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Abstract

The generalized Herz spaces with variable exponents p( · ), α( · ), q( · ) are defined. Our
aim is to prove boundedness of some operators on those Herz spaces.
Keywords. Herz space, variable exponent, BMO space, commutator, singular integral,
fractional integral.

1 Introduction

The class of the Herz spaces is arising from the study on characterization of multipliers on
the classical Hardy spaces. Compared with the usual Lebesgue space, we see that the Herz
space has an interesting norm in terms of real analysis which represents markedly both global
and local properties of functions. Boundedness of some important operators on the Herz spaces
obtained by many authors [18, 24, 25, 26, 27] are well known now.

Function spaces with variable exponent are being watched with keen interest not in real
analysis but also in partial differential equations and in applied mathematics because they are
applicable to the modeling for electrorheological fluids and image restoration. The theory of
function spaces with variable exponent has rapidly made progress in the past twenty years
since some elementary properties were established by Kováčik–Rákosńık [22]. One of the main
problems on the theory is the boundedness of the Hardy–Littlewood maximal operator on
variable Lebesgue spaces. By virtue of the fine works [3, 4, 5, 7, 8, 9, 21, 23, 28, 29], some
important conditions on variable exponent, for example, the log-Hölder conditions and the
Muckenhoupt type condition, have been obtained.

Motivated by the study on the Herz spaces and on the variable Lebesgue spaces, the first
author [11] has defined the Herz spaces with variable exponent p( · ). Later he has given basic
lemmas on the Muckenhoupt properties for variable exponent and on generalization of the BMO
norm to get boundedness of some integral operators and commutators on the Herz spaces with
variable exponent and some characterizations of those Herz spaces (cf. [12, 13, 14, 15, 16]).
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In the present paper we generalize the Herz spaces to the scale of variable exponents
p(·), q(·), α(·) based on the idea of the mixed Lebesgue sequence spaces (cf. [1, 10, 20]). We
will prove the boundedness of four classes of operators, commutators of BMO function and sin-
gular integral, sublinear operators with the proper decay conditions, the fractional integral, and
commutators of BMO function and the fractional integral, on the generalized Herz spaces with
three variable exponents. Our main results are stated only in the case of the non-homogeneous
spaces. We note that the boundedness of those operators on the homogeneous spaces is an
open problem.

2 Preliminaries

In this section we define some function spaces with variable exponents and give basic prop-
erties and useful lemmas. Throughout this paper we will use the following notation:

1. Given a measurable set E, |E| denotes the Lebesgue measure of E.

2. Given a measurable function f and a measurable set E with |E| > 0, fE means the mean
value of f on E, namely fE := 1

|E|
∫
E
f(x) dx.

3. The symbol χE means the characteristic function for a measurable set E.

4. Given a measurable function p(·) : E → (1,∞), p′(·) means the conjugate exponent
function, namely 1/p(x) + 1/p′(x) ≡ 1 holds.

5. The symbol N0 is the set of all non-negative integers.

6. We write Bl := {x ∈ Rn : |x| ≤ 2l} for l ∈ Z.

We also note that all cubes are assumed to have their sides parallel to the coordinate axes.

2.1 Lebesgue spaces with variable exponent

Let Ω ⊂ Rn be an open set such that |Ω| > 0. Given a measurable function p(·) : Ω → (0,∞)
with 0 < ess infx∈Ω p(x), we define the variable Lebesgue space Lp( · )(Ω) by

Lp( · )(Ω) := {f is measurable on Ω : ρp(f) < ∞} ,

where

ρp(f) :=

∫
{p(x)<∞}

|f(x)|p(x) dx+ ∥f∥L∞({p(x)=∞}).

The set Lp(·)(Ω) becomes a quasi Banach space when it is equipped with the Luxemburg–
Nakano norm

||f ||Lp(·) := inf {λ > 0 : ρp(f/λ) ≤ 1} . (1)

Below we define some classes of variable exponents.

Definition 2.1.
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1. Given a measurable function p( · ) defined on Ω, we write

p− := ess inf
x∈Ω

p(x), p+ := ess sup
x∈Ω

p(x).

2. The set P0(Ω) consists of all measurable functions p(·) : Ω → (0,∞) such that 0 < p− ≤
p+ < ∞.

3. The set P(Ω) consists of all measurable functions p(·) : Ω → (1,∞) such that 1 < p− ≤
p+ < ∞.

4. We write C log(Ω) for the set of all measurable functions p : Ω → (0,∞) satisfying following
conditions (2) and (3):

|p(x)− p(y)| . 1

− log(|x− y|)
(|x− y| ≤ 1/2), (2)

|p(x)− p∞| . 1

log(e+ |x|)
(x ∈ Ω), (3)

where p∞ is a constant independent of x.

5. Given a function f ∈ L1
loc(Ω), the Hardy–Littlewood maximal operator M is defined by

Mf(x) := sup
Q∋x

1

|Q|

∫
Q

|f(y)|dy (x ∈ Ω),

where the supremum is taken over all cubes Q ⊂ Ω containing x.

6. The set B(Ω) consists of all p( · ) ∈ P(Ω) satisfying that the Hardy–Littlewood maximal
operator M is bounded on Lp( · )(Ω).

Remark 2.2. The Hardy–Littlewood maximal operator M is not always bounded on Lebesgue
spaces with variable exponent since Pick–Růžička [29] gives a counter example. But some
sufficient conditions for the boundedness of M are known now. If 1 < p− ≤ p+ ≤ ∞ and
1/p(·) ∈ C log(Rn), then M is bounded on Lp( · )(Rn). This fact has initially proved by Cruz-
Uribe–Fiorenza–Neugebauer [5], Diening [7] and Nekvinda [28] in the case of p+ < ∞. Later
Cruz-Uribe–Diening–Fiorenza [3] and Diening–Harjulehto–Hästö–Mizuta–Shimomura [9] have
proved it for p+ = ∞. On the other hand, Kopaliani [21] has proved the following: If p(·) ∈
P(Rn) equals to a constant outside a ball and satisfies the Muckenhoupt type condition

sup
Q:cube

1

|Q|
∥χQ∥Lp(·)∥χQ∥Lp′(·) < ∞,

then p(·) ∈ B(Rn) holds. Lerner [23] has given another proof of Kopaliani’s result.

The next lemma is due to Diening (Lemmas 3.2, 5.3 and 5.5 in [8]).

Lemma 2.3. If p( · ) ∈ B(Rn), then there exists a constant 0 < δ1 < 1 such that for all
0 < δ ≤ δ1, all families of pairwise disjoint cubes Y , all f ∈ L1

loc(Rn) with |f |Q > 0 (Q ∈ Y )
and all positive sequence {tQ}Q∈Y ⊂ (0,∞),∥∥∥∥∥∥

∑
Q∈Y

tQ

∣∣∣∣ ffQ
∣∣∣∣δ χQ

∥∥∥∥∥∥
Lp( · )

.

∥∥∥∥∥∥
∑
Q∈Y

tQχQ

∥∥∥∥∥∥
Lp( · )

.

In particular ∥∥|f |δχQ

∥∥
Lp( · ) . (|f |Q)δ ∥χQ∥Lp( · )

holds.
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As a consequence of Lemma 2.3, we obtain the following lemma (cf. [13]).

Lemma 2.4. If p(·) ∈ B(Rn), then there exists a positive constant δ1 such that

||χS ||Lp(·)

||χB ||Lp(·)
.
(
|S|
|B|

)δ1

(4)

for all balls B ⊂ Rn and all measurable subsets S ⊂ B.

Remark 2.5.

1. Diening (Theorem 8.1 in [8]) has proved that p′(·) ∈ B(Rn) whenever p(·) ∈ B(Rn). Thus
if p(·) ∈ B(Rn), then we can also take a constant δ2 > 0 so that for all balls B ⊂ Rn and
all measurable subsets S ⊂ B,

||χS ||Lp′(·)

||χB ||Lp′(·)
.
(
|S|
|B|

)δ2

(5)

holds.

2. If p2(·) ∈ P(Rn)∩C log(Rn), then we see that p′2(·) ∈ B(Rn). Hence we can take a constant
r ∈ (0, 1/(p′2)+) so that

||χS ||Lp′2(·)

||χB ||Lp′2(·)
.
(
|S|
|B|

)δ2

(6)

holds.

The next lemma is known as the generalized Hölder inequality on Lebesgue spaces with
variable exponent (cf. [22]).

Lemma 2.6. Suppose p( · ) ∈ P(Ω). Then we have that for all f ∈ Lp(·)(Ω) and g ∈ Lp′(·)(Ω),∫
Ω

|f(x)g(x)| dx ≤
(
1 +

1

p−
− 1

p+

)
∥f∥Lp(·)∥g∥Lp′(·) .

We will use the following simple inequality which takes the place of Jensen’s inequality.

Lemma 2.7. If ak ≥ 0 and 1 ≤ pk < ∞ (k ∈ N0), then

∞∑
k=0

apk

k ≤

( ∞∑
k=0

ak

)p∗

holds, where

p∗ :=

{
mink∈N0 pk if

∑∞
k=0 ak ≤ 1,

maxk∈N0 pk if
∑∞

k=0 ak > 1.

Proposition 2.8. Let p(·) be a measurable function on Rn with range in [α, β], where α > 0.
Let q(·) ∈ P0(Rn). If p(·)q(·) ∈ P0(Rn) and g(·) ∈ Lp(·)q(·)(Rn), then we have

min
(
∥g(·)∥β

Lp(·)q(·) , ∥g(·)∥αLp(·)q(·)

)
≤
∥∥∥ |g(·)|p(·)∥∥∥

Lq(·)
≤ max

(
∥g(·)∥β

Lp(·)q(·) , ∥g(·)∥αLp(·)q(·)

)
.
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Proof. Let p(·) be a measurable function on Rn with range in [α, β]. Let q(·) ∈ P0(Rn) and
g(·) ∈ Lp(·)q(·). If ||g(·)||Lp(·)q(·) ≥ 1, then we have

∫
Rn

(
|g(x)|p(x)

||g(·)||β
Lp(·)q(·)

)q(x)

dx =

∫
Rn

 |g(x)|

||g(·)||
β

p(x)

Lp(·)q(·)

p(x)q(x)

dx

≤
∫
Rn

(
|g(x)|

||g(·)||Lp(·)q(·)

)p(x)q(x)

dx = 1

by 1 ≤ β/p(x) for almost all x ∈ Rn. By 1 ≥ α/p(x) and the same calculation, we have

∫
Rn

(
|g(x)|p(x)

||g(·)||α
Lp(·)q(·)

)q(x)

dx =

∫
Rn

 |g(x)|

||g(·)||
α

p(x)

Lp(·)q(·)

p(x)q(x)

dx

≥
∫
Rn

(
|g(x)|

||g(·)||Lp(·)q(·)

)p(x)q(x)

dx = 1.

These imply that ||g(·)||α
Lp(·)q(·) ≤ || |g(·)|p(·)||Lq(·) ≤ ||g(·)||β

Lp(·)q(·) .

A similar argument yields for the case ||g(·)||Lp(·)q(·) < 1.

2.2 Remarks on the BMO norm

The BMO space and the BMO norm are defined respectively as follows:

BMO(Rn) :=
{
b ∈ L1

loc(Rn) : ∥b∥BMO < ∞
}
,

∥b∥BMO := sup
Q:cube

1

|Q|

∫
Q

|b(x)− bQ| dx.

Applying Lemma 2.3, the first author (Lemma 3 in [14]) has proved the next result.

Lemma 2.9. Let k be a positive integer and suppose p(·) ∈ B(Rn). Then we have that for all
b ∈ BMO(Rn) and all j, l ∈ Z with j > l,

∥b∥kBMO ≃ sup
B:ball

1

∥χB∥Lp(·)
∥(b− bB)

kχB∥Lp(·) , (7)

∥(b− bBl
)kχBj∥Lp(·) . (j − l)k∥b∥kBMO∥χBj∥Lp(·) . (8)

Remark 2.10. We note that (7) implies a generalization of the BMO norm in terms of the
variable exponent. In the case of that p(·) equals to a constant, this is a well-known fact
obtained by an argument applying the John–Nirenberg inequality. Recently a corresponding
result to the case p− = 1 has proved in [17]: If 1 = p− ≤ p+ < ∞ and p(·) ∈ C log(Rn), then

∥b∥BMO ≃ sup
B:ball

1

∥χB∥Lp(·)
∥(b− bB)χB∥Lp(·)

holds for all b ∈ BMO(Rn).
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2.3 Mixed Lebesgue sequence spaces and Herz spaces

Below we will use the following notation in order to define Herz spaces:

Rl := {x ∈ Rn : 2l−1 < |x| ≤ 2l} = Bl \Bl−1 if l ∈ N,
R0 := {x ∈ Rn : |x| ≤ 1} = B0,

χl := χRl
for l ∈ N0.

We first define the mixed Lebesgue sequence space ℓq(·)(Lp(·)). Let p(·), q(·) ∈ P0(Rn). The
space ℓq(·)(Lp(·)) is the collection of all sequences {fj}∞j=0 of measurable functions on Rn such
that

||{fj}∞j=0||ℓq(·)(Lp(·)) := inf

{
µ > 0 : ϱℓq(·)(Lp(·))

({
fj
µ

}∞

j=0

)
≤ 1

}
< ∞,

where

ϱℓq(·)(Lp(·))

(
{fj}∞j=0

)
:=

∞∑
j=0

inf

λj :

∫
Rn

 |fj(x)|

λ
1

q(x)

j

p(x)

dx ≤ 1

 .

Since we assume that q+ < ∞, we have

ϱℓq(·)(Lp(·))

(
{fj}∞j=0

)
=

∞∑
j=0

∣∣∣∣∣∣|fj |q(·)∣∣∣∣∣∣
L

p(·)
q(·)

. (9)

If {gj}Nj=0 is a finite sequence of measurable functions on Rn, then we define that an infinite
sequence {g′j}∞j=0 of measurable functions on Rn,

g′j :=

{
gj for j = 0, 1, · · · , N
0 for j > N.

and that∣∣∣∣∣∣{gj}Nj=0

∣∣∣∣∣∣
ℓq(·)(Lp(·))

:= ||{g′j}∞j=0||ℓq(·)(Lp(·)) = inf

{
µ > 0 : ϱℓq(·)(Lp(·))

({
g′j
µ

}∞

j=0

)
≤ 1

}
.

Remark 2.11. Almeida–Hästö [1] has proved that || · ||ℓq(·)(Lp(·)) is a quasi-norm for all

p(·), q(·) ∈ P(Rn) and that || · ||ℓq(·)(Lp(·)) is a norm when 1
p(·) + 1

q(·) ≤ 1. On the other

hand, Kempka–Vyb́ıral [20] has proved that || · ||ℓq(·)(Lp(·)) is a norm if p(·), q(·) ∈ P(Rn) satisfy

either 1 ≤ q(x) ≤ p(x) ≤ ∞ or 1
p(x) +

1
q(x) ≤ 1 for almost every x ∈ Rn. Furthermore, it is also

proved in [20] that there exist p(·), q(·) ∈ P(Rn) with min

{
inf

x∈Rn
p(x), inf

x∈Rn
q(x)

}
≥ 1 such

that the triangle inequality does not hold for || · ||ℓq(·)(Lp(·)). This means that || · ||ℓq(·)(Lp(·)) does
not always become a norm even if p(·) and q(·) satisfy min{p−, q−} ≥ 1.

Definition 2.12. Let p(·), q(·) ∈ P0(Rn) and α(·) : Rn → R such that −∞ < α− ≤ α+ < ∞.

Given a measurable set E ⊂ Rn, |E| > 0, the space L
p(·)
loc (E) is defined by

L
p(·)
loc (E) :=

{
f : f ∈ Lp( · )(K) for all compact sets K ⊂ E

}
.
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The non-homogeneous Herz space K
α(·),q(·)
p(·) (Rn) is the collection of f ∈ L

p(·)
loc (Rn) such that

||f ||
K

α(·),q(·)
p(·)

:=
∣∣∣∣∣∣{2kα(·)|fχk|

}∞

k=0

∣∣∣∣∣∣
ℓq(·)(Lp(·))

= inf

{
λ > 0 :

∞∑
k=0

∣∣∣∣∣
∣∣∣∣∣
(
2kα(·)|fχk|

λ

)q(·)∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q(·)

≤ 1

}
< ∞. (10)

For any λ > 0, it is easy to see that

∞∑
k=0

∣∣∣∣∣
∣∣∣∣∣
(
|f |χk

λ

)p(·)
∣∣∣∣∣
∣∣∣∣∣
L1

=
∞∑
k=0

∫
Rn

(
|f(x)|χk

λ

)p(x)

dx =

∫
Rn

(
|f(x)|
λ

)p(x)

dx. (11)

This implies that K
0,p(·)
p(·) (Rn) = Lp(·)(Rn) if p(·) ∈ P0(Rn), by (1) and (10).

3 Boundedness of operators on the non-homogeneous Herz
spaces

In this section we prove the boundedness of four kinds of operators:

3.1 Higher order commutators of singular integral and BMO function,

3.2 Sublinear operators with the proper size conditions,

3.3 The fractional integral,

3.4 Commutators of the fractional integral and BMO function,

on the non-homogeneous Herz spaces with variable exponents p(·), q(·) and α(·). Boundedness
of those operators on the usual Herz spaces with constant exponents is well known (cf. [18, 24,
25, 26, 27]). The first author [12, 13, 14, 15, 16] has obtained some results in the case with
constant exponents α, q and variable exponent p(·). Our main results are generalizations of
them for the non-homogeneous spaces.

3.1 Higher order commutators of singular integral

Let k ∈ N, b ∈ BMO(Rn) and f be a locally integrable function on Rn. We define the higher
order commutator by

T k
b f(x) :=

∫
Rn

{b(x)− b(y)}kK(x− y)f(y)dy,

where K(x) is a function on Rn \ {0} satisfying the following.

(1) K is locally integrable on Rn \ {0}.

(2) The Fourier transform of K is bounded.
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(3) For all x ∈ Rn \ {0}, |K(x)| . |x|−n and |∇K(x)| . |x|−n−1 hold.

Then we have the following theorem.

Theorem 3.1. Let k ∈ N0, b ∈ BMO(Rn), 1 < r < ∞, p( · ) ∈ B(Rn), q1(·), q2(·) ∈ P0(Rn)
and α( · ) be a real-valued function. Suppose that (q1)+ ≤ (q2)−, −nδ1 < α− ≤ α+ < nδ2,
where δ1, δ2 > 0 are the constants appearing in (4) and (5). Then we have that for all {fh}h∈N
such that ∥∥{fh}h∥ℓr∥

K
α+,q1(·)
p(·)

< ∞,

∣∣∣∣∣∣
∣∣∣∣∣∣
( ∞∑

h=1

|T k
b (fh)|r

) 1
r

∣∣∣∣∣∣
∣∣∣∣∣∣
K

α(·),q2(·)
p(·)

. ||b||kBMO

∣∣∣∣∣∣
∣∣∣∣∣∣
( ∞∑

h=1

|fh|r
) 1

r

∣∣∣∣∣∣
∣∣∣∣∣∣
K

α+,q1(·)
p(·)

.

To prove the Theorem 3.1, we apply the next theorem. It is initially proved by Karlovich–
Lerner [19] for the scalar-valued case. Independently Cruz-Uribe–Fiorenza–Martell–Pérez [4]
has proved it by virtue of the extrapolation theorem.

Theorem 3.2. Let k ∈ N0, b ∈ BMO(Rn), 1 < r < ∞ and p(·) ∈ B(Rn). Then we have the
vector-valued inequality∣∣∣∣∥{T k

b (fh)}h∥ℓr
∣∣∣∣
Lp(·) . ∥b∥kBMO ∥∥{fh}h∥ℓr∥Lp(·)

for all sequences of functions {fh}h∈N satisfying ∥∥{fh}h∥ℓr∥Lp(·) < ∞.

Proof of Theorem 3.1. Let {fh}h∈N satisfy || ||{fh}h||ℓr ||
K

α+,q1(·)
p(·)

< ∞. For any j ∈ N0, we

consider the norm ∣∣∣∣∣
∣∣∣∣∣
(
2jα(·)||{T k

b (fh)}h||ℓrχj

λ

)q2(·)
∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q2(·)

because ∣∣∣∣ ||{T k
b (fh)}h||ℓr

∣∣∣∣
K

α(·),q2(·)
p(·)

= inf

λ > 0 :

∞∑
j=0

∣∣∣∣∣
∣∣∣∣∣
(
2jα(·)||{T k

b (fh)}h||ℓrχj

λ

)q2(·)
∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q2(·)

≤ 1

 . (12)

Let

λ1 :=

∣∣∣∣∣∣
∣∣∣∣∣∣
{
2jα(·)

∣∣∣∣∣
∣∣∣∣∣
{

j−2∑
l=0

T k
b (fhχl)

}
h

∣∣∣∣∣
∣∣∣∣∣
ℓr

χj

}
j

∣∣∣∣∣∣
∣∣∣∣∣∣
ℓq2(·)(Lp(·))

, (13)

λ2 :=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
2jα(·)

∣∣∣∣∣∣
∣∣∣∣∣∣


j+1∑
l=j−1

T k
b (fhχl)


h

∣∣∣∣∣∣
∣∣∣∣∣∣
ℓr

χj


j

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
ℓq2(·)(Lp(·))

, (14)

λ3 :=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
2jα(·)

∣∣∣∣∣∣
∣∣∣∣∣∣


∞∑
l=j+2

T k
b (fhχl)


h

∣∣∣∣∣∣
∣∣∣∣∣∣
ℓr

χj


j

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
ℓq2(·)(Lp(·))

. (15)
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Then we see that∣∣∣∣∣
∣∣∣∣∣
(
2jα(·)||{T k

b (fh)}h||ℓrχj

λ

)q2(·)
∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q2(·)

≤

∣∣∣∣∣
∣∣∣∣∣
(
2jα(·)||{

∑∞
l=0 T

k
b (fhχl)}h||ℓrχj

λ

)q2(·)
∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q2(·)

≤

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{

∑j−2
l=0 T k

b (fhχl)}h||ℓrχj

λ1

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

+

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{

∑j+1
l=j−1 T

k
b (fhχl)}h||ℓrχj

λ2

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

+

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{

∑∞
l=j+2 T

k
b (fhχl)}h||ℓrχj

λ3

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

,

where we put λ := λ1 + λ2 + λ3. Hence we have

∞∑
j=0

∣∣∣∣∣
∣∣∣∣∣
(
2jα(·)||{T k

b (fh)}h||ℓrχj

λ

)q2(·)
∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q2(·)

. 1

by (13), (14) and (15). This implies that∣∣∣∣ ||{T k
b (fh)}h||ℓr

∣∣∣∣
K

α(·),q2(·)
p(·)

. λ1 + λ2 + λ3

by (12). Hence it suffices to estimate λ1, λ2 and λ3. Let µ := || ||{fh}||ℓr ||Kα(·),q1(·)
p(·)

.

Step 1. We estimate λ2. For each j ∈ N0 we define

(q2∗)j :=

 (q2)+ if

∣∣∣∣∣
∣∣∣∣∣
(

2jα(·)||{
∑j+1

l=j−1 Tk
b (fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q2(·)

≥ 1,

(q2)− otherwise.

Letting D := (max{2−α− , 2α+})(q2)+ , then we have

∞∑
j=0

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{T k

b (
∑j+1

l=j−1 fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

≤
∞∑
j=0

∣∣∣∣∣
∣∣∣∣∣ ||{T k

b (
∑j+1

l=j−1 2
(j−l)α(·)2lα+fhχl)}h||ℓrχj

µ||b||kBMO

∣∣∣∣∣
∣∣∣∣∣
(q2∗)j

Lp(·)

≤ D
∞∑
j=0

 j+1∑
l=j−1

∣∣∣∣∣∣∣∣ ||{T k
b (2

lα+fhχl)}h||ℓrχj

µ||b||kBMO

∣∣∣∣∣∣∣∣
Lp(·)

(q2∗)j

,

9



where we have used Proposition 2.8. By Theorem 3.2, we see that

∞∑
j=0

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{T k

b (
∑j+1

l=j−1 fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

. D

∞∑
j=0

 j+1∑
l=j−1

∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣{2lα+fhχl

µ

}
h

∣∣∣∣∣∣∣∣
ℓr

∣∣∣∣∣∣∣∣
Lp(·)

(q2∗)j

. Dmax{1, 22{(q2)+−1}}
∞∑
j=0

j+1∑
l=j−1

∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣{2lα+fhχl

µ

}
h

∣∣∣∣∣∣∣∣
ℓr

∣∣∣∣∣∣∣∣(q2∗)j
Lp(·)

. Dmax{1, 22{(q2)+−1}}
∞∑
j=0

∣∣∣∣∣∣∣∣2jα+

∣∣∣∣∣∣∣∣{fh
µ

}
h

∣∣∣∣∣∣∣∣
ℓr
χj

∣∣∣∣∣∣∣∣(q2∗)j
Lp(·)

.

Hence, by Proposition 2.8 and Lemma 2.7, we have

∞∑
j=0

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{T k

b (
∑j+1

l=j−1 fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

. Dmax{1, 22{(q2)+−1}}
∞∑
j=0

∣∣∣∣∣
∣∣∣∣∣
(
2jα+

∣∣∣∣∣∣∣∣{fh
µ

}
h

∣∣∣∣∣∣∣∣
ℓr
χj

)q1(·)
∣∣∣∣∣
∣∣∣∣∣
(q2∗)j
(q1)+

L
p(·)
q1(·)

. Dmax{1, 22{(q2)+−1}}


∞∑
j=0

∣∣∣∣∣
∣∣∣∣∣
(
2jα+

∣∣∣∣∣∣∣∣{fh
µ

}
h

∣∣∣∣∣∣∣∣
ℓr
χj

)q1(·)
∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q1(·)


q∗

. 1,

where q∗ ≥ 1 is a constant number as in Lemma 2.7. This implies that

λ2 . ||b||kBMO|| ||{fh}||ℓr ||Kα+,q1(·)
p(·)

.

Step 2. Next we estimate λ1. For each j ∈ N0, l ≤ j − 2 and a. e.x ∈ Rj ,∣∣∣∣∣
∣∣∣∣∣
{
T k
b

(
j−2∑
l=0

fhχl

)
(x)

}∣∣∣∣∣
∣∣∣∣∣
ℓr

.
∣∣∣∣∣
∣∣∣∣∣
{∫

Bj−2

|b(x)− b(y)|k |fh(y)|
|x− y|n

dy

}
h

∣∣∣∣∣
∣∣∣∣∣
ℓr

. 2−jn

∣∣∣∣∣
∣∣∣∣∣
{∫

Bj−2

|b(x)− b(y)|k|fh(y)|dy

}
h

∣∣∣∣∣
∣∣∣∣∣
ℓr

. 2−jn

∫
Bj−2

|b(x)− b(y)|k ||{fh(y)}h||ℓr dy

. 2−jn|b(x)− bBl
|k
∫
Bj−2

||{fh(y)}h||ℓr dy

+ 2−jn

∫
Bj−2

|bBl
− b(y)|k ||{fh(y)}h||ℓr dy

. 2−jn

∣∣∣∣∣
∣∣∣∣∣
j−2∑
l=0

||{fh(·)}h||ℓr χl

∣∣∣∣∣
∣∣∣∣∣
Lp(·)

||b||kBMO

×

{
|b(x)− bBl

|k
∥∥∥∥∥
j−2∑
l=0

χl

∥∥∥∥∥
Lp′(·)

+

∣∣∣∣∣
∣∣∣∣∣(bBl

− b(·))k
j−2∑
l=0

χl

∣∣∣∣∣
∣∣∣∣∣
Lp′(·)

}
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by the generalized Hölder inequality and the Minkowski inequality. Then, for each j ∈ N0, we
see that∣∣∣∣∣∣

∣∣∣∣∣∣
(
2jα(·)||{T k

b (
∑j−2

l=0 fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

≤

∥∥∥∥∥
∥∥∥∥∥{T k

b (
∑j−2

l=0 2(j−l)α+2lα+fhχl)}h
µ||b||kBMO

∥∥∥∥∥
ℓr

χj

∥∥∥∥∥
(q2∗∗)j

Lp(·)

≤
∣∣∣∣∣∣∣∣2−jn

∥∥∥∥∥
j−2∑
l=0

∥∥∥∥{2(j−l)α+2lα+fh}h
µ

∥∥∥∥
ℓr
χl

∥∥∥∥∥
Lp(·)

×

{
|b(x)− bBl

|kχj

∥∥∥∥∥
j−2∑
l=0

χl

∥∥∥∥∥
Lp′(·)

+ χj

∣∣∣∣∣
∣∣∣∣∣(bBl

− b(·))k
j−2∑
l=0

χl

∣∣∣∣∣
∣∣∣∣∣
Lp′(·)

}∣∣∣∣∣∣∣∣(q2∗∗)j
Lp(·)

≤

∥∥∥∥∥
j−2∑
l=0

2(j−l)α+−jn2lα+

∥∥∥∥{fh}hµ

∥∥∥∥
ℓr
χl

∥∥∥∥∥
(q2∗∗)j

Lp(·)

×

∥∥∥∥∥|b(x)− bBl
|kχj

∥∥∥∥∥
j−2∑
l=0

χl

∥∥∥∥∥
Lp′(·)

+ χj

∣∣∣∣∣
∣∣∣∣∣(bBl

− b(·))k
j−2∑
l=0

χl

∣∣∣∣∣
∣∣∣∣∣
Lp′(·)

∥∥∥∥∥
(q2∗∗)j

Lp(·)

,

where

(q2∗∗)j :=

 (q2)+ if

∣∣∣∣∣∣∣∣( 2jα(·)||{
∑j−2

l=0 Tk
b (fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)∣∣∣∣∣∣∣∣
L

p(·)
q2(·)

≥ 1,

(q2)− otherwise.

Hence we have∥∥∥∥∥|b(x)− bBl
|kχj

∥∥∥∥∥
j−2∑
l=0

χl

∥∥∥∥∥
Lp′(·)

+ χj

∣∣∣∣∣
∣∣∣∣∣(bBl

− b(·))k
j−2∑
l=0

χl

∣∣∣∣∣
∣∣∣∣∣
Lp′(·)

∥∥∥∥∥
(q2∗∗)j

Lp(·)

≤

(∥∥|b(x)− bBl
|kχj

∥∥
Lp(·)

∥∥∥∥∥
j−2∑
l=0

χl

∥∥∥∥∥
Lp′(·)

+ ∥χj∥Lp(·)

∣∣∣∣∣
∣∣∣∣∣(bBl

− b(·))k
j−2∑
l=0

χl

∣∣∣∣∣
∣∣∣∣∣
Lp′(·)

)(q2∗)j

≤
(
(j − l)k||χBj ||Lp(·) ||χBl

||Lp′(·)

)(q2∗∗)j
.

Therefore, we have∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{T k

b (
∑j−2

l=0 fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

.
(

j−2∑
l=0

2(j−l)α+−jn

∣∣∣∣∣∣∣∣2lα+

∣∣∣∣∣∣∣∣{fh(·)
µ

}
h

∣∣∣∣∣∣∣∣
ℓr
χl

∣∣∣∣∣∣∣∣
Lp(·)

(j − l)k||χBj ||Lp(·) ||χBl
||Lp′(·)

)(q2∗∗)j

.
(

j−2∑
l=0

2(j−l)(α+−nδ2)

∣∣∣∣∣∣∣∣2lα+

∣∣∣∣∣∣∣∣{fh(·)
µ

}
h

∣∣∣∣∣∣∣∣
ℓr
χl

∣∣∣∣∣∣∣∣
Lp(·)

(j − l)k

)(q2∗∗)j

.
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This implies that

∞∑
j=0

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{

∑j−2
l=0 T k

b (fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

.
∞∑
j=0

j−2∑
l=0

2(j−l)(α+−nδ2)

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2lα+ ||{fh(·)}h||ℓr χl

µ

)q1(·)
∣∣∣∣∣∣
∣∣∣∣∣∣

1
(q1)+

L
p(·)
q1(·)

(j − l)k


(q2∗∗)j

.

If (q1)+ ≤ 1, by Proposition 2.8 and Lemma 2.7, then we see that

∞∑
j=0

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{

∑j−2
l=0 T k

b (fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

.

 ∞∑
j=0

j−2∑
l=0

2(q1)+(j−l)(α+−nδ2)

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2lα+ ||{fh(·)}h||ℓr χl

µ

)q1(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q1(·)

(j − l)(q1)+k


(q2)−
(q1)+

. 1,

where q∗ ≥ 1 is a constant number as in Lemma 2.7.

If (q1)+ > 1, then we define s := ((q1)+)
′. By using the Hölder inequality and Lemma 2.7,

we have

∞∑
j=0

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{

∑j−2
l=0 T k

b (fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

.
∞∑
j=0

{j−2∑
l=0

2(q1)+(j−l)(α+−nδ2)/2

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2lα+ ||{fh(·)}h||ℓr χl

µ

)q1(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q1(·)

 1
(q1)+

×

(
j−2∑
l=0

2s(j−l)(α+−nδ2)/2(j − l)ks

) 1
s }(q2∗∗)j

.

 ∞∑
j=0

j−2∑
l=0

2(q1)+(j−l)(α+−nδ2)/2

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2lα+ ||{fh(·)}h||ℓr χl

µ

)q1(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q1(·)

q∗

. 1.

Hence we see that λ1 . ||b||kBMO|| ||{fh}||ℓr ||Kα+,q1(·)
p(·)

.

Step 3. Finally we estimate λ3. For any j ∈ N0, l ≥ j + 2 and a. e.x ∈ Rj , by the same
argument in Step 2, we see that∣∣∣∣{T k

b (fhχl)(x)
}∣∣∣∣

ℓr
. 2−ln

∣∣∣∣∣∣∣∣{∫
Rl

|b(x)− b(y)|k|fh(y)|dy
}

h

∣∣∣∣∣∣∣∣
ℓr

. 2−ln

∫
Rl

|b(x)− b(y)|k ||{fh(y)}h||ℓr dy

. 2−ln
∣∣∣∣ ||{fh(·)}h||ℓr χl

∣∣∣∣
Lp(·) ||b||kBMO

×
{
|b(x)− bBl

|k||χBl
||Lp′(·) +

∣∣∣∣(bBl
− b(·))kχl

∣∣∣∣
Lp′(·)

}
12



and∣∣∣∣∣∣
∣∣∣∣∣∣
(
2jα(·)||{

∑∞
l=j+2 T

k
b (fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q2(·)

.

 ∞∑
l=j+2

2(j−l)α−

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣∣∣∣{T k

b (
2l(α(y)+α+−α−)fhχl

µ||b||kBMO

)

}
h

∣∣∣∣∣∣∣∣
ℓr

χj

∣∣∣∣∣
∣∣∣∣∣
Lp(·)

(q2∗∗∗)j

.
( ∞∑
l=j+2

2(j−l)α−−ln

∣∣∣∣∣∣∣∣2lα+

∣∣∣∣∣∣∣∣{fh(·)
µ

}
h

∣∣∣∣∣∣∣∣
ℓr
χl

∣∣∣∣∣∣∣∣
Lp(·)

×
{
||(b(·)− bBl

)kχj ||Lp(·) ||χBl
||Lp′(·) +

∣∣∣∣(bBl
− b(·))kχl||Lp′(·) ||χj

∣∣∣∣
Lp(·)

})(q2∗∗∗)j
.

 ∞∑
l=j+2

2(j−l)α−−ln

∣∣∣∣∣∣∣∣2lα+

∣∣∣∣∣∣∣∣{fh(·)
µ

}
h

∣∣∣∣∣∣∣∣
ℓr
χl

∣∣∣∣∣∣∣∣
Lp(·)

(j − l)k||χBj ||Lp(·) ||χBl
||Lp′(·)

(q2∗∗∗)j

.

 ∞∑
l=j+2

2(j−l)(α−+nδ1)

∣∣∣∣∣∣∣∣2lα+

∣∣∣∣∣∣∣∣{fh(·)
µ

}
h

∣∣∣∣∣∣∣∣
ℓr
χl

∣∣∣∣∣∣∣∣
Lp(·)

(j − l)k

(q2∗∗∗)j

,

where

(q2∗∗∗)j :=

 (q2)+ if

∣∣∣∣∣
∣∣∣∣∣
(

2jα(·)||{
∑∞

l=j+2 Tk
b (fhχl)}h||ℓrχj

µ||b||kBMO

)q2(·)
∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q2(·)

≥ 1,

(q2)− otherwise.

Hence we have λ3 . ||b||kBMO|| ||{fh}||ℓr ||Kα+,q1(·)
p(·)

by the same argument in Step 2. This com-

pletes the proof of Theorem 3.1.

Remark 3.3. Later we will give Theorem 3.4 for the scalar-valued case. It is also true for the
vector-valued case because the statement of the proof above is valid for this theorem.

3.2 Sublinear operators with the proper size conditions

We have the following theorem.

Theorem 3.4. Let p(·) ∈ B(Rn), q1(·), q2(·) ∈ P0(Rn) with (q1)+ ≤ (q2)−, α(·) satisfy −nδ1 <
α− ≤ α+ < nδ2, where δ1, δ2 > 0 are the constants appearing in (4) and (5), and T be a
sublinear operator satisfying the size conditions

|Tf(x)| . ∥f∥L1 |x|−n (16)

when supp f ⊂ Rk and |x| ≥ 2k+1 with k ∈ N0, and

|Tf(x)| . 2−kn ∥f∥L1 (17)

when supp f ⊂ Rk and |x| ≤ 2k−2 with k ∈ N0. If T is bounded on Lp(·)(Rn), then we have

that for all f ∈ K
α+,q1(·)
p(·) (Rn),

∥Tf∥
K

α(·),q2(·)
p(·)

. ∥f∥
K

α+,q1(·)
p(·)

.
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Remark 3.5. We note that many important sublinear operators, including the Hardy–Littlewood
maximal operator and singular integrals, satisfy the assumptions above (cf. [4]), and therefore
Theorem 3.4 is applicable to justify the boundedness of those operators on the Herz spaces.

Proof of Theorem 3.4. Without loss of generality, we can postulate ||f ||
K

α+,q1(·)
p(·)

= 1. We divide

this proof into 3 parts as below:

∞∑
j=0

∥∥∥∥(2jα(·)|Tf |χj

)q2(·)∥∥∥∥
L

p(·)
q2(·)

.
∞∑
j=0

∥∥∥∥∥∥
(∣∣∣∣∣T

(
j−2∑
l=0

2(j−l)α(·)2lα+fχl

)∣∣∣∣∣χj

)q2(·)
∥∥∥∥∥∥
L

p(·)
q2(·)

+
∞∑
j=0

∥∥∥∥∥∥∥
∣∣∣∣∣∣T

 j+1∑
l=j−1

2(j−l)α(·)2lα+fχl

∣∣∣∣∣∣χj

q2(·)
∥∥∥∥∥∥∥
L

p(·)
q2(·)

+

∞∑
j=0

∥∥∥∥∥∥∥
∣∣∣∣∣∣T

 ∞∑
l=j+2

2(j−l)α(·)2lα+fχl

∣∣∣∣∣∣χj

q2(·)
∥∥∥∥∥∥∥
L

p(·)
q2(·)

=: I1 + I2 + I3.

Hence it is suffice to prove I1, I2, I3 . 1. By using the same argument in the proof of Theorem
3.1, we have I2 . 1.

Step 1 We estimate I1. By (16) and the generalized Hölder inequality, for any l ≤ k − 2
and x ∈ Rk, we have

|T (fχl)(x)| . 2−kn ∥fχl∥L1 . 2−kn ∥fχl∥Lp(·) ∥χl∥Lp′(·) . (18)

By using (18) and
2−kn ∥χk∥Lp(·) ∥χl∥Lp′(·) ≤ 2nδ2(l−k),

we see that

I1 ≤
∞∑
k=0

∥∥∥∥∥
k−2∑
l=0

2(k−l)α+
∣∣T (2lα+fχl)χk

∣∣∥∥∥∥∥
(q2)−

Lp(·)

≤
∞∑
k=0

∥∥∥∥∥
k−2∑
l=0

∥∥2lα+fχl

∥∥
Lp(·) ∥χl∥Lp′(·) 2

(k−l)α+2−knχk

∥∥∥∥∥
(q2)−

Lp(·)

≤
∞∑
k=0

(
k−2∑
l=0

∥∥2lα+fχl

∥∥
Lp(·) ∥χl∥Lp′(·) 2

(k−l)α+2−kn ∥χk∥Lp(·)

)(q2)−

≤
∞∑
k=0

(
k−2∑
l=0

∥∥2lα+fχl

∥∥
Lp(·) 2

(k−l)(α+−nδ2)

)(q2)−

.
∞∑
k=0

k−2∑
l=0

∥∥∥(2lα+fχl

)q1(·)∥∥∥ (q2)−
(q1)+

L
p(·)
q1(·)

2(k−l)(α+−nδ2)
(q2)−

2

.
(

k−2∑
l=0

∥∥∥(2lα+fχl

)q1(·)∥∥∥
L

p(·)
q1(·)

) (q2)−
(q1)+

≤ 1.

14



Hence we have I1 . 1.

Step 2 Finally we estimate I3. For every k ∈ N0, l ≥ k + 2 and a. e.x ∈ Rk, we have

|T (fχl)(x)| . 2−ln ∥fχl∥L1 . 2−ln ∥fχl∥Lp(·) ∥χl∥Lp′(·) . (19)

By using (19) and
2−ln ∥χk∥Lp(·) ∥χl∥Lp′(·) ≤ 2nδ1(k−l),

and the same arguments in Step 1, we have I3 . 1.

These complete the proof.

3.3 The fractional integral

The fractional integral Iβ is defined by

Iβf(x) :=
1

γ(β)

∫
Rn

f(y)

|x− y|n−β
dy,

where 0 < β < n and γ(β) := πn/22βΓ(β/2)
Γ((n−β)/2) .

We use the following result on the boundedness of the fractional integral on variable Lebesgue
spaces proved by Capone–Cruz-Uribe–Fiorenza [2]. Diening [6] has initially proved it when the
variable exponent equals to a constant outside a ball.

Theorem 3.6. Suppose that p1(·) ∈ P(Rn) ∩ C log(Rn). Let 0 < β < n/(p1)+. Define the
variable exponent p2(·) by

1

p1(x)
− 1

p2(x)
=

β

n
.

Then we have that for all f ∈ Lp1(·)(Rn),∣∣∣∣Iβf ∣∣∣∣
Lp2(·) . ||f ||Lp1(·) .

Then we have the following theorem.

Theorem 3.7. Suppose that p2(·) ∈ P(Rn) ∩ C log(Rn) and take a constant 0 < r < 1/(p′2)+
so that (6) holds. Let 0 < β < nr, α(·) ∈ P0(Rn) with α+ < nr − β and q1(·), q2(·) ∈ P0(Rn)
with (q1)+ ≤ (q2)−. Define the variable exponent p1(·) by

1

p1(x)
− 1

p2(x)
=

β

n
.

Then we have ∥∥Iβf∥∥
K

α(·),q2(·)
p2(·)

. ||f ||
K

α+,q1(·)
p1(·)

for all f ∈ K
α+,q1(·)
p1(·) (Rn).

15



Proof. Let f ∈ K
α+,q1(·)
p1(·) . We can assume that ||f ||

K
α+,q1(·)
p1(·)

= 1. Then we see that

∞∑
k=0

∥∥∥∥{2kα(·)|Iβf |χk

}q2(·)
∥∥∥∥
L

p2(·)
q2(·)

≤
∞∑
k=0

∥∥∥∥∥∥∥


∞∑
j=0

2kα(·)|Iβ(fj)|χk


q2(·)

∥∥∥∥∥∥∥
L

p2(·)
q2(·)

.
∞∑
k=0

∥∥∥∥∥∥∥


k−2∑
j=0

2kα(·)|Iβ(fj)|χk


q2(·)

∥∥∥∥∥∥∥
L

p2(·)
q2(·)

+
∞∑
k=0

∥∥∥∥∥∥∥


∞∑
j=k−1

2kα(·)|Iβ(fj)|χk


q2(·)

∥∥∥∥∥∥∥
L

p2(·)
q2(·)

.
∞∑
k=0

∥∥∥∥∥∥∥


k−2∑
j=0

2(k−j)α+ |Iβ(2jα+fj)|χk


q2(·)

∥∥∥∥∥∥∥
L

p2(·)
q2(·)

+
∞∑
k=0

∥∥∥∥∥∥∥


∞∑
j=k−1

2(k−j)α− |Iβ(2jα+fj)|χk


q2(·)

∥∥∥∥∥∥∥
L

p2(·)
q2(·)

=: U1 + U2. (20)

First we estimate U1. By the same argument as the proof of [16, Theorem 2], we obtain∥∥Iβ(2jα+fj)χk

∥∥
Lp2(·) . 2(β−nr)(k−j)

∥∥Iβ(2jα+fj)χk

∥∥
Lp1(·) .

Then, by taking a positive number ϵ so that β − nr + α+ + ϵ < 0, we have

U1 .
∞∑
k=0

k−2∑
j=0

∥∥2jα+fj
∥∥
Lp1(·) 2

(β−nr+α+)(k−j)

(q2)−

.
∞∑
k=0

k−2∑
j=0

∥∥2jα+fj
∥∥(q2)−
Lp1(·) 2

(β−nr+α++ϵ)(k−j)(q2)−

.
∞∑
k=0

k−2∑
j=0

∥∥∥(2jα+fj
)q1(·)∥∥∥ (q2)−

(q1)+

L
p1(·)
q1(·)

2(β−nr+α++ϵ)(k−j)(q2)−

=
∞∑
j=0

∞∑
k′=2

∥∥∥(2jα+fj
)q1(·)∥∥∥ (q2)−

(q1)+

L
p1(·)
q1(·)

2(β−nr+α++ϵ)k′(q2)−

.
∞∑
j=0

∥∥∥(2jα+fj
)q1(·)∥∥∥ (q2)−

(q1)+

L
p1(·)
q1(·)

. 1.

16



Finally we estimate U2. By Theorem 3.6 we see that

U2 =

∞∑
k=0

∥∥∥∥∥∥∥


∞∑
j=k−1

2(k−j)α− |Iβ(2jα+fj)|χk


q2(·)

∥∥∥∥∥∥∥
L

p2(·)
q2(·)

≤
∞∑
k=0

∥∥∥∥∥∥
∞∑

j=k−1

2(k−j)α− |Iβ(2jα+fj)|χk

∥∥∥∥∥∥
(q2)−

Lp2(·)

≤
∞∑
k=0

 ∞∑
j=k−1

2(k−j)α−
∥∥|Iβ(2jα+fj)|χk

∥∥
Lp2(·)

(q2)−

.
∞∑
k=0

 ∞∑
j=k−1

2(k−j)α−
∥∥2jα+fj

∥∥
Lp1(·)

(q2)−

.
∞∑
k=0

 ∞∑
j=k−1

2(k−j)α−
∥∥∥(2jα+ |fj |

)q1(·)∥∥∥ 1
(q1)+

L
p1(·)
q1(·)

(q2)−

.

If (q1)+ ≤ 1, then we have

U2 ≤
∞∑
k=0

 ∞∑
j=k−1

2(q1)+(k−j)α−
∣∣∣∣∣∣(2jα+ |fj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)


(q2)−
(q1)+

≤

 ∞∑
k=1

∞∑
j=k−1

2(q1)+(k−j)α−
∣∣∣∣∣∣(2jα+ |fj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)


(q2)−
(q1)+

. 1 (21)

by virtue of Lemma 2.7. If (q1)+ > 1, then we obtain by writing s := ((q1)+)
′,

U2 ≤
∞∑
k=0

 ∞∑
j=k−1

2(q1)+(k−j)α−/2
∣∣∣∣∣∣(2jα+ |fj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)


(q2)−
(q1)+

 ∞∑
j=k−1

2s(k−j)α−/2


(q2)−

s

.
∞∑
k=0

 ∞∑
j=k−1

2(q1)+(k−j)α−/2
∣∣∣∣∣∣(2jα+ |fj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)


(q2)−
(q1)+

≤

 ∞∑
k=0

∞∑
j=k−1

2(q1)+(k−j)α−/2
∣∣∣∣∣∣(2jα+ |fj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)


(q2)−
(q1)+

. 1, (22)

where we have used the Hölder inequality and Lemma 2.7. Hence by (21) and (22), we obtain
U2 . 1. Therefore we have

∞∑
k=0

∥∥∥∥{2kα(·)|Iβf |χk

}q2(·)
∥∥∥∥
L

p2(·)
q2(·)

. 1

by (20). This completes the proof of Theorem 3.7.
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3.4 Commutators of the fractional integral

The commutator of the fractional integral Iβ (0 < β < n) and b ∈ BMO(Rn) is defined by

[b, Iβ ]f(x) := b(x)Iβf(x)− Iβ(bf)(x).

We use the following theorem which is proved in [15].

Theorem 3.8. Suppose that p1(·) ∈ C log(Rn) ∩ P(Rn). Let 0 < β < n/(p1)+. Define the
variable exponent p2(·) by

1

p1(x)
− 1

p2(x)
=

β

n
.

Then we have that for all f ∈ Lp1(·)(Rn) and b ∈ BMO(Rn),∣∣∣∣[b, Iβ ]f ∣∣∣∣
Lp2(·) . ||b||BMO||f ||Lp1(·) .

Theorem 3.9. Let α(·), q1(·), q2(·) ∈ P0(Rn) and p2(·) ∈ C log(Rn) ∩ P(Rn). Take a constant
r ∈ (0, 1/(p′2)+) so that (6) holds. Suppose that 0 < β < nr, α+ < nr − β and (q1)+ ≤ (q2)−.
Define the variable exponent p1(·) by

1

p1(x)
− 1

p2(x)
=

β

n
.

Then, for all f ∈ K
α+,q1(·)
p1(·) (Rn) and all b ∈ BMO(Rn) we have∣∣∣∣[b, Iβ ]f ∣∣∣∣

K
α(·),q2(·)
p2(·)

. ||b||BMO||f ||
K

α+,q1(·)
p1(·)

.

Proof. Take f ∈ K
α+,q1(·)
p1(·) (Rn) and b ∈ BMO(Rn) arbitrarily. Let

λ1 :=

∣∣∣∣∣∣
∣∣∣∣∣∣
2kα(·)

∣∣∣∣∣∣[b, Iβ ]
k−2∑

j=0

fj

χk

∣∣∣∣∣∣


∞

k=0

∣∣∣∣∣∣
∣∣∣∣∣∣
ℓq2(·)(Lp2(·))

,

λ2 :=

∣∣∣∣∣∣
∣∣∣∣∣∣
2kα(·)

∣∣∣∣∣∣[b, Iβ ]
 ∞∑

j=k−1

fj

χk

∣∣∣∣∣∣


∞

k=0

∣∣∣∣∣∣
∣∣∣∣∣∣
ℓq2(·)(Lp2(·))

and λ := λ1 + λ2. Then we have

∞∑
k=0

∣∣∣∣∣
∣∣∣∣∣
(
2kα(·)|[b, Iβ ](f)χk|

λ

)q2(·)
∣∣∣∣∣
∣∣∣∣∣
L

p2(·)
q2(·)

.
∞∑
k=0

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2kα(·)|[b, Iβ ](

∑k−2
j=0 fj)χk|

λ1

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p2(·)
q2(·)

+
∞∑
k=0

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2kα(·)|[b, Iβ ](

∑∞
j=k−1 fj)χk|

λ2

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p2(·)
q2(·)

. 1.

This implies that ||[b, Iβ ]f ||
K

α(·),q2(·)
p2(·)

. λ1 + λ2. It suffices to prove that

λ1, λ2 . ||f ||
K

α+,q1(·)
p1(·)

.
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Below we will estimate λ1 and λ2 respectively. Let µ := ||f ||
K

α+,q1(·)
p1(·)

. We write g := f
µ ,

gj :=
fχj

µ and χ̃j :=
χj

||b||BMO
for every j ∈ N0. Let

µk :=

k−2∑
j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣ 1

(q1)+

L
p1(·)
q1(·)

(k − j)2(k−j)(α++β−nr)

(q2)∗k

,

where

(q2)∗k :=

 (q2)+ if
∑k−2

j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣ 1

(q1)+

L
p1(·)
q1(·)

(k − j)2(k−j)(α++β−nr) ≥ 1,

(q2)− otherwise.

Then we see that

∫
Rn


(
2kα(x)

∑k−2
j=0

∣∣∣[b, Iβ ]( fj
||b||BMOµ )(x)

∣∣∣χk(x)
)q2(x)

µk


p2(x)

q2(x)

dx

≤
∫
Rn


(
2(k−j)α(x)

∑k−2
j=0

∣∣[b, Iβ ](2jα+gj)(x)
∣∣ χ̃k(x)

)q2(x)
µk


p2(x)

q2(x)

dx

≤
∫
Rn

 2(k−j)α(x)
∑k−2

j=0

∣∣[b, Iβ ](2jα+gj)(x)
∣∣ χ̃k(x)∑k−2

j=0

∣∣∣∣∣∣(2jα+gj)
q1(·)

∣∣∣∣∣∣ 1
(q1)+

L
p1(·)
q1(·)

(k − j)2(k−j)(α++β−nr)


p2(x)

dx ≤ 1.

If (q1)+ ≤ 1, then we have that by Lemma 2.7,

I1 :=

∞∑
k=2

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2kα

∑k−2
j=0

∣∣[b, Iβ ](fj)(·)∣∣χk(·)
||b||BMOµ

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p2(·)
q2(·)

≤
∞∑
k=2

µk

=

∞∑
k=2

k−2∑
j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣ 1

(q1)+

L
p1(·)
q1(·)

(k − j)2(k−j)(α++β−nr)

(q2)∗k

≤
∞∑
k=2

k−2∑
j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣

L
p1(·)
q1(·)

(k − j)(q1)+2(q1)+(k−j)(α++β−nr)


(q2)∗k
(q1)+

≤

 ∞∑
k=2

k−2∑
j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣

L
p1(·)
q1(·)

(k − j)(q1)+2(q1)+(k−j)(α++β−nr)

q∗

. 1, (23)
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where q∗ ≥ 1 is a constant number as in Lemma 2.7. If (q1)+ > 1, then we have

I1 ≤
∞∑
k=2

µk

=
∞∑
k=2

k−2∑
j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣ 1

(q1)+

L
p1(·)
q1(·)

(k − j)2(k−j)(α++β−nr)

(q2)∗k

≤
∞∑
k=2


k−2∑

j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣

L
p1(·)
q1(·)

2(q1)+(k−j)(α++β−nr)/2


(q2)∗k
(q1)+

×

k−2∑
j=0

(k − j)q
′
12q

′
1(k−j)(α++β−nr)/2


(q2)∗k

q′1


.

∞∑
k=2

k−2∑
j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣

L
p1(·)
q1(·)

2(q1)+(k−j)(α++β−nr)/2


(q2)∗k
(q1)+

≤

 ∞∑
k=2

k−2∑
j=0

∣∣∣∣∣∣(2jα+gj
)q1(·)∣∣∣∣∣∣

L
p1(·)
q1(·)

2(q1)+(k−j)(α++β−nr)/2

q∗

. 1 (24)

by the Hölder inequality and Lemma 2.7. Hence we have λ1 . ||b||BMO||f ||
K

α+,q1(·)
p1(·)

by (23)

and (24). Finally we estimate λ2. For any k ∈ N, we define

(q2)∗∗k :=

 (q2)+ if

∣∣∣∣∣∣∣∣(2kα(·)|[b, Iβ ](∑∞
j=k−1

gj
||b||BMO

)χk|
)q2(·)∣∣∣∣∣∣∣∣

L
p2(·)
q2(·)

≥ 1,

(q2)− otherwise.

By Theorem 3.8, we see that

I2 :=
∞∑
k=1

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2kα

∑∞
j=k−1

∣∣[b, Iβ ](fj)(·)∣∣χk(·)
||b||BMOµ

)q2(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p2(·)
q2(·)

≤
∞∑
k=1

∣∣∣∣∣∣
∣∣∣∣∣∣2(k−j)α(·)

∣∣∣∣∣∣[b, Iβ ]
 ∞∑

j=k−1

2jα+gj
||b||BMO

∣∣∣∣∣∣χk

∣∣∣∣∣∣
∣∣∣∣∣∣
(q2)∗∗k

Lp2(·)

≤
∞∑
k=1

 ∞∑
j=k−1

2(k−j)α−

∥∥∥∥∣∣∣∣[b, Iβ ]( 2jα+gj
||b||BMO

)∣∣∣∣χk

∥∥∥∥
Lp2(·)

(q2)∗∗k

.
∞∑
k=1

 ∞∑
j=k−1

2(k−j)α−
∣∣∣∣2jα+gj

∣∣∣∣
Lp1(·)

(q2)∗∗k

.
∞∑
k=1

 ∞∑
j=k−1

2(k−j)α−
∣∣∣∣∣∣(2jα+ |gj |)q1(·)

∣∣∣∣∣∣ 1
(q1)+

L
p1(·)
q1(·)

(q2)∗∗k

. (25)
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If (q1)+ ≤ 1, then we see that by Lemma 2.7 and (25),

I2 ≤
∞∑
k=1

 ∞∑
j=k−1

2(q1)+(k−j)α−
∣∣∣∣∣∣(2jα+ |gj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)


(q2)∗∗k
(q1)+

≤

 ∞∑
k=1

∞∑
j=k−1

2(q1)+(k−j)α−
∣∣∣∣∣∣(2jα+ |gj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)

q∗

. 1, (26)

where q∗ ≥ 1 is a constant number as in Lemma 2.7. If (q1)+ > 1, then we write s := ((q1)+)
′

to get

I2 ≤
∞∑
k=1

 ∞∑
j=k−1

2(q1)+(k−j)α−/2
∣∣∣∣∣∣(2jα+ |gj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)


(q2)∗∗k
(q1)+

 ∞∑
j=k−1

2s(k−j)α−/2


(q2)∗∗k

s

.
∞∑
k=1

 ∞∑
j=k−1

2(q1)+(k−j)α−/2
∣∣∣∣∣∣(2jα+ |gj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)


(q2)∗∗k
(q1)+

≤

 ∞∑
k=1

∞∑
j=k−1

2(q1)+(k−j)α−/2
∣∣∣∣∣∣(2jα+ |gj |)q1(·)

∣∣∣∣∣∣
L

p1(·)
q1(·)

q∗

. 1 (27)

by the Hölder inequality, Lemma 2.7 and (25). Hence we have λ2 . ||b||BMO||f ||
K

α+,q1(·)
p1(·)

by

(26) and (27). This completes the proof of Theorem 3.9.

4 Boundedness of operators on the homogeneous Herz
spaces

We can also define the homogeneous Herz spaces with variable exponents by analogy with
the definition of the non-homogeneous case.

Definition 4.1. Let p(·), q(·) ∈ P0(Rn) and α(·) : Rn → R such that −∞ < α− ≤ α+ < ∞.

The homogeneous Herz space K̇
α(·),q(·)
p(·) (Rn) is the collection of f ∈ L

p(·)
loc (Rn \ {0}) such that

||f ||
K̇

α(·),q(·)
p(·)

:= inf

λ > 0 :
∞∑

k=−∞

∣∣∣∣∣∣
∣∣∣∣∣∣
(
2kα(·)|fχBk \Bk−1

|
λ

)q(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q(·)

≤ 1

 < ∞.

If the variable exponent α( · ) equals to a constant, then our main results, namely Theorems
3.1, 3.4, 3.7, 3.9, are true for the homogeneous Herz spaces because the proofs of those theorems
are directly applicable. But it remains an open problem on the boundedness in the case of
general variable exponent α( · ).
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