TANGLE SURGERIES ON THE DOUBLE OF A TANGLE AND LINK POLYNOMIALS

TAIZO KANENOBU Dedicated to Professor Shin’ichi Suzuki on his 60th birthday

Abstract. We introduce some tangle surgeries on the double of a tangle. If the tangle satisfies certain conditions, then the resulting link has the same polynomial invariant as the original one. We give some pairs of links sharing the same polynomial invariants making use of our tangle surgeries, which also show that our results are the best possible.

1. Introduction There are several methods for producing different knots or links with the same polynomial invariant such as the Alexander, Jones, HOMFLY, or Kauffman polynomials. Conway’s mutation [4] and its generalizations, satellites of mutants, rotants and the theory of spectral parameter tangles of Jones provide such examples [1, 7, 8, 10, 11, 12, 13, 18, 20, 23, 24, 26, 27, 30]. They are performed by removing a tangle from somewhere in the diagram and then sewing that same tangle back in differently by rotating it or flipping it over. In this paper, we introduce other three types of tangle surgeries that do not alter some polynomial invariants. The first one is as follows: Given a tangle T containing a tangle R, we construct the double of T . Then it contains R and its mirror image. Instead of rotating a tangle 180^∘, we rotate these two tangles 90^∘ simultaneously and take mirror images. If the tangle T satisfies certain conditions, then the resulting link has the same Kauffman bracket polynomial (Theorem 2.1(i)) or the HOMFLY polynomial (Theorem 2.2(i)) as the original one. This tangle surgery provides

Date: April 16, 2001.

1991 Mathematics Subject Classification. Primary 57M25.

Key words and phrases. Link, knot, double of a tangle, tangle surgery, Kauffman bracket polynomial, HOMFLY polynomial, Q polynomial, Conway polynomial, Kauffman polynomial.

The author was partially supported by Grant-in-Aid for Scientific Research (C) (No. 11640090), Japan Society for the Promotion of Science. 1

a pair of links of more than one component having the same Kauffman bracket or HOM- FLY polynomials. The second and third tangle surgeries are done similarly. The second one provides a pair of links of more than one component having the same Kauffman bracket or HOMFLY polynomials and also the Q polynomial. The third one can provide a pair of knots having the same Kauffman bracket or HOMFLY polynomials.

This paper is organized as follows: In Sect. 2, we introduce our tangle surgeries and state the main theorems (Theorems 2.1–2.3). In Sect. 3, we give the definitions of the polynomial invariants such as the Kauffman bracket, Jones, Λ, Kauffman, Q, HOMFLY, and Conway polynomials. In Sect. 4, we prove the main theorems. We use a linear skein theory essentially due to Conway [4]. In Sect. 5, we give some pairs of links sharing the same polynomial invariants making use of Theorems 2.1–2.3, which also show that our theorems are the best possible. We also give another tangle surgery that does not alter the Λ polynomial, and hence the Kauffman’s F polynomial (Theorem 5.1).

In his master thesis, Hirofusa Saito [28] classified 2-string tangles of 6 crossings or less up to freely equivalence (see Sect. 4), where he uses that the double of a tangle is an invariant link, and thus its polynomial invariant is an invariant for a tangle; see Lemma 4.1. Furthermore, he and Satoh [29] found several pairs of tangles that cannot be classified by the polynomial invariants of their doubles. In this paper, the author generalized their examples.

Acknowledgements. We use the computer program of Professor Mitsuyuki Ochiai of Nara Women’s University to calculate polynomial invariants of links.

2. Tangle Surgeries A tangle is a pair (B^3, τ), where τ is a 1-manifold properly embedded in a 3-ball B^3 with 4 boundary components. We express a tangle T by a diagram as in Fig. 1(a), where we use the projection (x, y, z) → (x, y). Two tangles are equivalent if there is an isotopy of the 3-ball that takes one tangle to the other while fixing each point of the boundary, that is, their diagrams are related by a finite sequence of Reidemeister moves (Fig. 2) inside the circle defining the tangle while the endpoints of the strings remain fixed; cf. [4, p. 331].

(a) (b) Figure 1. (a) A tangle T . (b) The double of T , DT .

C+ C C− I II III

Figure 2. Reidemeister moves.

We define the double of T , DT , by the link diagram or the link given by Fig. 1(b), where T^∗ denotes the image of T under the reflection with regard to the yz-plane; T^∗ = ρ_{yz} T with ρ_{yz}(x, y, z) = (−x, y, z). If T is an oriented tangle, then its double DT is oriented so that the strings of T keep the original orientation and that the strings of T^∗ reverse the orientation that is induced from that of T .

Suppose that a tangle T contains a tangle R in its interior. We denote by T (R^′) the new tangle obtained from T by replacing R with another tangle R^′. Thus, in particular, T = T (R). Then the double DT contains the two tangles R and R^∗. We denote by D(T ; R_1, R_2) the new link obtained from DT by replacing R and R^∗ with other tangles R_1 and R_2, respectively. Thus, in particular, DT = D(T ; R, R^∗).

Two tangles T = (B^3, τ) and T^′ = (B^3, τ^′) are freely equivalent if there is an isotopy of B^3 taking τ to τ^′ (without the restriction that the endpoints stay fixed). When we consider oriented tangles, we require the isotopy should preserve the orientation of the strings.

We define the integral tangle or n tangle, n ∈ Z, and the ∞ tangle as in Fig. 3, where n > 0. Further, we define the 1/m tangle, m ∈ Z \ {0}, as in Fig. 4, where m > 0.

(a) (b) (c) (d) Figure 3. (a) The n tangle. (b) The 0 tangle. (c) The −n tangle. (d) The ∞ tangle.

(a) (b) Figure 4. (a) The^1_m tangle. (b) The −^1_m tangle.

For a tangle R, we denote by R_⊥ the image of R under the rotation by angle 90^∘ given by ν(x, y, z) = (−y, x, z), R_⊥ = νR, and by R^∗_⊥ the tangle νρ_{yz}R. Thus if R is the n tangle, n ∈ Z \ {0}, then R_⊥ and R^∗_⊥ are the the −1/n and 1/n tangles, respectively.

When R is the n tangle, n ∈ Z ∪ {∞} (resp. 1/m tangle, m ∈ Z \ {0}), we denote a tangle T (R) by T (n) (resp. T (1/m)). In the following, we shall use a similar notation. We consider a tangle T (R) satisfying the condition:

(⋆) The two tangles T (0) and T (∞) are freely equivalent. In Sect. 5, we give some tangles satisfying the condition (⋆).

Now we state our main theorems. The definitions of the Kauffman bracket, HOMFLY, Q, and Conway polynomials will be given in the next section.

Theorem 2.1. Suppose that a tangle T (R) satisfies the condition (⋆). Then each of the following pairs of diagrams share the same Kauffman bracket polynomial.

(i) D(T ; R, R^∗) ( = DT (R) ) and D(T ; R^∗_⊥, R_⊥) ( = DT (R^∗_⊥) ). (ii) D(T ; R, R) and D(T ; R_⊥, R_⊥). (iii) D(T ; R, R^∗_⊥) and D(T ; R^∗, R_⊥).

Theorem 2.2. Suppose that an oriented tangle T (R) satisfies the condition (⋆) and R is oriented as in Fig. 5. Then each of the pairs of the oriented links (i)–(iii) in Theorem 2.1 share the same HOMFLY polynomial.

Figure 5. An oriented tangle R.

Theorem 2.3. Suppose that a tangle T (R) satisfies the condition (⋆). Then the pair of the link (ii) in Theorem 2.1 share the same Q polynomial.

Remark 2.4. For any tangle T , it is easy to see that its double DT is a slice link in the strong sense, that is, DT is cobordant to a trivial link with the same number of components. Then the multivariable Alexander polynomial of DT is zero, and hence the Conway polynomial is zero; see [15, 21, 22], cf. [16, Sect. 12.3].

3. Link Polynomials The Kauffman bracket polynomial ⟨G⟩ ∈ Z[A^{±1}] [14] of a link diagram G is defined by the following formulas:

⟨O⟩ = 1; (3.1) ⟨G_1⟩ = A⟨G_∞⟩ + A^{−1}⟨G_0⟩; (3.2) ⟨G_{−1}⟩ = A⟨G_0⟩ + A^{−1}⟨G_∞⟩; (3.3) ⟨G ⊔ O⟩ = ( −A^2 − A^{−2} ) ⟨G⟩, (3.4) where O is a diagram of the unknot with no crossing and G_n, n ∈ Z ∪ {∞}, are link diagrams that are identical except near one point where they are the n tangles. Then ⟨G⟩ is invariant under regular isotopy of G, that is, invariant under the Reidemeister moves II and III; see Fig. 2. The writhe w(G) of a diagram of an oriented link is the sum of the signs of the crossings of G; the convention is shown in Fig. 6. The Jones polynomial V (L; t) ∈ Z[t^{±1/2}] [9] is an invariant of an oriented link L given by V (L; t) = [ (−A)^{−3w(G)}⟨G⟩ ] A=t^{−1/4} , (3.5) where G is a diagram of L.

+1 −1

Figure 6. Crossing signs.

The Λ-polynomial Λ(G) ∈ Z[a^{±1}, x^{±1}] [14] of a link diagram G is defined by the following formulas:

Λ(O) = 1; (3.6) Λ(C_+) = aΛ(C), Λ(C_−) = a^{−1}Λ(C); (3.7) Λ(G_1) + Λ(G_{−1}) = x (Λ(G_0) + Λ(G_∞)) ; (3.8) where O and G_n, n ∈ Z ∪ {∞}, are link diagrams as above and C_+, C, C_− are link diagrams that are identical except near one point where they are as shown in Fig. 2. Then Λ(G) is invariant under regular isotopy of G and can be modified to the Kauffman polynomial F (L; a, x) ∈ Z[a^{±1}, x^{±1}] of an oriented link L by F (L; a, x) = a^{−w(G)}Λ(G), (3.9) where G is a diagram of L.

The Q polynomial Q(L; x) ∈ Z[x^{±1}] [2, 6] is an invariant of an unoriented link L, which is defined by the following formulas:

Q(U; x) = 1; (3.10) Q(L_1; x) + Q(L_{−1}; x) = x (Q(L_0; x) + Q(L_∞; x)) ; (3.11) where U is a trivial knot and L_n, n ∈ Z ∪ {∞}, are links having diagrams that are identical except near one point where they are the n tangles. The Q polynomial is obtained from the

Kauffman polynomial:

Q(L; x) = F (L, 1, x). (3.12) The HOMFLY polynomial P (L; t, z) ∈ Z[t^{±1}, z^{±1}] [5, 25] is an invariant of an oriented link L, which is defined, as in [9], by the following formulas: P (U; t, z) = 1; (3.13) t^{−1}P (L_+; t, z) − tP (L_−; t, z) = zP (L_0; t, z), (3.14) where U is a trivial knot and L_+, L_−, L_0 are three links that are identical except near one point where they are as in Fig. 7. The Conway polynomial ∇(L; z) ∈ Z[z] [4] of an oriented link L is given by ∇(L; z) = P (L; 1, z). (3.15)

L_+ L_− L_0 Figure 7. Skein triple.

Note that the Jones polynomial is obtained from both the HOMFLY and Kauffman polynomials; cf. [17]:

V (L; t) = P (L; t, t^{1/2} − t^{−1/2}); (3.16) = F (L; t^{−3/4}, −t^{1/4} − t^{−1/4}). (3.17)

4. Proofs of Theorems Two link diagrams G and G^′ are said to be balanced isotopic [1, p. 240] if they are related by a finite sequence of the Reidemeister moves II and III and the move BI as shown in Fig. 8, which introduces or deletes an opposite pair of curls. Then the Kauffman bracket and Λ polynomials are invariants of balanced isotopy.

Figure 8. Balanced Reidemeister move BI.

Lemma 4.1. Suppose that T_0 and T_1 are freely equivalent tangles. Then their doubles DT_0 and DT_1 are balanced isotopic.

Proof. Let T_1 = (B^3, τ). Then T_0 is equivalent to T^′_1 = (B^3, τ) ∪_h (S^2 × [0, 1], σ_0) for some 4-string braid σ_0 on the 2-sphere S^2, where h : S^2 × {0} → ∂B^3 is a homeomorphism sending the endpoints of σ_0 in S^2 × {0} to those of τ; cf. [3, Lemma 2.3]. Then T^′_1 can be expressed as in Fig. 9, where σ is a 4-string braid. Thus DT_1 and DT^′_1 are related by a finite sequence of the Reidemeister move II. On the other hand, since T_0 and T^′_1 are equivalent, they are related by a finite sequence of the Reidemeister moves keeping the endpoints fixed, and thus DT_0 and DT^′_1 are balanced isotopic. This completes the proof. □

T_1 σ

Figure 9. The tangle T^′_1.

Proof of Theorem 2.1. Let L_R be a link diagram that contains a tangle R. When R is the n tangle, n ∈ Z ∪ {∞}, we denote L_R by L_n. Applying the axioms (3.2)–(3.4), we may express the bracket polynomial ⟨L_R⟩ in terms of ⟨L_0⟩ and ⟨L_∞⟩: ⟨L_R⟩ = α_R⟨L_0⟩ + β_R⟨L_∞⟩, (4.1) where α_R = α_R(A), β_R = β_R(A) ∈ Z[A^{±1}]. In the terminology of the linear skein theory [19], the 0 and ∞ tangles skein-generate the room inhabited by R, and the link diagrams obtained by substituting these tangles for R generate L_R.

From (4.1), we have ⟨D(T ; R_1, R_2)⟩ = α_{R1} α_{R2} ⟨D(T ; 0, 0)⟩ + α_{R1} β_{R2} ⟨D(T ; 0, ∞)⟩ + β_{R1} α_{R2} ⟨D(T ; ∞, 0)⟩ + β_{R1} β_{R2} ⟨D(T ; ∞, ∞)⟩. (4.2) Using Lemma 4.1, the condition (⋆) implies ⟨D(T ; 0, 0)⟩ = ⟨D(T ; ∞, ∞)⟩, (4.3) which we denote by γ. Then we have ⟨D(T ; R_1, R_2)⟩ = (α_{R1} α_{R2} + β_{R1} β_{R2} ) γ + α_{R1} β_{R2} ⟨D(T ; 0, ∞)⟩ + β_{R1} α_{R2} ⟨D(T ; ∞, 0)⟩.

(4.4) Replacing R with R^∗, R_⊥, R^∗_⊥ in (4.1), we have: ⟨L(R^∗)⟩ = ᾱ⟨L(0)⟩ + β̄⟨L(∞)⟩; (4.5) ⟨L(R_⊥)⟩ = β⟨L(0)⟩ + α⟨L(∞)⟩; (4.6) ⟨L(R^∗_⊥)⟩ = β̄⟨L(0)⟩ + ᾱ⟨L(∞)⟩, (4.7) where ᾱ = α_R∗ (A) = α_R(A^{−1}), β̄ = β_R∗ (A) = β_R(A^{−1}), β = β_R and α = α_R. Thus from (4.4), we obtain ⟨D(T ; R, R^∗)⟩ = ⟨D(T ; R_⊥, R^∗_⊥)⟩ = ( αᾱ + ββ̄ ) γ + αβ̄⟨D(T ; 0, ∞)⟩ + ᾱβ⟨D(T ; ∞, 0)⟩; (4.8) ⟨D(T ; R, R)⟩ = ⟨D(T ; R_⊥, R_⊥)⟩ = ( α^2 + β^2 ) γ + αβ (⟨D(T ; 0, ∞)⟩ + ⟨D(T ; ∞, 0)⟩) ; (4.9) ⟨D(T ; R, R^∗_⊥)⟩ = ⟨D(T ; R^∗, R_⊥)⟩ = ( αβ̄ + ᾱβ ) γ + αᾱ⟨D(T ; 0, ∞)⟩ + ββ̄⟨D(T ; ∞, 0)⟩, (4.10) completing the proof. □ Proof of Theorem 2.2. We use a similar equation to (4.1). Let L_R be an oriented link diagram that contains a tangle R, which is oriented as in Fig. 5. Applying the axioms (3.13) and (3.14), we may express the HOMFLY polynomial P (L_R) of L_R in terms of P (L_0) and P (L_∞): P (L_R) = φP (L_0) + ψP (L_∞), (4.11) where φ = φ(t, z), ψ = ψ(t, z) ∈ Z[t^{±1}, z^{±1}]. Then we have P (L_R∗ ) = φ̄P (L_0) + ψ̄P (L_∞); (4.12) P (L_{R⊥} ) = ψP (L_0) + φP (L_∞); (4.13) P (L_R∗_⊥ ) = ψ̄P (L_0) + φ̄P (L_∞), (4.14) where φ̄ = φ̄(t, z) = φ(−t^{−1}, z) and ψ̄ = ψ̄(t, z) = ψ(−t^{−1}, z). Using these formulas, we may prove in a similar way to Theorem 2.1. □ Proof of Theorem 2.3. Let L_R be an unoriented link diagram that contains a tangle R. Applying the axioms (3.10) and (3.11), we may express the Q polynomial Q(L_R) of L_R in terms of Q(L_0) and Q(L_∞):

Q(L_R) = fQ(L_0) + gQ(L_∞) + hQ(L_1), (4.15) where f = f(x), g = g(x), h = h(x) ∈ Z[x^{±1}]. Then we have Q(L_{R⊥} ) = gQ(L_0) + fQ(L_∞) + hQ(L_{−1}). (4.16) Let Q(R_1, R_2) be the Q polynomial of the link D(T ; R_1, R_2). Then using (4.15), we have Q(R, R) = f^2Q(0, 0) + fgQ(0, ∞) + fhQ(0, 1) + fgQ(∞, 0) + g^2Q(∞, ∞) + ghQ(∞, 1) + fhQ(1, 0) + ghQ(1, ∞) + h^2Q(1, 1) = ( f^2 + g^2 ) k + fg (Q(0, ∞) + Q(∞, 0)) + fh (Q(0, 1) + Q(1, 0)) + gh (Q(∞, 1) + Q(1, ∞)) + h^2Q(1, 1), (4.17) where k = Q(0, 0) = Q(∞, ∞), (4.18) which follows from the condition (⋆). Similarly, using (4.16), we have

Q(R_⊥, R_⊥) = ( f^2 + g^2 ) k + fg (Q(0, ∞) + Q(∞, 0)) + gh (Q(0, −1) + Q(−1, 0)) + fh (Q(∞, −1) + Q(−1, ∞)) + h^2Q(−1, −1). (4.19) If we flip over the link D(T ; R_1, R_2) by μ_y, we obtain D(μ_yT^∗; μ_yR_2, μ_yR_1), where μ_yT^∗ is the image of T under the reflection with regard to the xy-plane; μ_yT^∗ = ρ_{xy}T with ρ_{xy}(x, y, z) = (x, y, −z). Thus D(μ_yT^∗; μ_yR_2, μ_yR_1) = D(ρ_{xy}T ; ρ_{xy}R^∗_2, ρ_{xy}R^∗_1), which is the mirror image of the link D(T ; R^∗_2, R^∗_1), and so by [2, Property 1(c)] Q(R_1, R_2) = Q(R^∗_2, R^∗_1). (4.20) By (3.11), Q(0, 1) + Q(0, −1) = x (Q(0, 0) + Q(0, ∞)) . (4.21) From (4.20), Q(0, −1) = Q(1, 0) and Q(0, 1) = Q(−1, 0), and so this becomes Q(0, 1) + Q(1, 0) = Q(−1, 0) + Q(0, −1) = x (k + Q(0, ∞)) . (4.22) Similarly, using Q(−1, ∞) = Q(∞, 1) and Q(1, ∞) = Q(∞, −1), Q(1, ∞) + Q(−1, ∞) = x (Q(∞, ∞) + Q(0, ∞)) becomes Q(1, ∞) + Q(∞, 1) = Q(∞, −1) + Q(−1, ∞) = x (k + Q(0, ∞)) . (4.23) Substituting (4.22) and (4.23) into (4.17) and (4.19) respectively, and using Q(1, 1) = Q(−1, −1) and Q(0, ∞) = Q(∞, 0), which follow from (4.20), we obtain Q(R, R) = Q(R_⊥, R_⊥) = ( f^2 + g^2 ) k + 2fgQ(0, ∞) + x(f + g)h (k + Q(0, ∞)) + h^2Q(1, 1), (4.24) completing the proof. □ 5. Examples Let T (R_0, R_1, R_2, R_3, R_4) be the tangle as shown in Fig. 10. Then the following tangles satisfy the condition (⋆) with respect to the sub-tangle R:

• T (m, ϵ, R, n, ϵ) for any integers m, n. • T (R, ϵ, R_2, ϵ, R_4) for any tangles R_2, R_4.

Here ϵ = ±1. In fact, T (m, ϵ, 0, n, ϵ) and T (m, ϵ, ∞, n, ϵ) are rational tangles [4], which are freely equivalent to the trivial tangles, and T (0, ϵ, R_2, ϵ, R_4) and T (∞, ϵ, R_2, ϵ, R_4) are easily seen to be freely equivalent each other.

Figure 10. T (R_0, R_1, R_2, R_3, R_4).

5.1. T (3, −1, R, −2, −1). For the tangle T (R) = T (3, −1, R, −2, −1), let us consider the oriented link diagram or the oriented link DT (R_1, R_2) as shown in Fig. 11, which we denote by L(R_1, R_2). When L(R_1, R_2) is a 2-component oriented link, we denote by L̄(R_1, R_2) the oriented link obtained from L(R_1, R_2) by changing the orientation of one component.

From Theorems 2.1 and 2.2, each of the following pairs of link diagrams or oriented links have the same Kauffman bracket and HOMFLY polynomials.

(i) L(−2, 2) and L ( −^1_2 ,^1_2 ) . (ii) L(−2, −2) and L

(_1 2 ,^1_2 ) . (iii) L ( −2, −^1_2 ) and L ( 2,^1_2 ) . The pairs (i), (ii) are of two components and the pair (iii) are knots. Let us examine each pair.

Figure 11. L(R_1, R_2).

(i) L(−2, 2) and L ( −^1_2 ,^1_2 ) . This pair have different Q polynomials, and thus have different Kauffman polynomials:

Q(L(−2, 2)) = 2x^{−1} − 1 + 64x^2 + 96x^3 − 432x^4 − 120x^5 + 936x^6 + 56x^7 − 1088x^8 − 104x^9 + 764x^{10} + 200x^{11} − 280x^{12} − 140x^{13} + 20x^{14} + 24x^{15} + 4x^{16}; Q ( L ( −^1_2 ,^1_2 )) = 2x^{−1} − 1 − 32x + 48x^2 + 232x^3 − 396x^4 − 424x^5 + 832x^6 + 396x^7 − 904x^8 − 252x^9 + 644x^{10} + 204x^{11} − 260x^{12} − 136x^{13} + 20x^{14} + 24x^{15} + 4x^{16}.

From Remark 2.4, the Conway polynomials of the oriented links L(−2, 2), L(−1/2, 1/2), L̄(−2, 2), L̄(−1/2, 1/2) are zeros. Further, since the writhes of these oriented diagrams are zeros and their linking numbers are zeros, they have the same Jones polynomials. However, the pairs L̄(−2, 2), L̄(−1/2, 1/2), which do not satisfy the condition for orientations of the sub-tangles in Theorem 2.2, have different HOMFLY polynomials:

P (L̄(−2, 2)) = (t^{−1} − t)z + (−t^{−5} + t^{−3} + 2t^{−1} − 2t − t^3 + t^5)z + (−5t^{−5} + 6t^{−3} + 11t^{−1} − 11t − 6t^3 + 5t^5)z^3 + (−4t^{−5} + 9t^{−3} + 13t^{−1} − 13t − 9t^3 + 4t^5)z^5 + (−t^{−5} + 5t^{−3} + 6t^{−1} − 6t − 5t^3 + t^5)z^7 + (t^{−3} + t^{−1} − t − t^3)z^9;

P ( L̄ ( −^1_2 ,^1_2 )) = (t^{−1} − t)z + (−4t^{−3} + 12t^{−1} − 12t + 4t^3)z + (−24t^{−3} + 76t^{−1} − 76t + 24t^3)z^3 + (−37t^{−3} + 135t^{−1} − 135t + 37t^3)z^5 + (−25t^{−3} + 112t^{−1} − 112t + 25t^3)z^7 + (−8t^{−3} + 49t^{−1} − 49t + 8t^3)z^9 + (−t^{−3} + 11t^{−1} − 11t + t^3)z^{11} + (t^{−1} − t)z^{13}.

(ii) L(−2, −2) and L

(_1 2 ,^1_2 ) . From Theorem 2.3, this pair have the same Q polynomials.

As mentioned above, they have the same HOMFLY polynomials, and thus have the same Jones and Conway polynomials. Note that their linking numbers are −2. However, this pair have different Kauffman polynomials:

F (L(−2, −2)) = (a^5 + a^3)x^{−1} − a^4 + (−2a^9 − 5a^7 − 4a^5 + 4a^3 + 5a^1 − a^{−1} − a^{−3})x + O(x^2); F ( L (_1 2 ,^1_2 )) = (a^5 + a^3)x^{−1} − a^4

+ (−a^9 − 2a^7 − 2a^5 + 2a^3 + 2a^1 − 2a^{−1} − a^{−3})x + O(x^2).

Similarly, the pair L̄(−2, −2), L̄(1/2, 1/2) have the same Jones and Q polynomials, but have different Kauffman polynomials. Further they have different Conway polynomials, and thus have different HOMFLY polynomials:

∇(L̄(−2, −2)) = 2z + z^3 − 4z^5 − 10z^7 − 4z^9; ∇ ( L̄ (_1 2 ,^1_2 )) ) = 2z + z^3 − 12z^5 − 24z^7 − 19z^9 − 7z^{11} − z^{13}.

(iii) L ( −2, −^1_2 ) and L ( 2,^1_2 ) . As mentioned above, these are knots and have the same HOMFLY, Jones and Conway polynomials. They have different Q polynomials, and thus have different Kauffman polynomials: Q ( L ( −2, −^1_2 )) = − 3 − 26x − 12x^2 + 36x^3 + 114x^4 − 24x^5 − 300x^6 − 60x^7 + 404x^8 + 212x^9 − 266x^{10} − 252x^{11} + 24x^{12} + 104x^{13} + 44x^{14} + 6x^{15}; Q ( L ( 2,^1_2 )) = − 3 + 6x + 4x^2 − 100x^3 + 78x^4 + 280x^5 − 196x^6 − 400x^7 + 220x^8 + 360x^9 − 146x^{10} − 256x^{11} + 4x^{12} + 100x^{13} + 44x^{14} + 6x^{15}.

5.2. T (2, −1, R, −3, −1). For the tangle T (R) = T (2, −1, R, −3, −1), let us consider the ori-

ented link diagram or the oriented link DT (R_1, R_2) as shown in Fig. 12, which we denote by

M(R_1, R_2).

Figure 12. M(R_1, R_2).

From Theorem 2.1 (iii), the following pair of 2-component link diagrams have the same

Kauffman bracket polynomials: • M ( −2, −^1_2 ) and M ( 2,^1_2 ) . Since the writhes of these oriented diagrams are 10, they have the same Jones polynomials.

They have different Conway polynomials, and thus have different HOMFLY polynomials: ∇ ( M ( −2, −^1_2 )) = 4z + 5z^3 − 7z^5 + 3z^9; ∇ ( M ( 2,^1_2 )) = 4z + 5z^3 − 15z^5 − 6z^7 + 2z^9.

Further, they have different Q polynomials and thus have different Kauffman polynomials: Q ( M ( −2, −^1_2 )) = − 6x^{−1} + 7 − 6x − 74x^2 + 74x^3 + 314x^4 − 74x^5 − 594x^6 − 90x^7

+ 602x^8 + 234x^9 − 374x^{10} − 268x^{11} + 72x^{12} + 130x^{13} + 48x^{14} + 6x^{15}; Q ( M ( 2,^1_2 )) = − 6x^{−1} + 7 + 58x − 42x^2 − 230x^3 + 98x^4 + 414x^5 − 158x^6 − 402x^7

+ 234x^8 + 286x^9 − 242x^{10} − 252x^{11} + 56x^{12} + 126x^{13} + 48x^{14} + 6x^{15}.

5.3. T (R, 1, R_2, 1, R_4). In addition to Theorems 2.1–2.3, the following holds in this class.

Theorem 5.1. Let U = U(R) = T (R, 1, R_2, 1, R_4). Then the pair of the link diagrams D(U; R, R^∗) ( = DU(R) ) and D(U; R^∗_⊥, R_⊥) ( = DU(R^∗_⊥) ) share the same Λ polynomial for any tangles R_2 and R_4.

Proof. Let G_R be a link diagram that contains a tangle R. Applying the axioms (3.6)–(3.8), we may express the Λ polynomial Λ(G_R) of G_R in terms of Λ(G_0), Λ(G_∞) and Λ(G_1): Λ(G_R) = fΛ(G_0) + gΛ(G_∞) + hΛ(G_1), (5.1) where f = f(a, x), g = g(a, x), h = h(a, x) ∈ Z[a^{±1}, x^{±1}]. Then we have Λ(G_R∗ ) = f̄Λ(G_0) + ḡΛ(G_∞) + h̄Λ(G_{−1}); (5.2) Λ(G_{R⊥} ) = gΛ(G_0) + fΛ(G_∞) + hΛ(G_{−1}); (5.3) Λ(G_R∗_⊥ ) = ḡΛ(G_0) + f̄Λ(G_∞) + h̄Λ(G_1), (5.4) where f̄ = f̄(a, x) = f(a^{−1}, x), ḡ = ḡ(a, x) = g(a^{−1}, x), h̄ = h̄(a, x) = h(a^{−1}, x). Let Λ(R_1, R_2) be the Λ polynomial of the link diagram D(U; R_1, R_2). Then using (5.1), we have Λ(R, R^∗) = ff̄Λ(0, 0) + fḡΛ(0, ∞) + fh̄Λ(0, −1) + f̄gΛ(∞, 0) + gḡΛ(∞, ∞) + gh̄Λ(∞, −1) + f̄hΛ(1, 0) + ḡhΛ(1, ∞) + hh̄Λ(1, −1).

(5.5)

It is easy to see that the following pairs of link diagrams are regular isotopic: D(U; 0, 0) and D(U; ∞, ∞); D(U; 0, −1) and D(U; 1, ∞); D(U; ∞, −1) and D(U; 1, 0). Thus we have

Λ(R, R^∗) = (ff̄ + gḡ)Λ(0, 0) + (fh̄ + ḡh)Λ(0, −1) + (gh̄ + f̄h)Λ(∞, −1) + fḡΛ(0, ∞) + f̄gΛ(∞, 0) + hh̄Λ(1, −1). (5.6) From (5.1)–(5.4), we see that Λ(R^∗_⊥, R_⊥) is obtained from (5.6) by exchanging f, g, h for ḡ, f̄, h̄, respectively. Therefore we obtain:

Λ(R, R^∗) = Λ(R^∗_⊥, R_⊥). (5.7) This completes the proof. □ For the tangle U(R) = T (R, 1, 1, 1, 2), let us consider the oriented link diagram D(U; R, R^∗) as shown in Fig. 13, which we denote by N(R). Then the pair N(R) and N(R^∗_⊥) share the same Kauffman bracket (Theorem 2.1 (i)), HOMFLY (Theorem 2.2 (i)), and Λ (Theorem 5.1)

polynomials. In general, N(R) and N(R^∗_⊥) are distinct. Take N(−2) and N(−1/2) for

example; each of them is a 2-component link consisting of a trivial knot and a square knot.

Let N(−2)^′ and N(−1/2)^′ be the 4-component links obtained from N(−2) and N(−1/2)

by taking 3-cables about the unknotted components, respectively. Then by the computer

calculation, we see that the Jones polynomials of N(−2)^′ and N(−1/2)^′ are distinct. We

omit the detail, which will be found in [29].

Figure 13. N(R).

References

[1] R. Anstee, J. Przytycki and D. Rolfsen, Knot polynomials and generalized mutation, Topology Appl. 32 (1989), 237–249.

[2] R. D. Brandt, W. B. R. Lickorish and K. C. Millett, A polynomial invariant for unoriented knots and links, Invent. Math. 84 (1986), 563–573.

[3] T. D. Cochran and D. Ruberman, Invariants of tangles, Math. Proc. Cambridge Philos. Soc. 105 (1989), 299–306.

[4] J. H. Conway, An enumeration of knots and links, in “Computational Problems in Abstract Algebra,” (J.

Leech, ed.), Pergamon Press, New York, 1969, pp. 329–358.

[5] P. Freyd, D. Yetter, J. Hoste, W. B. R. Lickorish, K. C. Millett and A. Ocneanu, A new polynomial invariant of knots and links, Bull. Amer. Math. Soc. 12 (1985), 239–246.

[6] C. F. Ho, A new polynomial for knots and links — preliminary report, Abstracts Amer. Math. Soc. 6 (1985), 300.

[7] J. Hoste and J. H. Przytycki, Tangle surgeries which preserve Jones-type polynomials, International J.

Mathematics 8 (1997), 1015–1027.

[8] G. T. Jin and D. Rolfsen, Some remarks on rotors in link theory, Canad. Math. Bull. 34 (1991), 480–484. [9] V. F. R. Jones, Hecke algebra representations of braid groups and link polynomials, Ann. Math. 126 (1987), 335–388.

[10] V. F. R. Jones, Commuting transfer matrices and link polynomials, International J. Math. 3 (1992), 205–212.

[11] V. F. R. Jones, Coincident link polynomials from commuting transfer matrices, in “Proceedings of the XXth International Conference on Differential Geometric Methods in Theoretical Physics,” Vol. 1, 2 (New York, 1991), World Sci. Publishing, River Edge, NJ, 1992, pp. 137–151.

[12] V. F. R. Jones and D. P. O. Rolfsen, A theorem regarding 4-braids and the V = 1 problem, in “Proceedings of the Conference on Quantum Topology (Manhattan, KS, 1993),” (D. N. Yetter, ed.) World Sci. Publishing, River Edge, NJ, 1994, pp. 127–135.

[13] T. Kanenobu, The Homfly and the Kauffman bracket polynomials for the generalized mutant of a link, Topology Appl. 61 (1995), 257–279.

[14] L. H. Kauffman, On Knots, Ann. of Math. Studies, Vol. 115, Princeton University Press, Princeton, 1987. [15] A. Kawauchi, On the Alexander polynomials of cobordant links, Osaka J. Math. 15 (1978), 151–159. [16] A. Kawauchi, A Survey of Knot Theory, Birkhäuser, Basel, 1996.

[17] W. B. R. Lickorish, A relationship between link polynomials, Math. Proc. Cambridge Philos. Soc. 100 (1986), 109–112.

[18] W. B. R. Lickorish and A. S. Lipson, Polynomials of 2-cable-like links, Proc. Amer. Math. Soc. 100 (1987), 355–361.

[19] W. B. R. Lickorish and K. C. Millett, A polynomial invariant of oriented links, Topology 26 (1987), 107–141.

[20] H. R. Morton and P. Traczyk, The Jones polynomial of satellite links around mutants, in “Braids,” (J. S.

Birman and A. Libgober, eds.) Contemporary Math., vol. 78, Amer. Math. Soc., 1988, pp. 587–592. [21] Y. Nakagawa, On the Alexander polynomials of slice links, Math. Sem. Notes Kobe Univ. 4 (1976), 217–224.

[22] Y. Nakagawa, On the Alexander polynomials of slice links, Osaka J. Math. 15 (1978), 161–182. [23] J. H. Przytycki, Equivalence of cables of mutants of knots, Canadian J. Math. 41 (1989), 250–273. [24] J. H. Przytycki, Search for different links with the same Jones’ type polynomials: Ideas from graph theory and statistical mechanics, in “Panoramas of Mathematics,” Banach Center Publications, vol. 34, Polish Acad. Sci., 1995, pp. 121–148.

[25] J. H. Przytycki and P. Traczyk, Invariants of links of Conway type, Kobe J. Math. 4 (1987), 115–139. [26] D. Rolfsen, The quest for a knot with trivial Jones polynomial: diagram surgery and the Temperley-Lieb algebra, in “Topics in Knot Theory,” (M. E. Bozhüyük, ed.) Nato ASI Series C, vol. 399, Kluwer Academic Publishers, Dordrecht, Boston, London, 1993, pp. 195-210.

[27] D. Rolfsen, Global mutation of knots, J. Knot Theory Ramifications 3 (1994), 407–417. [28] H. Saito, Classification of 2-string tangles of 6 crossings or less (in Japanese), Master Thesis, Osaka City Univ., 2000.

[29] H. Saito and S. Satoh, On graphs of tangles, in preparation.

[30] P. Traczyk, A note on rotant links, J. Knot Theory Ramifications 8 (1999), 397–403.

T. Kanenobu: Department of Mathematics, Osaka City University, Osaka 558-8585 Japan E-mail address: kanenobu@sci.osaka-cu.ac.jp