2ā1 + m̄1ā2) + (m̄2m̄1 − ā1a2)e,

we obtain α1(m1 + a1e) α2(m2 + a2e) = α3((m1 + a1e)(m2 + a2e)).
Hence, (α1, α2, α3) ∈ Spin(8). moreover, (11.19) can be expressed as

α23(π) ◦ (α1, α2, α3)(

 ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

).

129



Notice that

α23(π)(α1, α2, α3)(u2) = α23(α2(u2)) = α23(π)(−eu2) =
√
−1eu2,

α23(π)(α1, α2, α3)(
√
−1eu2) = α23(π)(α2(

√
−1eu2)) = α23(π)(

√
−1u2) = −u2.

It implies that

α23(π)(α1, α2, α3) ∈ Spin(2) · spin(8) ⊂ (U(1) × (Spin(2) · Spin(8)))/Z4

= K2

induces an isometry of the maximal abelian subspace a of order 4 which
is a π/2-rotation of a, we obtain

α23(π)(α1, α2, α3) ∈ K[a]

and it is a generator of K[a]/K0
∼= Z4.

11.9. Representation of the Casimir operator. Denote ⟨u, v⟩ :=
−tr(uv) for u, v ∈ e6 ⊂ gl(H3(K)C). Then the Casimir operator CL

with respect to the induced metric G∗gstd
Q30(C) is

CL = 12CK/K0 − 6CK2/K0 − 3CK1/K0 ,

where CK/K0 , CK2/K0 and CK1/K0 are the Casimir operators of ho-
mogeneous spaces K/K0, K2/K0 and K1/K0 with respect to the K0-
invariant metrics induced from the metric ⟨ , ⟩ of E6.

11.10. D(SO(10)) and D(Spin(10)). The maximal torus of SO(2n) (n =
5) is described as follows :

T 5 :={


(

cos θ1 − sin θ1

sin θ1 cos θ1

)
0 0

0 · · · 0

0 0

(
cos θ5 − sin θ5

sin θ5 cos θ5

)
 |

θi ∈ R (i = 1, 2, 3, 4, 5)} ⊂ SO(10),

t5 :={ξ = (θ1, θ2, θ3, θ4, θ5) | θi ∈ R (i = 1, 2, 3, 4, 5)} ⊂ o(10).
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Γ(SO(10))

:={ξ ∈ t | exp(ξ) = e}
={ξ = 2π(k1, k2, k3, k4, k5) | ki ∈ Z(i = 1, 2, 3, 4, 5)},

Z(SO(10))

:={Λ ∈ t∗ | Λ(ξ) ∈ 2πZ for each ξ ∈ Γ(SO(10))}
={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗ | pi ∈ Z (i = 1, 2, 3, 4, 5)}
∼= Z5,

where yi : t ∋ ξ 7→ θi ∈ R (i = 1, 2, 3, 4, 5). Here we use

Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5

and

Λ(ξ) = ⟨Λ, ξ⟩ = 2π(p1k1 + p2k2 + p3k3 + p4k4 + p5k5).

Then

D(SO(10))

={Λ ∈ Z(SO(10)) | ⟨Λ, α⟩ ≥ 0 for each α ∈ Σ+(SO(10))}
={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| ki ∈ Z (i = 1, 2, 3, 4, 5), p1 ≥ p2 ≥ p3 ≥ p4 ≥ |p5|},

where the fundamental root system of o(10) is given by

Π(SO(10))

:={α1 = y1 − y2, α2 = y2 − y3, α3 = y3 − y4, α4 = y4 − y5, α5 = y4 + y5}.

The standard universal Z2-covering map p : Spin(10) → SO(10) is
defined by

(p(α))x := α · x · tα ∈ R10 ⊂ Cl(R10)

for each α ∈ Spin(10) and each x ∈ R10.
The maximal torus of Spin(10) is

T̃ 5

:={t̃ = t̃1(θ1)t̃2(θ2)t̃3(θ3)t̃4(θ4)t̃5(θ5) ∈ Cl(R10)

| t̃i(θi) = cos θi − e2i−1e2i sin θi, θi ∈ R (i = 1, 2, 3, 4, 5)}
={(cos θ1 − e1e2 sin θ1) · (cos θ2 − e3e4 sin θ2) · (cos θ3 − e5e6 sin θ3)

· (cos θ4 − e7e8 sin θ4) · (cos θ5 − e9e10 sin θ5)

| θi ∈ R (i = 1, 2, 3, 4, 5)}.
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The double covering map

p : T̃ 5 −→ T 5

is given by

(cos θ1 − e1e2 sin θ1) · (cos θ2 − e3e4 sin θ2) · (cos θ3 − e5e6 sin θ3)

· (cos θ4 − e7e8 sin θ4) · (cos θ5 − e9e10 sin θ5)

7−→


(

cos 2θ1 − sin 2θ1

sin 2θ1 cos 2θ1

)
0 0

0 · · · 0

0 0

(
cos 2θ5 − sin 2θ5

sin 2θ5 cos 2θ5

)
 .

In fact,

(p(cos θ1 − e1e2 sin θ1))(e1)

=(cos θ1 − e1e2 sin θ1)e1
t(cos θ1 − e1e2 sin θ1)

=(cos θ1 − e1e2 sin θ1)e1(cos θ1 − e2e1 sin θ1)

=(cos θ1e1 − e1e2e1 sin θ1)(cos θ1 − e2e1 sin θ1)

= cos θ1 cos θ1e1 − e1e2e1 sin θ1 cos θ1 − cos θ1e1e2e1 sin θ1 + e1e2e1e2e1 sin θ1 sin θ1

= cos2 θ1e1 − e1e2e1 sin θ1 cos θ1 − e1e2e1 cos θ1 sin θ1 + e1e2e1e2e1 sin2 θ1

= cos2 θ1e1 − e2 sin θ1 cos θ1 − e2 cos θ1 sin θ1 − e1 sin2 θ1

=(cos2 θ1 − sin2 θ1)e1 − e2(2 sin θ1 cos θ1)

=(cos 2θ1)e1 − e2(sin 2θ1).

Hence,

t̃ =t = {(θ1, θ2, θ3, θ4, θ5) | θi ∈ R (i = 1, 2, 3, 4, 5)}
−→
T̃ ={ (cos (θ1/2) − e1e2 sin (θ1/2)) · (cos (θ2/2) − e3e4 sin (θ2/2))

· (cos (θ3/2) − e5e6 sin (θ3/2)) · (cos (θ4/2) − e7e8 sin (θ4/2))

· (cos (θ5/2) − e9e10 sin (θ5/2))

| θi ∈ R (i = 1, 2, 3, 4, 5)} ⊂ Spin(10)
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Γ(Spin(10))

={ξ = (θ1, θ2, θ3, θ4, θ5) ∈ t̃ | exp(ξ) = e}

={ξ = 2π (k1, k2, k3, k4, k5) | ki ∈ Z (i = 1, 2, 3, 4, 5),
5∑

i=1

ki ∈ 2Z}

⊂Γ(SO(10)),

Z(Spin(10))

:={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| Λ(ξ) ∈ 2πZ for each ξ ∈ Γ(Spin(10))}
={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| pi ∈ Z (i = 1, 2, 3, 4, 5) or pi +
1

2
∈ Z (i = 1, 2, 3, 4, 5)} ⊃ Z(SO(10))

∼=Z5 ⊕ ε(1, 1, 1, 1, 1), where ε = 0 or
1

2
.

D(Spin(10))

:={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| ⟨Λ, α⟩ ≥ 0 for each α ∈ Σ+(Spin(10))}
={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| (p1, · · · , p5) ∈ Z5 + ε(1, 1, 1, 1, 1), where ε = 0 or
1

2
,

p1 ≥ p2 ≥ p3 ≥ p4 ≥ |p5|}
⊃ D(SO(10)),

where the fundamental root system of o(10) is given by

Π(Spin(10))

:={α1 = y1 − y2, α2 = y2 − y3, α3 = y3 − y4, α4 = y4 − y5, α5 = y4 + y5}.

11.11. Branching Laws.

11.11.1. Branching laws of (SO(10), SO(2)×SO(8)) and (Spin(10), Spin(2)·
Spin(8)). Spin(10) and Spin(2) · Spin(8) have the common maximal
torus

T̃ ⊂ Spin(2) · Spin(8) ⊂ Spin(10).

SO(10) and SO(2) · SO(8) have the common maximal torus

T ⊂ SO(2) × SO(8) ⊂ SO(10).
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And t̃ = t. Hence

Γ(Spin(2) · Spin(8)) = Γ(Spin(10))

={ξ = (θ1, θ2, θ3, θ4, θ5) ∈ t̃ | exp(ξ) = e}

={ξ = 2π (k1, k2, k3, k4, k5) | ki ∈ Z (i = 1, 2, 3, 4, 5),
5∑

i=1

ki ∈ 2Z}

⊂Γ(SO(2) × SO(10)),

Z(Spin(2) · Spin(8))

:={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| Λ(ξ) ∈ 2πZ for each ξ ∈ Γ(Spin(2) · Spin(8))}
={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| pi ∈ Z (i = 1, 2, 3, 4, 5) or pi +
1

2
∈ Z (i = 1, 2, 3, 4, 5)} ⊃ Z(SO(2) × SO(8))

∼=Z5 ⊕ ε(1, 1, 1, 1, 1), where ε = 0 or
1

2
.

D(Spin(2) · Spin(8))

:={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| ⟨Λ, α⟩ ≥ 0 for each α ∈ Σ+(Spin(2) × Spin(8))}
={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| (p1, · · · , p5) ∈ Z5 + ε(1, 1, 1, 1, 1), where ε = 0 or
1

2
,

p2 ≥ p3 ≥ p4 ≥ |p5|}
⊃ D(SO(2) × SO(8)).

Theorem (Branching Laws of (SO(10), SO(2) × SO(8)), [40]). For
each

Λ = p1y1 + p2y2 + p3y3 + p4y4 + ϵp5y5 ∈ D(SO(10))

with ϵ = 1 or − 1 and (p1, p2, p3, p4, p5) ∈ Z5 satisfying p1 ≥ p2 ≥ p3 ≥
p4 ≥ p5 ≥ 0, VΛ contains an irreducible SO(2) × SO(8)-module with
the highest weight

Λ′ = q1y1 + q2y2 + q3y3 + q4y4 + ϵ′p5y5 ∈ D(SO(2) × SO(8))

with ϵ′ = 1 or − 1 and

(q1, q2, q3, q4, q5) ∈ Z5,

q2 ≥ q3 ≥ q4 ≥ q5 ≥ 0
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if and only if Λ′ = q1y1+q2y2+q3y3+q4y4+ϵ′q5y5 ∈ D(SO(2)×SO(8))
satisfying the following conditions :

(1)

p1 ≥ q2 ≥ p3,

p2 ≥ q3 ≥ p4,

p3 ≥ q4 ≥ p5,

p4 ≥ q5 ≥ 0.

(2) The coefficient of Xq1

Xϵϵ′ℓ5(
4∏

i=1

Xℓi+1 − X−ℓi−1

X − X−1
)

does not vanish. Here the integers ℓ1, ℓ2, · · · , ℓ5 are defined by

ℓ1 := p1 − max{p2, q2},
ℓ2 := min{p2, q2} − max{p3, q3},
ℓ3 := min{p3, q3} − max{p4, q4},
ℓ4 := min{p4, q4} − max{p5, q5},
ℓ5 := min{p5, q5}.

Moreover its multiplicity is equal to the coefficient of Xq1.

Theorem (Branching Laws of (Spin(10), Spin(2) ·Spin(8))). For each

Λ = p1y1 + p2y2 + p3y3 + p4y4 + δp5y5 ∈ D(Spin(10)),

with δ = 1 or − 1 and

(p1, p2, p3, p4, p5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 1 or
1

2
p1 ≥ p2 ≥ p3 ≥ p4 ≥ p5 ≥ 0,

VΛ contains an irreducible Spin(2) · Spin(8)-module with the highest
weight

Λ′ = q1y1 + q2y2 + q3y3 + q4y4 + δ′q5y5 ∈ D(Spin(2) · Spin(8))

with δ′ = 1 or − 1 and

(q1, q2, q3, q4, q5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 1 or
1

2
q2 ≥ q3 ≥ q4 ≥ q5 ≥ 0,

if and only if Λ′ = q1y1+q2y2+q3y3+q4y4+δ′q5y5 ∈ D(Spin(2)·Spin(8))
satisfies the following conditions :
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(1)

p1 + 1 > q2 > p3 − 1,

p2 + 1 > q3 > p4 − 1,

p3 + 1 > q4 > p5 − 1,

p4 + 1 > q5 ≥ 0.

(2) The coefficient of Xq1 in the following power series expansion
in X of

Xδδ′ℓ5(
4∏

i=1

Xℓi+1 − X−ℓi−1

X − X−1
)

does not vanish. Here

ℓ1 := p1 − max{p2, q2},
ℓ2 := min{p2, q2} − max{p3, q3},
ℓ3 := min{p3, q3} − max{p4, q4},
ℓ4 := min{p4, q4} − max{p5, q5},
ℓ5 := min{p5, q5}.

Moreover its multiplicity is equal to the coefficient of Xq1.

11.11.2. Branching Laws of (SO(8), SO(2)×SO(6)) and (Spin(8), Spin(2)·
Spin(6)). Spin(8) and Spin(2) · Spin(6) have the common maximal
torus

T̃ ⊂ Spin(2) · Spin(6) ⊂ Spin(8).

SO(8) and SO(2) · SO(6) have the common maximal torus

T ⊂ SO(2) × SO(6) ⊂ SO(8).
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And t̃ = t. Hence

Γ(Spin(2) · Spin(6)) = Γ(Spin(8))

={ξ = (θ2, θ3, θ4, θ5) ∈ t̃ | exp(ξ) = e}

={ξ = 2π (k2, k3, k4, k5) | ki ∈ Z (i = 2, 3, 4, 5),
5∑

i=2

ki ∈ 2Z}

⊂Γ(SO(2) × SO(6)),

Z(Spin(2) · Spin(6))

:={Λ = p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| Λ(ξ) ∈ 2πZ for each ξ ∈ Γ(Spin(2) · Spin(6))}
={Λ = p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| pi ∈ Z (i = 2, 3, 4, 5) or pi +
1

2
∈ Z (i = 2, 3, 4, 5)} ⊃ Z(SO(2) × SO(6))

∼=Z5 ⊕ ε(1, 1, 1, 1), ε = 0 or
1

2
.

D(Spin(2) · Spin(6))

:={Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| ⟨Λ, α⟩ ≥ 0 for each α ∈ Σ+(Spin(2) · Spin(6))}
={Λ = p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| (p2, p3, p4, p5) ∈ Z4 + ε(1, 1, 1, 1), where ε = 0 or
1

2
, ,

p2 ≥ p3 ≥ p4 ≥ |p5|}
⊃ D(SO(2) × SO(6))

Theorem (Branching Laws of (SO(8), SO(2) × SO(6))). For each

Λ = p2y2 + p3y3 + p4y4 + ϵp5y5 ∈ D(SO(8))

with ϵ = 1 or − 1 and (p2, p3, p4, p5) ∈ Z4 satisfying p2 ≥ p3 ≥ p4 ≥
p5 ≥ 0, VΛ contains an irreducible SO(2) × SO(6)-module with the
highest weight

Λ′ = q2y2 + q3y3 + q4y4 + ϵ′p5y5 ∈ D(SO(2) × SO(6))

with ϵ′ = 1 or − 1 and

(q2, q3, q4, q5) ∈ Z4,

q3 ≥ q4 ≥ q5 ≥ 0
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if and only if Λ′ = q2y2 + q3y3 + q4y4 + ϵ′q5y5 ∈ D(SO(2) × SO(6))
satisfying the following conditions :

(1)

p2 ≥ q3 ≥ p4,

p3 ≥ q4 ≥ p5,

p4 ≥ q5 ≥ 0.

(2) The coefficient of Xq2

Xϵϵ′ℓ5(
4∏

i=2

Xℓi+1 − X−ℓi−1

X − X−1
)

does not vanish. Here

ℓ2 := p2 − max{p3, q3},
ℓ3 := min{p3, q3} − max{p4, q4},
ℓ4 := min{p4, q4} − max{p5, q5},
ℓ5 := min{p5, q5}.

Moreover its multiplicity is equal to the coefficient of Xq2.

Theorem (Branching Laws of (Spin(8), Spin(2) · Spin(6))). For each

Λ = p2y2 + p3y3 + p4y4 + δp5y5 ∈ D(Spin(8)),

with ϵ = 1 or − 1 and

(p2, p3, p4, p5) ∈ Z4 + ε(1, 1, 1, 1), ε = 1 or
1

2
p2 ≥ p3 ≥ p4 ≥ p5 ≥ 0,

VΛ contains an irreducible Spin(2) · Spin(6)-module with the highest
weight

Λ′ = q2y2 + q3y3 + q4y4 + δ′p5y5 ∈ D(Spin(2) · Spin(6))

with ϵ′ = 1 or − 1 and

(q2, q3, q4, q5) ∈ Z4 + ε(1, 1, 1, 1), ε = 1 or
1

2
q3 ≥ q4 ≥ q5 ≥ 0.

if and only if Λ′ = q2y2 + q3y3 + q4y4 + ϵ′q5y5 ∈ D(SO(2) × SO(6))
satisfies the following conditions :
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(1)

p2 + 1 > q3 > p4 − 1,

p3 + 1 > q4 > p5 − 1,

p4 + 1 > q5 ≥ 0.

(2) The coefficient of Xq2

Xδδ′ℓ5(
4∏

i=2

Xℓi+1 − X−ℓi−1

X − X−1
)

does not vanish. Here

ℓ2 := p2 − max{p3, q3},
ℓ3 := min{p3, q3} − max{p4, q4},
ℓ4 := min{p4, q4} − max{p5, q5},
ℓ5 := min{p5, q5}.

Moreover its multiplicity is equal to the coefficient of Xq2.

11.12. D(K) = D((U(1) × Spin(10))/Z4).

11.12.1. Descriptions of Γ(K), Z(K) and D(K). The maximal torus
TK of K = (U(1) × Spin(10))/Z4 is given as follows :

TK ={(e
√
−1θ0 , (cos

θ1

2
− e1e2 sin

θ1

2
)(cos

θ1

2
− e3e4 sin

θ1

2
)

(cos
θ1

2
− e5e6 sin

θ1

2
)(cos

θ1

2
− e7e8 sin

θ1

2
)(cos

θ1

2
− e9e10 sin

θ1

2
))

| θ0, θ1 ∈ R}/Z4,

where t0 = 2θ0, t1 = θ1, U(1) = {exp(t0
√
−1R(2e1−e2−e3)) | t0 ∈ R},

Spin(2) = {exp(t1
√
−1R(e2 − e3)) | t1 ∈ R} and

Z4 := {(1, 1), (−1,−1), (
√
−1,−e1e2 · · · e10), (−

√
−1, e1e2 · · · e10)}.

The corresponding maximal abelian subalgebra t of k is

t = {(θ0, θ1, θ2, θ3, θ4, θ5) | θi ∈ R (i = 0, 1, 2, 3, 4, 5)}.
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Then

Γ(K) ={ξ = 2π(
k0

2
, k1, k2, k3, k4, k5) + πε(

1

2
, 1, 1, 1, 1, 1)

= 2π(
k0

2
, k1, k2, k3, k4, k5) + 2πε(

1

4
,
1

2
,
1

2
,
1

2
,
1

2
,
1

2
)

| k0, k1, k2, k3, k4, k5 ∈ Z, ε = 0 or 1,
5∑

α=0

kα ∈ 2Z},

Z(K) =Z((U(1) × Spin(10))/Z4)

={Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗ |
1

2
p0 + p1 + p2 + p3 + p4 + p5 ∈ 2Z,

p0 ∈ Z, (p1, p2, p3, p4, p5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or
1

2
}

and

△(K) = △((U(1) × Spin(10))/Z4)

= {y1 − y2, y2 − y3, y3 − y4, y4 − y5, y4 + y5},

D(K) =D((U(1) × Spin(10))/Z4)

={Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ Z(K) |
⟨Λ, α⟩ ≥ 0 for each α ∈ Σ+(K)}

={Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗ |
1

2
p0 + p1 + p2 + p3 + p4 + p5 ∈ 2Z, p0 ∈ Z,

(p1, p2, p3, p4, p5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or
1

2
,

p1 ≥ p2 ≥ p3 ≥ p4 ≥ |p5| }.

11.13. Descriptions of D(K2), D(K1) and D(K0). For K2 = (U(1)×
(Spin(2) · Spin(8)))/Z4 ⊂ K, TK2 = TK , where t1 = θ1, Spin(2) =
{exp(t1

√
−1R(e2 − e3)) | t1 ∈ R}. Hence, Γ(K2) = Γ(K), Z(K2) =

Z(K) and
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D(K2) =D((U(1) × Spin(2) · Spin(8))/Z4)

={Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗ |
1

2
p0 + p1 + p2 + p3 + p4 + p5 ∈ 2Z, p0 ∈ Z,

(p1, p2, p3, p4, p5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or
1

2
,

p2 ≥ p3 ≥ p4 ≥ |p5| }.

On the other hand, K2 = (S1 × (Spin(2) ·Spin(8)))/Z4, where S1 =
{exp(t̂0

√
−1R(−e1+2e2−e3)) | t̂0 ∈ R}, Spin(2) = {exp(t̂1

√
−1R(e3−

e1)) | t̂1 ∈ R} and here Spin(2) · Spin(8) ⊂ (E6)e2
∼= Spin(10). Since

exp(t0
√
−1R(2e1 − e2 − e3)) · exp(t1

√
−1R(e2 − e3))

= exp(−t0 − t1
2

√
−1R(−e1 + 2e2 − e3)) · exp(−3t0 + t1

2

√
−1R(e3 − e1)),

one can take

t̂0 = −t0 − t1
2

, t̂1 = −3t0 + t1
2

.

Set

ŷ0 = θ̂0 =
t̂0
2

:= −2y0 − y1

4
= −1

2
y0 +

1

4
y1,

ŷ1 = θ̂1 = t̂1 := −6y0 + y1

2
= −3y0 −

1

2
y1,

ŷ2 = θ̂2 :=
1

2
(y2 + y3 + y4 + y5),

ŷ3 = θ̂3 :=
1

2
(y2 + y3 − y4 − y5),

ŷ4 = θ̂4 :=
1

2
(y2 − y3 + y4 − y5),

ŷ5 = θ̂5 :=
1

2
(−y2 + y3 + y4 − y5).

(11.20)
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Correspondingly,

y0 = −2ŷ0 + ŷ1

4
= −1

2
ŷ0 −

1

4
ŷ1,

y1 =
6ŷ0 − ŷ1

2
= 3ŷ0 −

1

2
ŷ1,

y2 =
1

2
(ŷ2 + ŷ3 + ŷ4 − ŷ5),

y3 =
1

2
(ŷ2 + ŷ3 − ŷ4 + ŷ5),

y4 =
1

2
(ŷ2 − ŷ3 + ŷ4 + ŷ5),

y5 =
1

2
(ŷ2 − ŷ3 − ŷ4 − ŷ5),

Thus

Λ = p̂0ŷ0 + p̂1ŷ1 + p̂2ŷ2 + p̂3ŷ3 + p̂4ŷ4 + p̂5ŷ5

∈ D(K2) = D((S1 × Spin(2) · Spin(8))/Z4),

where

p̂0 = − 1

2
p0 + 3p1,

p̂1 = − 1

4
p0 −

1

2
p1,

p̂2 =
1

2
(p2 + p3 + p4 + p5),

p̂3 =
1

2
(p2 + p3 − p4 − p5),

p̂4 =
1

2
(p2 − p3 + p4 − p5),

p̂5 =
1

2
(−p2 + p3 + p4 − p5).

Then D(K2) has the following another expression:

D(K2) =D((S1 × Spin(2) · Spin(8))/Z4)

={Λ = p̂0ŷ0 + p̂1ŷ1 + p̂2ŷ2 + p̂3ŷ3 + p̂4ŷ4 + p̂5ŷ5 ∈ t∗ |
1

2
p̂0 + p̂1 + p̂2 + p̂3 + p̂4 + p̂5 ∈ 2Z, p̂0 ∈ Z,

(p̂1, p̂2, p̂3, p̂4, p̂5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or
1

2
,

p̂2 ≥ p̂3 ≥ p̂4 ≥ |p̂5| }.
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The maximal torus of K1 = (S1× (Spin(2) · (Spin(2) ·Spin(6))))/Z4

is given as follows:

TK1 = {(e
√
−1θ̂0 , (cos

θ̂1

2
− e1e2 sin

θ̂1

2
)(cos

θ̂1

2
− e3e4 sin

θ̂1

2
)

(cos
θ̂1

2
− e5e6 sin

θ̂1

2
)(cos

θ̂1

2
− e7e8 sin

θ̂1

2
)(cos

θ̂1

2
− e9e10 sin

θ̂1

2
))

| θ̂0, θ̂1 ∈ R}/Z4

= T̂K2 = TK2 = TK .

and the corresponding maximal abelian subalgebra tk1 of k1 is

tk1 = t̂k2 = {(θ̂0, θ̂1, θ̂2, θ̂3, θ̂4, θ̂5) | θ̂i ∈ R (i = 0, 1, 2, 3, 4, 5)}
= tk2 = t.

Thus

D(K1) =D((S1 × (Spin(2) · (Spin(2) · Spin(6))))/Z4)

={Λ = p̂0ŷ0 + p̂1ŷ1 + p̂2ŷ2 + p̂3ŷ3 + p̂4ŷ4 + p̂5ŷ5 ∈ t∗k1 = t∗ |
1

2
p̂0 + p̂1 + p̂2 + p̂3 + p̂4 + p̂5 ∈ 2Z, p̂0 ∈ Z,

(p̂1, p̂2, p̂3, p̂4, p̂5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or
1

2
,

p̂3 ≥ p̂4 ≥ |p̂5| }.

The maximal torus of K0 = (S1 × Spin(6))/Z2 is given as follows :

TK0 ={(e
√
−1θ̂0 , (cos

θ̂3

2
− e5e6 sin

θ̂3

2
)(cos

θ̂4

2
− e7e8 sin

θ̂4

2
)

(cos
θ̂5

2
− e9e10 sin

θ̂5

2
)) | θ̂i ∈ R (i = 0, 3, 4, 5)}/Z2

⊂ T̂K2 = TK

and the corresponding maximal abelian subalgebra of k0 is

tk0 ={(θ̂0, 0, 0, θ̂3, θ̂4, θ̂5) | θ̂i ∈ R (i = 0, 3, 4, 5)}
⊂ tk2 = t.
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Then

D(K0) =D((S1 × Spin(6))/Z2)

={Λ = q̂0ŷ0 + q̂3ŷ3 + q̂4ŷ4 + q̂5ŷ5 ∈ t∗k0 |
1

2
q̂0 + q̂3 + q̂4 + q̂5 ∈ 2Z, q̂0 ∈ Z,

(q̂3, q̂4, q̂5) ∈ Z3 + ε(1, 1, 1), ε = 0 or
1

2
q̂3 ≥ q̂4 ≥ |q̂5| }.

11.14. Branching Laws of K ⊃ K2 ⊃ K1 ⊃ K0.

11.14.1. Branching laws of (K, K2).

(K, K2) = ((U(1) × Spin(10))/Z4, (U(1) × Spin(2) · Spin(8))/Z4).

Let

Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + ϵp5y5 ∈ D(K),

where
1

2
p0 + p1 + p2 + p3 + p4 + ϵp5 ∈ 2Z, p0 ∈ Z,

(p1, p2, p3, p4, p5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or
1

2
,

p1 ≥ p2 ≥ p3 ≥ p4 ≥ p5 ≥ 0, ϵ = 1 or − 1.

Let

Λ′ = p′0y0 + p′1y1 + p′2y2 + p′3y3 + p′4y4 + ϵ′p′5y5 ∈ D(K2),

where
1

2
p′0 + p′1 + p′2 + p′3 + p′4 + ϵ′p′5 ∈ 2Z, p′0 = p0 ∈ Z,

(p′1, p
′
2, p

′
3, p

′
4, p

′
5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or

1

2
,

p′2 ≥ p′3 ≥ p′4 ≥ p′5 ≥ 0, ϵ′ = 1 or − 1.

Then VΛ contains an irreducible K2-module WΛ′ with the highest weight
Λ′ if and only if

(1)

p1 ≥ p′2 ≥ p3,

p2 ≥ p′3 ≥ p4,

p3 ≥ p′4 ≥ p5,

p4 ≥ p′5 ≥ 0;
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(2) The coefficient of Xp′1 in the following (finite) power series ex-
pansion in X

Xϵϵ′ℓ5

4∏
i=1

Xℓi+1 − X−ℓi−1

X − X−1

does not vanish. Here

ℓ1 := p1 − max{p2, p
′
2},

ℓ2 := min{p2, p
′
2} − max{p3, p

′
3},

ℓ3 := min{p3, p
′
3} − max{p4, p

′
4},

ℓ4 := min{p4, p
′
4} − max{p5, p

′
5},

ℓ5 := min{p5, p
′
5}.

Moreover, its multiplicity is equal to the coefficient of Xp′1 .

11.14.2. Branching laws of (K2, K1).

(K2, K1) =((U(1) × Spin(2) · Spin(8))/Z4 = (S1 × Spin(2) · Spin(8))/Z4,

(S1 × Spin(2) · (Spin(2) · Spin(6)))/Z4).

Let

Λ′ = p′0y0 + p′1y1 + p′2y2 + p′3y3 + p′4y4 + ϵ′p′5y5

∈ D(K2) = D((U(1) × Spin(2) · Spin(8))/Z4)

with

1

2
p′0 + p′1 + p′2 + p′3 + p′4 + p′5 ∈ 2Z, p′0 ∈ Z,

(p′1, p
′
2, p

′
3, p

′
4, p

′
5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or

1

2
,

p′2 ≥ p′3 ≥ p′4 ≥ p′5 ≥ 0, ϵ′ = 1 or − 1.

Then

Λ′ = p̂′0ŷ0 + p̂′1ŷ1 + p̂′2ŷ2 + p̂′3ŷ3 + p̂′4ŷ4 + ϵ̂′p̂′5ŷ5

∈ D(K2) = D((S1 × Spin(2) · Spin(8))/Z4),
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where

p̂′0 = −1

2
p′0 + 3p′1,

p̂′1 = −1

4
p′0 −

1

2
p′1,

p̂′2 =
1

2
(p′2 + p′3 + p′4 + ϵ′p′5),

p̂′3 =
1

2
(p′2 + p′3 − p′4 − ϵ′p′5),

p̂′4 =
1

2
(p′2 − p′3 + p′4 − ϵ′p′5),

ϵ̂′p̂′5 =
1

2
(−p′2 + p′3 + p′4 − ϵ′p′5),

with p̂′5 ≥ 0, ϵ̂′ = 1 or − 1 and ŷi (i = 0, 1, 2, 3, 4, 5) are expressed in
terms of yi’s by (11.20). Here

1

2
p̂′0 + p̂′1 + p̂′2 + p̂′3 + p̂′4 + ϵ̂′p̂′5 ∈ 2Z, p̂′0 ∈ Z,

(p̂′1, p̂
′
2, p̂

′
3, p̂

′
4, p̂

′
5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or

1

2
,

p̂′2 ≥ p̂′3 ≥ p̂′4 ≥ p̂′5 ≥ 0, ϵ̂′ = 1 or − 1.

Let Λ′′ = p̂′′0 ŷ0 + p̂′′1 ŷ1 + p̂′′2 ŷ2 + p̂′′3 ŷ3 + p̂′′4 ŷ4 + ϵ̂′′p̂′′5 ŷ5 ∈ D(K1), with

1

2
p̂′′0 + p̂′′1 + p̂′′2 + q′′3 + p̂′′4 + p̂′′5 ∈ 2Z, p̂′′0 ∈ Z,

(p̂′′1, p̂
′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or

1

2
,

p̂′′3 ≥ p̂′′4 ≥ p̂′′5 ≥ 0, ϵ̂′′ = 1 or − 1.

Then WΛ′ contains an irreducible K1-module UΛ′′ with the highest
weight Λ′′ if and only if

(1)

p̂′′0 = p̂′0,

p̂′′1 = p̂′1,

p̂′2 ≥ p̂′′3 ≥ p̂′4,

p̂′3 ≥ p̂′′4 ≥ p̂′5,

p̂′4 ≥ p̂′′5 ≥ 0.
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(2) The coefficient of X p̂′′2 in the (finite) power series expansion in
X

X ϵ̂′ϵ̂′′ℓ5

4∏
i=2

Xℓi+1 − X−ℓi−1

X − X−1

does not vanish. Here

ℓ2 := p̂′2 − max{p̂′3, p̂′′3},
ℓ3 := min{p̂′3, p̂′′3} − max{p̂′4, p̂′′4},
ℓ4 := min{p̂′4, p̂′′4} − max{p̂′5, p̂′′5},
ℓ5 := min{p̂′5, p̂′′5}.

Moreover, its multiplicity is equal to the coefficient of X p̂′′2 .

11.14.3. Branching laws of (K1, K0).

(K1, K0) = ((S1×Spin(2) · (Spin(2) ·Spin(6)))/Z4, (S
1 ·Spin(6))/Z2).

Let

Λ′′ = p̂′′0 ŷ0 + p̂′′1 ŷ1 + p̂′′2 ŷ2 + p̂′′3 ŷ3 + p̂′′4 ŷ4 + ϵ̂′′p̂′′5 ŷ5

∈ D(K1) = D((U(1) × Spin(2) · (Spin(2) · Spin(6)))/Z4)

with

1

2
p̂′′0 + p̂′′1 + p̂′′2 + p̂′′3 + p̂′′4 + p̂′′5 ∈ 2Z, p̂′′0 ∈ Z,

(p̂′′1, p̂
′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or

1

2
,

p̂′′3 ≥ p̂′′4 ≥ p̂′′5 ≥ 0, ϵ̂′′ = 1 or − 1.

Let

Λ′′′ = p̂′′′0 ŷ0 + p̂′′′3 ŷ3 + p̂′′′4 ŷ4 + ϵ̂′′′p̂′′′5 ŷ5 ∈ D(K0) = D((S1 · Spin(6))/Z2)

with

p̂′′′0 ∈ 2Z, (p̂′′′3 , p̂′′′4 , p̂′′′5 ) ∈ Z3 + ε(1, 1, 1), ε = 0 or
1

2
p̂′′′3 ≥ p̂′′′4 ≥ p̂′′′5 ≥ 0, ϵ̂′′′ = 1 or − 1.

Then UΛ′′ contains an irreducible K0-module UΛ′′′ with the highest
weight Λ′′′ if and only if

p̂′′′0 = p̂′′0,

p̂′′′3 = p̂′′3, p̂
′′′
4 = p̂′′4, p̂

′′′
5 = p̂′′5, ϵ̂

′′ = ϵ̂′′′.
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11.15. Determination of D(K, K0). Let

Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + ϵp5y5 ∈ D(K),

Λ′ = p′0y0 + p′1y1 + p′2y2 + p′3y3 + p′4y4 + ϵ′p′5y5

= p̂′0ŷ0 + p̂′1ŷ1 + p̂′2ŷ2 + p̂′3ŷ3 + p̂′4ŷ4 + ϵ̂′p̂′5ŷ5 ∈ D(K2),

Λ′′ = p̂′′0 ŷ0 + p̂′′1 ŷ1 + p̂′′2 ŷ2 + p̂′′3 ŷ3 + p̂′′4 ŷ4 + ϵ̂′′p̂′′5 ŷ5 ∈ D(K1),

Λ′′′ = p̂′′′0 ŷ0 + p̂′′′3 ŷ3 + p̂′′′4 ŷ4 + ϵ̂′′′p̂′′′5 ŷ5 ∈ D(K0).

Assume that the corresponding representation spaces satisfy

VΛ ⊃ WΛ′ ⊃ UΛ′′ = UΛ′′′ ̸= {0}.

Suppose that UΛ′′′ ̸= {0} is a trivial representation of K0, that is,
Λ′′′ = 0. It must be dimC UΛ′′′ = dimC UΛ′′ = 1. Then we have

p̂′′′0 = p̂′′0 = 0,

p̂′′′3 = p̂′′3 = 0,

p̂′′′4 = p̂′′4 = 0,

p̂′′′5 = p̂′′5 = 0 .

Thus

Λ′′ = p̂′′1 ŷ1 + p̂′′2 ŷ2 ∈ D(K1)

with

p̂′′1, p̂
′′
2 ∈ Z, p̂′′1 + p̂′′2 ∈ 2Z.

By the branching laws of (K2, K1),

p̂′2 ≥ p̂′′3 = 0 ≥ p̂′4

p̂′3 ≥ p̂′′4 = 0 ≥ p̂′5

p̂′4 ≥ p̂′′5 = 0 ≥ 0

Thus p̂′4 = 0 and p̂′5 = 0. Hence (p̂′4, p̂
′
5) = (0, 0) and p̂′2 ≥ 0, p̂′3 ≥ 0.

Then

ℓ2 = p̂′2 − max{p̂′3, p̂′′3} = p̂′2 − max{p̂′3, 0}
= p̂′2 − p̂′3,

ℓ3 = min{p̂′3, p̂′′3} − max{p̂′4, p̂′′4} = min{p̂′3, 0} − max{0, 0}
= 0 − 0 = 0,

ℓ4 = min{p̂′4, p̂′′4} − max{p̂′5, p̂′′5} = min{0, 0} − max{0, 0}
= 0 − 0 = 0,

ℓ5 = min{p̂′5, p̂′′5} = min{0, 0} = 0.
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Then the coefficient of X p̂′′2 in the (finite) power series expansion in X

X ϵ̂′ϵ̂′′ℓ5

4∏
i=2

Xℓi+1 − X−ℓi−1

X − X−1

=X0Xℓ2+1 − X−ℓ2−1

X − X−1

=
X p̂′2−p̂′3+1 − X−(p̂′2−p̂′3)−1

X − X−1

=X p̂′2−p̂′3 + X p̂′2−p̂′3−2 + · · · + X−(p̂′2−p̂′3).

is equal to its multiplicity. Hence we have

−(p̂′2 − p̂′3) ≤ p̂′′2 = p̂′2 − p̂′3 − 2i ≤ p̂′2 − p̂′3

for some i ∈ Z with 0 ≤ i ≤ p̂′2 − p̂′3. Moreover, p̂′0 = p̂′′0 = 0, p̂′1 = p̂′′1.
Thus

Λ′′ = p̂′′1 ŷ1 + p̂′′2 ŷ2 ∈ D(K1),

Λ′ = p̂′1ŷ1 + p̂′2ŷ2 + p̂′3ŷ3 ∈ D(K2).

with

p̂′1 = p̂′′1, p̂
′
2, p̂

′
3, p̂

′′
2 ∈ Z, p̂′1 + p̂′2 + p̂′3 ∈ 2Z, p̂′′1 + p̂′′2 ∈ 2Z,

− (p̂′2 − p̂′3) ≤ p̂′′2 = p̂′2 − p̂′3 − 2i ≤ p̂′2 − p̂′3

for some i ∈ Z with 0 ≤ i ≤ p̂′2 − p̂′3. Therefore,

Λ′ = p′0y0 + p′1y1 + p′2y2 + p′3y3 + p′4y4 + ϵ′p′5y5 ∈ D(K2)

with

p′0 = −1

2
p̂′0 − 3p̂′1 = −3p̂′1,

p′1 =
1

4
p̂′0 −

1

2
p̂′1 = −1

2
p̂′1,

p′2 =
1

2
(p̂′2 + p̂′3 + p̂′4 − ϵ̂′p̂′5) =

1

2
(p̂′2 + p̂′3),

p′3 =
1

2
(p̂′2 + p̂′3 − p̂′4 + ϵ̂′p̂′5) =

1

2
(p̂′2 + p̂′3),

p′4 =
1

2
(p̂′2 − p̂′3 + p̂′4 + ϵ̂′p̂′5) =

1

2
(p̂′2 − p̂′3),

ϵ′p′5 =
1

2
(p̂′2 − p̂′3 − p̂′4 − ϵ̂′p̂′5) =

1

2
(p̂′2 − p̂′3).
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In particular,

ϵ′ = 1,

p′2 = p′3 =
1

2
(p̂′2 + p̂′3),

p′4 = p′5 =
1

2
(p̂′2 − p̂′3).

By the branching laws of (K,K2),

p1 ≥ p′2 ≥ p3

p2 ≥ p′3 = p′2 ≥ p4

p3 ≥ p′4 ≥ p5

p4 ≥ p′5 = p′4 ≥ 0

Thus

p1 ≥ p2 ≥ p′2 = p′3 ≥ p3 ≥ p4 ≥ p′4 = p′5 ≥ p5 ≥ 0.

Then

ℓ1 = p1 − max{p2, p
′
2} = p1 − p2,

ℓ2 = min{p2, p
′
2} − max{p3, p

′
3} = p′2 − p′3 = 0,

ℓ3 = min{p3, p
′
3} − max{p4, p

′
4} = p3 − p4,

ℓ4 = min{p4, p
′
4} − max{p5, p

′
5} = p′4 − p′5 = 0,

ℓ5 = min{p5, p
′
5} = p5.

Then the coefficient of Xp′1 = X− 1
2
p̂′1 = X− 1

2
p̂′′1 in the (finite) power

series expansion in X

Xϵϵ′ℓ5

4∏
i=1

Xℓi+1 − X−ℓi−1

X − X−1

=Xϵϵ′p5
Xp1−p2+1 − X−(p1−p2+1)

X − X−1

Xp3−p4+1 − X−(p3−p4+1)

X − X−1

=Xϵϵ′p5(Xp1−p2 + · · · + Xp1−p2−2i + · · · + X−(p1−p2))

(Xp3−p4 + · · · + Xp3−p4−2j + · · · + X−(p3−p4))

=Xϵϵ′p5

p1−p2∑
i=0

Xp1−p2−2i

p3−p4∑
j=0

Xp3−p4−2j

=Xϵϵ′p5

p1−p2∑
i=0

p3−p4∑
j=0

X(p1−p2)+(p3−p4)−2(i+j)

is equal to its multiplicity.
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Then

Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + ϵp5y5 ∈ D(K)

satisfies p0 = p′0 = −3p̂′1 = 6p′1 ∈ 3Z.

11.16. Eigenvalue formula of CL.

CL = 12CK/K0 − 6CK2/K0 − 3CK1/K0 .

Recall that the description of the maximal torus of K, with respect to
the inner product ⟨A,B⟩ = −trAB for A,B ∈ K ⊂ E6, the orthogonal
basis

e0 = (1, 0, 0, 0, 0, 0) ∈ t = {(θ0, θ1, θ2, θ3, θ4, θ5) | θi ∈ R}

corresponds to 2
√
−1R(2e1 − e2 − e3) and e1 = (0, 1, 0, 0, 0, 0) ∈ t

corresponds to
√
−1R(e2 − e3) ∈ spin(10). Moreover,

⟨e0, e0⟩ = ⟨2
√
−1R(2e1 − e2 − e3), 2

√
−1R(2e1 − e2 − e3)⟩ = 4 × 18 = 72,

⟨e1, e1⟩ = ⟨
√
−1R(e2 − e3),

√
−1R(e2 − e3)⟩ = 6.

It follows that the inner products of the dual bases {y0, y1, y2, y3, y4, y5}
of t∗ of {e0, e1, e2, e3, e4, e5} of t are given by

⟨yα, yβ⟩ = 0, (0 ≤ α ̸= β ≤ 5),

⟨y0, y0⟩ =
1

72
, ⟨yi, yj⟩ =

1

6
, (1 ≤ i ̸= j ≤ 5).

For

Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + ϵp5y5 ∈ D(K, K0),

Λ′ = p0y0 +
p0

6
y1 + p′2y2 + p′2y3 + p′4y4 + p′4y5

= −p0

3
ŷ1 + (p′2 + p′4)ŷ2 + (p′2 − p′4)ŷ3 ∈ D(K2, K0),

Λ′′ = −p0

3
ŷ1 + p̂′′2 ŷ2 ∈ D(K1, K0),

Σ+(K) = {yi ± yj(1 ≤ i < j ≤ 5), yi + y5}
2δK = Σα>0α = 8y1 + 6y2 + 4y3 + 2y4,

CK(Λ) = ⟨Λ + 2δK , Λ⟩

=
1

72
p2

0 +
1

6
{(p1 + 8)p1 + (p2 + 6)p2 + (p3 + 4)p3 + (p4 + 2)p4 + (p5)

2}
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Σ+(K2) = {yi ± yj(2 ≤ i < j ≤ 5)}
2δK2 = Σα>0α = 6y2 + 4y3 + 2y4,

CK2(Λ
′) = ⟨Λ′ + 2δK2 , Λ

′⟩

=
1

72
(p′0)

2 +
1

6
{(p′1)2 + (p′2 + 6)p′2 + (p′3 + 4)p′3 + (p′4 + 2)p′4 + (p′5)

2}

=
1

72
(p̂′0)

2 +
1

6
{(p̂′1)2 + (p̂′2 + 6)p̂′2 + (p̂′3 + 4)p̂′3 + (p̂′4 + 2)p̂′4 + (p̂′5)

2},

Σ+(K1) = {yi ± yj(3 ≤ i < j ≤ 5)}
2δK1 = Σα>0α = 4y3 + 2y4,

CK1(Λ
′′) = ⟨Λ′′ + 2δK1 , Λ

′′⟩

=
1

72
(p̂′′0)

2 +
1

6
{(p̂′′1)2 + (p̂′′2)

2 + (p̂′′3 + 4)p̂′′3 + (p̂′′4 + 2)p̂′′4 + (p̂′′5)
2}.

Then for each Λ ∈ D(K, K0),

CL =2{(p1 + 8)p1 + (p2 + 6)p2 + (p3 + 4)p3 + (p4 + 2)p4 + (p5)
2}

− {(p′2 + 6)p′2 + (p′2 + 4)p′2 + (p′4 + 2)p′4 + (p′4)
2} − 1

2
(p̂′′2)

2

=2(p1 + 8)p1 + 2((p2)
2 − (p′2)

2) + 12p2 − 10p′2 + 2(p3)
2 + 8p3

+ 2((p4)
2 − (p′4)

2) + 4p4 − 2p′4 + 2(p5)
2 − 1

2
(p̂′′2)

2

=2(p1 + 8)p1 + 2((p2)
2 − (p′2)

2) + 2p2 + 10(p2 − p′2) + 2(p3)
2 + 8p3

+ 2((p4)
2 − (p′4)

2) + 2p4 + 2(p4 − p′4) + 2(p5)
2 − 1

2
(p̂′′2)

2

≥2(p1 + 8)p1 + 2p2 + 2(p3)
2 − 1

2
(p̂′′2)

2 + 8p3 + 2p4 + 2(p5)
2

=2(p1 + 8)p1 + 2p2 + (2(p′5)
2 − 1

2
(p̂′′2)

2) + 8p3 + 2p4 + 2(p5)
2

≥2(p1 + 8)p1 + 2p2 + 8p3 + 2p4 + 2(p5)
2

(in case p2 = p′2, p4 = p′4, 2p3 = 2p4 = 2p′4 = 2p′5 = |p̂′′2|).

Here

p1 ≥ p2 ≥ p′2 = p′3 ≥ p3 ≥ p4 ≥ p′4 = p′5 ≥ p5 ≥ 0,

− 2p′4 = −2p′5 = −(p̂′2 − p̂′3) ≤ p̂′′2 ≤ p̂′2 − p̂′3 = 2p′5 = 2p′4.
152



Notice that if p1 = 0, then CL = 0 and if p1 ≥ 2, then CL ≥ 40 > 30.
In case p1 = 3

2
, (p0, p1, p2, p3, p4, p5) =

(p0,
3

2
,
3

2
,
3

2
,
3

2
,
3

2
), (p0,

3

2
,
3

2
,
3

2
,
3

2
,−3

2
), (p0,

3

2
,
3

2
,
3

2
,
3

2
,
1

2
), (p0,

3

2
,
3

2
,
3

2
,
3

2
,−1

2
),

(p0,
3

2
,
3

2
,
3

2
,
1

2
,
1

2
), (p0,

3

2
,
3

2
,
3

2
,
1

2
,−1

2
), (p0,

3

2
,
3

2
,
1

2
,
1

2
,
1

2
), (p0,

3

2
,
3

2
,
1

2
,
1

2
,−1

2
),

(p0,
3

2
,
1

2
,
1

2
,
1

2
,
1

2
), (p0,

3

2
,
1

2
,
1

2
,
1

2
,−1

2
).

In these cases,

CL ≥2(p1 + 8)p1 + 2p2 + 8p3 + 2p4 + 2(p5)
2

≥2 · (3
2

+ 8) · 3

2
+ 2 · 1

2
+ 8 · 1

2
+ 2 · 1

2
+ 2 · (1

2
)2

=35 > 30.

Hence in order to decide the Hamiltonian stability, i.e., to compare the
first eigenvalue CL and 30, we can assume that p1 = 1

2
or 1 in the

following.

11.16.1. List of Λ ∈ D(K,K0), Λ′ ∈ D(K2, K0), Λ′′ ∈ D(K1, K0) with
p1 = 1

2
or 1. In case p1 = 1

2
,

(p0, p1, p2, p3, p4, p5) = (p0,
1

2
,
1

2
,
1

2
,
1

2
,
1

2
) or (p0,

1

2
,
1

2
,
1

2
,
1

2
,−1

2
).

If (p0, p1, p2, p3, p4, p5) = (p0,
1
2
, 1

2
, 1

2
, 1

2
, 1

2
), then

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (3,

1

2
,
1

2
,
1

2
,
1

2
,
1

2
),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0,−1, 1, 0, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0,−1, 1, 0, 0, 0) or (0,−1,−1, 0, 0, 0).

If (p0, p1, p2, p3, p4, p5) = (p0,
1
2
, 1

2
, 1

2
, 1

2
,−1

2
), then

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (−3,−1

2
,
1

2
,
1

2
,
1

2
,
1

2
),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 1, 1, 0, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 1, 1, 0, 0, 0) or (0, 1,−1, 0, 0, 0).
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In case p1 = 1,

(p0, p1, p2, p3, p4, p5) =(p0, 1, 1, 1, 1, 1),

(p0, 1, 1, 1, 1,−1),

(p0, 1, 1, 1, 1, 0),

(p0, 1, 1, 1, 0, 0),

(p0, 1, 1, 0, 0, 0),

(p0, 1, 0, 0, 0, 0).

If (p0, p1, p2, p3, p4, p5) = (p0, 1, 1, 1, 1, 1), then

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (6, 1, 1, 1, 1, 1),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0,−2, 2, 0, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0,−2, 2, 0, 0, 0), (0,−2,−2, 0, 0, 0) or (0,−2, 0, 0, 0, 0).

If (p0, p1, p2, p3, p4, p5) = (p0, 1, 1, 1, 1,−1), then

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (6,−1, 1, 1, 1, 1),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 2, 2, 0, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 2, 2, 0, 0, 0), (0, 2,−2, 0, 0, 0) or (0, 2, 0, 0, 0, 0).

If (p0, p1, p2, p3, p4, p5) = (p0, 1, 1, 1, 1, 0), then

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (0, 0, 1, 1, 0, 0),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 0, 1, 1, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 0, 0, 0, 0, 0)

or

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (0, 0, 1, 1, 1, 1),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 0, 2, 0, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 0, 2, 0, 0, 0), (0, 0,−2, 0, 0, 0) or (0, 0, 0, 0, 0, 0).

If (p0, p1, p2, p3, p4, p5) = (p0, 1, 1, 1, 0, 0), then

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (6, 1, 1, 1, 0, 0),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0,−2, 1, 1, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0,−2, 0, 0, 0, 0)

or

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (−6,−1, 1, 1, 0, 0),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 2, 1, 1, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 2, 0, 0, 0, 0).
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If (p0, p1, p2, p3, p4, p5) = (p0, 1, 1, 0, 0, 0), then

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (0, 0, 0, 0, 0, 0),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 0, 0, 0, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 0, 0, 0, 0, 0)

or

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (0, 0, 1, 1, 0, 0),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 0, 1, 1, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 0, 0, 0, 0, 0).

If (p0, p1, p2, p3, p4, p5) = (p0, 1, 0, 0, 0, 0), then

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (6, 1, 0, 0, 0, 0),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0,−2, 0, 0, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0,−2, 0, 0, 0, 0)

or

(p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (−6,−1, 0, 0, 0, 0),

(p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 2, 0, 0, 0, 0),

(p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 2, 0, 0, 0, 0).

By the direct computation we get the following small eigenvalues in
the above cases.
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Λ Λ′ Λ′′ CL

3, 1
2
, 1

2
, 1

2
, 1

2
, 1

2
3, 1

2
, 1

2
, 1

2
, 1

2
, 1

2
0,−1, 1, 0, 0, 0 15

3, 1
2
, 1

2
, 1

2
, 1

2
, 1

2
3, 1

2
, 1

2
, 1

2
, 1

2
, 1

2
0,−1,−1, 0, 0, 0 15

−3, 1
2
, 1

2
, 1

2
, 1

2
,−1

2
−3,−1

2
, 1

2
, 1

2
, 1

2
, 1

2
0, 1, 1, 0, 0, 0 15

−3, 1
2
, 1

2
, 1

2
, 1

2
,−1

2
−3,−1

2
, 1

2
, 1

2
, 1

2
, 1

2
0, 1,−1, 0, 0, 0 15

6, 1, 0, 0, 0, 0 6, 1, 0, 0, 0, 0 0,−2, 0, 0, 0, 0 18
6, 1, 0, 0, 0, 0 6,−1, 0, 0, 0, 0 0, 2, 0, 0, 0, 0 18
0, 1, 1, 0, 0, 0 0, 0, 0, 0, 0, 0 0, 0, 0, 0, 0, 0 32
0, 1, 1, 0, 0, 0 0, 0, 1, 1, 0, 0 0, 0, 0, 0, 0, 0 20
6, 1, 1, 1, 0, 0 6, 1, 1, 1, 0, 0 0,−2, 0, 0, 0, 0 30
−6, 1, 1, 1, 0, 0 −6,−1,−1, 1, 0, 0 0, 2, 0, 0, 0, 0 30
0, 1, 1, 1, 1, 0 0, 0, 1, 1, 0, 0 0, 0, 0, 0, 0, 0 36
0, 1, 1, 1, 1, 0 0, 0, 1, 1, 1, 1 0, 0, 0, 0, 0, 0 32
0, 1, 1, 1, 1, 0 0, 0, 1, 1, 1, 1 0, 0, 2, 0, 0, 0 30
0, 1, 1, 1, 1, 0 0, 0, 1, 1, 1, 1 0, 0,−2, 0, 0, 0 30
6, 1, 1, 1, 1, 1 6, 1, 1, 1, 1, 1 0,−2, 2, 0, 0, 0 32
6, 1, 1, 1, 1, 1 6, 1, 1, 1, 1, 1 0,−2,−2, 0, 0, 0 32
6, 1, 1, 1, 1, 1 6, 1, 1, 1, 1, 1 0,−2, 0, 0, 0, 0 34
6, 1, 1, 1, 1,−1 6,−1, 1, 1, 1, 1 0, 2, 2, 0, 0, 0 32
6, 1, 1, 1, 1,−1 6,−1, 1, 1, 1, 1 0, 2,−2, 0, 0, 0 32
6, 1, 1, 1, 1,−1 6,−1, 1, 1, 1, 1 0, 2, 0, 0, 0, 0 34

Here, Λ = (p0, p1, p2, p3, p4, p5) ∈ D(K,K0), Λ′ = (p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) ∈

D(K2, K0), and Λ′′ = (p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) ∈ D(K1, K0).

11.16.2. On (p0, p1, p2, p3, p4, p5) = (0, 1, 1, 0, 0, 0). In case

Λ = (p0, p1, p2, p3, p4, p5) = (0, 1, 1, 0, 0, 0),

Λ′ = (p′0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (0, 0, 1, 1, 0, 0),

= (p̂′0, p̂
′
1, p̂

′
2, p̂

′
3, p̂

′
4, p̂

′
5) = (0, 0, 1, 1, 0, 0),

Λ′′ = (p̂′′0, p̂
′′
1, p̂

′′
2, p̂

′′
3, p̂

′′
4, p̂

′′
5) = (0, 0, 0, 0, 0, 0),

we have

ρ′
Λ′ =Id � Id � AdC

Spin(8) = Id � Id � AdC
SO(8)

∈ D(K2) = D((U(1) × (Spin(2) · Spin(8)))/Z4).

Notice that o(8) = o(2) ⊕ o(6) ⊕ M(2, 6;R), WΛ′ = o(8)C = o(2)C ⊕
o(6)C ⊕ M(2, 6;R)C, and the subgroups U(1) and Spin(2) of K2 =
(U(1) × (Spin(2) · Spin(8))/Z4 acts trivially on o(8)C. The subgroup
Spin(6) of Spin(2) · Spin(6) acts trivially on o(2)C, hence

(WΛ′)K0 = o(2)C,

that is, Λ ∈ D(K, K0).
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α23(π)(α1, α2, α3) ∈ K[a]

which corresponds to a generator of Z4. α23(π) ∈ Spin(2) and (α1, α2, α3)
commute each other. α23(π) ∈ Spin(2) acts trivially on o(2)C. α2 of

(α1, α2, α3) acts on R1 + Re as

(
0 −1
−1 0

)
and preserves the vector

subspace orthogonally complementary to R1 + Re in K ∼= R8. Thus
the Spin(2)-factor of (α1, α2, α3) in Spin(2) · Spin(6) corresponds to(

0 −1
−1 0

)
∈ O(2).

Since the adjoint action of(
0 −1
−1 0

)
∈ SO(2)

on o(2)C is −Id, the adjoint action of (α1, α2, α3) ∈ Spin(8) is not
trivial on o(2)C. Hence

(WΛ′)K[a]
= {0}

and in particular we obtain Λ = y1 + y2 ̸∈ D(K, K[a]).

11.16.3. On (p0, p1, p2, p3, p4, p5) = (6, 1, 0, 0, 0, 0).

Λ = 6y0 + y1 ∈ D(K, K0),

Λ′ = 6y0 + y1 = −2ŷ1 ∈ D(K2, K0),

Λ′′ = −2ŷ1 ∈ D(K1, K0),

Λ′′′ = 0 ∈ D(K0)

CL = 18 < 30.
In this case, VΛ

∼= C ⊗ C10 ∼= C10 and ρΛ = µ6 � σC10 , where σC10

denotes the standard representation of SO(10).

VΛ
∼=
{0 0 0

0 ξ2 x1

0 x̄1 ξ3

 | ξ2, ξ3 ∈ C, x1 ∈ KC
}
∼= C10

⊃ WΛ′ = UΛ′′ = UΛ′′′ = (VΛ)K0

Note that t0
2

= θ0, t1 = θ1. For each ϕ(θ) ∈ U(1),

µ6(ϕ(θ))

0 0 0
0 ξ2 x1

0 x̄1 ξ3

 = θ−6

0 0 0
0 ξ2 x1

0 x̄1 ξ3

 ,
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where θ = e
√
−1t0/2. Since

exp(t̂0
√
−1R(e1 − 2e2 + e3))

= exp(t̂0
1

2

√
−1R(2e1 − e2 − e3)) exp(−t̂0

3

2

√
−1R(e2 − e3)),

we compute

ρΛ(exp(t̂0
√
−1R(e1 − 2e2 + e3)))

0 0 0
0 ξ2 x1

0 x̄1 ξ3


=(µ6 � σC10)(exp(t̂0

√
−1R(e1 − 2e2 + e3)))

0 0 0
0 ξ2 x1

0 x̄1 ξ3


=(µ6 � σC10)(exp(t̂0

1

2

√
−1R(2e1 − e2 − e3)) exp(−t̂0

3

2

√
−1R(e2 − e3)))

0 0 0
0 ξ2 x1

0 x̄1 ξ3


=µ6(exp(t̂0

1

2

√
−1R(2e1 − e2 − e3)))σC10(exp(−t̂0

3

2

√
−1R(e2 − e3))

0 0 0
0 ξ2 x1

0 x̄1 ξ3


=µ6(exp(t̂0

1

2

√
−1R(2e1 − e2 − e3)))α23(−t̂0

3

2
)

0 0 0
0 ξ2 x1

0 x̄1 ξ3


=(e

√
−1 1

2
t̂0

1
2 )−6

0 0 0

0 e−
√
−1t̂0

3
2 ξ2 x1

0 x̄1 e
√
−1t̂0

3
2 ξ3


=e−

√
−1 3

2
t̂0

0 0 0

0 e−
√
−1t̂0

3
2 ξ2 x1

0 x̄1 e
√
−1t̂0

3
2 ξ3


=

0 0 0

0 e−
√
−13t̂0ξ2 e−

√
−1 3

2
t̂0x1

0 e−
√
−1 3

2
t̂0 x̄1 ξ3

 .

In particular,

ρΛ(exp(t̂0
√
−1R(e1 − 2e2 + e3)))

0 0 0
0 0 0
0 0 ξ3

 =

0 0 0
0 0 0
0 0 ξ3


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for each t̂0 ∈ R. Hence,

(VΛ)K0
∼=
{0 0 0

0 0 0
0 0 ξ3

 | ξ3 ∈ C
}

.

But as a generator of Z4 of K[a], the action of

α23(π)(α1, α2, α3) ∈ K[a]

is given by

(α23(π)(α1, α2, α3))

0 0 0
0 0 0
0 0 ξ3


=(α23(π))

0 0 0
0 0 0
0 0 ξ3

 =

0 0 0
0 0 0
0 0 −ξ3

 .

Therefore (VΛ)K[a]
= {0} and Λ = 6y0 + y1 ̸∈ D(K, K[a]). Similarly,

Λ = −6y0 + y1 ̸∈ D(K, K[a]).

11.16.4. On (p0, p1, p2, p3, p4, p5) = (6, 1, 1, 1, 0, 0).

Λ = 6y0 + y1 + y2 + y3 ∈ D(K, K0),

Λ′ = 6y0 + y1 + y2 + y3 ∈ D(K2, K0),

κΛ′ = −2ŷ1 + ŷ2 + ŷ3 ∈ D(K2, K0),

Λ′′ = −2ŷ1 ∈ D(K1, K0),

Λ′′′ = 0 ∈ D(K0)

CL = 30.
In this case,

ρ′
Λ′ =Id � µ−2 � AdC

Spin(8) = Id � µ−2 � AdC
SO(8)

∈ D(K2) = D((S1 × (Spin(2) · Spin(8)))/Z4).

Here WΛ′ = o(8)C = o(2)C ⊕ o(6)C ⊕ M(2, 6;R)C, and the subgroups
S1 of K2 = (S1 × (Spin(2) · Spin(8))/Z4 acts trivially on o(8)C. The
subgroup Spin(6) of K0 = S1 · Spin(6) ⊂ K2 acts trivially on o(2)C,
hence

(WΛ′)K0 = o(2)C,

that is, Λ ∈ D(K, K0).
Notice that

α23(π)(α1, α2, α3) ∈ K[a] ⊂ K2,
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which corresponds to a generator of Z4. α23(π) ∈ Spin(2) and (α1, α2, α3)
commute each other. The action of α23(π) ∈ Spin(2) on H3(KC) is
given by ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 7→

 ξ1

√
−1x3 −

√
−1x̄2√

−1x̄3 −ξ2 x1

−
√
−1x2 x̄1 −ξ3

 .

In particular, α23(π) transforms u2 to −
√
−1u2 and eu2 to −

√
−1eu2,

which says that α23(π) acts on o(2) ∼= R1 + Re as the matrix mul-

tiplication by

(
−
√
−1 0

0 −
√
−1

)
. Thus µ−2(α23(π)) acts on o(2) ∼=

R1 + Re is just the matrix multiplication by −Id. On the other hand,

α2 of (α1, α2, α3) acts on R1 + Re as

(
0 −1
−1 0

)
. Thus the Spin(2)-

factor of (α1, α2, α3) in Spin(2) · Spin(6) corresponds to(
0 −1
−1 0

)
∈ O(2).

Hence the adjoint action of

(
0 −1
−1 0

)
∈ O(2) on o(2)C is −Id. There-

fore, VK[a]
= o(2)C, i.e., Λ = 6y0 + y1 + y2 + y3 ∈ D(K,K[a]) = o(2)C.

Thus Λ = 6y0 +y1 +y2 +y3 ∈ D(K, K[a]) with multiplicity 1. Similarly,
Λ = −6y0 + y1 + y2 + y3 ∈ D(K,K[a]) with multiplicity 1.

11.16.5. On (p0, p1, p2, p3, p4, p5) = (0, 1, 1, 1, 1, 0).

Λ = y1 + y2 + y3 + y4 ∈ D(K, K0),

Λ′ = y2 + y3 + y4 + y5 ∈ D(K2, K0),

κΛ′ = 2ŷ2 ∈ D(K2, K0),

Λ′′
1 = 0 ∈ D(K1, K0),

Λ′′
2 = 2ŷ2 ∈ D(K1, K0),

Λ′′
3 = −2ŷ2 ∈ D(K1, K0),

Λ′′′ = 0 ∈ D(K0)

CL = 30.

VΛ ⊃ WΛ′ ⊃ UΛ′′

VΛ ⊃ (VΛ)K0 = UΛ′′
1 (0,0,0,0,0,0) ⊕ UΛ′′

2 (0,0,2,0,0,0) ⊕ UΛ′′
3 (0,0,−2,0,0,0),
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WΛ′ ∼= S2
0(C

8) ∼= S2
0(K8).

Let {1, e1, · · · , e7} denote the standard basis of the Cayley algebra
K and denote e := e4. Then

3(1 ·1+e ·e)− (e1 ·e1 +e2 ·e2 +e3 ·e3 +e5 ·e5 +e6 ·e6 +e7 ·e7) ∈ S2
0(KC).

For any A =

(
cos t − sin t
sin t cos t

)
∈ SO(2), A(1, e) = (1, e)

(
cos t − sin t
sin t cos t

)
.

A(1 · 1) =(cos t1 + sin te) · (cos t1 + sin te)

= cos2 t(1 · 1) + sin2 t(e · e) + 2 sin t cos t(1 · e),
A(e · e) =(− sin t1 + cos te) · (− sin t1 + cos te)

= sin2 t(1 · 1) + cos2 t(e · e) − 2 sin t cos t(1 · e),
A(1 · e) =(cos t1 + sin te) · (− sin t1 + cos te)

= − sin t cos t(1 · 1) + sin t cos t(e · e) + (cos2 t − sin2 t)(1 · e)

= − 1

2
sin 2t(1 · 1) +

1

2
sin 2t(e · e) + (cos2 t − sin2 t)(1 · e)

= − 1

2
sin 2t(1 · 1 − e · e) + cos 2t(1 · e).

Hence

A(1 · 1 + e · e) = 1 · 1 + e · e
and

A(3(1 · 1 + e · e) − (e1 · e1 + e2 · e2 + e3 · e3 + e5 · e5 + e6 · e6 + e7 · e7))

=3(1 · 1 + e · e) − (e1 · e1 + e2 · e2 + e3 · e3 + e5 · e5 + e6 · e6 + e7 · e7).

3(1·1+e·e)−(e1 ·e1+e2 ·e2+e3 ·e3+e5 ·e5+e6 ·e6+e7 ·e7) ∈ UΛ′′(0,0,0,0,0,0)

On the other hand,

1 · 1 − e · e + 2
√
−1(1 · e) ∈ S2

0(KC),

1 · 1 − e · e − 2
√
−1(1 · e) ∈ S2

0(KC),

and

A(1 · 1 − e · e + 2
√
−11 · e)

=(cos 2t −
√
−1 sin 2t)(1 · 1 − e · e + 2

√
−11 · e)

=e−
√
−12t(1 · 1 − e · e + 2

√
−11 · e),

A(1 · 1 − e · e − 2
√
−11 · e)

=e
√
−12t(1 · 1 − e · e − 2

√
−11 · e).
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Hence,

1 · 1 − e · e + 2
√
−11 · e ∈ UΛ′′(0,0,−2,0,0,0),

1 · 1 − e · e − 2
√
−11 · e ∈ UΛ′′(0,0,2,0,0,0).

Therefore

(VΛ)K0

= C(1 · 1 − e · e + 2
√
−11 · e)

⊕ C(1 · 1 − e · e − 2
√
−11 · e)

⊕ C(3(1 · 1 + e · e) − (e1 · e1 + e2 · e2 + e3 · e3 + e5 · e5 + e6 · e6 + e7 · e7)).

Since

(α23(π)(α1, α2, α3))(2
√
−1(1 · e)) = 2(

√
−1e · (−1)) = −2

√
−1(1 · e),

(α23(π)(α1, α2, α3))(1 · 1 − e · e) = 1 · 1 − e · e,
(α23(π)(α1, α2, α3))(1 · 1 + e · e) = −(1 · 1 + e · e),

we obtain

(VΛ)K[a]
= C(1 · 1 − e · e).

and

Λ = y1 + y2 + y3 + y4 ∈ D(K, K[a])

with the multiplicity 1.

Therefore,

dimC V(6,1,1,1,0,0) + dimC V(−6,1,1,1,0,0) + dimC V(0,1,1,1,0,0)

= 120 + 120 + 210 = 450

= dim SO(32) − dim U(1) · Spin(10) = nkl(G),

G(N30) ⊂ Q30(C) is strictly Hamiltonian stable.

Theorem.

K/K[a] = (U(1) · Spin(10))/(Z4 · S1 · Spin(6)) ⊂ Q30(C)

is Hamiltonian stable and Hamiltonian rigid, and hence it is strictly
Hamiltonian stable.
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12. Appendix

12.1. The principle of triality for SO(8).

K ∼= R8,

SO(K) ∼= SO(8).

Theorem 12.1 (The Principle of Triality for SO(8)). For any α3 ∈
SO(8), there exist α1, α2 ∈ SO(8) such that

(α1x)(α2y) = α3(xy)

for each x, y ∈ K. Such α1, α2 for α3 are only α1, α2 and −α1,−α2.

Lemma 12.1. Suppose that α1, α2, α3 ∈ SO(8) satisfy

(α1x)(α2y) = α3(xy)

for each x, y ∈ K. Then

(α2x)(α3y) = α1(xy),

(α3x)(α1y) = α2(xy)

for each x, y ∈ K.

Lemma 12.2. Suppose that α1, α2, α3 ∈ O(8) satisfy

(α1x)(α2y) = α3(xy)

for each x, y ∈ K. Then α1, α2, α3 ∈ SO(8).

Set

b4 := {D ∈ HomR(K) | (Dx, y) + (x, Dy) = 0 for each x, y ∈ K}.
κ, π, ν : b4 → b4 are defined by

(κD)x := Dx for each x ∈ K,

π(Gij) := Fij, i, j = 0, 1, 2, 3, 4, 5, 6, 7,

ν := π ◦ κ = πκ.

Let Aut(b4) be the automorphism group of Lie algebra b4. Then
κ, π, ν ∈ Aut(b4) and they satisfy

κ2 = 1, π2 = 1, ν3 = 1, ν = πκ.

Proposition 12.1. Let S3 be a subgroup of Aut(b4) generated by κ
and π and S3 the symmetry group of degree 3. Then there is a group
isomorphism

S3
∼= S3.
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Theorem 12.2 (The Principle of Triality for d4). For any D1 ∈ d4,
there exist D2, D3 ∈ d4 such that

(D1x)y + x(D2y) = D3(xy)

for each x, y ∈ K. Such D2, D3 for D1 is unique and D2 = νD1 and
D3 = πD1.

Lemma 12.3. Suppose that D1, D2, D3 ∈ d4 satisfy

(D1x)y + x(D2y) = D3(xy)

for each x, y ∈ K. Then

(D2x)y + x(D3y) = D1(xy),

(D3x)y + x(D1y) = D2(xy)

for each x, y ∈ K.

12.1.1. Spinor group Spin(7).

K ∼= R8,

Im(K) ∼= R7.

B̃3 :={α̃ ∈ SO(K) | There exists α ∈ SO(Im(K)) such that

(αx)(α̃y) = α̃(xy) for each x, y ∈ K}.

B̃3
∼= Spin(7)

p : Spin(7) ∼= B̃3 ∋ α̃ 7−→ α ∈ SO(Im(K)) ∼= SO(7).

12.1.2. Spinor group Spin(8).

D̃4 :={(α1, α2, α3) ∈ SO(K) × SO(K) × SO(K) |

(α1x)(α2y) = α3(xy) for each x, y ∈ K}

p : D̃4 ∋ (α1, α2, α3) 7−→ α1 ∈ SO(K) ∼= SO(8)

is a universal covering map. Then D̃4
∼= Spin(8).

Lie group isomorphisms κ, π, ν : Spin(8) → Spin(8) defined by

κ(α1, α2, α3) := (κα1, κα3, κα2),

π(α1, α2, α3) := (κα3, κα2, κα1),

π(α1, α2, α3) := (α2, α3, α1),

where κ : SO(8) → SO(8) is defined by κα(x) := α(x) for each x ∈ K.
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Spin(7) ∼= B̃3 ∋ α̃ 7−→ (α, α̃, κα̃) ∈ D̃4

is an injective Lie group homomorphism.

Spin(7) ∼= {α ∈ Spin(8) | κα = α}.

12.1.3. Subgroup Spin(8) of F4 ⊂ E6.

D4 := {a ∈ F4 | aei = ei (i = 1, 2, 3)}

φ : D̃4(∼= Spin(8)) ∋ (α1, α2, α3) 7−→ φ(α1, α2, α3) ∈ D4 ⊂ F4 ⊂ E6

defined by

φ(α1, α2, α3)

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

 :=

 ξ1 α3x3 α2x2

α3x3 ξ2 α1x1

α2x2 α1x1 ξ3

 .

φ is a Lie group isomorphism.

pi : D̃4(∼= Spin(8)) ∋ (α1, α2, α3) 7−→ αi ∈ SO(K) ∼= SO(8) (i = 1, 2, 3)

12.1.4. Subgroup Spin(6) ∼= SU(4) of Spin(8).

Spin(8) −→SO(8)

U(1) × SU(4) −→U(4)

Spin(7) −→SO(7)

SU(4) ∼= Spin(6) −→SO(6)

a ∼={

 0 0 m2 −
√
−1a2e

0 0 0
m2 +

√
−1a2e 0 0

 | m2, a2 ∈ R}

⊂(JC)τγ,−σ ⊂ (JC)−σ (∼= p)

⊂(JC)

Question 1. Suppose that (α1, α2, α3) ∈ SO(C) × SO(C) × SO(C) such
that

(α1x)(α2y) = α3(xy)

for each x, y ∈ C. If α2(1) = 1 and α2(
√
−1e) =

√
−1e, i.e. α2(e) = e,

then what can you say about α1 and α3 ?
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(α1x)(α2y) = κα3(xy)

By putting y = 1,

(α1x)(α21) = κα3(x)

(α1x)1 = κα3(x)

(α1x) = κα3(x)

Thus α1 = κα3 and hence

(α1x)(α2y) = α1(xy)

for each x, y ∈ C. By putting y = e,

(α1x)(α2e) = α1(xe)

(α1x)e = α1(xe)

(α1x)e = α1(xe).

As C = R + Re,

C ∼= C4 ∼= C1 + Ce1 + Ce2 + Ce3.

Spin(8) ∋ (α1, α2, α3) 7−→ α2 ∈ SO(C) ∼= SO(8)

Spin(6) ∼={(α1, α2, α3) ∈ Spin(8) | α2(1) = 1, α2(e) = e}
∋(α1, α2, α3) 7−→ α2 ∈ SO(6)

Spin(6) ∼={(α1, α2, α3) ∈ Spin(8) | α2(1) = 1, α2(e) = e}
∋(α1, α2, α3) 7−→ α1 ∈ U(4)

is an injective Lie group homomorphism. In fact, if (α1, α2, α3) ∈
Spin(6), then (α1,−α2,−α3) ∈ Spin(8) but (α1,−α2,−α3) ̸∈ Spin(6).
Because (−α2)(1) = −1 ̸= 1 and (−α2)(e) = −e ̸= e. Since Spin(6) is
simple,

{α1 | (α1, α2, α3) ∈ Spin(6)} ∼= SU(4) ⊂ U(4).

Therefore

Spin(6) ∼={(α1, α2, α3) ∈ Spin(8) | α2(1) = 1, α2(e) = e}
∋(α1, α2, α3) 7−→ α1 ∈ SU(4)

is a Lie group isomorphism.
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