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A handlebody-knot is a handlebody embedded in the 3-sphere S3, de-
noted by H. We obtained an invariant of handlebody-knots comes from the
Alexander invariant. The Alexander polynomial is an invariant for a pair of
a handlebody-knot and its meridian system. However, the invariant depend
on only the handlebody-knot type.

For convenience, we suppose that the genus of a handlebody-knot is
two. We choice a meridian system M for given handlebody-knot H. Let
∆

(d)
(H,M)(s, t) = Σcsxty be the d-th multi-variable Alexander polynomial for

the pair (H,M). We have the graph from ∆
(d)
(H,M)(s, t) as follows.

For any Laurent polynomial f(s, t) ∈ Z[s±1, t±1], let f(s, t) = ΣiTi =
cis

xty. For each term Ti = cis
xty of f(s, t), we take the black vertex bi of

the graph labeled by ci. For any three terms Ti = cis
xityi , Tj = cjs

xj tyj

and Tk = cks
xktyk , we take three points (xi, yi), (xj, yj) and (xk, yk) in R2,

respectively. We take the white vertex of the graph labeled by

xiyj + xjyk + xkyi − xiyk − xjyi − xkyj

which is connected to three black vertex bi, bj and bk. we have the graph,

denoted by Gf . We define the vertex-weighted graph G
(d)
H for (H,M) as

G
∆

(d)
(H,M)

(s,t)
. Then the following theorem holds.

Theorem 1
The graphGH up to multiplication by±1 to all labels of the black vertexes

is an invariant of H.

As an application of Theorem 1, we have the following result. For any
Laurent polynomial f(s, t) ∈ Z[s±1, t±1], we define the set Ĝf as follows.
We calculate the factorization f(s, t) = cf1f2 · · · fn, where c ∈ Z and fi ∈
Z[s±1, t±1] is irreducible for 1 ≤ i ≤ n. If f(s, t) = 0, then we define the set
Ĝf as {Gf |f ∈ Z[s±1, t±1]}, otherwise we define the set Ĝf as {Gfi|1 ≤ i ≤
n}. We define Ĝ

(d)
H as Ĝ

∆
(d)
(H,M)

(s,t)
. Similarly, we define Ĝ

(d)
L as Ĝ

∆
(d)
L (s,t)

for

2-component link. Then the following theorem holds.

Theorem 2

For any constituent link L of a genus handlebody-knot H, Ĝ
(d+1)
H ⊂ Ĝ

(d)
L .


