Classification of complex projective towers up to dimension 8 and
cohomological rigidity
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ABSTRACT. A complex projective tower or simply a CP-tower is an iterated complex projective
fibrations starting from a point. In this paper we classify all 6-dimensional CP-towers up to
diffeomorphism, and as a consequence, we show that all such manifolds are cohomologically
rigid, i.e., they are completely determined up to diffeomorphism by their cohomology rings. We
also show that cohomological rigidity is not valid for 8-dimensional CP-towers by classifying all
CP!-fibrations over CP3 up to diffeomorphism. As a corollary we show that such CP-towers
are diffeomorphic if they are homotopy equivalent.
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1. Introduction

A complex projective tower (or simply a CP-tower) of height m is a sequence of complex
projective fibrations

Tm Tm—1 T T

(1.1) Con

where C; = P(&;_1) is the projectivization of a complex vector bundle &1 over C;_1. It is also
called an m-stage CP-tower. We call each C; the ith stage of the tower. Hence a CP-tower is an
iterated complex projective bundles starting from a point.

The CP-towers contain many interesting classes of manifolds. For example, if each complex
vector bundle &; is a Whitney sum of complex line bundles, such CP-tower is a generalized Bott
tower, introduced in [CMS10]. If each &; is a sum of two complex line bundles, then it is a Bott
tower, introduced in [BoSa] (also see [GrKal). In particular, Hirzebruch surfaces are nothing
but 2-stage Bott towers. Moreover, flag manifolds of type A, i.e., U(n + 1)/T"! = F¢(Crt1),
and type C, i.e., Sp(n)/T" have n-stage CP-tower structures, see Example 2.3 and 2.4, and the
Milnor surface H;; C CP* x CP7 has a structure of 2-stage CP-tower, see Examle 2.6.

Cm_1 4 Co = {a point}
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It is well known that there are only two diffeomorphism types of Hirzebruch surfaces, namely,
CP! x CP! and CP?#CP?, and their cohomology rings are not isomorphic. Hence, Hirzebruch
surfaces are classified up to diffeomorphism by their cohomology rings. One might ask whether
the same is true for Bott towers or generalized Bott towers. Namely, the cohomological rigidity
question for (generalized) Bott towers asks whether the diffeomorphism classes of (generalized)
Bott towers are determined by their cohomology rings. There are some partial affirmative answers
to the question in [CMS10, CPS, MaPa], and we refer the reader to [CMS11] for the summary
of the most recent developments about the question. In particular, the class of m-stage Bott
towers for m < 4 ([Ch] and [CMS10]) and the class of 2-stage generalized Bott towers [CMS10|
are cohomologically rigid, i.e., their diffeomorphism types are determined by their cohomology
rings.

Since the (generalized) Bott tower is a special kind of CP-towers, one might ask the coho-
mological rigidity question for CP-towers. On the other hand, if one note that the cohomology
ring of a projective bundle P(€) is determined by the cohomology ring of the base space of P(§)
and the Chern classes of the complex bundle ¢ (see (2.1)), then the expectation for the affirmative
answer to the question can not be high, because complex vector bundles are not classified by their
Chern classes in general. Therefore, it might be interesting to determine whether cohomological
rigidity indeed fails to hold for CP-towers, and if so, exactly in what dimension, does it fail? In
this paper, we answer these questions by complete classification of CP-towers up to dimension 6,
and some special 2-stage CP-towers of dimension 8.

We now describe our classification results. Note that the only 2-dimensional C P-tower is CP*.
Any 4-dimensional CP-tower is either CP? or a 2-stage CP-tower which is in fact nothing but a
Hirzebruch surface. So they are either Hy := CP' x CP! or H; := CP?>#CP2. For 6-dimensional
CP-towers, we have to consider one-stage CP-tower which is CP3, two-stage CP-towers, and
three-stage CP-towers separately. For 2-stage 6-dimensional CP-towers, there are two cases; the
cases when the first stages are C; = CP! and C; = CP2. When C; = CP!, then Cy = P(&)
where £ is a sum of three line bundles. Therefore, Cy must be a 2-stage generalized Bott tower,
which is completely determined in [CMS10]. In fact, there are only three diffeomorphism types
P(Yf@e®e) — CP! for k=0, 1, 2, where v, is the tautological line bundle over CP!.

For 2-stage 6-dimensional CP-towers with C; = CP?, the second stage Co = P(€), where
¢ is a rank 2-complex vector bundle over CP?, which is determined by its Chern classes ¢; €
H?(CP?) ~ 7Z and ¢, € H*(CP?) ~ Z. It is proved that the diffeomorphism types of such
CP-towers are P(ng,a)) — CP? and P(n1,4)) — CP? for a € H*(CP?) ~ Z, where 15 o) is a
C-vector bundle over CP? whose Chern classes are (c1,c2) = (s, a).

For 3-stage CP-towers C3 — Cy — C}, there are two cases, i.e., when Cy = Hy = CP! x CP!
and Cy = H; = CP?#CP2. Then C3 = P(§) where £ is a complex 2-dimensional vector bundle
over (5. Again, it is proved in Lemma 4.1 that & is classified by its Chern classes ¢; and co. Let
N(s,ra) (r€SP. &(sr.a)) be the complex 2-dimensional bundle over CP! x CP! (resp. CP?#CP?)
whose first Chern class ¢1(1)(s,r,0)) = (s5,7) € H*(CP' x CP') ~ Z & Z (resp. ¢1(§(s,ra)) =
(s,r) € H*(CP?#CP?)) and the second Chern class c2(7)s,r,a)) = @ € H*(CP' x CP') ~ Z (resp.
c2(§(s,ra)) = @ € H*(CP?#CP?)). Then, it is proved that all diffeomorphism types of 3-stage
CP-towers are P(((s,r.)) = Ho and P({(s r.q)) — H1 for a € Z and (s,r) = (0,0), (1,0) or (1,1).

We thus have the following classification result of 6-dimensional CP-towers.

THEOREM 1.1. Any 6-dimensional CP-tower is diffeomorphic to one of the following distinct
manifolds:

(71 ©ede) — CP! fork=0,1,2;
(1(0,0)) = CP? for a € Z\ {0};
(77(1 a)) — CP? for a € Z;

(€(0,0,0)) = Ho for o € Z>o;
(C(1,0,0)) = Ho for o € Z>o;

(C(l a)) — Hy for a € N;
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o P(§0,0,0)) = Hi for a € N;
b P(g(l,O,a)) — H1 fOT o € ZZO;
. P(§(1,1,a)) — Hy fora € Z,

where Hy :== CP! x CP', Hy := CP?*#CP2, and the symbols N, Z>o and 7 represent natural
numbers, non-negative integers and integers, respectively.

Since the cohomology rings of the manifolds in Theorem 1.1 are not mutually isomorphic, we
have the following corollary on cohomological rigidity of CP-towers.

COROLLARY 1.2. Let M; and M5 be two CP-towers of dimension less than or equal to 6.
Then, M; and M are diffeomorphic if and only if their cohomology rings H*(M7) and H*(Ms)
are isomorphic.

This corollary is a generalization of the cohomological rigidity theorem for Bott manifolds up
to dimension less than or equal to 6 proved in [CMS10].

For Bott manifolds of dimension 8 cohomological rigidity theorem is also proved to be true
by Choi in [Ch]. However, it is not the case for CP-towers. Namely, we classify all 8-dimensional
2 stage CP-towers Cy — C7 when C; = CP3. In this case Co = P(§) where £ is a complex
2-dimensional vector bundle over CP3. By the result of Atiyah and Rees [AtRe], any complex
2-dimensional vector bundle ¢ over CP? is determined by its first and the second Chern classes
c1 and cp and an invariant a € Zg which is 0 when ¢; is odd. Let 7y, ,c,) be the complex
2-dimensional vector bundle with the given invariants «, ¢; and c. Then we have the following
classification theorem of P(1(q,c,,c,))-

THEOREM 1.3. Let M be the projectivization of a 2-dimensional complex vector bundle over
CP3. Then, M is diffeomorphic to one of the following distinct manifolds:

o Mo(u) = P(1(0,0,u));

o My(u) = P(n(1,0,u));

e N(u)=P(no1.u),
for u e HY(CP3) ~ Z.

By the Borel-Hirzebruch formula (2.1), we have H*(My(u)) ~ H*(M;i(u)), while My(u) is not
diffeomorphic to M; (u). This proves that 8-dimensional CP-towers are not cohomologically rigid.

On the other hand, we prove that mg(Mo(u)) 7 76(M1(u)) in Proposition 5.8. Therefore, we
have the following homotopical rigidity result.

COROLLARY 1.4. Let M7 and M be the projectivizations of two complex 2-dimensional vector
bundles over CP3. Then M; and M, are homotopic if and only if they are diffeomorphic

Moreover, we prove Sp(2)/T? = M;(1) in Appendix. Therefore, Theorem 1.3 also says that
there is a CP-tower which has the same cohomology ring with flag manifolds of type C, i.e.,
Sp(n)/T™, but it is not the flag manifold of types C.

The organization of this paper is as follows. In Section 2, we prepare some basics and some
examples. In Section 3, we classify 6-dimensional CP-towers with height 2 up to diffeomorphism.
In Section 4, we classify 6-dimensional CP-towers with height 3. Theorem 1.1 is proved as a
consequence of the classification. In Section 5, we classify the projectivizations of 2-dimensional
complex vector bundles over CP?3, and Theorem 1.3 is proved. In Appendix, we prove Sp(2)/T? =
M (1).

2. Some preliminaries

In this section, we prepare some basic facts which will be used in later sections. Let £ be
an n-dimensional complex vector bundle over a topological space X, and let P(£) denote its
projectivization. Then the Borel-Hirzebruch formula in [BoHi] says

(2.1) H*(P(&);7Z) ~ H*(X;Z)[x]/<m"+1 + Z(_l)ici(ﬂ*§)$n+l_i>

3



where 7*¢ is the pull-back of £ along 7 : P(§) — X and ¢;(7*€) is the ith Chern class of 7*¢. Here
x can be viewed as the first Chern class of the canonical line bundle over P(£), i.e., the complex
1-dimensional sub-bundle ¢ in 7% — P(&) such that the restriction y¢|.-1(,) is the canonical line
bundle over 7~!(a) = CP"~! for all @ € X. Therefore degz = 2. Since it is well-known that the
induced homomorphism 7* : H*(X;Z) — H*(P(£);Z) is injective, we often confuse ¢;(7*§) with
ci(§).

We apply the formula (2.1) to an m-stage CP-tower

™

Tm Tm—1 ™2

Cnm Cm—1 Cy Cy = {a point}

with C; = P(&-1), to get the following isomorphisms.

N,

H*(Cp;Z) =~ H*(Cop1;Z) ]/ (et +Z Yoei(Emor)alm T
~ H(Cpm—2;Z)[Tm—1,2m]/( ”’CH +Z Ve (Ex)x ”’CH i | k=m—1, m)
(2.2) ~ Zlxi,...,Tm "’“+1+Z Yiei(&)a T T k=1, m).

In order to prove the main theorem, we often use the following lemmas.

LEMMA 2.1. Let~ be any line bundle over M, and let P(§) be the projectivization of a complex
vector bundle & over M. Then, P(§) is diffeomorphic to P(§£ ® 7).

PROOF. By the definition of the projectivization of a complex vector bundle, the statement
follows immediately. O

LEMMA 2.2. Let v be a complex line bundle, and let & be a 2-dimensional complex vector
bundle over a manifold M. Then the Chern classes of the tensor product £ @ v are as follows.

c1(§®@7) =ca(§) +2a(y);
e2(§®@7) = a1(1)? + ea(v)er (€) + ea(9).
PROOF. Let us consider the following pull-back diagram:

TR T Y —=ERY

L

PE®y) —=M
Let ¢ : P(§ ®v) — P(§) be the diffeomorphism from Lemma 2.1, and let m¢ : P(§) — M be the

projection of the fibration. Then we can see easily that m = m¢ o ¢. Taking the canonical line
bundle v¢ in 7g&, we may regard mi§ = e ® 'ygy where Wg- is the normal (line) bundle of ¢ in
m¢§. By using the decomposition 7 = m¢ o ¢, we have the following equation:
Te€®y) = " @m())e(pte @1 (7))
= (+¢ aly) +maM)A+¢"elyg) + 7).

Because 7*¢1(€) = p*e1(ve) + ¢ e (v ) and 7 ea(§) = @*e1(ve)p*er (g ), we have

ma@n) = mall)+2ra(y);

TeE®y) = me(l) + e aly) + ma(y)®.
As is well-known, 7* : H*(M) — H*(P(£ ® 7)) is injective. Hence we have the formula in the
lemma. g

We now give two examples of CP-towers.



EXAMPLE 2.3. The flag manifold FI(C"*') = {{0} c V; C --- C V,, C C""1}, called type A,
is well-known to be diffeomorphic to the homogeneous space U(n + 1)/T"1 (=2 SU(n + 1)/T").
We will show that the flag manifold U(n +1)/T"! is a CP-tower with height n. Recall that if M
is a smooth manifold with free K action and H is a subgroup of K, then we have a diffeomorphism
M/H = M x g (K/H). Also recall that CP" =2 U(n +1)/(T* x U(n)). By using these facts, it is
easy to check that there is the following CP-tower structure of height n in U(n + 1)/T™*:

Un+1) X xumy) Un) X xvm-1)) (U0 —1) X(r1xum-2)) - (U3) X(11xu(2)) CP')---)

i
U(n+1) X1 xu(my) (U(n) X1t xv(n-1)) CP"?)
1
U(n + 1) X(T1xU(n)) (C.Pn71
1

cp,
where the U (k) action on CP*~1 in each stage is induced from the usual U (k) action on C¥.

EXAMPLE 2.4. The flag manifold of type C is defined by the homogeneous space Sp(n)/T". We
claim that Sp(n)/T" is a CP-tower with height n. It is well known that Sp(n)/(T* x Sp(n—1)) =
Sin=1/1 == CpP?"~1 because Sp(n)/Sp(n — 1) = §4"~1 By using this fact and the method
similar to that demonstrated in Example 2.3, it is easy to check that there is the following CP-
tower structure of height n in Sp(n)/T™:

Sp(n) X (11 xspn—1)) (SP(N — 1) X(11 5 sp(n—2)) - - (SP(2) X (11 5p(1)) CP)--)
1

1
Sp(n) X(11xspmn—-1)) (Sp(n — 1) X (11 x gp(n—2)) CP?"°)
Sp(n) X (11 xsp(n—1y) CP? 3
1
(CPQn_l,

where the Sp(k)-action on CP?*~1 in each stage is induced from the Sp(k)-action on C2*(~ H¥)
induced by the following representation to U (2k):

) A -B
Here A, B € M(k;C) satisfy AA+ BB = I, and BA — AB = O.
REMARK 2.5. By computing the generators of flag manifolds of other types (B,, (n > 3), D,

(n>4), Ga, Fy, Eg, E7, Eg), they do not admit the structure of CP-towers, see [Bo] (or [FIM]
for classical types).

EXAMPLE 2.6. The Milnor hypersurface H; ; C CP* x CPJ, 1 < i < j is defined by the
following equation (see [BuPa, Example 5.39]):

3

Hij={[z0: 2] x[w: - :wj] € CP"x CP | ququo}.

q=0
We can show easily that the natural projection onto the first coordinate of H; ; gives the structure
of a CP/~1-bundle over CP?. Moreover, by the proof in [BuPa, Theorem 5.39], this bundle may
be regarded as the projectivization of v+ C €/*1, where /! is the trivial C?*'-bundle over CP*
and vt is the normal bundle of the canonical line bundle v over CP? in ¢/*!. Therefore, the
Milnor hypersurface admits the structure of a CP-tower with height 2.
5



REMARK 2.7. As is well-known, both of the flag manifold U(n + 1)/T™*! (and Sp(n)/T™)
with n > 2 and the Milnor hypersurface H;; with ¢ > 2 do not admit the structure of a toric
manifold (see e.g. [BuPa]). On the other hand, U(2)/T?% = Sp(1)/T* = CP' and H,; — CP?

are toric manifolds.

3. 6-dimensional CP-towers of height 2

Let M be a 6-dimensional CP-tower. Then, the height of M is at most 3. If its height is one,
then M is diffeomorphic to CP3. Therefore, it is enough to analyze the case when the height is 2
and 3. In this section, we focus on the classification of 6-dimensional CP-towers of height 2.

To state the main theorem of this section, we first set up some notation. Let MS$ be the set of
all 6-dimensional CP-towers of height 2, up to diffeomorphisms. Let 7; denote the tautological line
bundle over CP?, and let 2 denote the generator —ci(y2) € H?(CP?). Let 15,4 as the complex
2-dimensional vector bundle over CP? whose total Chern class is 1 4+ sz 4+ az? for s, o € Z, let
P(7(s,)) be its projectivization. We now state the main theorem of this section.

THEOREM 3.1. The set M$ consists of the following distinct CP-towers.

P(y1 ®e®e) — CPY

P(v ®e®e¢) — CPY, where 72 =y, @ yi;
P(no,a) — CP? for acZ;

P(na,p) — CP? for BeZ.

PrOOF. Take M € MS§. Then the first stage C; of M is either CP! or CP2. We treat these
two cases separately below.

CASE I: C; = CP'. Note that any complex vector bundles over CP' decomposes into a
Whitney sum of line bundles. Therefore a CP-tower M & ./\/lg with C; = CP! is a 2-stage
generalized Bott tower, and such Bott towers are completely classified in [CMS10]. (See also
[CPS].) Due to the cited result, we have the following proposition.

PROPOSITION 3.2. Let M € MS§ be a generalized Bot manifold with C; = CP!. Then M is
diffeomorphic to one of the following three distinct manifolds:
P(y) @ e®e) = CP' x CP?, where 7) =¢;
Pn@ede);
Pyi®ede).
CASE II: ¢, = CP2. Because dimM = 6 and C; = CP?, the bundle E; — C; is a
compex 2-dimensional vector bundle. Such vector bundles are determined by their Chern classes
c1 and ¢y (see [Sh, Sw]). Hence, by Lemmas 2.1 and 2.2, we may denote E; by 7, q) such that

c1(N(s,a)) = sz for s = 0,1 and ¢2(1(5,0)) = ax? € H*(CP?) for o € Z. In Case II, we have the
following classification result.

PROPOSITION 3.3. The following are equivalent for sy, so € {0, 1} and a1, ay € Z.
(1) (s1,00) = (82, 2).
(2) Two manifolds P (7 (s, a,)) and P(1(s,.a,)) are diffeomorphic.
(3) Two cohomology rings H*(P(1s, «,))) and H*(P(1(s,,a,))) isomorphic.

Theorem 3.1 follows from Proposition 3.2 and 3.3. U
It remains to prove Proposition 3.3.

PROOF OF PROPOSITION 3.3. (1) = (2) and (2) = (3) are obvious. We now prove (3) = (1).
We prove this by proving the three claims: (1) H*(P(n,qa))) % H*(P(na,s))) for every a, p € Z,
(2) if H*(P(1(0,a1))) = H*(P(n(0,a2))) then an = ag, and (3) if H*(P(n(1,5,))) ~ H*(P(101,6,)))
then 51 = ﬂg.
6



Claim 1: H*(P(n(,a))) 2 H*(P(na,p))) for every «, 3 € Z. By using the Borel-Hirzebruch
formula (2.1), we have the following isomorphisms:

H*(P(Tl(o,a))) = Z[Xv Y}/<X37Y2+05X2>;
H*(P(n(1,s))) Zlx,y)/(«®, y* + zy + Ba?),

where deg X = degY = degx = degy = 2. We write the Z-module structures of H*(P(1,qa)))
and H*(P(n(1,3))) by indicating their generators as follows:

ZOLX LY ZX?DZXY & ZX?Y;
7®Zx & Ly & Za* & Zay ® Lay.

12

If there exits a graded ring isomorphism f : H*(P(1(0,a))) = H*(P(1(1,5))), then we may put
f(X)=ax+by and f(Y) = cx + dy for some a,b, c,d € Z such that

(3.1) ad — bc = +£1.
Because f preserves the ring structure, we have
FXP) = (aw+by)?
(3a2b — 3ab® + b® — b)Yy = 0;
(cx + dy)? + a(az + by)?
( + aa® — Bd* — afb®)x? + (2cd + 20ab — d* — ab®)xy = 0.

This implies the following equations:

f(Y?+aX?)

(3.2) b(3a® — 3ab + b* — Bb*) = 0;
(3.3) 2+ aa® — Bd? — aBb* = 0;
(3.4) 2cd 4+ 20ab — d? — ab® = 0.

If b =0, then 2¢ = d = £1 by (3.1) and (3.4). But this contradicts to the fact that ¢ is an integer
(i.e., ¢c € Z). Hence b # 0, and by (3.2) we have 3a® — 3ab + b? — 3b?> = 0. We also have the
following commutative diagram of free Z-modules.

ZX &Y —>7X2 6 ZXY ,

i b

Zzx ® Ly I Zx? & Zxy

where the horizontal maps are induced from the multiplication by X and f(X), respectively. Let
us represent the linear map -f(X) = -(az + by) : Zx & Zy — Zx* ® Zxy by the matrix

[ a =pb
A(b a—b)

with respect to the generators. Note that -X : ZX @& ZY — ZX? @ ZXY is an isomorphism.
Therefore - f(X) is also an isomorphism, and hence

(3.5) det A = a® — ab + Bb* = +£1.

Because b # 0, it follows from (3.2) and (3.5) that we have b = +1, § =1 and a = 0 or
b. If a = b, then ¢ = d or ¢ = —d by (3.3). However, it is easy to check that both of these
cases give contradictions to (3.1) and ¢,d € Z. Hence, a = 0. In this case, « = ¢ — d? by (3.3)
and «a = 2cd — d? by (3.4). Therefore we have ¢ = 0 or 2d. However, both of these cases give
contradictions to (3.1) and ¢,d € Z. This establishes that there is no ring isomorphism between
H*(P(10,0))) and H*(P(n(1,3)))-

Claim 2: If H*(P(1(©,a,))) ~ H*(P(10,a:))), then a1 = az. By (2.1), we have the
isomorphisms

H*(P(Mo,0y) =~ Z[X,Y]/(X?Y?+a1X?), and

H*(P(N0,00))) = Zlw,y)/(2®,y* + aza®).
7



Assume that there exists an isomorphism f : H*(P(10,a,))) — H*(P(1(0,a,))) for some oy, as €
Z, and let f(X) = ax+by and f(Y) = cx+dy, so that ad—bc = £1. Because f(X?) = (azx+by)> =
0, we have that
b(3a* — b*an) = 0.
Suppose b # 0. Then 3a? — b%as = 0. Because the map
f1HYP(,01))) = ZX?Y — Za*y = H°(P(1)(0,a,)));
is an isomorphism, we have
(3.6) F(X?Y) = (azx + by)?(cx + dy) = +2%y.
Using (3.6) and the ring structures, we have that
a’d + 2abe — b*das = +1.
Because 3a? — b%az = 0, we have —2a%d + 2abc = —2a(ad — bc) = +1. However, this gives a
contradiction to a € Z, because ad — bc = +1. Hence, b = 0 and ad = +1; in particular, we have
a, d ==+1. Then, we have the following equations:
JP 4 aiX?) = (ot dy)® + a(az + by)?
(¢ —ag +a1)z? + 2cdry =0
Therefore, we have that ¢ = 0 and a; = ay. This proves the claim.

Claim 3: If H*(P(n,p,))) ~ H*(P(1(1,5,))), then 1 = . By (2.1), we have the isomor-
phisms
H*(P(nug,))) =~ Z[X,Y]/(X®Y?+ XY + B1X?), and
H*(P(na,sy)) = Zlw,yl/@®y* + zy + foa?).
Assume that there exists an isomorphism f : H*(P(1(1,,))) = H*(P(1(1,3,))) for some 3y, fa € Z,
and let f(X) = ax + by and f(Y) = cx + dy, so that ad — bc = +1. Because of the relations

F(X?) = (ax+by)? = 0and f(Y2+ XY +B1X3?) = (cx+dy)?+(az+by)(cx+dy)+B1 (ax+by)? = 0,
we have that

(3.7 b(3a® — 3ab + b? — b2B;) = 0;
(38) o d2ﬁ2 + ac — bdps + a2B1 - b25152 =0;
(3.9) 2cd — d? + ad + be — bd + 231ab — 31b% = 0.

We first assume b = 0. From the equation ad — bc = +1, we have a, d = £1. Now plug b =0
and d = £1 into (3.9) to get the equation

2c+a=d==+l.
Together with a = +1, this equation implies that either c=0and a =d, or ¢ # 0 and c = —a = d.
Now plug these into (3.8) to obtain 81 = 3 in either cases, which proves the claim when b = 0.

We now assume b # 0. Then from (3.7), we have 3a® — 3ab + b? — b?3, = 0. By using the

same argument as the one used to get (3.5), we have
(3.10) a? — ab+ Bab? =,
where € = +1. Substitute (3.10) into the equation 3a? — 3ab + b* — b8, = 0. Then, we obtain the
equation

b2 (485 — 1) = 3e.

Therefore, b = +1 and S = € = 1. Hence, together with (3.10), we have that a = 0 or a = b.
If a = 0, then ¢ = £1 by the equation ad — bc = 1. Substitute these equations into (3.8) and
(3.9). Then, we have the equations

B1=1—d?*—bd=2cd — d?+ be —bd.
Therefore, we have that (2d+b)c = 1. Moreover, because ¢ = +1 and b = +1, we have (b, d) = (¢, 0)

or (—¢,c). Hence, 81 =1 = f35.
8



If a = b = %1, then d — ¢ = £1 by the equation ad — bc = £1. Put a = b = £1 in (3.9) to
obtain the equation

(3.11) B1 = d* — 2cd — be.
Moreover, by substituting ¢« = b = +1 and 3 = 1 into (3.8), we have
(c—d)(a+c+d)=0.
This together with d — ¢ = £1 implies that ¢ + d = —a = £1. It follows that either d = 0 and

¢c=—-a=-bord=—-a=—band ¢c=0. By (3.11), we have 81 = 1 = 5. This proves the claim,
and hence the proof of the proposition is complete. O

We can show easily that P()s,4)) is diffeomorphic to CP' x CP? if and only if (s,«) = (0,0)
by comparing their cohomology rings. Therefore, by Propositions 3.2 and 3.3, we have Theorem
3.1. Moreover, by Theorem 3.1, we have the following corollary.

COROLLARY 3.4. Let M%, be the class of all 6-dimensional CP-towers of height at most 2,
up to diffeomorphism. Then two CP-towers M and M’ in M©E, are diffeomorphic if and only if
their cohomology rings H*(M) and H*(M') are isomorphic. In other words, the class ME, is
cohomologically rigid.

4. 3-stage 6-dimensional CP-towers

In this section, we focus on 6-dimensional CP-towers of height 3. The 3-stage 6-dimensional
CP-towers are of the form

cp! cpr!
P(§) —— Hy ——CP".
Here, £ is a complex 2-dimensional vector bundle over Hjy, and Hy is the Hirzebruch surface
P(vF @ ¢) where € is the trivial complex line bundle and v¥ is the k-th tensor power of the
tautological line bundle v; over CP!. As is well known, H}, is diffeomrophic to Hy if k is even,
and to Hy if k is odd (see [Hi, MaSul]).

LEMMA 4.1. Let VectZ(Hy,) be the set of complex 2-dimensional vector bundles over Hy, up to
isomorphisms. Then the correspondence
Vecti(Hy) - H?(Hy)® H*(Hy)
w w
3 — alf) ® ()
is bijective.

PROOF. Since dimg Hy = 4, any two bundles 7; and 70 € Vect%(Hk) are isomorphic if and
only if they are stably isomorphic, i.e., 71 ® €’ = 1y @ €’ for some trivial complex ¢-dimensional
bundle ¢, see [Hu, 1.5 Theorem in Chapter 9]. Therefore 77; and n, represent the same element in
K(Hy},), the stable K-ring of Hy, if and only if 7, = 7. Therefore the map VectZ(Hy) — K (Hy)
defined by & — [¢] is bijective. Hence, it is enough to prove that the induced map

¢ K(Hy) — H*(Hy) © H'(Hy), [ (1(6), 2(6))
is bijective.
Let s : CP' — Hy = P(v¥ @e!) be the section defined by s([p]) = [p, [0 : 1]], and let i : CP! —

Hy, be an inclusion to a fiber in the fibrarion Hy, — CPL. Then s(CP!)Ui(CP') = CP! v CP!,
and we have the following inclusion and collapsing sequence

cpP'vcP! — Hy — Hy/(CP* v CPY).

Since Hj, admits a CW-structure with one 0-cell, two 2-cells, and one 4-cell (e.g. see [DaJa]),
Hy/(CP! v CP') may be regarded as the collapsing of two 2-cells to the one 0O-cell. Therefore,
the space Hy/(CP! Vv CP') is homeomorphic to S*. Hence, we have the following exact sequence
of reduced K groups (see [Hu, 2.1 Proposition in Chapter 10]):

K(58%) — K(H},) — K(CP'v CP").
9



As is well known, we have the following isomorphisms
(4.1) K(8%) ~ K(S%) ~ K(CP") ~ Z, and
(4.2) K(CP'VCP') ~ K(CP')¢ K(CP) ~Z & Z = Z°.

These isomorphisms are induced by taking the Chern classes of vector bundles. Let ¢ = (¢}, c}) :
K(Hy) — H2(Hy) ® H*(Hy,) ~ 72 & Z, where ¢ ([€]) = c1(€) and ¢,([¢]) = ¢2(€). Then ¢ :
K(H;) — H%(Hy;) is surjective because for any o € H2(H},) ~ Z? can be realized as the first Chern
class c1(7) of a complex line bundle v over Hy. Indeed, for a given ayz+asy € Za®Zy = H?(Hy),
the line bundle v = 7*(77"") ® 7y, has the first Chern class a1z + agy, where 7 : Hy — CP"! is the
projection, g, is the canonical line bundle over Hy, = P(yF @ ¢') induced from the vector bundle
7*(yF @ €l), and x, y are generators induced by ¢ (7*71), ¢1(7m, ) respectively. We also claim that
cy : K(Hy) — H*(Hy) is surjective. By the fundamental results of fibre bundle, we can construct
all complex 2-dimensional vector bundles over Hy/(CP!VvCP!) = S4 by using the continuous map
S* — BU(2) up to homotopy. Because m4(BU(2)) ~ Z, for a given 8 € H*(H,/(CP! v CP'))
we can construct the complex 2-dimensional vector bundle 7’ such that ¢(n’) = 1+ 8. Now the
collapsing map p : Hy — Hy/(CP!' v CP') induces the isomorphism H*(Hj/(CP' Vv CP')) ~
H*(Hy) ~ Z; therefore, its pull-back n = p*n’ over Hy, satisfies ¢(n) = 1+ 3. This implies that c}
is surjective. Because 7@ is a complex 3-dimensional vector bundle and dimg Hy = 4, the bundle
76977 is in the stable range. Therefore, there is the complex 2-dimensional vector bundle £ such that
ED et =y @ n, where € is the trivial line bundle over Hy, and ¢(€) = c(y®n) = 1 +c1(y) +c2(n).
Therefore, the map ¢ : K(Hy) — H2(Hy) ® H*(Hy) is surjective. Now consider the following
diagram.
K(8*) — K(H,) — K(CP'vCPY)
1 1 1

0o — 7 — 7?07 — 72 — 0

Here the vertical maps from the left are the isomorphism in (4.1), the map ¢ : K(Hy,) — H2(H,)®
H*(H}) and the isomorphism in (4.2), and the horizontal sequences are exact. One can see easily
that the diagram is commutative. From the commutativity of the diagram and the surjectivity of
the map ¢/, we can see that K(S*) — K(Hy) — K(CP!VvCP?) is a short exact sequence, and the
map ¢ is bijective. Consequently, there exists the bijective map Vect? (Hy) — H?(Hy) @ H*(Hy)
defined by & — ¢1(€) ® c2(§). This establishes the lemma. O

By Lemma 4.1, any complex 2-dimensional vector bundles over Hy and H; can be written by
N(s,ra) = Ho, and s 5) — Hi
where
c1(N(sra)) = (s,7) € H*(Ho) 2 ZB L,  ca(Nis,ra)) = @ € H*(Ho) ~ Z;
1) = (s,7) € HH(H) = LB L, c2(Esrp) =B € H'(H1) = L.

Moreover, by taking tensor product with an appropriate line bundle if necessary, we may assume
(s,r) € {0,1}2, see Lemma 2.2. Let M$ be the set of all 6-dimensional CP-towers of height 3, up
to diffeomorphism. The main theorem of this section is the following.

THEOREM 4.2. The set M$ consists of the following distinct manifolds:

P(n(0,0,0)) for a € Zxo;
P(n(LO a) ) for a € Zi>p;
P(n(1,1,a)) for a € N;
P(&0,0,8) for BEN;
P(&1,0,8)) for B € Z>o;
P(&0,1,5)) for B € L.



Moreover, we have the diffeomorphisms P(1(1,0,)) = P(00,1,a)), P(n(070,1)) = P(&0,0,0)), and
P(&0,1,8) = P(1.1,-5))-

To prove Theorem 4.2, we first observe the following. For Hy = CP' x CP!, there is a self-
diffeomorphism on Hy defined by exchanging the first and second terms, i.e., (p,q) — (q,p) for
(p,q) € Hy = CP' x CP'. This diffeomorphism induces a bundle isomorphism between 7 ;. a)
and 7)(y5,a). Therefore, we may assume (s,7) = (0,0), (1,0) or (1,1) in the case of 7, ;. a)-

We also need the following lemma.

LEMMA 4.3. If the cohomology ring H*(P(1(sr.a))) is isomorphic to H*(P (& py)), then
(s,7,a) = (1,0,0) and (s',7', 8) = (0,0,0). Furthermore, P(1(1,0,0)) is diffeomorphic to P(§ 0,0,0))-
PROOF. By the Borel Hirzebruch formula (2.1), we have the isormophisms
HY(P(arey) ~ ZIX,Y,Z)/(X% Y2, 22+ sZX +rZY +aXY), and
H*(P(&(s,8))) Zlx,y, 2/ (@®, y* +zy, 2% + 8"z +1'zy + Bay),

where (s,7) = (0,0), (1,0) or (1,1) in 9 r.q), and (s',7") = (0,0), (1,0), (0,1) or (1,1) in §(s r a)-
For each (s,r, ) and (s',77, 8), we express the Z-module structures of the above cohomology rings
using their generators as follows:

Z®LX PLY @LLBLXY LY Z DLLX @ LXY Z;
7®Lx DLy DLz ® Lay D Lyz D Lzx @ Lxyz.
Assume there exists an isomorphism f : H*(P(1(s,ra))) — H*(P(§s,8))). Let f(X) =
a1z + by + a1z, f(Y) = asx + bay + coz and f(Z) = asx + b3y + c3z, and let A denote the

corresponding 3 x 3 matrix of f. Because f is a graded ring isomorphism, it satisfies the following
relations:

F(X)? = (@12 + b1y + c12)? = (2a1b1 — b3 — Bed)ay + (2a1¢1 — 8'c)xz + (2b1cy — r'c?)yz = 0;
F(Y)? = (a9 + bay + c22)? = (2a2by — b3 — Bca)xy + (2az¢0 — 8'c3)xz + (2bacy — r'c3)yz = 0
in H*(P({(s,7,py)). Therefore, we have
2a;b; — 2 502 = 0;
2aic; — s'c? = 0;

2b;¢; —r’c? =0,

1

fori=1,2.

Assume ¢; = 0. Then, by using the first equation above and det Ay = %1, we have either
b1 =0and a; = €1, or by = 2a; = 2¢1, where ¢, = £1. If co = 0, then it is easy to check that this
gives a contradiction to det Ay = £1. Hence, ca # 0. By using the second and the third equations
above, we have s'ca = 2a and r’cy = 2bs. Hence it can be seen easily from det Ay = +1 that
only (s',7") = (0,0) is possible, and in this case (ag,bs,c2) = (0,0, €2) and 5 = 0, where 3 = £1.
Hence, we have that (s',7/, 8) = (0,0,0).

If (a1,b1,¢1) = (€1,0,0), then b3 = €3 because det Ay = £1. Therefore, it follows from
J(2) = —sf(X)[(Z) = rf(Y)[(Z) — af(X)F(Y) that

2az€e3 — 1 = —s€q€3;
2a3c3 = —S€1C3 — r€aa3 — QE1€E9;
26303 — —T€g€3.

Using the third equation above, we have r = c¢3 = 0. Therefore, by the second equation, we also
have oo = 0. Moreover, from the first equation s = 1. Hence, (s,7,a) = (1,0,0).
If (a1,b1,¢1) = (€1,2€1,0), then b3 —2a3 = e3 because det Ay = 1. Therefore, it follows from

£(2)? = =sf(X)f(Z) = rf(Y)[(Z) — af (X)f(Y) that
2&3[)3 — b?)’ = 861b3 — 2861@3;
2@3C3 — —S8€1C3 — Teaa3 — (€€,

2b3cs = —regbs — 2s€103 — 261 €9.
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Using the first equation and b3 — 2a3 = €3, we have b3 = —se;. Therefore, by using the third
equation, we have sr = —2q. This implies that « = 0 and sr = 0. If s = 0, then b3 = —se; = 0;
however, by — 2a3 = —2a3 = €3 and this gives a contradiction. Therefore (s,r,«) = (1,0,0). This
establishes the first statement of the lemma when ¢; = 0 case.

In the case when ¢; # 0 and ¢y = 0, by a similar argument to the above case, we have the
same result. When ¢; # 0 and ¢z # 0, by some routine computation, we can see that this case
gives a contradiction. This establishes the first statement of the lemma.

Because 1)(1,0,0) = 72 @ €, where 7, is the tautological line bundle along the first factor of
CP*xCP*', we can easily check that P(1(1,0,0)) = (5 xCP')xp1 P(C1&C), where T acts on S® as
diagonal multiplications in its coordinates and trivially on CP! and C; is a complex 1-dimensional
T' representation such that ¢ -z =tz for t € T" and z € C;. On the other hand, because £(0,0,0)
is the trivial bundle over Hy (by Lemma 4.1), we have thatP((9,0,0)) = S® X1 P(Cy @ C) x CP.
Therefore, we have that P(n(1,0,0)) = P(§(0,0,0)- This establishes the second statement. O

In order to prove Theorem 4.2, we may divide the proof into the following two cases.
CASE I: P(n(s,rqa)) with the base space Hy. In this case (s,7) = (0,0),(1,0) and (1,1).
CASE II: P(§(s,r,a)) with the base space H;. In this case (s,7) = (0,0),(1,0),(0,1) and
(1,1). Moreover if (s,r) = (0,0) then « # 0.
The rest of the section in devoted to the proof of Theorem 4.2 by treating the two cases
separately.

CASE I: P(1(s,r,a)) With the base space Hy. We prove the cohomological rigidity for
P(7(s,r,a)). Namely, we prove the following proposition.

PRrROPOSITION 4.4. The following statements are equivalent.
(1) Two manifolds P(ns, ry,a,)) and P(1)(s, r,.a,)) are diffeomorphic.
2) Two cohomology rings H*(P(1(s; ri « and H*(P(M(s, ry.a are isomorphic.
( 1,71, 1) 77( 2,72, 2)

(3) (s1,71) = (82,72), and o and ay are as follows:
(a) if (s1,71) = (s2,72) = (0,0), then as = a3 or —ay;
(b) if (s1,71) = (s2,72) = (1,0) (or (0,1)), then ao = vy or —ay;
(c) if (s1,71) = (s2,72) = (1,1), then ay = ay or —ay + 1.

PROOF. (1) = (2) is trivial.

We first prove (2) = (3). By (2.1), we have the following isomorphisms
H*(P(M(sym,00))) = ZIX,Y,Z]/(X? Y? Z°+5,ZX +112ZY + 1 XY), and
H*(P(n(sz,rz,az)))

Assume there exists a graded ring isomorphism f : H*(P(1(s, ry,a1))) =~ H*(P(1(s3,r5,a2))), and
put the matrix representation of f : H*(P(1(s,,r1,01))) ~ H*(P(1)(s5,rs.05))) With respect to the
given module generators as

Zlz,y, z]/(xQ, Y2, 22 4 sozx + rozy + asxy).

12

a1 bl C1
A f= az by c s
a3 bz c3

ie, f(X) = ez + by + a1z, fY) = asx + boy + 2z, f(Z) = asz + bsy + c3z. Note that
det Ay = 1. Because X? =Y? =0 and f is a ring isomorphism,

f(X)2 = (2a1b; — agcf)xy + (2a1 — sac1)c12z + (2b1 — 1r901)C1yz = 0;
F(Y)? = (2a9by — agcg)xy + (2a9 — s2¢2)cawz + (2by — roca)cayz =0
in H*(P(N(s5,ry,a2))). Therefore, we have

(43) Qaibi — QQC? = 0,
(44) (2(17, — SQCi)CZ' = 0,
(4.5) (2b; — raci)e; = 0,
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for i =1, 2. We divide the proof into the following three cases: Case 1 (sa,72) = (1,1); Case 2
(s2,72) = (0,0); Case 3 (s2,72) = (1,0).

Case 1: (sa,72) = (1,1). We first claim that ¢; = ¢co = 0 and ¢35 = e3 = £1. If ¢; # 0, for
i =1 or 2, then 2a; = ¢; by (4.4), 2b; = ¢; by (4.5) and 2a;b; = azc? by (4.3). These equations
imply that
2

4a;b; = c? = 2aac; .
Because ¢; # 0, we have that 1 = 2a,. This gives a contradiction. Therefore, we have
cp=cy =0.
This together with det Ay = £1 imply that
c3 = €3 = *1.

Because 22 = -, XZ —1mYZ — o XY in H*(P(n
the following equations

s1,r,a1))), the ring isomorphism f induces

(4.6) 2a3bs — azeg = —s1(a1bs + asby) — r1(azbs + azbs) — aq(a1by + azby),
(47) (2(13 — 63)63 = (751&1 — 7’1&2)63,
(48) (2b3 — 63)63 = (—81b1 — 7“1b2)€3.

Using (4.3) and ¢; = ¢o = 0, we have a;b;, = 0 for i = 1, 2. Moreover, from det Ay = £1, there
are two possibilities, i.e., either (a1,b3) = (0,0) and (ag,b;) = (€1,€2), or (a1,by) = (€1, €2) and
(ag,b1) = (0,0) where ¢; = 1 for i =1, 2.

If (a1,b2) = (0,0) and (ag,b1) = (€1, €2), then it follows from (4.7) and (4.8) that

2a3 = €3 — T1€1;
2b3 = €3 — S1€2.

It is easy to check that if s; = 0 or r; = 0 then we have a contradiction to one of the equations
above. Therefore, (s1,71) = (s2,72) = (1,1). We also have that if e3 = €; (resp. €5 = €3) then
az = 0 (resp. bg3 = 0) and if €3 # €1 (resp. €3 # €2) then az = €3 (resp. by = €3). Thus, by the
equation (4.6), we have that s = ay or ag = —a; + 1.

If (a1,b2) = (€1, €2) and (az,b1) = (0,0), then similarly we have that (s1,r1) = (s2,72) = (1,1)
and as = a1 or ay = —ay + 1. This establishes (3) — (¢).

Case 2: (s3,72) = (0,0). If (s1,71) = (1,1) in this case, by the same argument as in Case 1
with (sq,72) replaced by (s1,71), we can see that (sa,72) = (1,1) which contradicts to the hypoth-
esis. Therefore (s1,71) = (0,0) or (1,0), and hence, Z? = =1 XZ — oy XY in H*(P (15, 1y ,01)))-
Therefore, the ring isomorphism f implies the following equations:

(49) 2a3b3 — 042012)’ = —51(a1b3 + a3b1) — Oél(albg + agbl) + 81C1C3002 + (v1C1C0N2;
(4.10) 2a3c3 = —s1(a1c3 + ager) — ar(aice + aser);
(411) 2()303 = 751(1)103 + b301) — Oél(blcg + bQCl).

Because of (4.4) and (4.5), we also have that a;c; = b;c; = 0. Then by (4.3), there are two
cases to consider for ¢ = 1,2: (2-i) the case when ¢; # 0, and hence, a; = b; = as = 0; (2-ii) the
case when ¢; = 0, and hence a;b; = 0.

(2-i) If ¢1 # 0, and hence, a1 = by = ap = 0, then ¢; = €3 = £1 because det Ay = *1.
Furthermore, if ¢y # 0, then as = by = 0, which gives a contradiction to det Ay = &1. Therefore,
c2 = 0 and asby = 0. Moreover agbs = 0 by (4.9). Since det Ay = £1, there are two possibilities
for (ag,a3) and (b, b3), i.e., either (az,a3) = (0,€1) and (bg, b3) = (€2,0), or (az,as) = (€1,0) and
(ba,b3) = (0,€2). If ag = bg = 0, then, by using (4.10) and (4.11), we have that 2c3 = —sje3 and
a1 = ag = 0. Therefore, because s; = 0 or 1, we also have cg = 0 and s; = so = 0. If ag = by = 0,
then we similarly have that a; = as = 0 and s; = s = 0.

(2-ii) If ¢; = 0, then a1b; = 0. If ¢3 # 0, then the proof is almost the same with the case
when ¢; # 0; and we have that oy = @ = 0 and s; = so = 0 as the conclusion. Therefore, we
may put ¢z = 0 and agby = 0. Because of det Ay = £1, we have that c3 = e3 = £1 and there are
the two possibilities, i.e., either (a1,a2) = (0,€1) and (by,b2) = (€2,0), or (a1,a2) = (e1,0) and
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(b1,b2) = (0,€2). If a3 = by = 0 (resp. az = by = 0), then it follows from (4.11) (resp. (4.10)) that
2bs = —s1b1 (resp. 2as = —sy1a1). Therefore, s; = so = 0 and b3 = 0 (resp. az = 0). Moreover, by
(4.9), we have that as = €1eacr;. This establishes (3) — (a).

Case 3: (s2,72) = (1,0). In this case, by the same arguments as above, we may assume
(s1,71) = (1,0), ie., 2% = —XZ — a1 XY in H*(P(1)(s, r,,a)))- It is sufficient to show that
ag = ap or —ay. Now, the ring isomorphism f implies the following equations:

(412) 2&31)3 — OLQC?;) = 7(0‘,11)3 —+ agbl) — Oél(albg + agbl) + C1C30Q9 —+ Q1C1C2(x2;
(4.13) 2azc3 — 3 = —(ajcz +azey) — ay(arcy + agey) + ciez + crcaan;
(414) 2[)303 = 7(b163 + bgcl) — Oél(blcg + bgcl).

Because of (4.4) and (4.5), we also have (2a; — ¢;)¢; = 0 and b;c; = 0. By (4.3), if ¢; # 0 then
b; = ap = 0 and ¢; = 2a;, and if ¢; = 0, then a;b; = 0.

(8-i) If ¢; # 0, then by = ap = 0, ¢1 = 2a;. Since det Ay = +1, we may put a; =€; = £1. In
this case, if ca # 0 then by = 0 and ¢y = 2a9, which contradicts to det Ay = 1. Therefore, co =0
and agby = 0. Tt follows from (4.12) and (4.14) that

2a3b3 = —61(b3 + O[lbg) = bgCg.

Therefore, there are two cases to consider: the case when b3 = 0, and hence a;by = 0; the case
when b3 # 0, and hence c3 = 2a3. If b3 # 0 and c3 = 2a3, then by det Ay = £1 we have
a3 = 0 = cg and b3 = €3 = +1. Then the matrix A is equal

€1 0 261
a9 b2 0
0 €2 0

This gives a contradiction to det Ay = £1. Therefore, b3 = 0, and hence a;by = 0. If by = 0 then
this gives a contradiction to det Ay = +1. Hence, we have by # 0, and hence a1 = ay = 0.

(3-ii) If ¢; = 0 and ¢o # 0, then a1by = 0, ¢a = 2a9 and by = g = 0. If by = 0, then it is
easy to check this gives a contradiction to det Ay = 1. Hence, a; = 0 and b; = £1. Because
c2 = 2ap and det Ay = 1, we have c3 — 2a3 = +1. By using (4.13), we also have the equation
cs(cs — 2a3) = 0. Therefore, c3 = 0, and hence 2a3 = +1. This gives a contradiction to a3 € Z.

Therefore ¢; = ¢ = 0. Since det Ay = 1 and ¢; = ¢z = 0, we can put cg = ez = £1.
Then, we can easily see that a; + 2az = €3 by (4.13) and b; = —2bs by (4.14). Therefore, by
using a1b1 = asby = 0 and det Ay = %1, we have that by = b3 = 0, by = €2 = £1 and ap = 0,
a; = €; = £1. Hence, by using (4.12), we have as = +a;. This establishes (3)— (b). Consequently,
we have proved the implication (2) = (3).

Finally, we prove (3) = (1). Consider the diffeomorphism f = id x conj : CP* x CP* — CP*! x
CP! defined by (p,q) — (p,q). Because f changes the orientation on CP! x CP!, the Euler class
e(f*N(s,ra)) coincides with —e(7)(s,r,a)). Because of the definition of Chern class, e(f*1(s,ra)) =
c2([* Ns,ra)) = —C2(7(s,r,a)) = —. Because x and y are the first Chern classes of the tautological
line bundles of the first and the second factor of CP* xCP*, we have ¢1(f*n(s,r.0)) = [*(sX+7Y) =
sx — ry. Hence, by Lemmas 2.2 and 4.1, we have

f*n(s,O,a) =1(s,0,—a);
I N1,0) @72 = 0(1,-1,-a) ® V2 =N(1,1,1-a)s
where 7, is the pull back of the tautological line bundle over CP' along the projection 9 : CP! x
CP' — CP* to the second factor. This implies that P(1)(s ,q)) = P(1)(s,r,—a)) for (s,r) = (0,0)
or (1,0) (or (0,1)) and P(1(1,1,a)) = P(1(1,1,1—a)) for (s,r) = (1,1). This proves the implication
(3) = (1). O
CASE II: P(¢,p)) with the base space H;. We prove the cohomological rigidity for
P(&(s,r,p)) in the following proposition.
ProprosITION 4.5. The following statements are equivalent.

(1) Two manifolds P({(s,,r, 8,)) and P({(s,,r,,8,)) are diffeomorphic.
(2) Two cohomology rings H*(P (s, ,r,.8,))) and H*(P(&(s,,r,,8,))) are isomorphic.
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(3) Either (s1,71,081) = (82,72, 82), or one of the following holds:
(a) (s1,71,581) = (0,0,8) and (s2,72,82) = (0,0,—3) (B8 # 0);
(b) (s1,71,51) = (1,0,5) and (s2,72,02) = (1,0, —5);
(c) {(s1,71,51), (527T2,ﬁ2)} ={(0,1,8), (1,1,-8)},

for some 3 € Z.

By using Proposition 4.4 and 4.5 and Lemma 4.3, we have Theorem 4.2. Let us prove Propo-
sition 4.5.

PROOF. (1) = (2) is trivial. We first prove (2) = (3). By (2.1) we have the isormophisms
H*(P(&(sym.8) =~ ZIX,Y,Z](X? Y?+ XY, 2>+ s$1ZX 4+ 1 ZY + 1 XY), and
H (P(E(syrapn)) =~ Zlx,y, 2]/ (2%, v* + a2y, 2° + spzw + o2y + Baxy).

Assume there is a ring isomorphism f : H*(P(§(s,,r1,81))) ~ H" (P((s2,r2,82))), and put the matrix
representation of f : H2(P(&(s, r.51))) = H2(P(&(s3.r5,8,))) a8

Note that det Ay = 1. Let ¢; = £1 (i = 1, 2, 3). Because of X% =0 € H*(P({(s,,r,,8,))), We
have

2a1b1 — b% — C%ﬂg = 0,

2a1c1 — 0%32 =0,

2b1c1 — c?rz =0.
By using these equations and det Ay = %1, it is easy to check that for e = +1

Case 1: if ¢; # 0, then there are the following two sub-cases:
o (s2,72) = (0,0) with (a1,b1,¢1) = (0,0,€) and By = 0;
o (s9,72) = (1,0) with (a1, b1,¢1) = (€,0,2¢) and B2 =0,
Case 2: if ¢; =0, then (a1,b1) = (¢,0) or (e, 2¢).

Because Y? = — XY in H* (P(&(s1,r1,51))), We also have

(4.15) 2a9by — b3 — c3f2 = —arby — byag + byby + c1c2f2,
(4.16) 2a9cy — 0332 = —a1cy — 102 + C1C282,
(4.17) 2bscy — c%rg = —bico — c1by + c1cams.
Case 1: ¢; # 0. If (s2,72) = (0,0), then, by using (4.16), (4.17) and (a1,b1,c1) = (0,0, €3),
we can easily show that a; = by = 0; however, because det Ay = +1, this gives a contradiction.

Therefore, (s2,72,82) = (1,0, O) and (al,bl,cl) (e1,0,2¢1). Note that det Af(agbs — agbs) is the
(1,3)-entry of the matrix A, f . Therefore, by a similar argument to the above, we can see that if
asbs — agbs # 0 then (s1,71) = (1,0) and $; = 0. This means that if we get asbs — agby # 0 then
we have (s1,71,01) = (82,72, 82) = (1,0,0), i.e., the statement of this proposition holds.

By (4.17), we may divide the case when ¢; # 0 into two sub-cases: (1-i) by = 0 and (1-ii)
ba # 0 and co = —e;.

(1-i) If by = 0, then it easily follows from (4.16) that co = 2as or —e;. Moreover, by using
det Ay = £1 and (a1,b1,¢1) = (€1,0,2¢1), we have that (ag,bs,c2) = (0,0, —€1) or (—e1,0, —€1),
and b3 = €2. If (0,2,1)2762) = (761,0,761), then 0,21)3 - a3b2 = —€1€9 7é 0. Therefore, by the
argument explained above, we have (s1,71,81) = (s2,72,82) = (1,0,0). Hence, this satisfies the
statement of this proposition. Suppose (asg, b2, c2) = (0,0, —€1). Since Z%2 = —51XZ —r Y Z —
B1 XY, we have

(2azea — 1)y + 2e2c3yz + (2a3c3 — c3)xz

= —si(ex + 2612)(asx + 2y + c32) + rie1z(asx + ey + c32) + S1(e12 + 2€12) €1 2.
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So, we have

2@362 —1= —S81€1€2;

2 _ .
2(1303 — C3 = —28161(13 + S1€1C3 + Tr1€1a3 — Tr1€1C3 — 517
26503 = —251€1€3 + r1€1€9.

It easily follows from these equations that (s1,71,81) = (s2,72,02) = (1,0,0).

(1-ii) If by # 0 and ¢ = —ey, then we have that by = 2a5 + €; by (4.15). Since (a1,b1,¢1) =
(€1,0,2¢1), we have

det Af = (261&2 + 1)(b3 +c3 — 2&3) ==+l

Therefore, either (1-ii-a) (a2, b2, c2) = (0,€1, —€1), or (1-ii-b) (—€1, —€1, —€1) and bs 4¢3 —2a3 =
+1.

(1-ii-a) Suppose (ag,b2,c2) = (0,€1,—€1), then asbs — beag = —ejas. As before, if ag # 0
then (s1,71,581) = (s2,72,02) = (1,0,0). This satisfies the statement of proposition. If az = 0,

then bz + c3 = £1 by the equation above. From the relation 22 = —s;XZ — Y Z — 51 XY, we
have

(4.18) —b3 = —s1€e1bs + ri€1bs — B,
(4.19) —c3 = s1€103 — riercs — P,
(4.20) 2b3c3 = —2s1€1b3 — r1€103 + T1€1b3 — 2P0

From these equations, we get
(bs +c3)? =1 = —s1€1(b3 + c3).
Hence, s;1 =1 and b3 + c3 = —e;1. By (4.18), we have
—1 4 2¢€1¢3 — cg = —€1(—€1 —c3) +rie1(—€1 — c3) — P
Substituting (4.19) into this equation, we have
—1+2€1c3 + €103 — €103 — i = —€1(—€1 — c3) +r1€1(—€1 — c3) — B
Hence,
2(2¢1¢3—1)=r; =0.

But this is impossible. Therefore the case (1-ii-a) can not occur.

(1-ii-b) Suppose (ag,be,c2) = (—€1, —€1, —€1), then asbs — boaz = —e1(bs — az). With the
method similar to that demonstrated above, if az # bs then (s1,71,581) = (s2,72,082) = (1,0,0).
Hence, we may assume a3 = b3. Because det Ay = c3 + b3 — 2a3 = £1, we also have c3 — b3 = £1.
From the relation Z2 = —5;XZ — Y Z — 1 XY, we have

(4.21) b3 = —s1€1bs + r1€1b3 + P,
(4.22) 2bscy — Cg = —2s1€1b3 + s1€1c3 + ri€1b3 + 207,
(423) 2bsc3 = —281€1b3 + rie1c3 + rie1bs + 2051.

By using (4.22) and (4.23), we have
03(7“161 — C3 — 8161) =0.

Therefore, we have either ¢3 = 0, or ¢3 # 0 and rie; — c3 — s1€p = 0, i.e., cg3 = €1(r; — s1) with
ry £ 81.

We claim ¢z # 0. If c3 = 0, then by using det Ay = =1 and as = b3, we may put b3 = €. By
using (4.22) and (4.23) again, we have that

—2816162 + ri€1€a + Qﬁl =0.

Hence, it is easy to check that (s1,71,61) = (0,0,0) or (1,0, €1€2). However, using (4.21), both of
the cases give contradictions. Consequently, cs # 0, i.e., c3 = €1(r1 — 1) with r1 # s;.
Because 1 # si1, there are two cases: (s1,71) = (1,0) and (0,1). We first assume that
(s1,71) = (1,0). In this case, c3 = —e;. By using (4.22), we have 5; = 0. Therefore, this case
16



gives (s1,71,51) = (s2,72,02) = (1,0,0). We next assume that (s1,71) = (0,1). In this case,
c3 = €1. Similarly, we have that e;b3 — 1 = 23;. This also gives the equation

61b3 —1= 61(b3 — 61) = 261.

Recall that b3 — c3 = +1 and ¢35 = €¢;. This gives a contradiction. This finishes Case 1.

Case 2: ¢; = 0. In this case we divided into two sub-cases: (2-i) (a1,b1,¢1) = (€1,0,0), and
(2-11) (al, bl, Cl) = (61, 261, 0)

(2-1) Assume (aq,b1,c1) = (€1,0,0). Then, it follows from (4.15), (4.16) and (4.17) that

(424) 2a2b2 — b% — C%/BQ = 761()2;
(425) 2@262 - CgSQ = —€1C2;
(4.26) 2bycy — carg = 0.

By (4.25) and (4.26), either (2-i-a) cp # 0 and 2ay = ca82 — €1, 2by = carg, or (2-i-b) ¢3 = 0.

(2-i-a) First assume c¢g # 0. Then, by 2as = ca82 — €1, we have so = 1 and ¢y = 2as + €.
By substituting this equation into (4.26),we have that ro = 0 = ba. Hence, by (4.24), 82 = 0, i.e.,
(s2,72,82) = (1,0,0). Because det Ay = %1, we may put bs = ez. Moreover, we have det Ay =
—e€1€2(2a + €1) = +1; therefore, ap = 0 or —e;. If ay = —eq, then ashy — agby = —ejea # 0.
Hence, with the method similar to that demonstrated in Case 1, we have (s1,71, 51) = (52,72, 82) =
(1,0,0). Thus, we may assume as = 0, i.e.,

€1 0 0
Af = 0 0 €1
az €9 C3

By using 22 = —51XZ —r1YZ — 31 XY and (s2,72,2) = (1,0,0), it is easy to get that

2&362 —1= —S81€1€2;
2e3c3 = —T1€1€2;
(2&3 — 63)03 — —S81€1C3 —Ti1€103 + T1C3€1 — ﬁl.

By using the first and second equations, we have s; = 1, r; = 0 and ¢3 = 0. Therefore, by the third
equation, we have that (s1,71, 51) = (82,72, 02) = (1,0,0). Consequently, if (a1,b1,c1) = (€1,0,0)
and ¢ # 0, then (s1,71,81) = (82,72, 82) = (1,0,0).

(2-i-b) We next assume ¢z = 0. Because det Af = e1bocz = %1, we may put by = €2 and
C3 = €3, 1.€.,

€1 0 0
Af = as €2 0
az bz €3

Then, it follows from (4.24) that 2asea — 1 = —¢€1€9, L€, ag = *617“2 By using 22 = -5 XZ —
MY Z — 51 XY, it is easy to get that

2 )
2a3bz — b3 — P2 = —s1€1b3 — r1(agbs + azex — e2b3) — Pier€r;
2b3ez — ro = —ri€g€s;

20,363 — 89 = —S81€1€3 — I'1a2€3.

If €, = €9, then ay = 0 and

2 .
2a3b3 — by — o = —s1€1b3 — r1(azer — e1b3) — fu;
2b3€3 — To = —T1€1€3]
2a3€3 — 89 = —S1€1€3.

By using the second and third equations, we have that (s1,71) = (s2,72). Therefore, if €; = €3, then

we also have b = a3 = 0. Using the first equation, we have 31 = B9, i.e., (s1,71, 51) = (82,72, 52).

Suppose €1 # €3, i.e., €3 = —e1. In this case, if s = s9 = 0 (resp. 51 = s2 = 1) then ag = 0 (resp.

az = —e1) by using the third equation. Similarly by using the second equation, if 1y = ry = 0

(resp. 71 = r9 = 1) then b3 = 0 (resp. b3 = —e1). Therefore, by using the first equation, it is easy
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to check that 81 = B2. Consequently, in the case when €; = €q, hence (az, ba, c2) = (0,€1,0), we
have (s1,71,81) = (82,72, 82), i.e., this case satisfies the statement of proposition.
If —€; = €9, then as = —€; and

2 .
2a3b3 — b3 — B2 = —s1€1b3 + r1azer + Fi;
2bgez — rg = r1€1€3;

2@363 — Sg = —81€1€3 + I'1€1€3.

By using the second equation, we have that ry = ro. If 11 = ro = 0, then b3 = 0 by the
second equation and s; = ss by the third equation. Moreover, by using the first equation, we
have (s1,0,81) = (82,0, —082). This implies that (3) — (a) and (3) — (b) in the statement of the
proposition. If r1 = ro = 1, then b3 = % by the second equation and s; # s by the third
equation. We first assume (s1,s2) = (1,0). Then, by the third equation, we have that az = 0.
Therefore, the first equation gives

ran g ltas,,
Therefore, 51 = —f9, i.e., (s1,71,01) and (s3,72,82) are the pair (1,1,r) and (0,1, —r). This
implies that (3) — (¢) in the statement of the proposition. We next assume (s1, s2) = (0,1). Then,
by the second and third equations, we have that az = b3. Therefore, the first equation gives

1+2€163 By = 1 +261€3 + B
Therefore, 81 = —fs, i.e., (s1,71,581) and (s2,7r2, f2) are the pair (0,1,7) and (1,1, —r). This
implies that (3) — (¢) in the statement of the proposition. Consequently, if (a1, b1,c¢1) = (€1,0,0)
and cg = 0, then the statement holds. Therefore the first sub-case (2-i) is done.
(2-ii) Assume (a1,b1,c1) = (€1, 2€1,0). Then, it follows from (4.15), (4.16) and (4.17) that

(427) 2&2()2 — bg — Cg,@2 = 61b2 — 261&2;
(428) 2&262 — 0352 = —€1C2;
(429) 2b262 - C%T’Q = —26102.

By (4.28) and (4.29), either (2-ii-a) ¢z # 0 and 2as = 283 — €1, 2by = carg — 2¢€1, or (2-ii-b)
Cy = 0.
(2-ii-a) We first assume ¢y # 0. Then, by 2as = cas9 — €1, we have so = 1 and ¢y = 2as + €.

Substituting this equation into 2by = core — 2¢1, we have ro = 0 and by = —e1. Therefore, 83 =0
by (4.27). By using Z2 = —s; XZ — 1Y Z — 31 XY and (s2, 79, 82) = (1,0,0), it is easy to get that
(4.30) 2a3bs — bg = —s1(—€1bs + 2¢1a3) — r1(agbs — €1a3 + €1b3) — B1(1 + 2¢€1a2);

(4.31) 2bscs = —2s1€1¢3 — r1(—€1c3 + 2a9bs + €1b3) — B1(dager + 2);

(4.32) (2a3 — c3)es = —s1e1¢3 — ri(—agcs + 2aza3 + €1a3 — €1¢3) — B1(2a2¢; + 1).

Because det Ay = (2az2¢1 + 1)(2as — bs — ¢3) = %1, either (2-ii-a-I) a; = 0 or (2-ii-a-IT)
as = —e1, and we may put 2a3 — bz — c3 = €3.

(2-ii-a-I) Assume ay = 0. With the method similar to that demonstrated in Case 1, if
asbs — asbe = as # 0 then (s1,71,81) = (s2,72,82) = (1,0,0). Therefore, we may assume az = 0
and —bs — c3 = €3. Hence, by the above equations, we have that

(4.33) —b3 = s1€1b3 — r1e1bs — fi;
(434) 2bscs3 = —2s1€163 — 7‘1(—6103 + €1b3) — 201;
(4.35) —c3 = —s1€103 + r1€103 — P

This implies that
—(bg + 63)2 =—-1= 8161(b3 + 63) — —S81€71€3.

Therefore, we have s; = 1 = €1€3 and c3 = —b3 — €;. By substituting these equations into the
third equation, we have

71)% — 2€1b3 — ]. = 61(b3 + 61) — 7‘161(63 + 61) — ,81.
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Because of the first equation, we have

261[)3 + 2= T1.
This implies that 1 = 0 and b3 = —e;. Hence ¢c3 = —bs — ¢; = 0. Therefore, from (4.34), we have
B1 = 0. Therefore, (s1,71,51) = (82,72, 02) = (1,0,0). This satisfies the statement of proposition,
and the case (2-ii-a-I) is done.

(2-ii-a-IT) Assume ay = —e; With the method similar to that demonstrated in Case 1,
if ag # b3 then (s1,71,01) = (82,72,52) = (1,0,0). Therefore, we may assume az = bz and
az — ¢z = €3. By the above equations (4.30), (4.31), and (4.32), we have

a?, = —si€a3 + reraz + Bi;

2a3c3 = —281€1C3 — 7"1(—6163 — 61&3) =+ 2,@1;

(2&3 — 03)03 = —S§1€1Cc3 + rieras + 61.
This implies that

(a3 +c3)(—az+c3) = sie1a3 — sye1c3 +rieicz — rieiaz
= 61(7"1 781)(70,34’03).

Because az —c3 = €3, we have that az+cs = €1(r1 —s1); therefore, 1 # s1. If (s1,71) = (0, 1), then
2a3cs = 1+ 20 by the second equation above. This gives a contradiction. Hence, (s1,71) = (1,0).

In this case, as = _elT'“?’ and c3 = ==%_ If €; = €3, then a3 = 0 and c3 = —e€;. In this case, by
using the first equation, 57 = 0. However, by using the second equation, we also have §; = —1.
This gives a contradiction and we have €¢; = —eg, i.e., ag = —e; and ¢z = 0. It is easy to check

that (s1,71,581) = (82,72, 82) = (1,0,0). Consequently, if (a1, b1,c1) = (€1,2€1,0) and ¢ # 0, then
(s1,71,P1) = (s2,72,82) = (1,0,0). This satisfies the statement of proposition. This finishes the
proof for (2-ii-a).
(2-ii-b) We next assume ¢ = 0, i.e.,
€1 261 0
Af = ag bg 0
az by c3
Since det Ay = £1, we have ¢ = £1 =: €3. By (4.27)
2a2b2 - b% = €1b2 — 261a2.
Hence,
(2&2 - bg)(bg + 61) = 0.
Therefore, by = 2ag or —e;. If by = 2as, then det Ay = 0, which is contradiction. Therefore,
by = —e€1. Hence, det Ay = e3(—1 — 2€1a2) = £1; therefore,
® (o = 0 or
® (2 — —€7.
By using 72 = —51XZ — Y Z — 31 XY, it is easy to get that
2a3bs — bg — /82 = —81(—€1b3 =+ 2610,3) — Tl(agbg —€1as + 61b3) — ﬁl(l =+ 261&2);
2b363 —T9 = —2816163 + T1€1€3;
2(13 — S9€3 = —S81€1 — I'1a».
By the second equation, we have that ry = rs. If 11 = ro = 0, by the second and third equations,
we have that b3 = —s1€; and s; = so, respectively. It follows easily from the first equation that
B1 = o for ag =0 and f; = —f; for az = —€;. This implies that (3) — (a) and (3) — (b) and (3)
with (51,0, 81) = (82,0, 82) in the statement of the proposition. If 11 = 7o = 1, then by the above
equations, we have that
2a3bs — bg — ,82 = —81(—€1b3 + 261&3) — agbs + €1a3 — €1b3 — 51(1 + 261&2);
2b363 —1= —2816163 + €1€3;
2a3 — S9€3 = —S81€1 — Q2.
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When as = 0, then by the third equation we have that s; = so. If s; = so = 0, then by the
third equation we have ag = 0; therefore by the first and second equations we have

Hence, 31 = (2. This implies that (3) with (0,1, 51) = (0,1, 52) in the statement of the proposition.
If s1 = so = 1, then by the second and third equations, we have that a3 = b3 = _Ele Using the
first equation, we have 81 = (2. This implies that (3) with (1,1, 51) = (1,1, B2) in the statement
of the proposition.

When ay = —¢1, then by the third equation we have that s1 # so. If (s1,$2) = (1,0), then it
follows from the third equation that az = 0; therefore by the first and second equations we have

1 — €1€3 1 — €1€3

g = th
Hence, 81 = —pP2. If (s1,82) = (0,1), then by the second and third equations, we have that
az = by = 4. Using the first equation, we have 3y = —f. This implies that (3) — (c) in

the statement of the proposition. Consequently, if (a1,b1,¢1) = (e1,2€1,0) and co = 0, then the
statement holds. Therefore (2-ii-b) is finished, and this establishes the statement (2) = (3).

Finally, we prove (3) = (1). If (s1,71, 1) = (82,72, B2), then the statement is trivial. Assume
(s1,71,581) # (s2,72,52). Recall that H; = S3 xp1 P(C; @ C). Let f : Hy — Hp be the
diffeomorphism which is induced from the composition of the diffeomorphisms

S3 xq1 P(C1 & C) % 83 xqu P(C_; & C) 2 §3 xqm P(C; & C),

where ¢ is the diffeomorphism induced from the orientation reversing of the fibers and h is the
diffeomorphism induced from the tensor product of the tautological line bundle on v_; @ €. Then,
it is easy to check that the induced homomorphism f* is f*(X) = z and f*(Y) = —x — y, where
H*(Hy) ~ Z[z,y]/{z* y* + xy). Then, we can easily check the following isomorphisms;

7€0,0,8) = £0,0,—8);
[ €108 = &1,0-8)5
[ &0,1,8) = &(-1,-1,-8)-

Because of Lemma 2.2, we have

Yoty ® §(-1,-1,-6) = §(1,1,-6)
where 7,4, is the line bundle over H; induced from z +y € H?(H;). This establishes that

P(&0,0,8) = P(&0,0,-5));
P(1,0,8) = P(€1,0,-8));
P(&0,1,8) = P(§a,1,-8))-

Consequently, using Theorem 3.1 and 4.2, we have Theorem 1.1.

5. Cohomological non-rigidity of 8-dimensional CP-tower

In this section, we classify all 2-stage CP-towers whose first stage is CP3. We first introduce
the following classification result of complex 2-dimensional vector bundles over CP? by Atiyah
and Rees [AtRe]. Let Vecta(CP?) be the set of complex 2-dimensional vector bundles over CP?
up to bundle isomorphisms.

THEOREM 5.1 (Atiyah-Rees). There exist an injective map ¢ : Vecta(CP3) — Zo ®Z D7 such
that ¢(&) = (a(§),c1(€), c2()), where ¢1(€) and co(§) are the first and the second Chern classes of
&, and (&) is a mod 2 element which is 0 when c1(§) is odd.
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By Theorem 5.1, any element in Vecty(CP?) can be denoted by Na,e1,e2)» Where (a, ¢, c2) €
Zo ®Z ® Z such that a =0 (mod 2) when ¢; = 1 (mod 2). The goal of this section is to classify
the topological types of P(7)(q,c,,c,)) Up to diffeomorphisms.

Because P(1)(q,c,.cy)) 18 diffeomrphic to P(1)(a.c, ;) ® ) for any line bundle vy over CP? by
Lemma 2.1, we may assume c; € {0,1}. Therefore, in order to classify all P(n,c,,c,)) up to
diffeomorphisms, it is enough to classify the following:

Mo(u) = P(n0,0u));
My (u) = P(n(1,0u));
N(u) = P(no,1,u)),
where u € Z. In the following three lemmas, we classify the cohomology rings of the above three

types of manifolds up to graded ring isomorphisms.

LEMMA 5.2. Two cohomology rings H*(My(u)) and H*(N(u')) are not isomorphic for any
u, u € Z.
Proor. By the Borel-Hirzebruch formula (2.1), we have ring isomorphisms
H*(My(u)) ~ Z[X,Y]/(X?*, uX? +Y?), and
H*(N(u)) ~ Z[z,y]/(x*, u'2* + zy + 3?).
Assume that there is an isomorphism map f : H*(M,(u)) — H*(N(v')). Then we may put
f(X)=ax+by, and
fY) = cx + dy,
for some a, b, ¢, d € Z such that ad — bc = ¢ = £1. By taking the inverse of f, we also have
fH(z) = deX — beY, and
1 y) = —ceX + aeY.
From the ring structures of H*(M,(u)) and H*(N(v')), we have f(uX? + Y?) = 0 and

“L(y? + zy + v'2?) = 0. Therefore we have the following equations:
Iy Yy g eq
(5.1) u(a® —u'b?) + (2 —u'd?*) = 0;
(5.2) u(2ab — b%) + (2¢cd — d*) = 0;

5.3 2 —a’u —cd + abu + v'd?* — b*uu = 0;
(5.3)
(5.4) —2ac + ¢b+ ad — 2bdu’ = 0.

Because f~1(z%) = (dX —bY)* =0, we also have
bd(d* — ub*) = 0.
Therefore bd = 0, or otherwise d? = ub?. We first assume bd = 0. Then, there are two cases: b =0
and d = 0. If b = 0, then |a| = |d| = 1. However, by using (5.2), we have 2cd = 1. This gives a
contradiction. If d = 0, then |b| = |¢| = 1. By using (5.4), we have ¢(—2a + b) = 0, i.e., b = 2a by
|c| = 1. However, this contradicts to |b| = 1. Hence, bd # 0 and d? = ub?, i.e., |d| = \/|u|[b]. In
this case, because ad — bc = ¢ = &1, we have |b| =1 and d*> = u. Let b = ¢ = £1 and d = /ue”,
where €’ = +1. Then, it follows from ad — bc = € that ¢ = —e€’ + a+/ue”’€¢’. Therefore, by using
(5.1), we have the following equation:
u(a® —u'b?) + (* — u'd?)
= u(a® —u') + (—e€ +avue’€)? —u'u
= 2ua® - 2uu’ + 1 — 2a/uee” = 0.
However, this gives the equation 1 = 2(—ua? + uu’ + ay/uee’’), which is a contradition. Hence,
H*(My(u)) £ H*(N(u')) for all u, v’ € Z. O
LEMMA 5.3. The following two statements are equivalent.
(1) H*(My(u)) ~ H*(Mq (u')) where a, o’ € {0,1}.
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2 u=u €Z

PROOF. Because (2) = (1) is trivial, it is enough to show (1) = (2). Assume there is an
isomorphism f : H*(M,(u)) ~ H*(My (u')) where
H*(My(u)) ~ ZIX,Y]/(X*, uX? +Y?);
H*(My (u')) ~ Zlx, y]/(z*, v'z* + 7).

We may use the same representation for f as in the proof of Lemma 5.2. Note that f(uX?+Y?2) =0
and f~!(u'z? + y?) = 0. By using the representation of f, we have the following equations:

(5.5) ua® — uu'b? + ¢ —u'd* = 0;
(5.6) uab + cd = 0;

(5.7) u'd® —u'b? + ¢ — a*u = 0;
(5.8) u'bd + ac = 0.

By (5.5) and (5.7), we have

(5.9) = b*uu;

(5.10) ua® = u'd?.

Because X* = 0, we also have that

ab(a® — b*u') = 0.
We first assume ab # 0. Then

o = b2
by this equation. Together with (5.9) and (5.10), we have that

A% = vrun’ = b2a?u = Pd®u’ = o?d>.
This implies that
(ad — bc)(ad + be) = e(ad + be) = 0.

Hence, ad = —bc. However this gives a contradiction because ad — bc = 2ad = ¢ = +1. Con-
sequently, we have ab = 0. Since ad — bc = ¢, if a = 0 then |b| = |¢|] = 1; therefore, we have
u=u = %1 by (5.9); if b = 0 then |a|] = |d| = 1; therefore, we have u = u’ by (5.10). This
establishes the statement. O

LEMMA 5.4. The following two statements are equivalent.
(1) H*(N(u)) ~ H*(N(u'))
2)u=uv ez
PROOF. Because (2) = (1) is trivial, it is enough to show (1) = (2). Assume there is an
isomorphism f : H*(N(u)) ~ H*(N(u')) where
H*(N(u)) ~ Z[X,Y]/(X*, uX? + 2y + Y?);
H*(N(u') = Z[z,y]/ (2", w'2® +zy +y?).
Again, we use the same representation for f as in the proof of Lemma 5.2. Because f(Y? +
XY +uX?) =0and f~1(y? + 2y + v'z?) = 0, we have that

(5.11) & — d*u = —ua® + b*uu’ — ac + bdu';

(5.12) 2¢d — d* = —2abu + b*u — ad — be + bd;

(5.13) & —a*u = —u'd* 4+ Vuu' + cd — bau;

(5.14) —2ac — a® = 2bdu’ 4 b*u’ — ad — bc — ab.

Because f(X*) =0 and f~!(z*) = 0, there are the following two cases:
(1) b=0;

(2) b# 0and 4a®—6a?b+4ab®(1—u')+b3 (20’ —1) = —4d3 —6d*b—4db* (1 —u)+b*(2u—1) = 0.
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If b =0, then |a| = |d| = 1. Therefore, by (5.12), 2c =d —a,ie,c=0ifd=aor ¢c = —a if
d = —a. Because ¢ — v/ = —u — ac by (5.11), we have that u = u’.

Assume b # 0. By the equation 4a® — 6a?b+ 4ab?(1 —u’) + b3(2u’ — 1) = 0, we have b is even.
Substituting a = A + % for some A € Z to this equation (i.e., Tschirnhaus’s transformation), we
have the following equation:

A(A+ 2)3 —6(A+ g)% +4(A+ g)bm — ') + 620" 1)

b2 b3 2 3

= 4(A3+ 3Azg +3AT+ 3 - 6(A% + Ab + bz)b+4(Ab2 + %)(1 — ) +03(2u' — 1)

= 4A° +6A% + 3AY* + g —6A4% — 6AY° — 371’3 + 4467 + 2b° — 44V’ — 26%0 + 2% — b
= 4A° + AV — 44V
= AMA4AZ+? - %) =0
Therefore, there are the two cases: A =0 or A # 0. We first assume A # 0. Then, by using the
equation 442 + b? — b?u’ = 0, we have v’ > 1. Now, there is the following commutative diagram:
HX(N(u)=ZX & ZY -5 ZX26ZXY = H*(N(u))
fi L
HXNW)) =Zae®Zy T8 72 @ Zay = HY(N())
Because X and f are isomorphisms, so is ax + by in the diagram. Using the indicated generators
as bases, the determinant of the map fo X : H*(N(u)) — H*(N(u')) is equal to the determinant
of the map (ax + by) o f : H?*(N(u)) — H*(N(u')), which is equal to
(5.15) a® —ab+ b =€ = +1.
Because a € Z, the discriminant of this equation satisfies

b2 — 4% —e1) = b*(1 — 4u') +4e; >0

Because v’ > 1, we have that
461
0<b <
4w -1
b

This gives a contradiction to b € Z. Therefore, we have A = 0, i.e., a = 5. Because ad — bc =

e(= %1), we also have that a = ¢ = +1, b = 2¢ and d — 2¢ = e¢/. Hence, by (5.15), we have
—1+44u’ = €1, i.e.,, v/ =0 and ¢; = —1. By applying a similar method to the one used to derive
(5.15) for f~1(z), we have

(5.16) d? +db + b*u = e, = £1.

Substituting (5.15) and (5.16) to (5.13) and (5.14), we have

A =uep —u'd? +ed = —u+ cd;

—2ac = €1 + 2bdu’ — ad — bc = —1 — (d + 2c)€’.

<1

By using the second equation above, we also have d = —¢'; therefore, by d — 2c = e€’, we have
c= # =0or —€. If c =0, then u = 0 by the first equation above; if ¢ = —¢’ then we also
have u = 0 by d = —¢' and the first equation above. This implies that u = v’ = 0 for the case
b #0.

This establishes the statement. O

Therefore, by Theorem 5.1 and Lemma 5.4, we have the following corollary.

COROLLARY 5.5. The following three statements are equivalent.

(1) Two spaces N(u) and N(u') are diffeomorphic.
(2) Two cohomology rings H*(N(u)) and H*(N(u')) are isomorphic.
(3) u=u €Z.
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On the other hand, for M, (u) we have the following Proposition.

PROPOSITION 5.6. The following two statements are equivalent.
(1) Two spaces M, (u) and M,/ (u') are diffeomorphic.
(2) (o,u) = (o ) € Zg x Z.

In order to prove Proposition 5.6, we first compute the 6-dimensional homotopy group of
M, (u) in Proposition 5.8. Now M, (u) can be defined by the following pull-back diagram:

Ma(u) E—— EU(2) XU(2) CP!

| |

(CP3 Ha,u BU(Z)

Let p: CP? — S° be the collapsing map of CP? C CP3 to {*} C S®. Then, due to the argument
in [AtRe], there is a map v,: S — BU(2) in the following diagram such that the element
[Vo] € m6(BU(2)) corresponds to o € Zg, where mg(BU(2)) ~ Zs.

Ma(u) —_— EU(Q) XU(2) (CPI

| |

Ccp3 LN BU(2)

v /7
o
P Phe
~
~

567
Note that the lower triangle of the above diagram is not necessarily commutative.
Let p: S” — CP? be the canonical S!-fibration and P(&,..,) be the pull-back of M, (u) along

p. Namely, we have the following diagram, which are commutative except for the lower right-hand
side triangle.

(5.17) P(£a,u) —> Mo (u) — EU(2) Xy CP?
g7 P cp3 fa BU(2)
v -7
-
g7

LEMMA 5.7. For * > 6, m.(P(€au)) = m(Mo(u)).

PROOF. Because P(,,,,) is the pull-back of M, (u), the homotopy exact sequences of P(q.4,)
and M, (u) satisfy the following commutative diagram:

Tit1(87) —— 1 (CP') —— mu(P(§au)) —> m(ST) —— m_1(CPY)

i | | | l

ey 1(CP3) —— 7, (CP') —— (M4 (u)) —— 1 (CP3) —— 7.1 (CP)

As is well known, 7,(S7) ~ 7. (CP3) for x > 6. Therefore, by using the 5 lemma, we have the
statement. O

Now we may prove the following proposition.

ProrosITION 5.8. The following two isomorphisms hold.

(1) m6(P(€0,u)) = m6(Mo(u)) == Zyo
(2) m6(P(&1,u)) = m6(Mi(u)) ~ Ze
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PROOF. From the CP'-fibrations CP* — P(£4,4) — S7 and CP' — EU(2) xy(9) CP! =
BT? — BU(2) in (5.17), we have the following commutative diagram.

m7(ST) = Z 76(CP") —— m6(P(§au)) ——= m6(S7) = {0}

| 5 | |

77(BU(2)) =~ Z1g — 16(CP') — 16(BT?) = {0} — 76(BU(2)) ~ Zs

Since £q, is of complex 2-dimension, its total Chern class c(§q.) = 1 € H*(S7). Therefore
we may regard that fi := pa.u o p: ST — BU(2) can be defined by passing through the map
Vo : 8% — BU(2), i.e., Ji = v, o p o p. Therefore, we have the following relations:

~ (Va)

Tig - m7(ST) — m7(S®) ~ Zy —F 7 (BU(2)) =~ Z1o.
Because v induces the trivial bundle over S7, fix is the O-map. Therefore, by using the above
commutative diagram and exactness, we have

m6(P(€0)) = m6(CP) /fig (w7(S7)) = Zna/{[O12} = Zso.
On the other hand, v; induces the non-trivial bundle over S7. Therefore 0 # [fi] € 77(BU(2)).
But [fi] = fix(1) where 1 € m7(S7) ~ Z is a generator. It follows that v14: m7(S¢) — m7(BU(2))
is not the zero map. This implies that fix(Z) = Zgy C Zqa, i.e., ix(1) = [6]12. Hence, by using the
above commutative diagram and exactness, we have that
m6(P(&1)) = 76(CPY) /fig (w7 (S7)) = Z12/{[0]12, [6]12} =~ Zs.

By Lemma 5.7, we have the statement. O
Let us prove Proposition 5.6
PROOF OF PROPOSITION 5.6. By using Theorem 5.1, (2) = (1) is trivial. We prove (1) =
(2). Assume M,(u) & My (uv). If u # ', then H*(My(u)) # H*(My (v')) by Lemma 5.3.
Therefore, we have v = u’. By Proposition 5.8, My(u) 22 M1 (u). This implies that the statement
(1) = (2) in Proposition 5.6. This establishes Proposition 5.6. O
Consequently, by Lemma 5.3 and Proposition 5.6, we have the following corollary:
COROLLARY 5.9. The set of 8-dimensional CP-towers does not satisfy the cohomological
rigidity.
Note that if we restrict the class of 8-dimensional CP-towers to the 8-dimensional generalized

Bott manifolds with height 2, then cohomological rigidity holds by [CMS10].
Using Corollary 5.5 and Proposition 5.6, we also have Theorem 1.3.

6. Appendix: M;(1) is diffeomorphic to Sp(2)/T?
In this appendix, we prove the following proposition.
ProPOSITION 6.1. The following diffeomorphism holds.
M (1) = P(na,0,1)) = Sp(2)/T>.
PROOF. Let nm = Sp(2) X115 5p(1)H, where T x Sp(1) acts on H canonically via the projection
T x Sp(1) = Sp(1). Because Sp(2)/T? = Sp(2) X711y sp(1) CP* = P(ny) is an 8-dimensional two
stage CP-tower, if we have its cohomology ring then we can determine the Chern classes of ny by
using the Borel-Hirzebruch formula. As is well known that the cohomology ring of Sp(2)/T? is
isomorphic to the following ring (e.g. see [Bo] or [FIM]).
H*(Sp(2)/T% Z) = Z[ry, ma] /(1 + 75, 7175),
where deg 7; = 2 for ¢ = 1,2. Therefore, it is easy to check that the cohomology ring is isomorphic
to
H*(Sp(2)/T% Z) = Lz, y)/(2* + 7, 2*).
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This implies that c¢(ng) = 1 + 22 where x € H?>(CP3) (we may abuse the elements x € H?(CP3)
and 7*(x) € H?(Sp(2)/T?) induced by 7 : Sp(2)/T? — CP?3). Therefore we have nyg = 1)(a,0,1) for
some a = 0 or 1. We claim a = 1. Let p : S” — CP3 be the quotient map by the free S'-action
on S”. Then, the pull back of 7y along p can be denoted by £,,1 = Sp(2) X sp(1) H. Namely, we
have the following diagram.

(6.1) Sp(2) Xspa) H 1M ESp(1) xgp) H

| | |

S7 cp3 —= > BSp(1)

7
Va ~
P —
-
~

56~
where v, : S — BSp(1) € m6(BSp(1)) ~ 7(BU(2)) ~ Zy. Note that ¢(Sp(2) xgp) H) = 1.
Therefore, we may also regard Sp(2) x gp(1)H as the pull-back along v, 0pop. Because Sp(2) X gp1)H

is non-trivial bundle, we have that v, # 0 € wg(BSp(1)) ~ Zs. Therefore, we have a = 1. This
establishes the statement of this proposition. O

From this proposition and the argument in Section 5, two 8-dimensional C P-towers Sp(2) /T2 (=
M;(1)) and My(1) have the same cohomology ring but their homotopy types are different. Hence,
we have the following corollary.

COROLLARY 6.2. There is a CP-tower whose cohomology ring is the same with the flag
manifold of type C but its topological type is different from the flag manifold of type C.
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