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S Appendix 33

1. Introduction and main results

Let Q ¢ RV, N > 2, be a domain witha € Q and 1 < p < N. The Hardy

inequality
N-p\ p
( p) f l dxsfqulpdx, (1.1)
14 olx—alp Q

holds for all u € W,”(Q), where W,”(Q) is the homogeneous Sobolev space
defined as the completion of C.°(€2) with respect to the (semi-)norm [[V(-)||1rq).

It is well-known that (%)p is the best constant and is not attained. Hardy’s best

-\ . . . o .
constant (%) plays an important role in investigating qualitative properties of

solutions to elliptic or parabolic partial differential equations, such as, stability,
instantaneous blow-up, and global-in-time asymptotics, see for example [4, 10].

On the other hand, in the limiting case where p = N, the Hardy inequality
(1.1) looks degenerate as the best constant vanishes. However in this case, we can
obtain the critical Hardy inequality on bounded domains:

N-1\" N .
- il dx< | VuPdx (weWN@) (12
N Q N R \V Q
lx — al¥ (log £-)

as a limit of the Hardy inequality (1.1) as p ,” N, where R = sup, . |x — al, see
[20] or I.-(ii) in §3.3. It is also known that (%)N is the best constant and is not
attained, see e.g. [1, 21, 9].

In the present paper, we introduce a critical Hardy inequality similar to (1.2)
when Q is unbounded, especially the half-space RY = {(x,y)|x € R¥"1,y > 0}.
Note that if Q = RY, this kind of inequality does not hold even if we restrict
functions to radially symmetric ones, see Proposition 5.1 in §5.

Our first result is the following.

Theorem 1.1. (Critical Hardy inequality on the half-space) Let N > 2. Then the
inequality

N-1)! JuCx, 1Y
N = (12 2\3 (P+(+y)? 5 X2 +(1+y)2 N by
(P + (1= y2) (HE2) (1og (Rt
< fN \Vu(x, y)|N dxdy (1.3)
R
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holds for any u € Wé’N (RY). Furthermore, (NT_I)N is the best constant and is not
attained.

Remark 1.2. (Asymptotic behavior of the potential function) Set

1
Vn(x,y) := 5. (1.4)

[x2+(1+y)? [x+(1+y)?
(1 + (1 = 37) (“2427) (l0g 12427 )

Then the inequality (1.3) is of the form

N-1

N
(—) f Vi, 1) % lu(x, y)IY dxdy < f IVu(x, ) dxdy.
N RY RY

The inequality (1.3) has two aspects: one is the critical Hardy inequality on
bounded domains and the other is the geometric Hardy inequality on RY, which

involves the distance from the boundary ORY. Indeed, the potential function
-N

Va(x, y)% behaves like (I)cl2 +(1-y)? when (x,V) is near to

Y )
) (log \/IXI2+(1—y)2)
ey = (0, 1) € RY, which is similar to the critical Hardy potential on the ball B;(ey)
with radius 2 and center ey. Also Vy(x, y)% behaves like y™ = dist((x, y), ORY)™
near the boundary ORY or oo, which is similar to the geometric Hardy potential

2 2
onRY. In fact, since Y := :i:zigtgz =1l+o(l)as|x?+(y—-1)*— cory— 0and

logY =Y—-1+0()asY — 1, we have

1

I +(1+y)? )
4

N
VN(X»)’)z = N N
5 2

oz ¥7)’

— +o(1)

(I + (1 =)

(x> + (1 = y)?)

(WP ra-yp)
WP+ (14 )
=06™)

N
2

|x|2+(41+y>2) ( v-1 )

N
2

R — —_

+o(1)

as|x?+ @y -17? - ccory— 0.

Next, we give an improvement of (1.1) which yields (1.3) as p ,/ N. Im-
provements of the Hardy and the Hardy-Sobolev inequalities on balls are studied
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for radially symmetric functions in [15, 20, 30]. However, on the half-space RY,
we cannot consider radial symmetry since radial functions which are zero on the
boundary RY must be identically zero. Instead of radial symmetry, we introduce
the following new symmetry for functions u = u(x,y) on RY:

Put
p-l, ~pT 2 2\~ 25D 2 =1
S w (12 + (= 92) 770 = (1x + (1 + 3)?) if p e (1,N),
Up(_x,y) = L —
wNﬁIl log :ilzigliﬁz lfp = N’
(1.5)

where wy_; is the area of the unit sphere S¥~! in RY. Note that the function
U,(x,y) is obtained from the fundamental solution of the p-Laplacian on RY with
singularity ey = (0, 1), by “reflecting the singularity” with respect to the bound-
ary ORY. So U, = 0 on dRY. However, it is different from p-Green’s function
Gy . (x,y) on RY when p # 2 and p # N, see §2.

We consider functions on RY of the form

u(x,y) = ii(s), where s = U,(x,y), (x,y)€RY, (1.6)

for some function i on R with the property i#(0) = 0. In the following, with some
ambiguity, we identify i as u and write, for example, u(x,y) = u(s), s = U,(x,y)
for (x,y) € RY. Thus a function of the form (1.6) has the same value on each level
set of U, and vanishes on dRY.

Our second result is an improvement of the Hardy inequality (1.1) on RY for
functions with the symmetry (1.6).

Theorem 1.3. (Improved Hardy inequality for p > 2) Let 2 < p < N. Then the
inequality

N - p\’ V,(x,y)?
( P) f (X, ) —|u(x, y)IP dxdy < f IVu(x, y)I dxdy (1.7)
) e eyt .

holds for any u € Wé’p RY) of the form (1.6), where

N-1 N-p -1
1+X P71 22X 207D (x2+(14y)%) ™ (xP+y*-1)
2 ’

Vp(x’ y) = N-p
[1-xm

(1.8)

X = b2 +(1-y)? € [0,1).

T xP+(14y)?

Furthermore, (?)p is the best constant and is not attained.
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Remark 1.4. Actually, the inequality (4.10) holds for functions without the sym-
metry (1.6) by combining Proposition 2.1 and a result in [14], see Theorem 4.6 in
§4. Our method is based on the harmonic transplantation.

Remark 1.5. (V,, > 1) We remark here that (4.10) is an improvement of the Hardy
inequality (1.1) with a = ey since V,(x,y) > 1. In fact, for any (x,y) € RY n BIIV,
we have V,(x,y) > 1 + X1 > 1. Also, for any (x,y) € RY\ BY, we have

N-p
Xl

- 4y +1
Vo(x,y) =1+ _ [X—1+X—2<Np—”w%
(1 — X7 1)2 x> + (1 +y)
Xt 4 4
p-l _N-p_ y _N-p_
=l+— {X -0 — 1} _ + X ) —
(1 — X710 )2 [ x> + (1 +y)? 2 + (1 +y)?
>1

since X € [0, 1).

Remark 1.6. Unlike (1.1), it is possible to take the limit p / N in the improved
Hardy inequality (4.10). Thus we obtain Theorem 1.1 (for functions with symmetry
(1.6)) from Theorem 1.3 in this way.

In fact, since 1 — X* = slog;—( +o(s) as s — 0, taking s = % we see that
V, in (1.8) satisfies

(N—py V,(x,y)?
P (xR + (1 -yt

(N_p p{l+X—2(|x|2+(y+1)2)_1(|x|2+y2—1)}
(5]

N — p
(X + (1= )?)7 | 5055 log 1|

wlz

+o(1)

N-1\" v
=(77)wmwuwm (/N

where Vy is defined in (1.4). Therefore, we obtain (1.3) as a limit of (4.10) as

p /N
However, note that, Theorem 1.1 is proved by another method in §4 and valid
for functions without any symmetry.

This paper is organized as follows: In §2, we show propositions about the
function U, (x,y) in (1.5), which coincides with p-Green’s function Ggy ., (x,)
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when p = 2 or N. Although U, is different from Ggy ,, for p € (2,N), we can
prove that U, is superharmonic for p € (2,N) on Rﬂ:’ \ {ex}. This is a key point
of the proof of Theorem 1.3. In §3, we recall the Mobius transformation and
the harmonic transplantation proposed by Hersch [18]. We point out that various
transformations so far appeared in references can be understood as a special or a
general case of harmonic transplantation. Also, we explain the difference between
two transformations. In §4, we show Theorem 1.1 by exploiting the Mobius trans-
formation. Due to the lack of the explicit form of p-Green’s function Gy, for
p € (2,N), it seems difficult to apply the original harmonic transplantation which
exploits the p-Green’s functions, to obtain an improvement of the Hardy inequal-
ity on the half-space RY, see Theorem 4.2 in §3. We use U, in (1.5) instead of
p-Green’s function Ggy , to define a modified version of the harmonic transplan-
tation. By usng this new transformation, we show Theorem 1.3. In the last of
§4, we mention that these transformations can be also applicable to Sobolev type
inequalities. In §5, we show several propositions related to main theorems and
give an application of a special type of harmonic transplantation.

We fix several notations: By or B],g denotes the N-dimensional ball centered
0 with radius R. As a matter of convenience, we set BY = RV and 1 = 0.
wy-; denotes the area of the unit sphere S¥~! in RY. [f > &] denotes the set
{(x,y) € RY| f(x,y) > &}. |A| denotes the Lebesgue measure of a set A c RV,

2. Green’s function on the half-space

Let Go, = Gau(2) : Q\ {a} — R be the p-Green function with singularity
at a € Q associated with p-Laplace operator A,(-) = div(|V(-)|’"2V(-)). Namely,
Gq..(2) satisfies

2.1)

—8,Ga4(2) = 0a(2),  z€EL,
Gaaz) =0 z€0Q,

where ¢, is the Dirac measure giving unit mass to a point a € Q. When Q = RY
and a = ey = (0, 1), we have
_ N-p

rond [(IxP + (1 =y2) 77 =y, y)] if p € (1,N),

-pP

Gy ey () =1 — (2.2)
Wy log B, if p=N,

N-1
where i, is a function with ¢, € L* (RY), limp,,-120 (le2 +(1 - y)z)z(”’1> Vi, (x,y) =
N=2

0, and ¥(x,y) = (lx|2 +(1+ y)2)_ * (see [22]). Note that U, in (1.5) coincides
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with Ggy,, for p =2 or p = N. To the best of our knowledge, we do not know
the explicit form of ¢, when p # 2 and p # N. This fact causes some difficulty
in the application of harmonic transplantation in §3 on RY, since we need the ex-
plicit form of Green’s function in the use of harmonic transplantation. However,
fortunately, we see that U, is a super (or sub) solution of (2.1) in the distributional
sense according to the range of p as follows. This fact enables us to use U, instead
of Ggy ,, in the proof of Theorem 1.3.

Proposition 2.1. Let 1 < p < N and let U, be as in (1.5). Then for any ¢ €
CE(RY) with ¢ > 0,

f IVU,IP>VU, - V¢ dxdy = ¢(0, 1) + f (=A,U) ¢ dxdy (2.3)
RY RY

<0, 1) ifpe,2],
>¢(0,1) if pel2N),
=¢0,1) ifp=N.

Proposition 2.1 follows from Proposition 2.2.

Proposition 2.2. Let 1 < p < N and let U, be as in (1.5). Then for (x,y) €
RY\ {(0, 1)}, we have the followings:
(I) Let 1 < p < N. Then

(N - p)p-2) _ p n
AU, = PPy v, [P+ o - D [ 4 o+ D
(P - 1)2 w]l\)/__ll
(X2 +% = 1y?
XIN-p+(N+p-2) .
P P+ = DR + (v + 1))
(Il) =AxUy = 0.

Especially, we see that the pointwise estimates

-A,U, <0 onRY \{ey}, (1<p<2),
=AU, 20 onRY \{ey}, (2<p<N),
-AU, =0 onRY \{ey}, (p=N)

hold.

Proof. (Proof of Proposition 2.2)



(D) For (x,y) € RY \ {(0, 1)}, we have

2 o x 2 12‘%‘1 X
WVU, = =[P+ o - D] 1) IR+ O+ 17] pr1

which implies that

(U

VU = wy [{lxl + (- } ! + {le2 +(+ 1)2}‘%—

_ N;p -1 _ 1\;;17 -1
—2{al + =TT+ o 1) mf+f—u}

We put V = |[VU,|*. Then we have

P- p— — 2
div(VU,["2VU,) = div(V'T VU,) = V'T [VAU,, + 2 Zyv.vu,|.
N -1 2 -1 e
AU, = div(VU,) = —# [{IXI2 =12 o 12 1].
(p- Doy,

Also, we have
L
Wl Vv
_ N_l 2 2 _%_2 X N ]7 -2 X
_—2p_1{|x| +(G- 17 (y_l)—zp {Ix? +(y+1)} (y+1)
! ~sp 1 (X
—4 X2+ _12 2(p-1) X2+ +12 2(p-1) ()
{Ix? + v - 1)} {IxP + @+ 17 .
N-p 2 "2 [y w2 X
+2(p 1 2Mu|+@—1>} (RO b B S et V]

N-p 2 2\ [ g2 N2 2, 2 X
+2(p l+2){|x|+<y—1>} {laf? o+ 0 D7) 7T T P D




which implies that
p—2

—5-VV-VU,
_P-2 e A RET=rhel 2 et X
= 5w |IxP + v = 17?] y1 [l + o+ 12 vet) |
N-1 —2 x N-1 2 ox
2 2+ _12 p-1 2 2 2 p-1
p_1{|x| - 17 (y_1)+ p_1{|x| + o+ 1 gt
_ N _N-p
+4{|x|2+(y_ 1)2} 2(p-1) 1{X|2+(y+ 1)2} 2(p-1) 1(;)

- N-p

2 (M2 o) i - 0 e e 0y
p—1 y—-1

N-p N-p

N-p “3-n! 312 X
—2(p 1+2){|x|2+(y—1>2} B (B O Vi (|x|2+y2—1)(y+1).

Therefore, we have

p—2
——VV- VU,
p=2 -H[,N-1 -3
=50 [2p_1 |IxP + v = 12| 7
N-1p P Rl A=
+2o— |5 + = 1)°] [P+ @+ 1?2 7T+ = 1)

4+ -] T [P o+ DT (P - y)

N-1 2 N2 e Nl e 2
—2(p_1 +1){|x| + =127+ o+ 1) (X +y* = 1)

N-1 s k2
—2(p_1 +1){|x|2+(y—1>2}' (I + @+ D) 777 (af? + 5 - 1)

N-1 Nep e
S22 o= D P o DT P R )

- 2 2132 2 2] 2! 52
—2—— [P o ] T AP+ = DT [P o 17T ) )
w2 (S p e 1l = P (P ok 0 ey 17

P AT +y =1

N-1 SR T
+2 (p—l +1){|x|2+(y—1)2} TP+ v+ 12 (|x|2+y2—1)].
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~&p-2[ N-1 Wep
VAU, = —w,"| > [ = 1{|?C| + (- )} ey
N-1 Nepo stoty—1
-2 — P+ o-17) TR+ o+ D2
N*p
{|x|2 -1 b {|x|2 o+
3(N-p) _
{|x| o+
Nep_o — N
{|x| =D TP o+ T Py -
=L +<y—1)2} T+ o+ DY 2= D,
p 1
we have
: 2 st B2 pi
div(VU,[P?VU,)V oyl s = VAU, + —VV VU, |wl!
N N -

_ —lg o A= NI ! p l1
——2p_1{|x|+(y—l)} {Ix? + o+ D) Up T

2{|x|2 +( -1 2 _%_1 2 1 2 _%_1 2 1 2 _2(17*1)_1 2 2 -1
y =1y {Ixl + v + 172} {lxl + v + 172} (xf* +y* = 1)

N-p

— -1 — -1
i+ o= T P+ = D2+ o= 12T (P + ) - )

—Nop g
—2{alP + o+ ) T (e 7 +y)

N — b2 — -2

_ 2(p — + 1) {|x|2 + (y _ 1)2} 2(p-1) {|x|2 + (y + 1)2} 2(p-1) (|X|2 +y2 _ 1)2Up
2N - p)wy! ot —i

= —(p_—l)z”“u,,{lad2 = D o 12

(x> +y* = 1) ]

[N SN - AR+ 0+ D)

which implies Proposition 2.2 (I).

(IT) The proof is done by direct calculation in the same way as (I). We omit the
proof here.
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O

Proof. (Proof of Proposition 2.1) Let B.(ey) be the ball with center ey and radius
e. For any ¢ € CZ(RY), we have

f IVU,IP*VU, - Vé dxdy
RY

= f IVU,IP*(VU, - v) ¢ dS + f (-A,U,) ¢ dxdy + f IVU,IP*VU, - V¢ dxdy.
0Bs(en) RY\Be(en)

Bg(en)
(2.4)
_1
where v = —(x,y — 1)7 {le2 +(y— 1)2} *. We claim
f IVUPIP‘Z(VU,, v)pdS = ¢0,1)+0(l) (¢ > 0), (2.5)
aBs(eN)
f IVU,|P2VU, - V¢ dxdy = o(1) (s — 0), (2.6)
Bg(en)
Indeed, a direct calculation shows that
f IVU,IP”2(VU, - v) ¢ dS
aBa(eN)
-1 2 2ot 2 = 2 27!
=oyy | e+ o= kP o+ 2T = 2{ + - 1))
OB,

p-2
N-p

- Nop
(P + @+ 1277 1 + 7 - 1)

nﬁ+ﬁ—ukw+@—nﬂ*¢w

L1 o1 Nty f [1 { &2 }
= wy_,& = +{—
9B (en) x> + (y + 1)?

&2 2 T 12 2 1
2(p-1) + _
WPay-n| [1-]——= ey -l
x> + (y + 1)? x> + (y + 1)?

=¢0,1)+0(1) (—0)

=

N-p

—2e T P o 1)

-]

¢ dS

which implies (2.5).
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On the other hand, we see

_N-1
2

<ol [ (w17 dxay
Bg(eN )

f IVU,IP*VU, - Vé dxdy
Bs(eN)
= C|IV@lloo wn-1 f dr=o0(l) (&—-0),
0

which proves (2.6).
Finally, we check that the second term in (2.4) satisfies

fRN\B . )(_APUP)¢dXdy — LN(—ApUp)quxdy 2.7)
as € — 0. Actually, we have
AUyl = 0(|VUP|p_4Up(|X|2 + (- 1)2)‘%—1),
VU, = 0((|x|2 + (- 1)2)“%”—1)%),
Ul = 0((|x|2 +(y— 1)2)—%)
near (x,y) = (0, 1) by Proposition 2.2. Thus we have
AUyl = O+ (v = 1) 1)

N-p N-p 2

=0 (( I+ (y — 1)2)“%‘”(”‘4*W‘W‘ )

:OﬁwW+@—nﬁ‘Pf)

near (x,y) = (0, 1). This is locally integrable if

WN-Dp-2) _
p—1

which always holds for p € (1, N]. Thus (2.7) follows from Lebesgue’s dominated
convergence theorem.
Returning to (2.4) with (2.5), (2.6), and (2.7), we obtain (2.3). O
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3. Mobius transformation and harmonic transplantation

In this section, we recall Mobius transformation and harmonic transplantation.
Both transformations preserve the norm ||V(-)||, and coincide in the critical case
p = N. However in the subcritical case p < N, these transformations are different
from each other.

3.1. Mobius transformation

First, we recall the definition of Mobius transformation and its properties.

Definition 3.1. (Mobius transformation) For b € R¥, A > 0, R € O(N), where
O(N) is the orthogonal group in RY, set

T,(z) =z+b (translation),
Sa1(z) = Az (scaling),
R(z) = Rz (rotation),

J) =7 = = (reflection).
|z

A Mobius transformation M : RN — RY is a finite composition of Ty, S 1, R and J.
Also, the group of Mobius transformations is denoted by M(RY).

Remark 3.2. Setu®v = (u;v;)i<i jen foru = (uy, -, uy) andv = vy, ,vy)'.
The differential and the Jacobian of each transformation are as follows.
(Tp) (z) = 1, det(T)' (z) = 1
(S1)'(2) = Al det(S,)'(z) = ¥
R'(z) =R, detR'(z) = detR = +1
(-1

1 Z Z
J ()= — (I— 2—® —), detJ'(z) = —=
|z|? lzl Izl |22V

where I is the identity matrix on RY. For the proof of the last one, see Proposition
5.3.

For a function f : R¥Y — R, we set

(M")(2) = [det M'(2)| ¥ f(M(2)) (3.1)

for z € RY. We call M*f is also the Mdbius transformation of the function f. Then
we see that the transformation M* preserves several quantities as follows.

13



Proposition 3.3. Let 1 < p < N and p* = NN—_”p for p < N. If M € M(RY), then

|V(M#f)(z)|pdz: IVfw)[Pdw for p=2orN, (3.2)
RN RN
[ ortn@r = [ o dw forp<n. (3.3)
RN RN

(M ) ()P dr = Lfw)l? dw (3.4)
RV |21 ryWIP

hold for any f € CE(RN \ {O}).

Remark 3.4. From Remark 3.2, we have

(T} @) = f(z+b),
$* ) =27 f(X),
(R* f)(2) = f(Rz),
) = |z|i<”‘”>f(i).

2P
The last transformation is called the Kelvin transformation when p = 2 or N. In

the case where p # 2 and p # N, there is no radial function p = p(|z]) £ O such
that

jl;N IVe@)I" dz = jl;N [Vfw)|” dw holds for g(z) = p(|z|)f(é) ,

see the proof below. Furthermore, all transformations except for J* above pre-
serve the p-harmonicity of functions: A,f = 0 implies A,(M*f) = 0, where M
is one of Ty, S, and R. Also J* preserves the p—harmonicity of functions when
p=2o0rp=N. Whenp #2and p # N, it is shown in [24] that there is no radial
function p such that A,g = 0, g as above, for any function f satisfying A,f = 0.

Proof. (Proof of Proposition 3.3) We can easily show (3.3) and (3.4). We show
(3.2) only. First, we claim that (3.2) holds for each transformation 7}, S, R, J.
We shall show (3.2) only for M = J. We use the polar coordinate z = rw,r =
|z, w € SN!. Then we have w := Jz = sw, [w| = s = r~!, and

' F)rw) = p(r) f(sw),  where p(r) = r#®N,

14



Therefore, we have

f VU AN dz

- I L]
-1
Il
111

g
—|VSN W(J I ] N1 drds

P

—6—f,0(r)” +p(r)2r Ver-1 f1° ] Nldrds
’ 2 %

o _por PV fE| o) N drds

ds  p(r)

Off P00 o WO

ds P(”)S2 ds p(l’)zs4f _|V v-1 f] ] o(r)Pr 2N=-p) N=1 g0dS

where r = s7!. Since p(r)’r*™=P = 1 and p(r) = 1 for p = N, we obtain (3.2) for
p = N. In the case where p = 2, by the integration by parts, we have

IV )@ dz = f IVF(w)|> dw + (N — 2)? f f (2 (1) 2+ 12 f2) sV dsdS .,
RN RN os\s s

IVFw)P dw.

RN

Therefore, we obtain the claim. Let A, B € {T}, S 1, R, J}. Since

we have

(A0 BY(2) = | det(A o BY (D) 7 f((A o B)(2))
= |det A’(B(2)) - det B'(2)| ™ f(A(B(2))
= |det B'(2)| ™ (A" /)(B(2))
= [(B* 0 AMf1(2),

(A o B* = B* 0 A",

15



From this and the claim, we have

f IV[(A o B fl@)IP dz = f IV[(B* o A" f1(2)I” dz
RN RN
RN

VA" HW)I” dw

_ f VAP de
RN

for p = 2 or N, where w = B(z) and € = A(w) = (A o B)(z). Since Mobius
transformation is a finite composition of 75, S ,, R, J, we obtain (3.2) for any M €
M(RY) by induction. i

For more information on Mdbius transformation, see e.g. [2, 5].

3.2. An example of Mobius transformation: Cayley type transformation
Let N > 2 and p = 2 or N. Consider the transformation B from R to R as
follows (Ref. [7]).

2x, 1—|xf2 —y? i
(%5) = B(x,y) :( ?1 +y)2'xJ|r |x|2y ) (x,y) €RY, (%7) € RV (3.5)
We see 4 2
2 _ XIP+(y—
Bee P = (3.6)

thus if we restrict B on RY, then B maps RY to the unit ball B} c R". Also
IB(x,y)| = 1 if and only if y = 0, thus B(ORY) = dBY. We can check that the
inverse function B! is the same as B, that is

2%, 1 —|7? -3
(1 +5) + |x?

(x,y) =B7'(%,3) = (

Note that the transformation (3.5) is a Mobius transformation:B € M(RY). In fact,
we see that

1 0

B(z)=RoJoT, 0S,0J0T.,,(z),where R = , ey = O ,

see [2] p.34 or Proposition 5.4 in §5. Therefore, we obtain the following.
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Proposition 3.5. Let B : RN — BY be given by (3.5) and let z = (x,y). Then
) N
detB'(z) = - { TP+ P } :
Proof. From (3.7) and Remark 3.2, we have

detB’(z) = detR -detJ (T, 0 Sp0J o T_,,(2)) - det(T,,) (S20J o T_.,(2))
=1 -1

~detS) (J o T_(2)) - det J'(T_, (2)) - det (T_,,) (2)
N——

=N =1
(=D N =1
- (=1)- L
=1 T,y 0S20J0T_, (2)*N IT_., (D)IPN
1 1
=(-1) . 2N
ley +2(z —en)* PV |z —enN
1 1 2N

=(-1) N=(-1

. . ) .
— — 2N N
len + 2PV o= e (I + (1 4+ 7))

3.3. Harmonic transplantation

Harmonic transplantation was first proposed by J. Hersch [18] in the attempt
to extend several isoperimetric problems on two-dimensional simply-connected
domains to higher connectivity and higher dimensions, see also [17, 3]. Here, we
recall the original harmonic transplantation from BY to Q c R".

For v e W,” (BY) and a € Q, define H,(v) = u : Q\ {a} > R by

) = Hi)0) = v((Gro) " (Gaa) ). (3.8)

where G BY.0 and Gq,, are p-Green’s functions on the ball BY with the pole O and
on Q with the pole a € Q, respectively. In the case p € (1, N), we have

Il e I
GBII",O(Z)—N—_pr_1 |27 - (3.9)
which implies that
p-1
-1 N_ % ~N=
(Gryo) (Gau®)) = [rfw;_'lc;g,a@) +1

17



Also, we can rewrite the transformation (3.8) to
u(y) = v(z), where Go..(y) = Gpy o(2). (3.10)

Hereafter, we call the transformed function u = H,(v) on Q \ {a} via (3.10) the
harmonic transplantation of a function v € W&’r’; d(Bllv ). We see that harmonic
transplantation (3.10) preserves ||[V(-)||.» for p € (1, N]. A proof of this fact is
shown for the sake of reader’s convenience.

Lemma 3.6. ([17] Theorem 10.3, [13] Lemma 22) Let v € W'”

0,ra

p < N. Then Hy(v) € Wy"(Q) and |IV (Hi) llr@y = IVVllrqg-

(B and 1 <

Proof. In the case where p = N, see [13] Lemma 22. Let 1 < p < N. We write
G = Gg,. Let h be defined by

-1 N _ %] N-p
h(y) = (GBQV,O) (G(y) = [p—f“’z'\}f—lG(y) +1 , YEL,

and hence u(y) = v(h(y)). In particular, Vu(y) = v'(h(y))Vh(y). Note that since
G>0inQ, we getthat 0 < i(y) < 1lonQandify € h7'({t)) N Q, then ¢ € [0, 1].
Thus the coarea formula gives that

fg Val? = fQ W O)IPIVAOIP (VRG] dy

1
= f [ f V' (hO)IPIVRO)IP _ldWN_l(y)] dr.
0 AL {thnQ

Using VA = w! " h(y) 71 [VG(y)], we have

1
f |VulP = f a)N_er_llv'(t)Ip[ f IVG(y)|"~! dHN—l(y)]dr.
Q 0 hL({tHnQ

Note that 2~ '({#}) N Q is also a level set of G. Since
f IVGG)IP dy =1, f VG~ dHY (y) = 1.
{G<t} {G=t}

for any ¢ € [0, o) (Ref. [17] Lemma 9.1, or [13] Proposition 4), we obtain

f VGO dHY 6y =1 ("1 € (0, 1)),
h1({hHnQ

18



which implies that
1
fquI” = f wy_ 1 IV @ dt = f [Vy|P.
Q 0 BY

Up to now, various transformations are found in literature so far. These trans-
formations can be understood as a variant of harmonic transplantation. Here, we
classify these transformations into the following three types:

O

1. Domains of two Green’s functions in (3.10) are different from each other.
II. Operators of two Green’s functions in (3.10) are different from each other.
II1. Dimensions of two Green’s functions in (3.10) are different from each other.

Original harmonic transplantation (3.10) is type 1. For reader’s convenience, we
unify these transformations in the form of (3.10) and summarize their properties
briefly. In the present paper, we use harmonic transplantation (3.10) in I.-(i1)
below.

L.-(i): Critical case: 1 < p=N
IfQ= Bﬁ’ ,a = O, then the harmonic transplantation u = H,(v) in (3.10) becomes

1

u(y) = v(z), where Gy o) = w, 1og|yl| = Wy log & = Gy o2)
which coincides with the scaling z = S(y) = Ry. On the other hand, if Q = RY,
a = (0, 1), then the harmonic transplantation u = H,(v) in (3.10) coincides with
the function B by the Cayley type transformation B in (3.5), see §3.2. Similar to
the various rearrangement techniques, harmonic transplantation (3.10) enables us
to construct appropriate test functions for various minimization or maximization
problems: we refer the readers to the application of harmonic transplantation to
the study of the Trudinger-Moser maximization problem on general bounded do-
main Q (Ref. [16, 12, 23, 13]).

L.-(ii): Subcritical case: 1 < p <N
If Q = BY (let BY = RY and 1 = 0), @ = O, then the harmonic transplantation
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u = H,(v) in (3.10) becomes

—1 L[ Ny
uy) = v(2), whete Gy o) = 1wy, ERael
p=1 b

1 _N=p _N-p
=N 91 [|Z|  —R ”‘f] = GBg,O(Z)

which does not coincide with S 2(\/), here Sk is the dilation z = Sg(y) = Ry (R <
00), unlike L.-(i).

We can obtain improved Hardy-Sobolev inequalities on BY via (3.10), which
are equivalent to the Hardy-Sobolev inequalities on RY (Ref. [20]. See also
[31, 30]). Not only the improvement of the inequalities, but also a limit of the
improved Hardy-Sobolev inequalities on By as p /' N can be considered, unlike
the classical cases. For the subcritical Rellich inequality, a part of this argument
still holds, see §2 in [28]. A limit of the Hardy-Sobolev and the Poincaré inequal-
ities (in some sense) can be considered, see [20] and [6] for taking a limit p ~ N
or N / oo in the Sobolev inequality respectively, [33] for p ,* N in the Hardy
inequality, and |Q| Y\, O in the Poincaré inequality. Also see [32] for a survey.

In the present paper, we consider the harmonic transplantation u = H,(v),
Ve W&’Zd(BIIV), in (3.10) for Q =RY, a = ey = (0, 1), and p € (1, N). Namely,

u(x,y) = v(x,y), where

— 1 _% _ I\Z;P
G]Rﬂ:’,((),l)(xay) = ]I\)]—_pril] [(|x|2 +( _)7)2) - lﬁp(x,y)]
-1 L. N = o~
= [(|x|2+ [51%) " —1] =Gpro(%y) (.11

where ¢, 1s as in (2.2).

Remark 3.7. We point out that, in the case 2 = p < N, there are at least two trans-
formations u of v € Wé”rzad(BllV), by which ||Vull;2q) = ||Vv||Lz(lev) holds. Indeed,
when Q = Bg for R < oo, the harmonic transplantation u = Hy(v) and the Mobius
transformation u = S*(v) from Wé”rza BV 10 W, 2(BY) preserve the L* norm of the
gradient. Also when Q = RY, the harmonic transplantation u = H,,(v) and the
Mébius transformation u = B*(v) via the Cayley type transformation (3.5) from

Wé”fad(Bll\’) to Wy*(RY) have the same property, see §3.2.

I1.: From weighted problem to unweighted problem
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Letl < p < N and G~lev’0 be Green’s function with singularity at O associated
with the weighted p-Laplace operator div(|y|’~|V(-)|P~2V(-)). Define u : lev - R
by

1 1 _]7%1 N-p

_ ~ — ., b1 _p—l —p,’_
u(y) = v(z), where GB]IV,O(y) = w,’, log Iy_l TN pr_l lzI" 7T = Ggw o(2),

yeBY, zeR",

Then we have ||Vu|| LABY: i dy) = IVVLr®yy (Ref. [37, 19]). We can remove the
weight [y|”~" thanks to the above transformation.

I11.-(i): From higher dimensions to one dimension
Consider the Moser transformation

__L R
u(y) = v(z), where GBg,o()’) = w,"| log ﬂ =z yeBN,zeR,.
y

Then we have ||Vul| v gv) = [[V'[|¥w,). The Moser transformation is used to reduce
R

the Trudinger-Moser maximization problem on W&ﬁ d BY) to the one-dimensional
problem (Ref. [26]). On the other hand, if we consider the Moser transformation
on the subcritical Sobolev spaces W&’r’; d(Bg )(p < N), then we have

p-1

--L N-p N-p

p-1 - - —
—W,,_ |y| =T — R 71 =Z.
N-p NI

u(y) = v(z), where GB;y’O(y) =

Then again we have ||Vu|| LY = IIV'|lLr,)- For an application of these transfor-
mations, see Proposition 5.5 in §5.

II1.-(ii): Relation between the critical and the subcritical Sobolev spaces
Let p = N < m. If we consider the relation

1R
u(y) = v(z), where Gpy o(y) = w7, log o

N - 1 _ L m— m—.
= TR - R | = G o),

(3.12)

LN i 1LN _
foru € WO,rad(Bg)’ v E WO,md(BZZ)' then we have ||Vu||LN(Bg) = ”VV”LN(BZI). Namely,

we obtain the equality between two norms of the critical Sobolev spaces Wé f: d BY)
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and the higher dimensional subcritical Sobolev spaces WS”r’; 4(Bg) (Ref. [34]). This

transformation (3.12) gives a direct relation between the subcritical Sobolev em-
beddings

Wé,pd s [PP s [P ey [P
,ray

where p < ¢, and the critical Sobolev embeddings

Wl e L™V(log L) < L™I(log L)™"*V"4 < L™ (log L)""*¥ = ExpL#1.

For the subcritical and the critical Sobolev embeddings, see e.g. [33] §1.

I11.-(iii): An infinite dimensional form of the Sobolev inequality

Let p < N < m. If we consider
p—1 -4 v p-—1 L np

M(y) = V(Z)7Where GRN,O(y) = o Wy |)’| b= —w, |Z| ol = GRm,O(Z)’
N-p m-—p

yeRN, zeR"

then we have ||Vull.»gv) = |IVV||L@n. Namely, we can reduce the m-dimensional
Sobolev inequality: Sm’p||v||ip* &m S ||VV||Z,(R,") to an N-dimensional inequality for
u, which involves m as a parameter and m can be arbitrarily large. Therefore,
we can take a limit of the m-dimensional Sobolev inequality as m " oo in this
sense. As a consequence, we can obtain the N-dimensional Hardy inequality:
(%)p - 'l;‘% dy < fRN |[Vul” dy as an infinite dimensional form of the Sobolev
inequality (Ref. [31]).

4. Proof of Theorems
First, we show Theorem 1.1.

Proof. (Proof of Theorem 1.1) Let p = N. We will “transplant” the critical Hardy
inequality on BY to RY by the Cayley type transformation B (3.5) in §3.2.

By (3.6), we consider B maps RY to BY. Let u € C!(RY) and put v(%,5) =
BN (u)(%,7) for (%,5) € BY. Then we see u(x,y) = B*()(x,y) = v(B(x,y)) for
(x,¥) € RY. From the fact that B € M(R") and Proposition 3.3, we have

f Ve 1Y dxdy = f Vu(E I d2d
RY BY
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where (%, 7) = B(x, y). Since |72 + 7 = EL*0-1" 1,y (3.6), we have

= R
vz, I

N
B o i) 1
+ 2 (lo
(15 + I5P) ( Y Py

dxdy

N
- [ O jde ) dvdy
B B(x, Iz (log |B(i,y)\)
N
_ f el iy
N N X2 N2 7 x|2 )2
B (1= ) {EEGR) (1o ([HeGor )

Thus, we obtain (1.3) by the critical Hardy inequality on the unit ball for v (Ref.
[1, 21, 35]):

N-1\" %, 7)1
(—)f V(% 9 dfcdystIVv(i,y)lNdfcdy.
B B

VI e (1og == )N |
Y 8 |%2+[52

N
Optimality and the non-attainability of the constant (NT‘I in (1.3) follows from

results for the critical Hardy inequality on the unit ball also. O

In the same way as above, we also obtain a Trudinger-Moser type inequality
on the half-space from the result on balls

Theorem 4.1. Let N > 2. Then

g 2Vdxd |
sup { f £ ux) | Vullpvy, < 1, u € WENRY) }
RY {IX? + &+ 1)?} ’

e
is finite if and only if a Slex‘_'l. Moreover, the above maximization problem is

attained for any @ < Nwy .

Proof. Again, we use the transformation v = (B™')*(u), u € Wy (RY). Since

|det B’ (x,y)| = W, the theorem follows from the Trudinger-Moser in-
Py
equality on BY and its attainability: see [11]. m|

Next, we show Theorem 1.3.
Before that, we claim the following Theorem:
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Theorem 4.2. Let 1 < p < N. Then the Hardy type inequality
N-pY W,(x,y)"
(—”) f PN e ) dady < f Vu(x, I dxdy,
p B (| + (1 =y)?)2 RY

holds for any u € CL(RY) of the form u(x,y) = u (GM,eN(x, y)), where s, is given
in §2 and for (x,y) € RY,

N-1 N-p
2 2\ 1 2 2 2\2-nt! X
L (e + (1= 9)%) "7 1V 2 = 2 (1 + (1= y)?) pr-(y_l)
.12
[1—)2221-’%]

X =y, (I + (1 -2

The proof of Theorem 4.2 consists of the use of the harmonic transplantation
between RY and R”, the Hardy inequality (1.1), and Lemma 3.6. Since the proof
of Theorem 4.2 is almost the same as that of Theorem 1.3 below, we omit the
proof.

As we mentioned in §2, we do not know the explicit form of ¢, when 2 #
p < N. Due to the lack of the explicit form of ¢,, we cannot check that the
inequality in Theorem 4.2 is improved, i.e., W,(x,y) > 1. Therefore, we consider
a modification of harmonic transplantation by using U, in (1.5) instead of Ggy
in (3.11). This is the main idea we have invented in the proof of Theorem 1.3.

Consider the following modified transformation for radial functions v = v(z) =
v(1), (t = |zl€ [0, 1]) on BY, or w = w(%) = w(r), (r = |Z|€ [0, +0)) on R":

u(x,y) = v(t), where U,(x,y) = Glev,O(t), (x,y) € R’f,
u(x,y) = w(r), where U,(x,y) = Ggr o(r), (x,y) € RY.

W,(x,y) =

b

4.1)

We call the function # on RY in (4.1) the generalized harmonic transplantation of
v (or w).
We obtain the following Lemma instead of Lemma 3.6.

Lemma4.3. Let 1 < p < N,v,w be radial functions on BY R, and u be given by
(4.1). Then we have

1
fIVuI”=f IVVI”+f Wyt W OFF, (Gyy o0)) d
RY BY 0 :

Zf |Vw|”+f NN WP F, (Gey (1)) dr
RN 0
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where
F,(s) = f (=A,U,) dxdy. 4.2)
[Up>s]

Especially, if p > 2 (resp. p < 2), then F,(s) > 0 (resp. F,(s) < 0) and
IVull, = IVl IVull, 2 IVWl, (resp. [IVull, < NIVVIL, [[Vull, < [[Vwll,) holds.

Proof. We prove the first equality only, since the proof of the second equality is
similar. Also we note that the proof below is an analogue to that of Lemma 3.6.
Let & be defined by

p-1

-r

-1 N_ %
h(x,y) = (Gpyo) (U,,<x,y>):[rfw;_w,,(x,y)ﬂ . () eRY.

Thus r = h(x,y) is equivalent to U,(x,y) = Glev,O(t) and u(x,y) = v(h(x,y)). In
particular, Vu(x,y) = v'(h(x,y))Vh(x,y). Note that since U, > 0 in RY, we get

that 0 < h(x,y) < 1 for (x,y) € RY and if (x,y) € h~'({t}) N RY, Thus, the coarea
formula gives that

f Vul? = f V' (h(x, )P IV h(x, )P~V h(x, y)l dxdy
RY RY

+

1
= f [ f |v’(h(x,y)>|P|Vh<x,y>|P-‘dﬂN-%x,y)]dt.
0 1 ({h)nRY

1 Ne
Inserting [VA| = w? " h(y) 1 VU ,(x, y)|, we have
1
f IVul? =f lefN_IIV'(t)I”[f VU, (x, )I”™" dWN_l(x,y)] dr.
RY 0 T{HNRY
(4.3)

Note that 27! ({t}) N RY is a level set of U,. Applying ¢, = min{z, U}, (t > 0) as a
test function of (2.3) in Proposition 2.1, we have

f VU, |” dxdy = t+f (-A,U)p) Updxdy+f (=A,Up) tdxdy.
[U,<f] (U,<1]

[Up>1]
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If we differentiate the above with respect to ¢, then we have

f VU, P~ dHY (x,y)
[U,=1]

U t
=1 -AU L dH N (x, _f AU, —— dHY(x,
+pr:,]( U ] () AU g 4HY )

[Up:t]

+f (=A,U,) dxdy

[U,>1]

= 1+f (=A,U,) dxdy
[Up>1]

thanks to the coarea formula. Therefore, replacing ¢ by Ggv (1) for any 7 € (0, 1),
we have

f VU, (e, P dHY () = 1+ f (=A,Up)dxdy.  (4.4)
P {HnRY Up>G BI]V,o(’)

Inserting (4.4) into (4.3), we obtain

1
f \Vul? = f wN_ltN_llv'(t)l"(1+ f (—ApUp)dxdy) dt
RY 0 [Up>1]

+

! _1p—1 _
N—l ’ n— p —M
= [ 19w +f wna WV OPF, (wN'_; T (7 - 1)) dt.

BY 0

O

Lemma 4.4. Let 1 < p <N, 0 < s < p, vand w be radial functions on BY and
RY respectively, and let u be given by (4.1). Then we have

V,(x,y)?
f p5)) = lu(x, y)I dxdy
# (P + (1= )
[v|P 1 n N-p P
= f = dz + wy-y f P eV=1-r [1 = znl] Fy (Gay (1)) dr
BY |Z|p[ 0

N-p
1= [ ]
[w|?

— dZ + Wy f WIPrN P F (Gaw o(1)) dr-.
0

ry 2P

where F,(s) is defined in (4.2), and for (x,y) € RY, V, and X are defined in (1.8).
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Proof. We prove the second equality for v only. The first equality is similar.

(x,y) € RY, define h(x,y) by the relation

-1 - _N-p
U,(x,y) = Gan o(h(x,)) = ]I:,—w,vil‘ h(x,y) 7,
4
that is,

—1
=

s

N-p N-p

h(x,y) = [(lez +(1- )’)2)72@_1 - (le2 +(1+ )’)2)7m ]

=

As in (4.4), we can obtain

For

f VU, (e, )P dHN  (x,y) = 1+ f (=A,U,) dxdy.  (4.5)
L ({)NRY Up>Gy ()]

Thus by the coarea formula and (4.5), we have

Vh(x, y)|P ©
f i Ny = f f WP P VARG, I dHY " (x, y) dr
RY h(x, y)» 0 JrtrnrY
(4.6)

= a)N_lf le”rN_l_pf IVUp()c,y)I"’_1 dHN ' (x,y)dr
0 r1({r)NRY

“5) * i * o
= wN_]f lw|P V! pdr+wN_]f lw|P PN PF, (Ggy o(r)) dr
0 0

wlP ©
- % dz + wy_; f WIPrN P F (Gyw o(7)) dr,
RN 0

where |Z| = r = h(x,y). On the other hand, we have

N-d pr_—A; -1 pr_—l\q
Vh(x,y>:h(x,y>p—l[(|x|2+(1—y>2)< ) (yfl)—(|x|2+(1+y)2)< >
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which implies that
IVh(x, pI’
h(x,y)?

p—-N p

R K SRS R )

N-p
= h(x,y)» 1"

4

2-p-N

1-N 1-
p—1

[(|x|2 + (=) + (P + (A +y2)"

2p-N o
=21+ (=) (I + (14 3)2) 777 (P 32 - 1)]

[STp S}

[+ (1= 95 = (a1 )5 |

[1 + X 2X (xR + (1 +9)2) (P 4y - 1)]2

14
2

N-p p
[l + 1 = 2] [1 - x5 |
Vy(x,y)?

[xl> + (1 = »)?]?
Inserting this in the left hand-side of (4.6), we obtain the second equality of
Lemma 4.4. |

Now, we prove Theorem 1.3. First, we claim the next lemma.
Lemma 4.5. Let2 < p < N and let F, be defined in (4.2). Then

N _ P 00 00
(Tp) f WIPrN P E, (Gaw o(r)) dr < f WP UF, (G o(r) dr (4.7)
0 0
holds for any radial function w = w(r) € C}(RV).
Proof. Since for p > 2,

~A,U
F’(s):—f — 2P AHN N (x,y) <0
P w,=s) VUl Y

’

by Proposition 2.2 and G ,

(r) <0, we have
f |W|prN_1_pr (GRN,O(F)) d}"
0
— p ~ -2 7 N— 1 0 N , ,
=N ; I) WP 2ww NP, (Gaw (1)) dr — N——pﬁ WY (Gaw () Gy () dr

< —Lf WP 2ww' rN P F, (Gga o(1)) dr
N—=p Jo

p-1

: NIj > ( fom W PPy (Groo(r) dr)p ( fo WP, (Gan o) d,»)
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Therefore, we obtain (4.7). O

Proof. (Proof of Theorem 1.3) From Lemma 4.4, (4.7), the classical Hardy in-
equality (1.1) on R, and Lemma 4.3, we have

JPRY
(U) f lu(x, y)|? va(x’y)g dxdy
p RY (Ix? + (1 = y)?)?

waa (N =p\ P N -p\ *
Lemgd‘“‘( ”) N%d2+(—p ”) ot [ PP E, Gano(r) dr
R

4

@n (N -=p\’ 4 *
< (_p) ﬂd2+f W PNy, (G o(r)) dr
p ry 217 0
a.n *
D s+ f WP PUE, (Gav o) dr
RN 0

Lemma4.3

f \Vu(x, y)I” dxdy.
RY

Thus the inequality (4.10)

N -p\ p
( P) f lu(x, y)| _V,(x,y)? dxdy < f VuCx, y)IP dxdy.
Pl R (- ) Ry

is proven.

.. . . . -n\P .
The remaining is to show the optimality of the constant % in the above
inequality. For large M > 0 and small € > 0, consider the following test function:

pol_pl,
us (X, y) = Up(x,y) 7 ¥r wM(Up(x, y))

where U,(x,y) isin (1.5). Put
p-1 4
CV.p) = '

and define ¥y, € C*(0,00), 0 < ¥y < 1, Ypy(s) = 1 for s > M, ¥ y(s) = 0 for
s < % Let s, = 6,(M), 6, = 6,(M) > 0 satisfy

_N-p N-p M N-p
57T —Q2=6) 7T =CIN,p'M, 6, = )
| ( 1) (N, p) 2 (C(N’p))
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Then we have Bs, = Bs,(0,1) C [U, > M] C Bs,. Then we have

U (5, VPV (x, )2 Uik e
lug 1 (X, YIPV,( yp) dxdyzf |Upl i
RY (x> + (1 —y)?)? Wy=m (|x]2 + (1 — y)?)?

[ N-p P
P _Npe 2 4 (y =12\ D
2C(N,p)”_1_”‘;’paf (15 + (1 - p2) 278 1—(—|x| O-D )

-1

dxdy

Bs, |X|2 + (y + 1)2
3 v
p= _N, pE 2 + (y _ 1)2 -1
Sl I LS R [NV (L EELA i P
(N, p) ; (1P + (1 =) - o717 xdy
01 |
p-1 1 p— 1 01 Nep
> C(N, p)"™ v wy f r Pt dr — —N_pf PR gy
0 (2 —6;)r 1 Jo
C(N, p)r~!
= iaﬂv-l&‘_l +o(e™) (e 0). 4.8)

-1 -1 _1_ptL . qi_pL
Vit y = (pT - ]1\9]_ pg) U," " (YU g + 0y Uy, 7 7 (VU,)

and (a + b)? < a” + pa’~'b for a,b > 0, we have

Vit ml”

-1 -1 Pt & -1 p-l , 71)_187(1;_1)28
S(pp - ]I\?I—Pg) Upl o’ |VUP|p+p(pp ) U U,"" T IVUP
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Then we have

f Ve i (x, y)IP dxdy
RY

-1 -1\ et
< f (p— - L 8) U, VUL P dxdy + f Vit l” dxdy
Wy=mi\ P N-p [4<U,<M]

P~ ey rw [ (1 o
|75 ) CWpTTE (InP + (1 =)?%) "7 x
L)
Lo -1 B S [+ =12 (132 + )% - 1)
+ +
(2= 02) (2-02)° (2-02)°

- ] dxdy + o(e™")

-1 p - _r 02
< (p ) C(N, p)y e 717 f r P dr + o(e7h)
p 0

_1\P -1
- (pp 1) C(N;P) w/Te o) (e 0), (9

where ( f(x))- := max{0, —f(x)}. From (4.8) and (4.9), we have

- S
Joy VtteCe P doxdy (1) Ry Pt g (e

2 - C(N,p)P~1 _ _
[ [RYCRIAZCEIL %wz\,_lg L+ o(e™h)
RY (\x|2+(lfy)2) 2
p
_(_r-1 -
= (pC(N p)) wy", +o(l)

IRV
:(—N p) +o(l) (£— 0).
p

Therefore, the constant (%)p in the inequality (4.10) is optimal. m|

As we mention in Remark 1.4, the improved inequality (4.10) is valid for
functions without any symmetry by using Proposition 2.1 and a result in [14].

Theorem 4.6. Let 2 < p < N. Then the inequality

N —p\’ V. (x. P
( P) f p(x y)?2 ,, lu(x, y)I” dxdy Sf IVu(x, y)I’ dxdy — (4.10)
Pl IR (P + (1) RY

holds for any u € Wé’p RY), where V, and X are defined in (1.8). Furthermore,
(%)” is the best constant and is not attained.
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Proof. U, is a nonnegative function and Proposition 2.1 implies that —A,U, > 0
in weak sense for p € [2, N). Substituting U, for p in [14]:Theorem 2.1, we have
the inequality (4.10) for any functions Wé’p (RY), since

(p - 1)” Vol _(p- 1)” VU,
p ) e\ p Uy
_(p=1\ (N =p\" [Vh(x,y)I?
\p )(p—l) h(x,y)?
_ N—p)” Vp(x,7)?
PP+ = y2)

where h(x,y) is given by the proof of Lemma 4.4. The optimality of the constant
(%)p in the inequality (4.10) follows from Theorem 1.3 and the non-attainability
follows from [14]:Theorem 4.1. O

In the last of this section, we give an improved Hardy-Sobolev inequality on
the half-space for p = 2. The proof is simpler than the that of Theorem 1.3. We
omit it here.

Theorem 4.7. (Improved Hardy-Sobolev inequality for p = 2) Let p = 2 < N,
0<s<2 and?2(s) = ZSVN__ZS). Then the inequality

2%(s)

2%(s) \%
Snas f lu(x, y)| : H(x,y) __ ddy < f Vux. y) dxdy.
BY (IxI* + (1 = y)?)? [1 - X%]N*Z RY

.11

holds for any u € Wé’z(Rﬂf ) of the form u(x,y) = W(Ggy ., (x,y)) for some function
it on [0, +00), where V,(x,y) and X is given by (1.8) in Theorem 1.3, and S y 75 is
the Hardy-Sobolev best constant, i.e.,

2
' v 1Vul“dx
Snos = 1n§ fR —.
ueC® (RM\(0) W2 &
(fRN P dx)

Remark 4.8. The inequality (4.11) does not hold for functions without the sym-
metry (1.6), see Proposition 5.2.

32



5. Appendix

First, we show that the radial critical Sobolev space Wé,}]Z d(RN ) cannot be em-
bedded to any weighted Lebesgue space LY(R"; g(x)dx) for ¢ € [1,00) and for
g>0.

Proposition 5.1. There is no weight function g > 0 such that the inequality

N
c( f Iulqg(x)dx)q < f Wl dx
RN RN

holds for any u € C' _(R") for some C > 0.

c,rad

Proof. Consider the radial test function

1 ifl <1,
dr(x]) = llgT‘; if 1<|x <R,
0  iflx>R

Direct calculation shows that

f |prlg(x) dx > f g(x)dx > 0,
RN B

IVérlY dx = wy_; logR)'™ - 0 (R - o).
RN
Though ¢y, is not C', we can mollify it as in [19]:Lemma 8.1, to obtain a C}a d(RN )
function with the same property. Therefore, we obtain Proposition 5.1. O

Next, we show that the improved inequalities (4.10), (4.11) in Theorem 1.3
and Theorem 4.7 do not hold without the symmetry (1.6).

Proposition 5.2. Let 1 < p < N,0 < s<p, p*(s) = ”(NN—__;), and V,, X be given in
(1.8). Then
Jow IVuCx, )P dxdy
S:= inf - — =0.
ueCt(R\{0) 7
P
[u(x,y)|P* Vp(x,y) 2 dxd
s p— D—S§. y
LY (P +(1-2)? [przﬁf-’h ]” W
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Proof. We use the same test function as itin [31]:Propositon 2. Letz = (x,y) € RY
and z, = (0, £). Note that X = LU= _, 1 ang

[x?+(1+y)?

4(p—1
Vp(x’y) = ( ](5_ p)

2
_|P— 1 -2 )
() et
as |z = /[x> + y> — 0. For small & > 0, we define u, as follows:

=) if z € Bu(z,), 1 if 0<r<l
u,(z) = v( 8) 1 ¢ @) where v(t) = 1 LT
0 if z€RY\ Bu(z,), 2(1-n if 3<r<1.

2
)(1—Xy2+o«1—xrﬂ

Then we have

f V) dz = e f IVv(2))IP dz = CeM7,
R+

B
e (x, )P V,(x,y)?
RY

(b + (1 =y [1 - X;z,ﬁ)]“’ﬁ”;”

dxdy

_ _(p=D(p=9) _ o (p=D(p=s)
ZCspf g N dZZO(sz N-p ) (g = 0).
Be/Z(Zg)

Applying u, as a test function for S, we see

_ __p (p=D(p=5)p N-1 .
s <CceW P55 e = O(sm(”_“)) —0ase— 0.

Next proposition is a fact from linear algebra.

Proposition 5.3. Letve RN, [v| =1, t € R, A = I + tv®v, where I is the identity
matrix on RN. Then A has two eigenvalues 1 and 1 + t. The multiplicity of 1 is
N — 1, and the multiplicity of 1 + t is 1. Especially,

detA=1+1

If t # —1, then there exists the inverse matrix
t

Al=1-— . 5.1
t+1v®v SRY
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Proof. Letu = (uy,...,uy)" satisfy u - v = 0. Then we have

N N N
(vevu), = Z(v@v),-,juj = Zvivjuj = [Z vjuj) v; = 0.

J=1 J=1 J=1

Therefore, Au = (I + tv ® v)u = u which means that u is the eigenvector of the
eigenvalue 1 of A. Note that there are N — 1 such linearly independent u, thus the
multiplicity of the eigenvalue 1is N — 1. Also since |[v| = 1, foranyi = 1,...,N,
we have

N N
(vevw), = Zvivjvj = (Z vjvj) Vi =V

Jj=1 Jj=1

which implies that (v ® v)v = v. Therefore, Av = (I + tv ® v)v = (1 + f)v which
means that v is the eigenvector of the eigenvalue 1+7 of A. Hence, the multiplicity
of l+tislanddet/ +v@v)=1+1.

Next, we show (5.1). Since

N N
Z(V ®V);i(v®V)j = Z ViVV vk
=1 :

j=1

N
[Z Vf] vivi = (V@ V)i,

J=1

(verr),

we have (v ® v)> = (v ® v). Therefore, we have
T+tvRV)I —sv@v)=1+({t—5—sHHyv.
If  — s — st = 0, then the right-hand side is /. Therefore, A™' =/ - -Lv®v. O

Proposition 5.4. Let J, Ty, S, be given by Definition 3.1 and B be given by (3.5).

Then
1 0
B(z)=RoJoT,,0S,0J0T_,(2),where R = . ,eN = O
-1 1

forany z € RV,
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Proof. Direct calculation shows that

ey +2(z—en)*
ley +2(z — en)*?

JoT,0S830J0T ,(2) = [ey+2(z—ey)'] =

2(z—en)
lz—en[?

2(z—en)
lz—enl?
2(z—en)
lz—en|?

4 den-(z—en)
lz—en|? lz—enl?

ey +

2

‘eN +

ey +

1+

enlz — enl” +2(z - ey)
|z — en? + 4zy
en(jz]> = 2zy + 1) + 2(z — ey)
|z|2 + 2zy + 1

_ @xlP-D
T+ (1 +y)?
CCx Py -1
P+ +y)?

Therefore, we have

2x, 1= x* -
RoJoTe 0830 0T (2) = M +y)? B

O

Finally, we describe an application of the transformations in IIL.-(i) in §3.3.
For more general case, see [19]. It is well-known that the Sobolev inequality

SN,p( f Iul”*dx)p < f Vul dx (5.2)
RV RN

for any u € WS”’ (RM), 1 < p < N, with the best constant

p—1

L (N =\ (TEOTA + N = )
SN,P = 7T2N( ) r N L s
(1 + 3)I'(N)

follows from a one-dimensional inequality obtained by Bliss [8]: Let v : [0, +00) —
R be an absolutely continuous function on (0, +c0) such that v € L?(0, +c0),
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v(0) = 0. Put ¢ > p > 1. Then the inequality

q
C(p,q)( f E(gll ) ( f v (t)lpdt) (5.3)
0 7

.q) = [F(q_qp)r(p;qpl))]l/p 1/q(q(p - 1))1/q.
r

holds where

P

See Maz’ya [25], pp. 274, the equation (4.6.4). Also see [27] for a new proof
of this classical inequality. In the following, we consider radial functions only.
To obtain the best Sobolev inequality (5.2) for radial functions u(r), r = |x|, we
change the variables

_ h p— pll —A,I:f
v(t) = u(r), where t = N——pr N

and apply the Bliss inequality (5.3) for ¢ = p* > p > 1. Note that the condition
v(0) = 0 is satisfied if u(r) —» 0 as r — oo.

Instead, let us change the variables
1L
v(t) = u(r), where t = w,";' log -
-

and put ¢ > p = N. Then the usual computation shows that

_e [ @)? ! q q
Wl f Jf((y.l)df:w—l f %() dr = f G s,
9N q N a5
o ! 0 r(log r) By |x|N(logﬁ)
f WV (@)\Ndt = f IVu|Vdx.
0 BQ’

Also in this case, the condition v(0) = 0 is equivalent to u(1) = 0. Inserting these
identities into (5.3), we obtain

q
C(g) f '”(x)ll x| < f VaulVdx (5.4)
B Y (1og )T oy

|x|
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for any u € Wéf; ,(BY) where

(- \r (M= 1-N/q N1 N/g
C(g) = 1 N/qC(N )_N llv—_l\ll/q (qu) ( q-N ) (Q( )) . (5.5)
F(M) N
qg-N
For the inequality (5.4), see e.g. [29]. Now, we check that lim,_y.0C(q) =

N-1\N . 1
(T) . Recall the Stirling formula

I(s) = V2rs" e + o(1), as s — +oo

and put s = Then, we see

N

r(E)r (5

) TOLES) DI - 1)s)

r () " T(Ns)  T(Ns)
q—N
5 1/2 —s((N l)s))(N—l)s—l/Ze—(N—l)s (N _ 1)(N—l)s—l/2 |
A/ — 4/ -1/2
~ V2r (Ns)Ns=1/2¢=Ns = Van NNs-1/2 s

as ¢ — N + 0 (which is equivalent to s = q_i — o0), and for C(g) in (5.5), we

N
have

Clg) ~ L) ]/S(Q(N_ ”)N/q
K [(Ns) N
_ 1\(WN-1)s—1/2 1/s
(V) @
_ 1\N-1 1\
N A Nl) (N-1Ds > - (—NN 1) as § — 4o,

Thus if we take a limit ¢ — N + 0 in the inequality (5.4), we have the critical
Hardy inequality

N-1\" N
5] [ sars [ e
NIy v (log 1) B

on a unit ball for any u € Wé rIZ J(B.

In conclusion, we obtain the following.

Proposition 5.5. The Bliss inequality (5.3) yields both the best Sobolev inequality
(5.2) and the generalized critical Hardy inequality (5.4) for radially symmetric
functions.
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