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OO0O0000 (Event horizon)
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Black Hole 0O OO OO0OO0OO0OOO0O
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Killing Horizons
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Minkowski spacetime with its “top” removed:

"black hole"
A

N,
L

RindlerRo

The Rindler horizon is a Killing horizon, but the "event horizon” is not
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Multi extreme charged black holes in de Sitter space
(Kastor-Traschen 93)

as? = Lz + 2 y2ax?, U= Z < M)

U2 e~ Ht|x — x|

The event horizon of two extremal black holes in de Sitter
space is not a Killing horizon
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Stationary Black Holes in D = 4 General Relativity
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@ 00 Blak Hole 0 O (Bardeen, Carter & Hawking 73)
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k = const., O0M = 8iH5A+ QuoJ
T

M:00, 10000, Qg:00000000, J:0000

— 000000000100 000

T = const., OFE =TS + work term

0000 — 00000 T=&k/2r (Hawking 75)
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Black Ring ?
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Summary: Black holes in 4D general relativity

Asymptotically flat stationary BHs in 4-dimensions

@ Exact solutions ~ -------- e.g., Kerr metric

@ Stability --------- Stable => final state of dynamics
@ Topology — --------- Cross-sections =~ 2-sphere

@ Symmetry ... Rigid = static or axisymmetric
@ Unigueness ~ --------- Vacuum => Kerr-metric

@ BH Thermodynamics  --------- guantum aspects

Which properties of 4D BHs are extended to D > 4? J
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Black Holes in D > 4 General Relativity
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Asymptotically flat stationary D > 4 BHs

@ Exact Solutions -+ - - much larger variety
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Asymptotically flat stationary D > 4 BHs

@ Exact Solutions -+ - - much larger variety

@ Stability ... not fully studied yet

@ Topology — --------- more varieties

@ Uniqueness -+ ---- not unique!
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Asymptotically flat stationary D > 4 BHs

@ Exact Solutions -+ - - much larger variety

@ Stability ... not fully studied yet

@ Topology — «-------- more varieties

@ Symmetry  ---o----- This talk

@ Unigueness  «-------- not unique!

@ BH Thermodynamics  --------- generalizeto D > 4
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Exact solutions in D > 4

@ Static spherical holes in VD > 4 (Tangherlini 63)

@ Stationary rotating black holes in VD > 4 (Myers-Perry 82)
e— Topology ~ SP—2
o— [(D —1)/2] independent spins
o— D > 6, No upper-boundonJ = “ultra-spinning”

. i/ M)? M
3 horizon & O:ng:Hi(1+(J/2 ) ) %73
r r
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Exact solutions in D > 4

Surprisein D > 4!

Rotating black-ringsin D =5  (Emparan-Reall 02)

@ — Topology of the horizon ~ S! x §2

@ — 3-commuting Killing fields Isom R x SO(2) x SO(2)

@ —not uniquely specified by global charges (M, J;, Ja2)
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Phase diagram of 5D Black-Hole and -Rings
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1 black-hole and 2 black-rings with the same (M, J;, J; = 0)

Uniqueness theorem no longer holds as it stands
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Exact solutions in D > 4

e— Solutions akin to Emparan-Reall’s ring (M, J; # 0,J2 = 0)

@ Black-ring w/ two angular momenta (M, J; # 0, J2 #0)

(Pomeransky & Sen’kov 06)

(Hollands & Yazadjiev 07, Morisawa-Tomizawa & Yasui 07)

e— Concentric multi-black solutions:
@ Black di-rings (“ring” + “ring”) (Iguchi & Mishima 07)
@ Black-Saturn (“hole” + “ring”) (Elvang & Figueras 07)

@ Orthogonal-di-/Bicycling-Rings (“ring” + “ring”)
(lzumi 07 Elvang & Rodriguez 07)
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Black holes and rings on various manifolds

@ MP in AdS or dS  eg. (Gibbons, Lu, Page, Pope 04)

@ —on GibbonS-HaWking e.g. (BMPV 97, Gauntlett-Gutowski-Hull-Pakis-Reall 03)
—on 4-Euclid Space  e.g. (Elvang-Emparan-Mateos-Reall 04)

@ — on Kaluza-Klein
— on Eguchi-Hanson
—on Taub-NUT

— on Goedel

e.g., (Ishihara, Kimura, Matsuno, Nakagawa, Tomizawa 06-08)

@ Black-branes
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Rigidity of D > 4 black holes
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Symmetry properties of black holes

Assertion:

(1) The event horizon of a stationary, electro-vacuum BH
is a Killing horizon

(2) If rotating, the BH spacetime must be axisymmetric

The event horizon is rigidly rotating with respect to null infinity
Black Hole Rigidity
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Brief sketch of proof of Theorem 1
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Sketch of Proof of Step 1

O0000ooo0O“0ro0o0 Kilingfield KeoDOoOOOOOO

ooogoooon
@ K°K,=0and £;K*=00nH
@ £Lxgaw =0 (Kilingegn.) onH
@ o = const. (K°V.K*=aK®* onH

Try thisone! K¢ =1t*—- 5%

oooooo oo X¥ood
ooog K«
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oo0 00 X0b0b0bobobobbotbebO0oboOooogon )

a =const. =: KOOOOO“O000” K*0000O0O
00: DooooX0oof“000”
o0 Xooooooooo

~S°Daf(@) + a(@)f (@) =
R = f(z)K®

00000000000000000
Ko 4+ §a — o — a4 Ga 000000000000000000
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40000000000 Hawking 73

fixed point 40000,00000000 X000
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0, 5D Myers-Perry BH w/ 2-rotations €2y, ()"

Y8, tP=K%4 5S¢

Sa = Q(l)gogl) + Q(Q)(p(é)

OOOO0OO0OO0O Killingvectorp*000000OODOO
0o0o0oQ./Qeii0000dooon seo0oooooon
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O00 D>40000: (Hollands, Al & Wald 07)

s«joo000bOo0bb = ODOOoooobooooooo J

@ — Ergodic theorem guarantees the limit “x(x)” exists

T
k*(z) == lim 1/0 afps(z)]ds (1)

“time-average” “space-average”
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H MA=const.lines §H [ppppo OO0 OEODOOOOOO
N Gaussian-Null-Coordinates (GNCs)
= (U,\,604) 000000

=n

A: null geodesics affine parameter
Event horizon H: A =0

saujf '}suod
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Gaussian-Null-Coordinates (GNCs)

In GNCs 2/ = (U, A, §) the metric takes the form

ds? = 2dUd) — 22adU? — 2234d02dU + y45d04d6" cc

@ The event horizon Hisat A =0
@ K%:=(0/0U)" satisfies
K,K*=0(\), K°V.K*=a(z)K*+ O\

So, if K is a Killing field and a(z) is constant,
=« will be the “surface gravity”
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00000000 K*=F(z)- K KV, K*=krK* k#0000

 --- £5F(x) = a(z)F(z)+x ---* 000" K®
Fy

@) - £50 =1- 7

..* 000"00$0000 {&4}

Eqg. (1) O O Ergodic theorem O Einstein’s equation O
1
(3) Do = _§£SﬁA onH

Oo00o0o0o0oo0 ooooo0o0 well-defined

T

F(z) = /@/OOO P(z,T)AT, P(z,T) = exp <_/

00000070000 Ve>0, P(x,T) <el ™7 < 0o

ol )l

ooooo Cosmophysics Group IPNS KEK



Solution to Eq. (2):

Eq.(2)00Eq. (1) 000000

£s¥=qa(z)—x 000 U=logF(z)—skU DOO0OOODO! J

. . 1
Einsten equation Dja = —§£SﬂA onH 0O0O0O0O

£g (DADA\II + ;DA5A> =0

1
ooo 00 DADA\IJ:fiDA/BA oooo0OD0OO0O0O0on

D00 00000000 GNCs &4 =(\U,z4) 0000000
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00 («x=000000000000000

(1) --- £510gF(:E)+%x):a(x)
2) --- £SU’:1—F};;)

00 k=00000Eq. ()0@)00000:

£s¥ = J(z)

. . . 1
Eqg. (1) O Einstein’s equation Dja = —ifsﬁA onHOOOODOOO

000 Eq. (200000 «(x) 000000 OOEInstein’s equation
goooboooboooboooboooo

C.f., fork #0, U = log F(z) — kU , Ji=a(r) -k
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Musta D > 4 Extremal BH be Rigid?
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Towards Rigidity Proof of D > 4 Extremal BHs

Facts:

@ S*—projection of t* on a cross-section Y—generates Abelian
Lie-group, G, of isometries, ¢s on a compact space ¥

@ Closure of G must be in the isometry group of (3,v4p) and
isomorphic to a N-torus ~ U(1)Y  with N = dim(G)

@ Hence there exist Killing vector fields ¢, ..., ¥% on (3, vap)
S =Quyviy + -+ Q)Y
for some numbers Q := (Qy,...,Qx) € RV

@ When the orbits of S* are not closed, N > 2 and Q,/Q; # Q for
alli #j
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Lemma
Let J be a real analytic function on X with the property that

T— o0

1 T
0= lim T/o Jo ¢ (x)dr.
Let Q = (Q4,...,0x) € R satisfy the following condition:
There exists a ¢ > 0 such that
12-m| > Q] - [m|™1
holds for all but finitely many m € Z~. Then

£V =J

has a real analytic solution ¥ on X.
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Key point of the proof

Let J(z,m) be the Fourier coefficients of .J:

LsJ(x,m) = —im - QJ(z,m)

Then,
. J(z,m
U(x)=1 Z 751 Q)
meZN\0 — T
formally solves
£s\l’ = J(x)

The condition |2 - m| > Q] - |m|~? gurantees uniform bound

—clm/|
()] < Z const.e < const. Z \m\qe*dm' < 0o

mezvyo £ £ meZN\0

Therefore the formal solution ¥ constructed above makes sense
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Rigidity of D > 4 Extremal BHS: (Hollands & Al in progress)

Theorem:

Consider an analytic solution to the vacuum Einstein equations
containing a stationary black hole of with extremal horizon « = 0.

Let Q = (Q4,...,Qx) be the angular velocities associated with
projection S* of t* onto X.

If these satisfy the condition, called Diophantine condition
2-m| > Q] - [m|™?

for some ¢ > 0 and for all but finitely many m ¢ Z", then there exists
a Killing field K* whose orbits are tangent to the null-generators of H.

Thus, H is a Killing horizon
Using this result, we can also obtain Axi-symmetry Killing fields, ¢¢
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Remarks:

We need to impose two technical assumptions:

@ Analyticity
@ Diophantine condition: 3¢ > 0 such that |m - Q| > |Q| - [m| ™7

1
q
m;

Qi m;

Qj m;

eg., dg>0 s.t.,

In mathematics, it is well-known that

The diophantine condition holds for all Q@ = (4, ...,Qx),

except for a set of Lebesgue measure zero

(i.e., when Q;/Q; for ¢ # j are Liouville numbers)
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Summary

ooooo Cosmophysics Group IPNS KEK



Summary: Stationary BHs in D > 4 General Relativity

@ Exact Solutions ---  much larger variety
Rotating Holes (Myers & Perry 86) Rotating Rings (Emparan & Reall 02) & many
@ Stability ---  not fully studied yet

Static vacuum = stable (Al & Kodama 03)

Rotating holes =- only partial results:

Special case (e.g., Kunduri-Lucietti-Reall 06, Murata-Soda 08)

o TOpOIOgy B more varieties  some restrictions, (Galloway & Schoen 05)
@ Symmetry e rigid  (Hollands, Al & Wald 07 Hollands & Al)
@ Uniqueness --- non-unique Hole and Rings w/ the same (.J, M)

Static holes: e.g., (Gibbons, Ida & Shiromizu 02)
Uniqueness in 5D rotating holes/rings (Morisawa-lda 04, Hollands & Yazadjiev 07)
(Morisawa, Tomizawa & Yasui 07)

@ BH Thermodynamics --- generalize to D > 4 eg. (Rogatko 07)
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