REMARKS ON QUANTUM UNIPOTENT SUBGROUP AND DUAL
CANONICAL BASIS

YOSHIYUKI KIMURA

ABSTRACT. We prove the tensor product decomposition of the half of quantized universal en-
veloping algebra associated with a Weyl group element which was conjectured by Berenstein
and Greenstein [3, Conjecture 5.5] using the theory of the dual canonical basis.

1. INTRODUCTION

Let g be a symmetrizable Kac-Moody Lie algebra and w be a Weyl group element. In [7], we
have studied the compatibility of the dual canonical basis and the quantum coordinate ring of the
unipotent subgroup associated with a finite subset A, NwA_. The purpose of this paper is to
study the compatibility of the dual canonical basis and the “quantum coordinate ring” of the pro-
unipotent subgroup associated with a co-finite subset Ay N wA, and show the multiplicity-free
property of the multiplications of the dual canonical basis between finite part and co-finite part.

The following tensor product decomposition of the half U, was conjectured by Berenstein and
Greenstein [3, Conjecture 5.5] in general. We also prove the decomposition in the dual integral form
U, (g)f of Lusztig integral form U, (g) 4 with respect to Kashiwara’s non-degenerate bilinear
form.

Theorem 1.1. Let T, = T;,T;,---T;,: Uy — U, be the Lusztig braid group action associated
with a Weyl group element w, where © = (i1, ,i¢) s a reduced word of w.
(1) For a Weyl group element w € W, multiplication in U, defines an isomorphism of vector

spaces over Q (q):
(U, NT,U% ® (U, NT,U,) = U,.

(2) For a I/Ilfeyl group element w € W, we set (U; ﬂTquZO):p = U, (g)ip N T,,,quo and
(U, n TwU;)AID = Uy, (9)X NTwU, . Then the multiplication in U, (g)'y defines an isomor-
phism of free A-modules:

(U, NT,UZ%) Y @4 (U nT,U;)Y = UL (0)F -
Remark 1.2. (1) Theorem 1.1 (1) can be shown directly in finite type cases using the Poincaré-
Birkhoff-Witt bases of U (see [3, Proposition 5.3]). Hence it is a new result only in infinite type
cases.

(2) For the proof of Theorem 1.1 (1), we use the dual canonical basis and the multiplication
formula among them, in particular we will prove Theorem 1.1 (2). After finishing this work, the
proof which does not involve the theory of the dual canonical basis was informed to the author
by Toshiyuki Tanisaki [13, Proposition 2.10]. He also proves the tensor product decomposition in
Lusztig form, De Concini-Kac form and De Concini-Procesi form.

We note that De Concini-Kac form (resp. De Concini-Procesi form) is related with the dual inte-
gral form of Lusztig’s integral form with respect to the Kashiwara (resp. Lusztig) non-degenerate
bilinear form on U, respectively. Since the multiplicative structure among the dual canonical
basis does not depend on a choice of the non-degenerate bilinear form (and hence the definition
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of the dual canonical basis), our argument yields results for the tensor product decompositions of
the De Concini-Kac form and De Concini-Procesi form.

(3) We note that the fact that U, N Tquzo has a Poincaré-Birkhoff-Witt bases is known by
Beck-Chari-Pressley [2, Proposition 2.3] in general. The injectivity in Theorem 1.1 can be easily
proved by the linear independence of the Poincaré-Birkhoff-Witt monomials (see [9, Theorem
40.2.1 (a)]) and the triangular decomposition of the quantized enveloping algebra (see [9, 3.2]).
Hence the non-trivial assertion is the surjectivities in Theorem 1.1.

Theorem 1.3. (1) For a Weyl group element w € W and a reduced word © = (i1, ,ig) of w,
we have

u,nr,U, =0, nT,U, NT,T;,U, Nn---NT; ---T;,U,.
(2) U, NT,U; is compatible with the dual canonical basis, that is B"* N U, NT, U, is a
Q (q)-basis of U; N T, U, . In fact there exists a subset 8 (U; NT, U, ) C % (c0) such that

U, NT,U; = T Q(q) GUP (b).

beB(U;NT, Uy )

Using the theory of crystal basis, we can obtain the characterization of the subset % (U; N1y U;) .

1.0.1. For w € W, we have the decomposition theorem of the crystal basis % (00) of U as-
sociated with a Weyl group element (and a reduced word) and the corresponding multiplication
formula. We consider the map €2,, associated with a Weyl group element which is introduced in
Saito [12] (and Baumann-Kamnitzer-Tingley [1]) :

Qu = (T<w, T>w) : B(0) = % (U, NT,UZ°) x 2 (U, NT,U,),
where 7<,, (b) and 7, (b) are defined by crystal basis as follows:
L(b,i) = (g (b) €5, (G1B) -+ 25, ( T b)) e 74,
bleyi) = ST, (F52)) - T+ Ty (£5)) mod 2 (00) € # (x0),
T<w (b) :=b (L (b,2),1) € B (),
Tsi (b) := 04, -+ 04,67, - 67, b€ B (0).

The following is the multiplicity-free result of the multiplication among the dual canonical basis
elements in finite part and co-finite part.

Theorem 1.4. Let w be a Weyl group element and © = (i1, -+ ,ip) be a reduced word of w.
For a crystal basis element b € B (00), we have

G (rew () G (o (1) €GP () + > aZla) G (1)

L(b' i) <L(b,3)
where L (b/,i> < L (b,1) is the left lexicographic order on Zéo associated with a reduced word 1.

Using the induction on the lexicographic order on each root space, we obtain the surjectivity
in Theorem 1.1 (2). In particular, 1.1 (1) can be shown.

Since the subalgebras U, N TquZO and U NT,U_  are compatible with the dual canonical
base and the dual bar-involution ¢ which characterizes the dual canonical base is an (twisted)
anti-involution, we obtain the tensor product factorization in the opposite order.

Corollary 1.5. For a Weyl group element w € W, multiplication in U, defines an isomorphism
of vector spaces:

(U, NTwU,) ® (U, NT,UZ°) = U_.
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2. REVIEW ON QUANTUM UNIPOTENT SUBGROUP AND DUAL CANONICAL BASIS

2.1. Quantum universal enveloping algebra. In this subsection, we give a brief review of the
definition of quantum universal enveloping algebra.

2.1.1. Let I be a finite index set.
Definition 2.1. A root datum is a quintuple (A, P, I, PV, 11V) which consists of

(1) asquare matrix (a;j),; ;.. called the symmetrizable generalized Cartan matrix, that is an
I-indexed Z-valued matrix which satisfies
(a) ayy =2foriel
(b) aij € ZSO fori#j
(c) there exists a diagonal matrix diag (d;);c; such that (d;ai;); ;c; is symmetric and d;
are positive integers.
(2) P : afree abelian group (the weight lattice),
(3) T ={a; | i € I} C P: the set of simple roots such that II C P®7Q is linearly independent,
(4) PV = Homg (P,Z) : the dual lattice (the coweight lattice) of P with perfect paring
(,y: PV ®@z P—1Z,
(5) IV = {h; | i € I} C PV : the set of simple coroots, satisfying the following properties:
(a) aij = (hi,a;) for alli,j € I,
(b) There exists {A;},.; C P, called the set of fundamental weights, satisfying (h;, A;) =
51’]‘ for i,j € I.
We say A € P is dominant if (h;, A) > 0 for any ¢ € I and denote by P, the set of dominant

integral weights. Let Q = @,.; Za; C P be the root lattice. Let Qr = £, ; Z>oa;. For
§= Eie;fiai € Q, we set [{] = Ziel &i-

2.1.2. Let (A, P,II, PV,I1V) be a root datum. We set b := P @z C. A triple (h,II,11) is called
a Cartan datum or a realization of a generalized Cartan matrix A.
It is known that there exists a symmetric bilinear form (-, -) on h* satisfying
(1) (i, i) = diaiy,
(2) (hi, A) =2 (a4, A) [ (a4, 04) for i € I and X € h*.

Definition 2.2. Let g be the symmetrizable Kac-Moody Lie algebra associated with a realization
(h,IL, IIV) of a symmetrizable generalized Cartan matrix A = (a;;) that is a Lie algebra which

is generated by {e;};.; U {fi};c; Ub with the following relations:
(1) [hl,hg] =0 for hl,hQ S h,
(2) [ha ei] = <h7ai> €, [hvf’t} = - <haa’i> fi for h S b and 7 S Ia
(3) [627f]] = 613042/ for 7”] € Ia
(4) ad (e;)' ™" (e;) = 0 and ad (f;)" ™9 (f;) = 0 for i # j, where ad () () = [z, y]-
Let ny (resp. n_) be the Lie subalgebra which is generated by {e;},.; (resp. {fi},c;). We have
the triangular decomposition and the root space decomposition

g=n_@hon =he P g
aeh*\{0}

where go = {z € g|[h,z] = (h,a)x "h € h}. The set A := {a € h* \ {0} | go # 0} is called the
root system of g.

i,j€I°
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2.1.3. We fix a root datum (A, P,II, PV,I1V). We introduce an indeterminate q. For i € I, we
set ¢; = q%. For £ =Y &y € Q, we set ge :=[[,c; qf
Forn € Z and i € I, we set.
_ G —a”
a—q '
and [n];! = [n]i[n —1];---[1]; for n > 0 and [0]! = 1.

[n]; :

Definition 2.3. The quantized enveloping algebra U, (g) associated with a root datum (A, P,II, PV, IIV)
is the Q (¢)-algebra which is generated by {e;},c;, {fi};c; and {¢" | h € PV} with the following
relations:

(1) ¢ =1 and qh+h/ = q¢"¢" for h,h' € PV,

(2) qresg™" = ¢ ey, ¢ fiqT" = ¢~ i) f; for i € T and h € PV,

(3) eify — fiei =0y (ki — k') / (0 — ¢; ') where k; = g%,

1—ai; 1—aij
() 3 (Drel e e = S 1y i 0 (g-Serre relations)
k=0 k=0

where egk) = el /[K]:!, fi(k) = fF/[k);! for i € I and k € Z~,.

2.1.4. Let Ug be the subalgebra which is generated by {qh | h e PV}, it is isomorphic to the
group algebra Q (¢) [PY] := @,cpv Q(q) ¢" over Q(g). For & = 3, ,&a; € Q, we set ke :=
Hie[ kfl = Hie[ qdi&hi'

Let U] be the Q (¢)-subalgebra generated by {e;},.;, U, be the Q (¢)-subalgebra generated by
{fi};cr» UZY be the Q (¢)-subalgebra generated by Uy and U}, and UqSO be the Q (g)-subalgebra
generated by Ug and U .

Theorem 2.4 ([9, Corollary 3.2.5]). The multiplication of U, induces the triangular decomposition
of Uq (g) as vector spaces over Q (g):

(2.1) U,(9) =2Uf oUyeU, 2U, @ Uy U/.
2.1.5. For £ € £Q, we define its root space qu (g)5 by
(2.2) qu (9)¢ = {J: € Uflt (g)‘qhxq_h =¢" Oz for h e PV} .

Then we have a root space decomposition U (g) = Deco. U7 (9)e-
An element z € qu (g) is called homogenous if x € Uf][ (g)¢ for some € € Q.

2.1.6. We define a Q (g)-algebra anti-involution *: U, (g) — Uy (g) by
(2.3) *(ei) = e *(fi) = fi; (") =q"

We call this star involution.
We define a Q-algebra automorphism ~: Uy (g) — U, (g) by

(2.4) g =e, fi= 1, g=q ", "=q"

We call this the bar involution.
We remark that these two involutions preserve U/ (g) and U, (g), and we have "o = %o~

2.1.7. In this article, we choose the following comultiplication A = A_ on U, (g):

(2.5) Alg") =" ®¢", Ale) =e; @k +1®e¢;, A(f)=fi@1+k® fi.
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2.1.8. We have a symmetric non-degenerate bilinear form (-,-) = (-,-)_ : Uy @ U, — Q(q) . We
define a Q (¢)-algebra structure on U, @ U~ by

(2.6) (21 @ Y1) (2 @ y2) = g~ VI 31200 @ 10,

where z;,y; (i = 1,2) are homogenous elements.
Let r=r_: U, - U, ®U_ be the Q (¢)-algebra homomorphism defined by

r(f)=fiel+1ef; (iel).

We call this the twisted comultiplication.
Then it is known that there exists a unique Q (¢)-valued non-degenerate symmetric bilinear
form (-,-) : Uy ® U, — Q(q) with the following properties:

(1,1) =1,(fi, ) = dij, (r(x), 11 ®y2) = (x,1192) , (x1 @ w2, 7 (¥)) = (T122,9)

for homogenous x,y1,y2 € U, where the form (-®-,-®-): (U; @ U;) ® (U; @ U;) — Q(q)
is defined by (71 ® 22,41 ® y2) = (21, Y1) (T2 ® y2) for z1,22,9y1,92 € Uy

2.1.9. For i € I, we define the unique Q (¢)-linear map ;7: Uy — U, (vesp. r;: Uy — U)
defined by

(ir (2),y) = (2, fiy) .
(Ti (:C) ’y) = (x7yfi) .

we have q-Boson relations:

Lemma 2.5. Forz,y € U,

ir (zy) = i () y + ¢ D (y) |
ri (wy) = ¢ (@) y +ari (y) -

Lemma 2.6. We have

(2.7) [ei, 2] = =1

forz e U, .
Using the ¢-Boson relation, we obtain the following proposition.

Lemma 2.7. For each i € I, any element x € U, can be written uniquely as
r = Z fi(c)xc with x. € Ker (;7).
c>0

2.2. Canonical basis and dual canonical basis. In this subsection, we give a brief review of
the theory of the canonical basis and the dual canonical basis following Kashiwara. Note that
Kashiwara called it the lower global basis and the upper global basis.

2.2.1. We define Q-subalgebras Ay, A, and A of Q (q) by
Ao :={f €Q(q);f is regular at ¢ = 0},

Ao :={f € Q(q); f is regular at ¢ = oo},
A= Q[gT!].
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2.2.2.  We define the Kashiwara operator ¢é;, ﬁ on U, by

€x = Z fi(c_l)xcu

c>1
f‘ix = Zfi(c+1)xC7
c>0
and we set
ZL(00)i= Y Aofi, - fi, 1 €U,

£>0
1,00 €l

PB(0) := {fil--~ﬁ£1modq$(oo)1207i1,~- ,igEI}C.Z(oo)/q.i”(oo).

Then .2 (00) is a Ap-lattice with Q(q) ®4, £ (00) =~ U, and stable under é; and fi .
P (o) is a Q-basis of .Z (c0) /¢.Z (00). We also have induced maps f;: Z (c0) — % (c0) and
é;: B (00) — P (c0) U{0} with the property that f;é;b = b for b € % (c0) with &b # 0. We call
(% (00) ,Z (00)) the (lower) crystal basis of U, and call £ (co) the (lower) crystal lattice. We
denote 1 mod ¢.Z (c0) by .

2.2.3. It is also known that +: U, — U, induces *: £ (00) = £ (o0) and x: & (o) — % (00).
We setand fl* = %0 fiox: B(00) = B (cc) and & := %0 ¢&; 0%: B (00) — B (c0) {0}

2.24. Let £ (00) ={Z |z € £ (c0)}. Then the natural map
£ () N Z () N Uy (8) 4 — £ () /aZ ()
is an isomorphism of Q-vector spaces, let G1°V be the inverse of this isomorphism. The image
BV = {G" (b) | be B (c0)} C L (00)NZL (00)NU, (g)4

is an A-basis of U, (g) 4 and is called the canonical basis or the lower global basis of U, .

2.2.5. The important property of the canonical basis is the following compatibility with the left
and right ideal which are generated by Chevalley generators {fi},c;-.
Theorem 2.8 ([, Theorem 14.3.2, Theorem 14.4.3],[4, Theorem 7]). Fori € I andn > 1, ffU;
and U, fI is compatible with the canonical base, that is f*U; N BV (resp. u, f'n B°Y) is a
basis of f*Uy (resp. U, fI'). In fact, we have

Uy nu; = P AGv @

beB(0)

U, frnu; @ AG™ (b

be B (o)
e} (b)>m

2.2.6. Let o: U, — U_ be the Q-linear map defined by

(0 (2),y) = (2,7)
for arbitrary z,y € U . Let 0 (£ (c0)) := {0 (z) | z € £ (c0)} and set the dual integral form:

U, ()% :={zeU, | (z,U; (g9)4) C A}.
U, (9)){ has an A-subalgebra of U_. The natural map
Z (00)No (£ (00) NU, (g)4 — £ (00) /¢ (0)
is also an isomorphism of Q-vector spaces, so let G"P be the inverse of the above isomorphism.
B" = {G" (b) | be B(c0)} C L (c0)No (£ (00))NU, (9)

is an A-basis of U (g))” and is called the dual canonical basis or the upper global basis of U
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Remark 2.9. We note that this definition of the dual canonical basis B"P does depend on a choice
of a non-degenerate bilinear form on U, (g).

Proposition 2.10 ([7, Proposition 4.26 (1)]). Fori € I and ¢ > 1, let
fi{C} = fi(C)/ (fi(C)v fi(C)> )
then we have fi{c} = qf(cfl)/z (fi/ (fis 1)) = qz-c(kl)/fo € B,
We note that we have used the normalization (f;, f;) = 1 in the above proposition.

2.2.7.  For the dual canonical basis, we have the following expansion of left and right multiplication
with respect to the Chevalley generators and its (shifted) powers.

Theorem 2.11 ([, Proposition 2.2], [11, Proposition 4.14 (ii)]). Forbe€ % (), i€ I andc > 1,
we have

(2.8) e ) =g Ve (o) + > Y e (v),
si(b/)<5i(b)+c o
(2.8b) G ) 1 = O (o) Y i@ ar (b)),
ef(b')<af(b)+c -
where

FE (@)= (£ 6w @), 6 (0)) = (@ ), () 6 (b)) € g Ve g,
F;(;{;)}; (q) = (Gup (b) fi{c}7 Glow (b')> _ qu(c—l)/2 (Gup (b), (r;)¢ G'ov (b/)) c qi—cff(b)qz [q].

2.3. Braid group action and the (dual) canonical basis. In this subsection, we recall the
compatibility between Lusztig’s braid symmetry and the (dual) canonical basis (for more details,
see [7, Section 4.4, Section 4,6])

2.3.1. Braid group action on quantized enveloping algebra. Following Lusztig [9, Section 37.1.3],
we define the Q (¢)-algebra automorphisms 77 .: U, (9) — U, (g9) and T}".: U, (g) — U, (g) for
1 €I and € € {£1} by the following formulae:

(2.9a) T, (¢") = g,
—kSe; for j =1,
(2.9b) T/ (e;) = S () ge el forj £,
r4+s=—(h;,a;)
—eik; € for j =1,
/ r —er p( : .
(2.9¢) T, (f) = oo VG for i A,
r4+s=—(h;,a;)
and
(2.10a) T/ (¢") = ¢ ™,
— fik; € for j =1,
(2.10b) T/ () = S (D g eesel” forj £,
r+s=—(h;,a;)
—kSe; for j =1,
1 - T S . -
(2.10¢) T (fy) = Z (1) g Ufi( )fjfi( ) for j #i.
r+s=—(h;,a;)

It is known that {Ti/vf}ieI and {Ti/v/E}ieI satisfy the braid relation.
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Lemma 2.12 ([9, Proposition 37.1.2 (d), Section 37.2.4]). (1) We have T} .oT]"_ =T/ oT; =
id.

(2) We have xoT] ox =T,'__foriec I and e € {£1}.
In the following, we write T; = T/, and 7; ' =T/ _, as in [12, Proposition 1.3.1].

2.3.2.  'We have the following orthogonal decomposition with respect to the bilinear form (-, ) : U, ®
U, — Q(g) and the compatibility with the canonical basis.

Proposition 2.13 ([9, Proposition 38.1.6, Lemma 38.1.5]). (1) Fori € I, we have
U;ﬁTiU;={$€U_|ZT —0}
U, NT;'U; ={zeU, |r;(x)=0}.
(2) For i € I, we have the following orthogonal decomposition with respect to (-, -)_

Uj = (U; NTIU;) @ 505 = (U; A7;0;) @ U

Corollary 2.14. Fori € I, the subalgebra U, NT; U, (resp. Uy NT; U ) is compatible with the
dual canonical base, that is we have

U, NT;U, @ AG" (b

be B (o)
sl(b) 0

U, NT7'U; = P Acwe

be B (o)
e (b)=0

2.3.3. The following result is due to Saito [12].

Proposition 2.15 ([12, Proposition 3.4.7, Corollary 3.4.8]). (1) Let z € U, € £ (00) N Ti_qu’
with b := x mod ¢.% (00) € A (c0), we have
T;(z) € £ (0)NT;U,,
T; (z) = fi*%(b)éfi(b)b mod ¢.Z (o) € B ().
(2) Let 0;: {be B (o) |ef(b) =0} — {be B(x)]|e;(b) =0} be the map defined by o; (b) =

Frei®ge® _ i)y,

; b. Then o; is bijective and its inverse is given by o (b) = (x 0 0; 0 %) (b)

The bijections o; and o is called Saito crystal reflections. In [12, Corollary 3.4.8], o; and o}
are denoted by A; and A;*
Following Baumann-Kamnitzer-Tingley [1, Section 5.5], for convenience, we extend o; and o}
to B (00) by setting
6’1‘ (b) = 0y (é% max (b)) ,

(3

so we can consider as maps from % (c0) to itself.

2.34. Let'm: U; - U, NT;U, (resp. n': U; — U, N Tfqu_ ) be the orthogonal projection
whose kernel is f; U (resp. U, fi). We have the following relations among the braid group action
and the (dual) canonical basis.

Theorem 2.16 ([10, Theorem 1.2], [7, Theorem 4.23]). (1) For b € % (c0) with € (b) = 0, we
have

T’i (ﬂ_iGlow (b)) —_ i7T (Glow (Cri (b))) 7
(1= )" TG (b) = G (0:0) .
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(2) For b e % (o0) with €; (b) =0, we have
T;l (iﬂ_Glow (b)) —_ ﬂ_z' (Glow (o_;k (b))) ,
(1 _ q2)<hi,Wtb> T;lGup (b) = G*™ (7).

(2

We note that the constant term (1 — qf)mi’wt ?

bilinear form on U (g).

depends on a choice of the non-degenerate

2.4. Poincaré-Birkhoff-Witt bases. Let W = (s; | ¢ € I) be the Weyl group of g where {s; | ¢ € I'}
is the set of simple reflections associated with ¢ € I and £: W — Z>( be the length function. For
a Weyl group element w, let

I(w) = {(il,ig, e ,iz(w)) S Ié(w) | 5i1 "'SiE(w) = ’LU}
be the set of reduced words of w.

24.1. Let A=A, UA_ be the root system of the Kac-Moody Lie algebra g and decomposition
into positive and negative roots.
For a Weyl group element w € W, we set

A+(S U}) = A+ﬂ1UA_ = {ﬁ S A_;,_ | w_lﬁe A_}7
A+ (> ’LU) = A+ ﬂwA+ = {ﬁ S A+ |w715 € A+} .
It is well-known that Ay (< w) and A (> w) are bracket closed, that is, for «, 8 € Ay (< w)
(resp. a, 8 € Ay (> w)) with a4+ 8 € A4, we have a + § € A (w) (resp. € Ay (> w)).

For a reduced word & = (i1,142,--- ,i¢) € I (w), we define positive roots 5; ; (1 <k < ¢) by the
following formula:

B’i7k = Siy " Sip (aik) (1 <k< f)
It is well known that Ay (< w) = {Bir}, <<, and we put a total order on A, (w). We note
that the total order on A, (< w) does depends on a choice of a reduced word 4 € I (w).

2.4.2. For a Weyl group element w € W , a reduced word ¢ = (41,142, ,i¢) € I (w) , we define
the root vector f. (B; k) associated with B; ; € Ay (w) and a sign € € {£1} by

feBig) =TTy, - T, (fii)
and its divided power
N O S (e)
fe (51,16) : i1t o ik—1 fik
for ¢ € Z>o.
Theorem 2.17 (]9, Proposition 40.2.1, 41.1.3]). Forw e W , w = (i1, - ,ip) € I (w), € € {£1}
and ¢ € Zzzo, we set
Fo(end) m I Bi) W Lo (Bi) ) £ (B ife= 41,
7 fe (Bi,f)(q) fe (ﬁi,ffl)(cz_l)"'fe (51"1)(61) ife: —1.

Then {f. (c, i)}cez’;o forms a basis of a subspace defined to be Uy (< w,¢€) of Uy (g) which does
not depend on a choice of a reduced word i € I (w). {f. (c, i)}ceZQU is called the Poincaré-Birkhoff-
Witt basis or the lower Poincaré-Birkhoff- Witt basis. -

Definition 2.18. For a Weyl group element w € W , a reduced word ¢ = (41,--- ,i¢) € I (w) and
c=(c1, -+ ,c0) € Zém we set

£(e i) = — Z ckBri € Q—.

1<k</(

We also have the following characterization of U (< w;e).
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Theorem 2.19 (]2, Proposition 2.3]). For w € W and € € {£1}, we have
_ o - € >0
U, (Sw,e) =0, NT;.UF".
In particular, U, (< w,¢€) is a Q(q)-subalgebra of U .

In fact, it can be shown that U, (< w,¢) is a Q (¢)-subalgebra of U, which is generated by
{fe (Bi,k)}1<p<; can be shown by the Levendorskii-Soibelman formula. For more details, see [7,
Section 4.3].

2.4.3. Poincaré-Birkhoff- Witt basis and crystal basis.

Theorem 2.20. Forw € W, 4 € (i1, -+ ,i¢) € I (w) and € € {£1},
(1) we have f.(c,3) € £ (0) and

be (c,1) := fe (c,1) mod ¢ (0) € B ().

(2) The map Zéo — B (o0) which is defined by ¢ — b, (¢, 1) is injective. We denote the image
by B (w,€), and this does not depend on a choice of a reduced word © € I (w).

2.4.4.
Proposition 2.21 ([7, Proposition 4.26 (2)]). Forc>1 and 1 <k </, let

12 Baa) ' = 1B/ (£ Bi) 1 (Bin) )
then we have [ (B)' = 2™/ fov (8;.1)° € B
Definition 2.22 (dual Poincare-Birkhoff-Witt basis). For w € W , 4 € I (w) and ¢ € Zéo, we set

: fe (e,1)
[P (e,) == . .
D= Foed) S i)
and {f (¢, 'L')}ceze> , is called the dual Poincaré-Birkhoff-Witt basis or upper Poincaré-Birkhoff-

Witt basis.
By the definition of the dual Poincare-Birkhoff-Witt basis and the computation of (f. (¢, 1), fe (¢, 7)),
we have

feup(cﬂi):{

£ (1)) pup (3 p)leel . pup ;o] ife=+1,
£ (B )l pup (s il pue g el e = 1,

hiy,€(c>2,0> u 1 P u c u c .
Uioslezat=2)) pup (5, )T (127 (Bioyn) ™ o f27 (Bia) ™) i e= 41,
hiy,€(c>2,i> € u c u c u 1 .

U slezatz2l) e (g0 (B 0) e £ (Bia) 1) 20 (i) ife= -1,
where ¢>3 = (c2,--- ,¢p) € Zlgol , W>g = Siy -+ S5, and i>9 = (ig, -+ ,i¢) € I (w>2).

Using the Levendorskii-Soibelman formula (see [7, Theorem 4.27]) and the definition of the dual
canonical basis, we have the following result.

Theorem 2.23 ([7, Theorem 4.25, Theorem 4.29]). Let w € W and i € I (w), the Poincaré-
Birkhoff- Witt basis satisfying the following properties
(1) The subalgebra U, (< w,€) is compatible with the dual canonical basis, that is there exists

a subset B (< w,e) := B (U; (<w,e)) C B (<) such that
U, (swag= @ Q@a™®).
beB(<w,e)

(2) The transition matriz between the dual Poincaré-Birkhoff-Witt basis and the dual canonical
basis is triangular with 1’s on the diagonal with respect to the (left) lexicographic order < on ZZZO.
More precisely, we have

FP (e,4) = G (b, (¢, 4)) + Z &, (q) G (be (c’, z))

c <c
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with ., (g) = ( £70 (e, d), Glow (be (cz))) € qZ[q].

Remark 2.24. In symmetric case, we note that it can be shown that

di o (@) = (127 (e9). G (b (4)) ) € a2 [a],

by the positivity of the (twisted) comultiplication with respect to the canonical basis and Propo-
sition 2.21.

In particular we obtain a proof of the positivity of the transition matrix from the canonical
basis into the lower Poincaré-Birkhoff-Witt basis in simply-laced type for arbitrary reduced word
of the longest element wq using the orthogonality of the the (lower) Poincaré-Birkhoff-Witt basis.

For “adapted” reduced words, it was proved by Lusztig [8, Corollary 10.7]. For an arbitrary
reduced word, it is proved by Kato [6, Theorm 4.17] using the categorification of Poincaré-Birkhoff-
Witt basis via Khovanov-Lauda-Rouquier algebra. It is also proved by Oya [11, Theorem 5.2].

3. PROOF OF THE SURJECTIVITY

3.1. Multiplication formula for U (< w,e€). For a Weyl group element w, a reduced word
i € I (w) and 0 < p </, we consider a subalgebra which is generated by { /& (Bix)}, ;<< then
it can be shown that this subalgebra is also compatible with the dual canonical basis. This can
be proved using the transition matrix between the dual Poincaré-Birkhoff-Witt basis and the dual
canonical basis.

In this subsection, we give statements for the e = 41 case. We can obtain the corresponding
claims for € = —1 case by applying the s-involution. So we denote f (8; ), fi' (c,2) , be (¢, )
by P (Bik), f'P (¢, %), b(c,7) by omitting e.

Proposition 3.1. Let w € W and ¢ € I (w). Forc € Z€>o and 0 <p < £, we set

T<p(€) = (c1,-++ ,¢p,0,---,0) € Z>0,
Tsp (€)== (0,--+,0,¢p41, -, c0) € ZZO,
then we have
G™ (b(r<p (€)),8) G™® (b(7>p (€),9)) € G (b(e, 1)) + 3 aZ[g] G (b(d, 1))
d<c

Proof. By the transition from the dual canonical basis to the dual Poincaré-Birkhoff-Witt basis,
we have

G™ (b(r<p (€),4) € f* (r<p (), )+ Y aZlg] ™ (d<p, i),

d<p<7<p(c)
G (b(75p(c),9) € [ (rsp (), i)+ D> qZ[g) ™ (dsp,9).
d>p<755(c)

and we note that we have d<, = 7<, (d<,) and ds, = 7>, (d>,) by the Levendorskii-Soibelman
formula in the right hand sides.
Hence in the product of the right hand side, we have the following 4 kinds of terms:

F* (e i) = [* (r<p (€),9) [P (1> (€),9)
fP (r<p (€) + dsp, @) = [P (1< (€) ,3) f7 (dp, 2)
FP(rsp (€) +d<p,2) = [ (d<p, ) [ (51 (€) 1),
[P (d<p +dsp,t) = [ (d<p ) [P (d>p, 1)
We note that 7<) (¢) + dsp <w €, T>p (€) + d<p <w ¢, d<, + d=), <4 ¢ by construction, so

we have 7<), (¢) +ds, < ¢, 75y (€) + d<p < c and d<p + d>) <u,p ¢. Hence, using the transition
from the dual Poincaré-Birkhoff-Witt basis to the dual canonical basis, we obtain the claim. O
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3.2. Compatibility of U (> w, €). For a Weyl group element, we consider the co-finite subset
A, NwA, and corresponding quantum coordinate ring U™ (> w; €).

Definition 3.2. For w € W and € € {£1}, we set
U, (>w,e) =0, NT,.U_.

Using Proposition 2.13 iteratively, we obtain the following lemma.
The following is the main result in this subsection.

Theorem 3.3. Forw € W and e € {£1}, Uy (> w, €) is compatible with the dual canonical basis,
B (> w,e) :=B"NU, (> w,e) is a Q(g)-basis of U, (> w,e).
The proof of this theorems occupies the rest of this subsection and we give the characterization

of the subset B" (> w, €).

3.2.1. First, we give a variant of definition of U_ (> w,¢) which depends on ¢ = (i1,--- ,i¢) €
I (w) which is suitable for the description of the dual canonical basis.
Proposition 3.4. For w € W, 4 = (i1, ,i¢) € I (w) and € € {£1}, we have

U, (>w,e)=U, NT U, NTLTLU, N NTE - T U,

In fact, the right hand side does not depend on a choice of a reduced word @ € I (w). The above
proposition can be shown clearly by the following Lemmas.

Lemma 3.5. For a Weyl group element w € W and a reduced word i = (i1,--- ,ig) € I (w) and
homogenous element x € U, there exists xc € U, NT;, U, for c e Zezo with

(3.1) TJl () = Z Tizl - (f(cl)) . 1T” 11 (fl(eclzll)) -1 (fz([ )) Tizl (ze)

cEZz

R G R G

ceZ

Remark 3.6. We note that it is not clear that lel (re) € U N TJqu_ in the right hand side of
(3.1). But, in fact, it can be proved by the surjectivity.

Lemma 3.7. If {(s;w) > {(w), we have U, NT;,, U, C U, NT;U, NT,U .

Proof. For a homogenous element x € U, we decompose z = Y0 fi(c)xc with z. € U, NT;U .

So we have
T e = ZTz’_l (fi(C)) T (ae) € Zegc)Uqgo

c>0 c>0
with 7, (z.) € U; NT;'UZ. Apply T,;! in the both side, we have

T e =Y T (f(c) 2 ()

c>0
e ST T () T T () T () e
c>0

For 2 € U; NTy,,, U, we have T, 1T, "o € U7 NT; LU, . Since

{T,_l T ( (C)) T_ Tt (e(cl)) N (e(ce_l)> ele)
e 11 12 1 e 1e—1 e

is linearly independent by the assumption ¢ (s;w) > ¢ (w), hence we should have z, = 0 for
¢ > 0. In particular z = 2o € U, NT;U, and also T, (Xo) € U, NT,;'U_ . Sox = x0 €
U; NT,U; NT,U;. 0

(Cacla"' )EZZ"J}
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3.2.2. Let w be a Weyl group element and ¢ = (i1,--- ,i¢) € I (w) be a reduced word. Following
Saito [12, Lemma 4.1.3] and Baumann-Kamnitzer-Tingley [1, Proposition 5.24], we define Lusztig
datum of b € # (c0) in direction ¢ € I (w) and € € {£1} ((4, €)-Lusztig datum for short).

Definition 3.8 ((%, ¢)-Lusztig datum). For w € W, ¢ € I (w) and € € {1}, we define

L (b ’L) _ (Eil (b)75i2 (5—1*1b)a = (5—;},1 ﬁ';b)) € ZZZO e=+1
’ (5, (0) 5, (63b) -+ el (64, - 60,b)) €28y €= —1

11 ? T

By construction in 2.20, we have
c= L (b (e,1),1)

for ¢ € Zezo, that is the map be (—,%): Zgzo — A (o0) is a section of (z,¢€)-Lusztig datum
L.(—,3): B(x0) — ZEZO.

3.2.3. The following gives a characterization of B"P (> w, €) in terms of the (¢, ¢)-Lusztig data.
Theorem 3.9. Forw € W and ¢ = (i1,--- ,i¢) € I (w), we set
& (> w,e) ={be B () | Le (b, 3) = 0},

then we have
U, Gwe= P Q@G™O).
beB(>w,e)

Proof. By the Proposition 3.4, it suffices for us to prove the compatibility for the intersection
U, N7 U, NTE T, U 0Ty - T U

11712
Since e = —1 can be obtained by applying the *-involution, we only prove e = 1 case. We prove

the claim by the induction on the length ¢ (w). For £(w) = 1, it is the claim in Corollary 2.14.
We consider the following intersection:
_ 1y T— _ —.
u, N7, U, nT,U n---NT, -T;,U;

By the assumption of the induction on length, we know that U, N7T;,U N---NT;,---T;,U;
is compatible with the dual canonical basis and also U N Tileq_ is compatible with the dual
canonical basis, hence the intersection Uq’ N T;qu’ N1T;, U; n---NT;,-- ~Ti£Uq’ is compatible
with the dual canonical basis. Applying Theorem 2.16, we obtain the claim for U, NT;, U~ N
1, T.,U, n---NT;---1;,U, . Since U NT, U NT;,T;,U, n---NT---T;,U; = U, N
T, (U, NT;,U; N---NT, - T;,U; ), we obtain the description of B'P (> w, +1). O

3.3. Multiplication formula between B"? (< w,¢) and B"™ (> w,¢).

3.3.1. We generalize the (special cases of) formula in Theorem 2.11 using the dual canonical basis
B" (> w,e).
Theorem 3.10. Forb e % (> w,€) and ¢ € Z>q, we have
I ()G () € G (V5. () + Y. aZld G (V) ife=+1,
Le(b/,i)<c
G (b) f2¥ (e,i) € G (VE () + > aZlg 6™ (b) ife= -1,
Le(b 3)<e

where

e fi*Cla’zkl T f;cfflaﬁ,lfizceofzaie 0y (b) if6 =—-L

c (b) = {ffllo-il T fzie:llaitzflﬁizaizafg e UZ (b) ife =+1,
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Proof. We only proof for ¢ = 4+1 case. The ¢ = —1 can be proved by applying the *-involution. We
prove by induction on the length £ (w). Let w>o = 84, --- 85, € W and @9 = (ia,- -+ ,i) € I (w>2).
Let b € % (c0) with Ly (b,7) = 0, that is we have

(gi, (b) €0y (00) -+ yeq, (o), -~ 05 b)) = (0,---,0),
so let b>o := o7 b, then we have
Ly (bs2,i>2) = (84, (b>2) -+ &4, (07, -+~ 07,b>2))
= (i, (07,0) -+ &4, (0, -~ 05,00,b)) = (0,---,0) € ZE

by definition of the Lusztig datum.
By induction hypothesis, we have

JP (e52,052) G (bs2) = G (V22 (b2) € Y0 aZlal G (v5s).

Le(béz,i22)<c22
with c>o = (co,--+ ,¢0) € Z>0 . Since U, N T_lU_ is spanned by the dual canonical basis
{G™ (b) | e}, (b :o} and fIP (c>2,i52) € U mT 1U and G (bx2) € Uy NT;,'U,, so we

)
obtain that & ( A ) =0 and &} (bZQ) =0.
We have
f—lil-li (C, ’L) GuP (b) _ (1 . qi21)<hi1,§(022,i22)+wt(b > f{c1}T (feup (02277:22) GuP (bzg))
c (1 . q2 ><hi1,§(622,i22)+wt(b)> f.{cl}
11 1

x T, | GUP (vj;{H (bzg)) + > qZ[q) G** (bgg)

Ly (5;2,i22)<022

= fi{1C1} G (Ui1v§§§,+1 (522)) + Z qZq) G (Uilblz2>

Ly (bl22,i22)<022

We note that fzcll Jilv?«;jﬂ-l (bZQ) = fzcll Oiy ficglo—h T fzsf:llaie71 fﬁzaiﬂz} T 0;2 (bZQ) Vf—i—l ( )
and

TG (0, V5 Ly (022)) €G™ (Ve )+ Y0 aZld] G (1),

i, ()<
PG (04055) € G (fonbis) + Y a2l G ()

giq (b")<cy

by Theorem 2.11, fi{lcl} (G“p (UHV‘E; 41 (b22)) + ZL+1(b;2,z‘22)<CZ2 qZ[q] G*? <0i1b,22>) can be
written in the following form:

G (Vi )+ Y a6 (flenbi)+ Y a2l G ).
Lia(blyiz2)<exs giy (b7)<er
Since we have (ch, -+ ,¢}) = L1 (blz2,i22) < €>3, we obtain L4 (ﬂcllaz‘lblgzyi) = (c1,¢h,+ ,c)) <
c and we have Lyq (b”,2) = (g4, (b"),--+) < Li1(b,3) = (c1,¢2,- - ,co) by €4, (b”> < ¢1. We we
obtain the claim. O

Using the transition Theorem 2.23 (2) from Poincaré-Birkhoff-Witt basis to the dual canonical
basis, we obtain the following multiplicity-free result.
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Theorem 3.11. Let w € W, 4 = (i1,--- ,ip) € I (w) and € € {£1}.
Force ZZZO and b € B (> w,€), we have

G (b (c,i) G (b) € G (VE, (1) + > aZlg] G (b)) ife=+1,
Le(b i)<e
G () G™ (b (i) € G (VE, () + Y. aZlg]G™ (b)) ife= 1.
Le(bi)<e
3.3.2.

Definition 3.12. Let w € W, @ = (i1,---,i¢) € I(w) and ¢ € {£1}. We define maps
T<w,e: B(0) = B(<w,€) and Tsy 1 B(0) = B (> w,€) by

T<w,e (b) = be (Le (b,2) ,4) ,

P (B) = 70 05 (0) AT =L
of 056Gy (b) ife=—1
We note that the independence of the maps 7<,, . and 7, ¢ on a reduced word ¢ € I (w) of a Weyl
group element w can be shown in [1, Theorem 4.4] using representation theory of the preprojective

algebra and the torsion pair in symmetric case. Using the folding argument , it also can be proved
in general.

Proposition 3.13. We have a bijection as sets:
Qw = (Tgw,e;7->w,e) : ,93(00) — ;@(S w,e) X 33(> w,e) .

We prove the multiplication property of the dual canonical basis element between U’ (€ we)
and Uy (> w,€).

Theorem 3.14. Let w € W, i = (i1, ,i¢) € I (w) and € € {£1}. For b € B (), we have
G (T () G (T B) €GP )+ >0 G (V) ife=+1,
Le(b' i) <Le(b,i)

G (Toue (1) G (r<ue 0) €G™ () + Y. qZ[g)G™ (b) ife=—1.

Lc(b,i)<Le(b,i)

Proof. We prove e = +1 case. We prove by the induction on the length ¢ (w).
First we have

G (v) - £ e (&0 )
—qupe (b) _ (1 _ qi) <h7‘,1 ,Wt(&fl b)> fi{lsil (b)}sz_lGup (6_:1 b) c Z qZ [q] Gup (b/)
iy (V) <eiy (b)

By Theorem 3.11, we only have to compute the product (1 — ¢?) (hi,wt(&7b)) fi{‘ei(b)}TiG“lD (67b)x

G (T, 11 (D))
‘We note that

G™ (7o 41 (b)) = (1 _ ql_2)<hiuwt(7>“’22(&?1 b))> T;,G™ (T>w22 (&Z b))

where wso = s, -+ - 84,
By the induction hypothesis, we have

G* (67,0) = G™ (r<us. (67,0)) G* (Touss (61,0)) € > qZ[q) G™ (b")

Ly (b/',i22)<L+1 (5’:1 b,izg)

where iZQ = (7:27' . ,ig) S 1(512 . 'Si[).
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Applying (1 —¢?) Ry w(57,0)) T;,, we obtain

11

G (04,67,0) —G"P (04, T<ws, (67,0)) G (04, T>w., (67,0)) € Z qZ [q) G*® (0;,0") .

L+1(bl/7i22)<L+1(5-:1b7i22)
We note that es”( p = i, 07, b. Multiplying f{ ®} from left to the second term, we have
ciy (b) u Ak u Ak
fi ! }G P (Ji17—§w22 (U“b)) G P (O—i17—>w22 (J'le))
u K3 b Ak u
eGP (f‘S i )O—i17—§w22 (J b)) G"r (011T>w>2 (O-llb)) + Z qZ [CI] G" (b/) )

€iq (b/)<67;1 (b)

then we obtain
A0 (G (08 = 6 (047 (53,5) 6 (01,700 (539))
c Z a7 [q] G™ (b/) + Z qZ[q) G™® (fell (b) ilb//) -

€iy (V)<eiy (b) L+1(b//,i22)<L+1(?T;‘1b,i22)

By the construction, we have ﬁ;‘(b)aingwzz ((};‘1 b) = T<y (b) and Tiy Towss (&;“1 b) = Taw (b),
hence we obtain the claim of the theorem.
O

3.4. Application. We give a slight refinement of Lusztig’s result [10, Proposition 8.3] in the
dual canonical basis. The following can be shown in a similar manner using the multiplicity-free
property of the multiplications of a triple of the dual canonical basis elements, so we only state
the claims.

Theorem 3.15. Let w be a Weyl group element, ¢ = (i1,--- ,i7) € I (w) and p € [0,4] be an
integer. We consider the following intersection:

U, NnT.

Si p+1
,Ug NT-L.. Ur is compatible with the dual canonical basis,

(1) The subalgebra U NT, erSi siy-si, Ug
that is there exists a subset A (U NT; T;, U, N T;ll,, U;) C A (0) such that
“Si, UQ_ N Ts_z‘ll'"sip U'I_ = @ Q@) G ().

o
o _
be%’(U (Te; ) oony, Ud stil...sipUq)

cos U N Uy = (U 0T,

SiypSip g Sip41

_ _ 1 _
U ) (U Tt Uy

“Sip

U, nT.

Sipiq”

(2) Multiplication in Uy (g)) defines an isomorphism of free A-modules:

(U; (Sierl T Sy +1))ZP®A (U NT.

SL+

up
. S,KUq_ N Tszll,__siéU(;)A ®A(Uq_ (Si,, .. Sil,—l));p Uy

_ -1 1yT—
SRS s T, U 0T T MU

up
where (U; N1, T, U 0T, 10U ) = Up (@507,
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