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Abstract

We consider the existence of a minimizer for the best constant of the Hardy-Sobolev type
inequality in arbitrary bounded smooth domain with 0 € 9Q2. The Hardy-Sobolev inequality
2

states that (fQ ol ” dz)y < C [, |Vul2da holds for all u € HE(Q), where n > 3,0 < 5 < 2

and 2* = 2*(s) = 2(" S) N.Ghoussoub and F.Robert[4] showed that the negativity of the
mean curvature at O guarantees the attainability in the case n = 4. In this paper, we treat
the following minimizing problem, i.e.,

Jo IVul?dz £ X ([, lg|”d$)% ju€ Hy()\ {0} ¢,
(fo 1frar) ™

where 2 < p < - " and A is a nonnegative constant. OQur purpose is to make sure that the

pfﬁg‘(Q) := inf

situation concermng the attainability is different between pf)(Q) and p; (). In fact, the
attainability of ujg(Q) depends on the geometric assumption for 2. On the other hand,
u;;‘(Q) can be achieved for any domain if % <p< 7?1‘2. These results are already
generalized in the paper [6] by the same authors. In [6], we gave relatively a simple proof
than the method by N.Ghoussoub and F.Robert[4]. However, in order to understand the

detailed proof in [4], we followed their method in this article with the more general setting.

1 Introduction and main theorems

In this paper, we consider the attainability of the Sobolev-Hardy type inequalities. Let
n = 3,s € [0,2] and 2* = 2*(s) = 2(:__28). Then the Sobolev-Hardy inequality states that there
exists a constant C' > 0 such that

2

|U|2* = 2
B dx <C |Vul|“dx (1.1)
R |T Rn




holds for all u € H'(R™). In what follows, let {2 be a domain in R” and let 15(€2) be the sharp
constant of (1.1), i.e.,

Vul?d
Jo [Vul?dx e

(U, o)

Firstly, we mention the classical facts concerning ps(R™). E.H.Lieb[5] and G.Talenti[8] gave the
exact values of p15(R™),0 < s < 2 with minimizers of the form,

p1s(§2) = inf Hy () \ {0}

\m

*

M)

u(z) = (k+ ]a:\QiS)_g%f for x € R" and x > 0.
Then the sharp constant of the Hardy inequality (s = 2) is obtained by u2(R") = 11%121 ws(R™).

However, H.Egnell[2] showed that p2(R™) is never attained. Next, it is well-known that in the
non-singular case s = 0, uo(€2) is never attained provided Q # R" (see for example M.Struwe[7]).
The situation of the singular case 0 < s < 2 is more complicated. H.Egnell[2] investigated the
attainability of us(£2) in the case that €2 is a cone I', which is defined by

Fi={zeR"; z=r0,0 € D,r >0},

where D is a domain in the unit sphere S"~! in R®. Then it was proved that us(I') can be
achieved even if I" # R"™. The result of H.Egnell would make the motivation to consider ps(£2)
with 0 € 99 for general domains. In such a viewpoint, we refer to N.Ghoussoub and X.S.Kang][3].
Let 2 be a C%-smooth domain in R”,n = 3 with 0 € 9. In [3], it was shown that s(€2) is never
attained provided 2 can be put into the half space R™ up to some rotation except for Q2 = R”.
On the other hand, when n = 4, the negativity of all principal curvatures of 92 at 0 guarantees
the attainability for us(€2). Recently, the latter assertion was improved in N.Ghoussoub and
F.Robert[4] so that the negativity of the mean curvature of 9Q at 0 implies the attainability
under the slightly stronger assumption concerning the regularity for (2.

Our purpose in this paper is to investigate the results in [3] and [4] with a lower perturbation,
which means that we consider the following infimum,

BN

fQ |Vul?dz £ A (fQ |u]7’dx)

(1o )

where n 2 3,2 < p < 2—” and let © be a bounded (As for p} (Q), we necessarily need not
assume the boundedness of Q) domain with 0 € 9Q. In addltlon A is a nonnegative constant

such that
AZ0 i p(9),
0<A<A, in p(9),

where A, denotes the best constant of the Sobolev embedding, i.e.,

pENQ) = int e HY@)\ {0} 5,

(1.2)

Jo |Vul?da
- 2Hu
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We state our main results, which clarify the difference between pf)(Q) and ;) (Q) as for
the minimizing problem. First, concerning /J,;’:Z);(Q), we shall show the following.

Theorem 1.1. (i) Let n = 3,5 € (0,2),2 < p < %,/\ > 0 and let Q be a C'-smooth

domain with 0 € 0. In addition, assume that 0 can be put into the half space R™. Then
i () = ps(R™) holds and puf)(Q) is never attained provided Q # R™.

(ii) Letn = 4,5 € (0,2),2 < p < %,)\ 2 0 and let Q be a smooth bounded domain with 0 € ON).
In addition, assume that the mean curvature of 0 at 0 is negative. Then ,uj;‘(Q) 1s attained.

Remark 1.2. (i) With some technical reason, we cannot obtain the similar result for n = 3 and
for the region 2—” <p< 2—” in Theorem 1.1 (ii). Theorem 1.1 implies that the attainability
depends on the geometrzc assumption for the domain Q at least for n 2 4 and for 2 < p < %

(ii) The case A = 0 in Theorem 1.1 (ii) coincides with the result in N.Ghoussoub and F.Robert[}]
and our generalization is basically based on the strategy of them.

Next, we state the results concerning the attainability for ,ugi;(ﬂ)

Theorem 1.3. Letn = 3,s € (0,2), 2% < p < 250 < XA < Ay and let Q be a C?-smooth

n2’

bounded domain with 0 € 02. Then the mﬁmum Hsp A(Q) is achieved.

Remark 1.4. Theorem 1.3 implies that we no longer require the geometric assumption for the
domain  provided p is big enough. Moreover, Theorem 1.1 implies that the condition A > 0
cannot be removed in general. In the end, we note that the case n = 3 is also allowed in our
statement.

Theorem 1.5. Let s € (0,2),

2<p< 2 if n=4,
2<p< % if n =05,
0 <A <A, and let Q be a C%-smooth bounded domain with 0 € Q. In addition, assume that
is flat near the origin. Then the infimum /LS_{D\(Q) is achieved.

Remark 1.6. The assumption that the doma,z'n Q is flat near the origin allows us to obtain the
attainability of u;p( ) forall2 < p < = 2, though p = 2 is excluded if n = 4. Unfortunately,
we cannot obtain the corresponding fact in n = 3 because of the technical reason. Furthermore,
as is mentioned in the previous remark, the case A = 0 is still excluded under the situation in
Theorem 1.5.

For the proofs of main theorems, we first investigate the minimizing problem in the subcritical
case, i.e.,

SIS

fQ |Vul?dz £ A (fQ \u]pdx)
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Py () == inf cu e HY Q) \ {0} 3, (1.3)



where ¢ € (0,2* — 2). Then the compactness can be recovered and then the infimum uiA ()
is achieved by a positive function uX € Hg(2), see Proposition 2.1. The fact that uZ is a
minimizer for Ni}é °(Q2) and the corresponding Euler-Lagrange equation satisfied by uX tell us

the boundedness of the norm ||VuZ|| r2(Q) as € — 0. Then up to a subsequence, uE converges to

some function uZ weakly in H}(Q) as ¢ — 0. We shall show that uZ is a minimizer for M;fﬁ Q)
provided uojE # 0, respectively, see Proposition 2.2. On the other hand, section 3 is devoted to

discuss the blow-up case uat = 0. The goal of section 3 is to prove that the equality

Msi,{u\(Q) = ps(R?)
holds if the blow-up case occurs, see Proposition 3.1. In section 4, we shall show main theorems.
However, the proof of Theorem 1.1 and those of Theorems 1.3 and 1.5 are different. In the case
of u;;,‘(Q), we prove that the blow-up case never occurs by using the negativity of the mean
curvature at 0. On the other hand, we complete the proofs of of Theorems 1.3 and 1.5 by proving
the strict inequality p; () < pus(R™).

2 Non blow-up case

We first note that a C™-smooth domain 2,m € N is expressed as the following which will
be used throughout the paper. Let xg € 9). Then there exist an open interval I C R, an open
set U’ C R™! an open set V C R", a C™-diffeomorphism ¢ € C™(U,V),U = I x U’ and a
function ¢g € C™(U’) such that

()0 e U,zp € V and ¢(0) = z0;

(i) p(UN{z1 <0}) =VNQand p(UN{z1 =0}) =VNoQ;
(iii) p(z) = zo + (z1 + @o(2'),2") for x = (x1,2") € Ix U =U;
(iv) o (0) = 0 and V'p(0) = 0, V' = (92, - Oy).

Lemma 2.1. Let 2 < p < 2.0 < s < 2, A as in (1.2) and let Q be a C'-smooth domain with
0 € 0Q (As for ,us’p(Q), we assume the boundedness for ). Then it follows

Hap () < ps(R™).

Proof. The proof of Lemma 2.1 will be done in a quite similar way as in Ghoussoub-Robert[4,
Proposition 3.1] without any modification. Hence, we omit it here. O

Since the minimizing problem for ,uiA °(Q) does not include any noncompact term. Thus
by virtue of the compactness, the following proposition is elemental, and we give the statement
without the proof.

Proposition 2.1. Let 2 < p < 2%.0 < s < 2,\ as in (1.2) and let Q be a C™'-smooth bounded
domain with 0 € Q. In addmon, for arbitrary € € (0,2* — 2), define ,ufl))“a(Q) as in (1.3). Then
the infimum ,u,siﬂ;\’a(ﬂ) is achieved by a nonnegative function u= € H}(Q) N C(Q) N C?3(Q\ {0})
satisfying the following equation,

+\2*—1—¢
—Aut q:AHuiHL(” 2 (uF )P‘WL in Q. (2.1)



Furthermore, the strong mazimum principle yields that uz > 0 in Q.

Next, we prove that a minimizer of ,usi;‘(Q) can be obtained as a limit-function of the mini-

mizers uX for ,ui)‘ °(22) in the non blow-up case. It is easy to prove the continuity of ,ué'fl),"s (Q)
as € — 0, i.e., we have the following lemma. Its proof will be omitted here.

Lemma 2.2. Let 2 < p < 220 < s < 2,\ as in (1.2) and let Q be a bounded domain with

n—2"

0 € Q. Then it follows hm ,ui)‘E(Q) = u&p(Q), respectively.

Next, let uZ be a minimizer of MQQ’E(Q) given by Proposition 2.1. Taking u_ as a test
function in the equation (2.1), we have

\VuZ |2de — X [ (uZ)Pdx %z wcﬁc. (2.2)
Q Q a |zl

Then with (2.2) and the fact that v is a minimizer, we see that

2 2% —2—
Vu [*da — S)Pda) See N\ Tee
’ (f (uz )" 78 )2**5 Q |x|s
Q ol

Hence, from (2.2), (2.3) and Lemma 2.2 it follows that

2
. A . rdz)” By [ (w7
2 < /4 2 — p = - .
/Q\Vus\da::Ap_)\</Q\Vus\dx )\(/Q(ug)dx>> Ap—)\/g EE dx
_2"—e

as ¢ — 0. Therefore, we see that there exist {€;};en C (0,2* —2) with ; — 0 as j — oo and
ug € HE(2) such that
uz;, —u, weakly in H(Q),
uz, — ugy  strongly in LP(9), (2.4)
Uz —uy o a.e. in
as j — oo. The following proposition shows that u;{,\(Q) is achieved in the non blow-up case.
Obviously, the same manner as above works for ujz’)\(Q) and we see that

I —ud weakly in H}(),
ul — ud  strongly in LP(12),
F—ud ae inQ.

Proposition 2.2. Let uat be a function in H} () constructed in the previous way. Then uéﬁ 18

a minimizer for ,u;t;‘(Q) provided ugE # 0, respectively.



Proof. We shall show Proposition 2.2 only for ,u;;‘(Q) since the proof is quite similar. The
equation (2.1) satisfied by u_, with u, as a test function yields that

/ Vug, - Vug dz — Alug, HL(p 2) / (uz )P~ ug dx = / R L (2.5)
Q 0 |z|®
By using weak convergences, we have as j — oo,
(uz)* TSy (ue)?"
Jo— [z]° Sdr — [q |(a)5|)5 dz,
Jo Vug, - Vugde — Jo [Vug [2dz, (2.6)
fQ(uE_J P ugde — [ (ug )Pda.

Thus recalling u, # 0 and letting j — oo in (2.5),
b [ )
P
Vug |?dz — X ug Pdx | = Yo) gy,
Vg 0
0 0 o |z

fQ |Vug [*dx — (fQ(ua)pdx)% _ (ug)? o i |
(fﬂ (u\?cw )27 </Q )

Then we see that

pap(Q) <

and we have g
p Q)72 §/(u0>dx. (2.7)
Q

Therefore, from (2.3), (2.7), Lemma 2.2 and Fatou’s lemma, we obtain that

* - 2 u—. 2 —{;‘j 2*75]' .
Hap(Q)7=2 < / o)™ 4 < limint / o) liminf g M5 (Q) TG = g Q)T .
Q Q

|z[* j—00 |]* j—00

Consequently, we have

/Q Vg [2dz — A ( /Q (ua)pdx)i - /Q (“gfj* do = p Q)%= (2.8)

In the end, we see that

2 2
/ [Vug, — Vug |*da :/ |Vu€_j\2dx —A (/ (u;j)pdx>p + A </ (u&.—j)pd:p> !
Q Q Q Q
— 2/ Vu_, -Vugdx—i—/ Vg [*dz.
Q Q

Then by (2.2), (2.3), (2.4), (2.6), (2.8) and Lemma 2.2, we have

/ Vug, — Vg |*dz — 0
Q

as j — 0o. As easily checked, u; is a minimizer of M;;‘ (Q). O



3 Blow-up case

In this section, we investigate the blow-up case where the minimizers {uei] }jen given by

Proposition 2.1 converges to 0 weakly in H}(Q2) as j — oo.

Let 2 be a C%-smooth bounded domain with 0 € 9. Recall that the minimizers ur €
H}(Q)\ {0} are solutions to

i)Q*—l—E

—(p—2 — Uz
—AuE = FAJuF|| P ()t +
uf >0 in €,

o in Q,

(3.1)

where 2 < p < %, 0<s<2/Aasin (1.2) and € € (0,2* —2). For the regularity of the solutions
e, we can prove uX € C*(Q) for some « € (0,1) depending only on s by the iteration method,
see N.Ghoussoub and F.Robert[4, Proposition 8.1] for instance. Thus from the standard elliptic
theory and the strong maximum principle, we obtain uX € C2(Q\ {0}) N C*(Q) and uZ > 0 in
Q. Furthermore, uF satisfies

:t 2*—6 *
e = i @) o)

|z[*

as € — 0. Then in the quite same argument in section 2, we have that there exist {e;};en C
(0,2* — 2) with £; — 0 as j — oo and uf € H}(Q) such that

uai] — ud  weakly in H}(Q),

ugi — ud  strongly in LP(Q),
uf —ui ae inQ
€j 0

as j — oo. In addition, we assume that the blow-up occurs, i.e., the limit-function u(jf = 0. Our
goal in this section is to prove the following proposition.

Proposition 3.1. Assume that the blow-up case occurs as above. Then we have the equality
HENQ) = pro(BD),

In the rest of this section, we treat only the case u;;‘(Q) since the proof of Proposition 3.1 is
quite same as in the case of uj]’g\(Q) We mainly follow the strategy developed by N.Ghoussoub
and F.Robert[4] who treated the case A = 0 or the case p = 2. However, note that the term
HuEiHZIS:’(g)z ) (uX)P~1 in the equation (3.1) is no longer linear in the case p > 2 and the coefficient
depends on € which make some difficulty to show the attainability. We prepare several lemmas.

Let z; € Q be a maximum point of uz s that is, 0 < max Uz, =u,, (7,) holds, and we define
positive constants v.; > 0 and k.; > 0 by

2*7275j

2 [
Ve, ==t (ze;) "2 and ke, = ve s . (3.2)

J J

Lemmas 3.1-3.4 below will be proved in the quite same way as in N.Ghoussoub and F.Robert[4].
Hence, we will omit them here.



Lemma 3.1. Up to a subsequence, it follows lim v, = 0.
j—00

Lemma 3.2. It follows that |x.;| = O(ke;) as j — o0o.

Let ¢ be a local chart at 0 € 0f) introduced in section 2 and define

(uz, 0 ¢) (12, )

= )

for z € HL N{z1 = 0}. Since k., — 0 as j — oo, for any n € C°(R™), we see that suppn C HL
Ej Ej

for all j € N large enough, and then it follows nv.; € H}(R™), where HJ(R™) denotes the closure
of CZ°(R™) in the Sobolev space endowed with the norm ||V - || p2gny + || - ”Ln%(Rﬁ)'
Lemma 3.3. There exists v € HY(R™)\ {0} such that for anyn € C°(R™), up to a subsequence,
nve; converges to nu weakly in HA(R™) as j — co. In addition, there exists o € (0,1) such that

v e CP.(R™) and for any K > 0, up to a subsequence, ve; converges to v in Cf (B (0) N {x1 =

0}) as j — oo.
Lemma 3.4. v € H}(R™) constructed in Lemma 3.3 satisfies

2% 1
—Av =

= BE m R”.

We are now in a position to prove Proposition 3.1.
Proof of Proposition 3.1. Lemma 3.4 says that v € H& (R™) satisfies

*
U2 -1

—Av =

in R"
||® -

2*
/ |Vv|2dx:/ Y da.
R® Re |]®

From the definition of us(R™), we obtain

Jgn |VV|?dx o
ws(R™) < K—l = / |Vo|?dx ,

Taking v as a test function,

and then we have
2*
ps(RM)77=2 < / \Vo|2dz. (3.3)

The direct computation yields that

V(nrve ) Pdz < Cs|IVngrlZ e 10 17 2
/RE‘ (nrve, )| = GollVinrly (R )H EJHL%(supp\V77Rm{961<0})



(n—2)€j
+ (14 0) v (1 + O(ke)) IRl oo ey [ VZ, 1720
(n—2)sj

(14 0) 177 (L4 O(r:) [V, [z,
(3.4)

[

= Os|IVnL1Z i Ve n
sVl (R )H & L%(Supp|vﬁR|ﬁ{xl<0})

Here, we give several remarks. Taking u_ as a test function in (3.1), we have

/Q Vu [P — A (/Q(u;j)pdx)

as j — oo. Since lim [lu_ ||z»(q) = 0, we then get
j—oo

AN

ug_ 2*—6]' *
= [ e = 7 o)

o*

-2 A %5
/Qvusj’ dr — Ms,p(Q)2 -2
as j — o0o0. Moreover, from Lemma 3.3, we obtain

||vstL242( = |jve, || _2n — o]l 2w
7=2 (supp |[Vnr| N {x1<0}) L7n=2 ((Byg(0)\Br(0))N{z1<0}) L7 ((Bap(0)\Br(0))N{z1<0})

as j — oo. In addition, since ngrv,; converges to vg weakly in H(% (R™), taking the weak-limit

yields [[Vog| rz@ny = hjrggf IV (nRrve, )l L2(mny- After all, letting j — oo in (3.4) shows that

2 2 2
HVURHL?(RQ) S CdHVTIIHLn(Rn)||UHL%((BQR(O)\BR(O))O{:B1<O})

e % A 2*
+ (14 9) ( liminf v s p(82) 272,
J—00 ’
Here, v € L%(RE) guarantees that ||v|| 2n — 0 as R — oo. Since vg;

. L7=2((B2r(0)\Br(0))"{z1<0})
converges v weakly in Hg(R™) as j — oo and § is arbitrary, we get

n—2
2% —2 2%

IVolen < (mintsd? ) s ()55, (35

As a consequence, since 1% < 1 for j € N large enough, from Lemma 2.1, (3.3) and (3.5), we
have

n—2
T 0 i P W S S =5
IVl < (min o] ) s (@) <@ 77 < (®)F < [Vl

and then it follows that ugp(Q) = ps(R™). O



4 Proof of theorems

This section is devoted to prove main theorems. We shall show the blow-up case argued
in section 3 never occurs under the assumption in theorems. First, we shall give the proofs of
Theorem 1.3 and Theorem 1.5. By virtue of Lemma 2.1, Proposition 2.2 and Proposition 3.1,
it suffices to prove the following.

Proposition 4.1. Let n = 3,s € (0,2), % <p< %,0 < A< A, and let Q be a Ct-smooth
bounded domain. Then it follows

13 (Q) < us(RY).

Proposition 4.2. Let s € (0,2),

2 : _
{ 2<p< 2y if n=4, (A1)

2§p<% if n=5,

0 <A <Ay, and let Q be a bounded domain. Furthermore, assume that € is flat near the origin.
Then it follows

HEM () < (R,
Remark 4.1. Obviously, Proposition 4.1 and Proposition 4.2 show Theorem 1.3, Theorem 1.5,
respectively.
First, we prove Proposition 4.1.

Proof of Proposition 4.1. We make use of the minimizer v € H}(R™) \ {0} for us(R™)
constructed by H.Egnell[2] satisfying the following properties. First, the minimizer v enjoys

i v2*—1 .
—Av = e o R”™, (4.2)
v>0 in R”.
In addition, the following pointwise estimates hold,
(@) < d Vo) < —C 43
V@)l € g and (Vo) £ o (43)

for all x € R”. Furthermore, K.S.Chou and C.W.Chu[l, Proposition 4.4] showed that v €
LS (R™). They considered this regularity problem in the whole space R". However, by imitating

the argument in [1], we get the regularity of v on the half space. Then the standard elliptic
theory yields v € C1(R™) N C%(R™ \ {0}). Hence, with (4.3), we obtain

C C

@) & s and [Vu(@)| S w0 (4.4)
(1 + [z[)"—2 (1 |zt
for all x € R™. Next, we claim that the decay estimate for v is slightly improved, i.e.,
C
< — 4.5
v(@)] £ e (4.5

10



holds for all z € R™. Indeed, let ¥ be the Kelvin transform of v as follows,

for z € R™ \ {0} and ©(0) := 0. We easily see that © € C?(R™ \ {0}). Moreover, by using (4.2)
and (4.4), we get

{ AD = | |51 in R
o(x) = W for x e R”.
Since ¥ vanishes on JR”, the standard elliptic theory yields & € C'(R™), and then it follows
that
0(2) = [[VO Lo (B, (0)n {1 <0}) | 7]
for all x € B1(0) N {x; < 0}, which implies (4.5).

Let ¢ be a local chart at 0 € 99 introduced in section 2. Take a ball Bg,(0) with Bg,(0) C V/
and ¢ € C°(V) such that ( =1 in Bg,(0). For any ¢ > 0, define

ws(x) = v (wé(@)

for z € QN V. Then we easily see that (ws € HE(Q) \ {0} for all § small enough. From the
definition of ,LL;;‘(Q), we obtain that

RSN

Jo IV (Cus) Pdz = A (Joy |Gwsldar) > _ Jory [V(Cws)Pde — A (—
2 = 2
[Cws?” 7.} 2° wi o\
(Jo S’ (Jorsy0) Fheete)
(4.6)

for all 6 > 0. We estimate the integrals in the right-hand side in (4.6). The direct calculation
yields that

fap () <

/ \V(Cw(;)lzdx:/ ]w5VC|2da¢+2/ w(;CVw(;'VCdx—i—/ ICVws|*dx
Qnv Qv Qv Qv

:/ w5VC]2dac+2/ w5CVw5-VCd:U+/ |CVw5\2d:n—|-/ |Vws|>da
(@NV)\Bry (0) (2NV)\Bry (0) (QNV)\ B, (0) QN By (0)

< 2/ lwsV¢|Ada + 2/ |CVws|*dx +/ \Vws|*dx =: 211 + 215 + I3.
(QNV)\Br, (0) (2NV)\Bg, (0) QNBr, (0)

First, we estimate I;. By a change of the variable and (4.5), we have

1< IV /{ Ve < 6°|VC2m ) vida

\/{J:ERT_L ;|6x|2C>0}

Uﬂ{zl <0} . |50((533)|>R0}

é 5n||vg||L°°(V) AwERn e |x‘*2(n71)d$ — C&Q(nfl).

11



Therefore, we get I; = O(62™1) as § — 0. Next, note that |Vws(z)| £ Co~" ‘(Vv) <”7;(“”))‘
holds for all x € Q@ NV, and then with (4.4), I3 is estimated as follows,
I £ C672 ¢l o vy /

-1 2
(Vo) <(p (s@)‘ do = C§" > / \Vo|?dx
(QNV)\BRr, (0) 0 {mew ; |<p(5w)|;RO}

< o2 / \Vo|?de < C6"2 / 2|72z = 0§22,
{zeR" ;|6z|2C>0} {zeR"; |6z|2C}

Hence, we get Iy = O(62("~2) as § — 0. Thirdly, it follows that

-2 ¢! (z) ’
I3 =9 (Vo) dx
QNBp, (0) 4
~1
952 ¢~ (2) RV '
20 — (01v) < 5 > < 5 > V'eo(z')dx
+072 (811))( 5( )> V' po(2) | dx. (4.7)
QQBRO( )
Here, since 2—”1 < p, there exists ag € (0,1) such that 2” < nf%’}ra < p. With the fact
V'p(0) = 0, we have that ’
[(V'0)((p(02)))] = C[(p(d2))'|% = Co* 2| (4.8)

for all x € M. From (4.4) and (4.8), we obtain that
-1 T 2

NBg, (0) (Vo) (‘p_;(m)) |

=< 05”_2/ V() *[(V'po) (9 (0x)))|dar < 05”_2+a°/ |Vol?|z[*0dz = Com2 0,
Uﬁ{:!zsl<0} R™

QQBRO (0)

< 572V ol e /Q po(e')\dz

(4.9)

Note that the last integral in the above estimate is finite by virtue of (4.4). Combining (4.7)
with (4.9), we get
-1
o (£22)

as § — 0, where U := {p~'(z); 2 € QN Bg,(0)}. As a consequence, it follows that

2
da + O(8"2F0) = 572 /U Voldz + O(8"2+0)

s

I3 = 572
QNBr, (0)

/ IV (Cws)[2da < 672 / Vol2da + O(572+e0) (4.10)
Qv g

12



as § — 0. Furthermore, by changing the variable, we have

2 2

; n ; 2*
/ widz | = 5% / vPdx and / wé dx = 6"~ s/_ Uisdw
QNBRg, (0) us QN B, (0) 17]° g |t2)

B

After all, (4.6), (4.10) and (4.11) show that

LA

62 [ [Vol2da + O(672Fo0) — ¥ <fU Updl’>
— B B
Hep () < 5

2%
(5n st ‘M d:l?)

o IVo[2dz + O(8) — A§ 5 (72 o vPda
Jo Vvl
)

(pre)

Hence, since v in a minimizer for us(R™), we see that

15y () — ps(R™)

2
(J‘U |Vv|2dﬂf+0((5a0) )\5*— n—2) <j‘U Updx ) fR” \x|5d$>2 f]R" |Vv|2d33 (fU ‘w(éz)
Z
(Vg ppe) (e )

Moreover, by virtue of (4.4) and (4.5), it follows that

2
2*
d)

(4.12)

[IA

2
oF

[}]Vu|2daﬁ—/ |Vol2dz 4+ O(0"2) and ﬁ?\v\pda:—/ lu|Pdz + O ~DP)  (4.13)
5 R™ 5 R

as 0 — 0, respectively. In order to investigate the integral f o sda: we use the elementary

’ (5 )
inequality as follows. Let 0 < t; < to < 1. Then there exists a constant C such that

't — bt1| < C g~ (t2—t1) la — b|'2 (4.14)

holds for all ¢ = 0 and b = 0. Now we set

2% 2*
/l’sdx:/ Y da 4+ Ji — Ja,
T | e(82) R |2]®
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2%

where . -
J1 ::/ vsd:v—/ U—dm and Jo ::/ . Y dx.
o | e(dz) o |x|® R\ L |Z[®
5 5 5 “\%

We distinguish two cases.
Case 1. Let 0 < s < 1. For any x € %, there exists 6 € (0,1) such that g(dz’) = (Vo) (802') -

0z, and then with (4.14), we get

s _|P0D) | o -9 |1 - [P | < prp-a-9 |, POD] _ - lpo(02)]
ot = | Z52[ | < o091 - [£52)| < cpag-0-9 o - 252 — 5
1

n 2
< Cla| "1 9[2'[[(V'p0) (062" < cra:Hl-S)\x'\(Z IV [0l oo ) 95%’\2> < Cola|~ U P
=2
(4.15)

|

In addition, since the inequality |p(dz)| = d]2’| holds for all z € %, J; can be estimated as

follows,
’|SE|S _ ‘30(296) *
< [, S
5 VT |

where (4.5) guarantees the boundedness of the last integral in the above estimate.

‘ /12—s
v? dx < 05/ &vz dx < C(S/ |z~ 50? dz = O,
g || R™

| s

Case 2. Let 1 < s < 2. In this case, from (4.15) with s = 1, we see that
p(0z) > pl0z)

< s—1 .
:c(m #2821 [ - | 25
Then in the quite same manner as in Case 1, we get J; = O(J) as § — 0.
In both cases, we have J; = O(J) as § — 0. Furthermore, by (4.5), we easily see that

n(n—s) —_
Jy=0(6 "2 )asd — 0. Since 1 < n;@;), it follows that

s

)

] — ]

‘ < Cole* /2.

J

Uz* U2*
—__dv= | ——dz+0(6), 4.16

as 0 — 0. After all, from (4.12), (4.13) and (4.16), we obtain that

; 2 3 2
P * * *
/~|Vv\2d:c+0(5°‘°)—)\(52p(n2) /vpdx / L ’VU|2de /vsd$
g g Re |]® R™ g |l

o
*‘N

6

- / Vol?de +O(3%) ~ A7 "2 ( / lo[Pda + o(a(n-1>p—">)
R™ R™
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2

o2 ba
— / |Vv|2da: / ——dz + 0(0)
R™ Im\ﬂ

2
n » z
- / Vol2de + 0(5%) — As7 ~" 2 </ Iv|”dgc)+0(‘s R (/ mdm>
R™ n R™

2
*

2 2
—/ |V'U|2d:c</ &‘de) +0(5)
R™ R™
2 9 2&
P * *
_ B (/ |v\pd:c> (/ |xd””> L 0(*) <0
n R"

< p, which ends the proof.

for all 6 > 0 small enough since we have — 2 Too

0

Next, we shall show Proposition 4.2 in which the basic strategy is the same as the proof of

Proposition 4.1.

Proof of Proposition 4.2. First, the condition that the domain € is flat near the origin
allows us to assume there exist an open interval Iy C R and a ball B(0) C R"~! such that
0 € Iy, B(0) Cc 9 and U N{x1 < 0} C Q, where U := Iy x B(0). We again use the minimizer

v € HY(R™) for ps(R™) in the proof of Proposition 4.1. Take a ball B(0) C R™ with B(0) C

U

and ¢ € C°(U) such that ¢ = 1 in B(0). Define ws(x) := v (%) for 6 > 0 and z € UN{z < 0}.
Then we see that (ws € HE(2) \ {0} for all § > 0 small enough since v # 0. Hence, it follows

that

—A(Q)<fQ!V<<wa>Pdw— A (Jo lCwslrdz) > _ Jura |V (Cws)Pde =X ([ widr)?
Hop - 2% 2* : w2*
(Jo st ) (norn )

In the quite same way as in the proof of Proposition 4.1, we obtain that

[ V- I L RES)

< / \Voldz + 00" %) — A§F ) (/ vpda:>
B(O)ng BO)na
o

2 v -
— |Vol“dz | [. dx
n B(Oé)ﬁQ ||

- / Vol’de +O0(5"2) — As7 "7 ( / lofPda + 0(5<”—1>P‘")>
n R™

(0)NQ2
2

hSAIN]

=
2% E3
/ U—dm

re |2

S

/
T
&

E‘ %
[ *
QL
8
~__—

IS

2

2" n(n—s) 2
—/ V| 2da / Y dr 0@ )
R re |Z|8
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2
n p n 2*
- / Vof2dz + O(F"2) — 265 (" </ !vfd“f) O3 A= emny </ |dm>
" " Re |7
>\
'rL(n a)
—/ |Vo|?dx / Y +0(62)
R® g |2]°
2 =
2n_(p—2) ’ v ’ n—2 —(n—=2)+(n—-1)p—n
n R™
as 0 — 0. In the last equality, we used the fact n — 2 < "(" S) Under the assumption (4.1), w
get 2p" —(n—2) <n—2, and then taking § > 0 small enough shows that 15 (€2) — ps(R™) < 0.
]
In what follows, we shall prove Theorem 1.1.
Proof of Theorem 1.1. First we give the proof of (i) which is a corollary of Lemma 2.1.
Indeed, since the infimum 47} () is invariant for the rotation, we have
pa () = ) (T(Q) Z uip(T(Q) = ps(T(Q)) Z ps(R), (4.17)

where the last inequality in the above estimates is obtained by the facts that 7(Q) C R™ and
H(T(2)) c HY(R™). Then combining Lemma 2.1 with (4.17) implies that

pip Q) = ps(R2). (4.18)

Furthermore, we proceed to the contradiction argument, and assume that ,uj;‘(Q) is achieved
by some nonnegative function ug € H(Q) \ {0}. However, the equality (4.18) says that ug is a
minimizer for us(R™) satisfying

u .
—Aug = 2 in R”.
x

Then by the standard elliptic theory and the strong maximum principle, we get ug € CY{R™)N
C?(R™ \ 0) and u > 0 in R”, which is a contradiction.

Next, we shall show Theorem 1.1(ii). However, in the case 2 < p < -2& the quite same
strategy as in the case p = 2 shown by N.Ghoussoub and F .Robert[ | works. That is, if the
blow-up case occurs, then up to a subsequence, we eventually obtain the following equality,

; —s)H(0
tiy 2= IO ]y w0y 0, 0P (419)
I Vey o (n—2)2pug(R™)2=s JR™

where H(0) denotes the mean curvature of 9 at 0, v, is defined as in (3.2) and v € HY(R™) is
a function constructed in Lemma 3.3. The equality (4.19) is a contradiction to H (0) < 0, which
implies that the blow-up case cannot happen and then we have a minimizer for ,u (Q) In the
end, we mention that the condition p < .= is necessary to get the regularity for v G CYR™).0
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