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1. Introduction
*  Five-dimensional black objects

*  Circular orbits around squashed
Kaluza-Klein black holes

2. Innermost stable circular orbits
around squashed Kaluza-Klein

black holes
e (Charged) static squashed black holes
«  Charged rotating squashed black holes
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Dimensional reductions
ERICIREZE = ARIAUIZ 4R o2
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5-dim. Black Objects [ DIRE. SWICHE22iIziEE ]
® ARTL : W, B2E P, Moo BTSRRI L
= Kerr BH with S2 horizon only

3 .
® 5/%Jt : For above conditions 5 . Three - sphere

— Variety of Horizon Topologies < S>3 / Z, . Lens Space
S2x S!: Black Ring

Black Holes Black Rings
(S3) (S2xSt)



Asymptotic Structures of Black Holes

« 4D Black Holes : Asymptically Flat (R' x R' x §2)
I i@fi}iiz;[;ﬁ (time) (radial) (angular)

- 5D Black Holes : Variety of Asymptotic Structures

f .
Asymptotically Flat : Rl Rl §3 . 5D Minkowski

3 i R'xR'x S°/7Z, : Lens Space

Asymptotically Locally Flat : <[ RUXR xS2x ST : 4D Minkowski |
~ |\ + a compact dim. I
__________ o ——
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Kaluza-Klein Black Holes



Squashed Kaluza-Klein Black Holes



Kaluza-Klein Black Holes
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Squashed Kaluza-Klein Black Holes
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A,

Vacuum Squashed Kaluza-Klein Black Holes

e metric

ds* = =V (p)dt* + U(p) [

-2

?dQ] "0 (i + cos Odd)?

dp’
Vip)

Vip) = _;g Ulp) = 1"‘; dQ%. = df* + sin® Od¢*
—o<t<oo, 0<p<oo, 0= <m 0<¢<2r, and 0 < ¢ < 4.

» Killing vector fields : d/ot , 9/o¢p , 0/0y

« Parameters : pg > 0 and py > 0

ra. = 4po (pg + po).
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Three-sphere S3

*S3 : Hopf Ny RAUKEE (S2EDYA R FENTES'T 74 3—)
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( S2 base ) ( twisted S* fiber )

NS = S2 & STDOY A XA 1:1
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Induced metric on black hole horizon p,

dpg .;.2 | )
ds* = =V (p)dt* + U(p [ + deEE] + —— (dv + cos Odo
r 0
Vip)=1-2 U@p)=1+2
(p) p (p) p

The black hole horizon is located at p = p,

dsgip o t—const. = PalPo [(1 + E—z)((jﬂ‘:" —|—((dt, + COS E’dqﬁ]?]

_—_—

the radius of the S? base is larger than that of the S! fiber.
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Asymptotic structure of squashed black hole

dpg .;.2 | )
ds’> = —V(p)d? + U [ + EdQ%] + —=2— (di) + cos Bd¢
- Pg T p[:l
L.-’ — _ _] LI — 1_|_ _j
(p) p (p) p

At the infinity, p = oc,
-2
ds® o= —dt* + dp” + p*dQg. + 'f (dip + cos Bdp)?

A twisted S! fiber bundle over 4D Minkowski spacetime

RFRTEHA R 12 = 4po(pg + po).
KK T Z7 9 7 FR—=N" & r, <<p,
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Physical Quantities

dp? 2 | 9
ds’ = —V(p)dt* + U [ EdQ ] =~ (di» + cosOdo
Pg T P']
Vip)=1=-2, Ulp)=14+—
(p) = p (p) = .

» Killing vector fields : d/ot , 9/o¢p , 0/0y

T o0 Pg

Gs

e Komar mass: M =
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Timelike Geodesics in Vacuum
Squashed Kaluza-Klein Black Hole
Spacetimes

Phys. Rev. D 80, 104037 (2009)
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Lagrangian and constants of motion

* metric
i =~V (9 + U(p) b, et + "% (i + cosbdg)’
Vi(p) ] AUu(p) |
Vip) =1~ ; Ulp) =1+ p—;u 0% = db* + sin® 0

* Lagrangian: 20 = —1

L = 1 ) E 1+ Up? (E}E 1 sin? Eq&:g) + i (L + {?DSQQE})E
2 yrTEr 7o) gy (PR
* Constants of motion :
E = Vi,
2 6
L :=Up*sin®6¢ + ;{?S (1, + cos 9@)

,J,,.Z

Py 1= YTii (1 4 o8 9@)
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Timelike geodesics without extra dimensional direction

« Lagrangian : 2L = —1

1 2 Uy 2 (2 L 202\ L Too (. 1\ 2
= — — o == 5 . 7
c 2[ Vi + 2+ Up (9 + sin 9¢)+4U (L—F{?DSQQ)

« Assumption : Particle has no momentum in extra direction

T2

Pv = 157 (w + cos qu)

* Effective Lagrangian

i . .
Log = ! —Vi* + ;”{.}2 + Up? (Efz + sin? 9;&2)] 2L = —1

We can concentrate on orbits with 6=s/2 on assumption of p,,=0
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Timelike Geodesics

* Energy conservation equation

dp\’ .
(1+2) (%) +Viactr) = F
p dr

» Effective potential

Vkk(p) = (1 - P_;) (1 " P (ﬁLj P“J)

p,— 0 : Effective potential for 4D Schwarzschild black holes

Vik
.00

L =2p, and pg = 10~2p,

0.95
0.96 F

094l

092 -




Comparison of Timelike Geodesics

5D squashed Kaluza-Klein BH 5D il T -3H BH
- Pg L’ re Lir
LIP.;K_,O :(1——)(1—I— ) — __9 J L
(°) p p(p+ po) stlr) = r2 ,r?
Vi Var
100 Po=1072p, 16F
098} L5t
vock Stable circular orbit ! “H
Hor 13F
094} '-2;'
I i1k
! ‘. R Lof
== i N "
0 s 10 15 20 £y 0 5 10 15 20 1

Describing geodesics
around compact objects
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Stable circular motions

circular motion p = R = const. with py, =0 and ¢ = 7/2.

From Vi = E? and dVkk/dp = 0,

w? =0, v’ =0, and u¥ =0,

o RR2R + p)
R(2R — 3py) + po(R — 2p,)
Py Z _
R*(2R — 3pg) + poR(R — 2pg)

Kepler’s third law

2
I" = éﬁwﬂg (1 i 1@)
44V,

77 2 7 iR — V2R 2 HIN e RFR ST OBk



2. Innermost Stable Circular Orbits

around Squashed Kaluza-Klein
Black Holes



Vacuum static squashed
Kaluza-Klein black hole case
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Types of timelike geodesics in vacuum squashed KK BHs

) = (1 B P_;) (1 T (pji pn))

Vkk — 1 5)
1.00} [ po=10""py |
L =2p,

0.90
0.851 Innermost Stable Circular Orbit
| (ISCO)
P
/ > 10 15 20 P

4D Schwarzschild like behaviors
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Innermost Stable Circular Orbit and Binding Energy E,

2
 Energy conservation equation : ( 1+ @) ( d‘ﬂ) + Vi (p) = B2

o ) \dr
- Binding energy : % F¥IAISCOIZH B < F TIOMIT 2 T 7 L% —
Vxx

LL00 [ e

Eb =1-— \/VKK(pISCQ) =1—+v0.89 ~ 57%

0.95F
cf.
0.90 .
» 4D Schwarzschild : 5.7%
* 4D extreme RN :8.1%
0.85

* 4D extreme Kerr :42%

Jo

0 5 10 15 20 Pg
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Innermost stable circular orbits in vacuum squashed BH spacetimes

Vkx

Po=Pg /2

0.94

0.92

0.90

0.88

0.86

0.84

2 4 6 8 10 12 14 Py
REIRITTHA X 2 = 4po (py + po).

“RIEBIT7 7 v 7 Fx—N" B, Binding Energy = K




Charged static squashed
Kaluza-Klein black hole case
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Timelike geodesics of neutral test particles

* Energy conservation equation

dp\* .
(12 (2) - £
p dr

* Effective potential

oo = (1=5) (=) (i,

p,— 0 : Effective potential for 4D Reissner-Nordstrom black holes

Vi [P+ =2p—, po=10""p_]

095}

L? = 25p%
L? ~19p*

T

0.90

T

0.85

T

0.80
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Innermost stable circular orbits in charged squashed BH spacetimes

0.90 - P+ = P—> PO = 10_510—

p+ =2p_, po=10""p_
0.85F — g

:  pr=2p_, po = —p_
0.80F

P+ = P—, Po = —pP—
0.75F

: «— Ey=1-/Vkk(pisco) =1 —+v0.72 ~ 15%
0.70

: * 4D extreme RN : 8.1%
065} * 4D extreme Kerr : 42%

: p

2 4 6 8 10 12 14 P-

HRBIRITEHA X+ r2 =4 (py + po) (p— + po)
“RIEI7Z v 7—)0" . Binding Energy = K



Charged Rotating Squashed
Kaluza-Klein Black Holes

Phys. Rev. D 77, 044040 (2008)
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5D Einstein-Maxwell system with Chern-Simons term

* Action

| 2
S = d°. R—F, Ft’— J=g ‘f#”ﬂfﬂA F, F ]
16w65f ' [ o N vp" oA

» Equations of motion

Ruy — 5RGuy = 2(F u\F )" — 58k oo FP7)

v

|
Fuv 4 Eﬂllp{}'ﬂﬁypf, oy = 0.

WV 2\/§ﬂ



R —:

Charged Rotating Squashed Kaluza-Klein Black Holes

* Metric

2

d
ds* = — F(p)dt* + U(p) [ P

Vip) " Pgdﬂgﬂl + W(p) (di + cos 0dp)” + 2K (p)dt (dip + cos )

 Gauge potential

NEY po\ [ri +a?q a
A=——|1+— | | =——dt — = (dv Odo
2*‘"30( +P)[4T§c.Lﬁn g (4 cos0o)

» Killing vector fields : d/ot , 9/d¢p , 0/0yw

e Parameters : m, ¢, a, T, L and pg

rgﬂ — Q-m*rgg +q%+ 2(12(-1?1 +q)
4r2

18, — a2 = 2(m + q)r%)
Ard

Po =

L? =
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Metric functions

U(p) =1+ 22,
P

F(p) = [1'1’3}52 (riﬂ — 2-1?1('_/'T(,0)-‘r‘2 +¢*U(p )E] ?“Ec_
2

+8a% (¢* — (2m +q)rZ) U (p) (¢°U(p) — (2m +q)rl,) 72

L@ (¢ = @m A gJrs) * (=re, — 2a%(m + QU (p)*rs, + a*¢"U(p)") /165212
L*U(p)
V() e = 2mU(p)rs, + (2(m + q)a® +¢*) U (:ﬂ)2
(p) _ 4,013?12
W () o T20%(m 4+ QU(p)*rs, — a”q*U(p)’
= AU (o) /

K(p) =[a((2m+q)rs, — (¢ +4L°2m + q)U(p)*) S
+2U(p)* ((m + q)(2m + q)a’ + 2L*¢*U (p)) 75,
—a**U(p)*(2(m + q) + (2m + q)U(p))r2, + azq“U p)*)] /8Lpor,U(p)
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Region of Parameters (m, q, a, r..)

* No naked singularity and closed timelike curve on and outside BH horizon

m > 0,
m > —q,
m > q + 2a°,

(r2,+q)°
2(r2 —a?)
6

[

m < q,

a’q* —r
272
2a°Ts,

m > — q.
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Region of Parameters ( m, q, a, r.

r,=2d

m
40




H

Region of Parameters ( m, q, a, r.

r2)
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Induced metric on black hole horizon p,

ds? =

2

— F(p)dt® + U(p) [ dp

70 + p? dﬂgg] + W (p) (dip + cos 8dd)* + 2K (p)dt (dip + cos Odp)

 Two horizons : p=p

—2(m+q)a® — ¢* + (-m. +/(=2a2 +m — q) (m + q)) r2
4r2. po

P+ =

e Induced metric

———-~

A%\ omst. pp, = piU(pi)’f\iﬂ -+ W (pi)((dt* — m@drs,

e =

horizons are the squashed S* in the form of the Hopf bundle
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Asymptotic structure of charged rotating squashed black hole

2

d
ds* = — F(p)dt* + U(p) [ P

Vo) + p? dQ%g] + W (p) (di) + cos8dd)* + 2K (p)dt (dip + cos 0de)

At the infinity, p = oc,
ds? ~ —dt®> + dp?® + p*d02%, + L? (dv + cos 0do)?

A twisted S! fiber bundle over 4D Minkowski spacetime

SRIRTEFA K o 12 = e = 2 s

1,4
4rs,

“KIKW 77 75— N" & L <<py



1
Physical Quantities

2

ds* = — F(p)dt* + U(p) [Lf’(r)p) + pﬂdﬂggl + W (p) (dib + cos dd)* + 2K (p)dt (di + cos 0de)

Killing vector fields : 9/dt , 9/o¢p , 0/0y
* Komar mass :
M ﬁQ-rgo(m-rgo — q*) = 2a*(m + q)¢* — a*(¢* — Amg*r2, + (4m* + 4mq + 3¢°)rs) I
2r3 (1 — a*(q* = 2(m + q)r3,))po |
« Komar angular momenta :

Jy =0,

7 ala’q® + 3¢*rL, —2(2m + ¢q)rS)
& 'L{} — _ﬂ_

| 4rd \/rS — a2(q? — 2(m + q)r2)
* Electric charge :

3
Q = —gﬂq

L,

Spacetime has only one angular momentum in extra direction
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Various Limits

m=q + 2a*

BPS extreme BHs non-BPS extreme BHs
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BHs with twisted constant S fiber

(g, m) = (—ra, r2)

4p—pilp—p)—a’ dp*

ds* = — . dr* — + p2dQ2,
ap? oo~
4 _—a* 4 a2
yoip-—a L VAP iTo.
4 2p

(g, m) = (ri, —2a%,13%).

., 1623__ ___33_6 _3., dl
g2 — _ 16p1p (p—p)p—p_)—ala p+p)dT“+ p

16p3% p2 p? (1 _m)(

L Upip —d)Cpip +af ., @ —6pip \/(4p+p— - a“)(2p+p— + a?)?
16p% p~ 16p% p2

-I-p dﬂ“

deTg,



Timelike Geodesics in Charged
Rotating Squashed Kaluza-Klein
Black Hole Spacetimes
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Lagrangian and constants of motion for neutral test particles

* Metric

2

d , | | . | |
ds® = — F(p)dt* + U(p) [V’(Op) + de9§2] + W (p) (dib + cos 8dd)* + 2K (p)dt (dip + cos Odp)

* Lagrangian: 2,0 = —1

1 n U . : , -\ 2 L ,
L= 5 [—FI‘.Q + Fﬁ)g +Up (92 + sin? 9@52) + W (L + cos H(;’J) + 2Kt (-1;'; + cos 9@)]

—

* Constants of motion :

E—Fi—K (L + cos 9.:_;.-%)
| .= Up?sin® 0 + {I{f + W (-1;'} + cos 9@'5)} cos b,

Py = Kt +W (L ~+ cos 9:_;-3;) :



T

Timelike geodesics without extra dimensional direction

« Lagrangian : 2L = —1

-
|

1 . [f . . . . 2 o . .
L=- {—Fﬁ + F,@? +Up? (92 + sin® 9@152) + W (L + oS 8@) + 2Kt (L + cos 9@‘))]

]

« Assumption : Particle has no momentum in extra direction

psziJrW(?,b—FcoquB) =0

» Effective Lagrangian

T

L _1 —( F E t’ﬂ E'Q Uf? 92 29;2 E L
off = 5 + W + v +Up + sin“ 6o 2L = —1

=

We can concentrate on orbits with 6=s/2 on assumption of p,,=0
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Timelike Geodesics

» Energy conservation equation

K2\ U [dp\~°
Fi—)—=(-L 1% — 2

Vikk (p) = L?pr2, (p*ra, — 2mp (p+ po) ra, + (2(m + q)a* + ¢*) (p+ po) ?) (1 . 12 )

» Effective potential

KK

5 (p*rS, +2a%(m + q)p (p + po) 2rZ, — aq* (p + po) ®) p(p=+ po)
Vik
=5a, L=a
1.00l- ﬁﬁ{ 5 ’

[2= 120qa2

0.95

[2= 88a?

[2= 50a3

0.90

0.85

Binding energy M1k ?

P
i L L L L Co b _
10 20 30 40 50 60 70 80 a
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(#83&') Innermost stable circular orbits around charged static squashed BHs

Vkk ;
0.90 - P+ = p—, po=10""p_
p+ =2p_, po=10""p_
0.85F — —
 pr=2p_, po = —p_
0.80
P iy P+ = P—5 Po = —P—
.7 0.75F . .
/ \ e \
(\ % Ey,=1-— \/VKK(pISCQ) =1—-WV 0.72”‘: 15%
0.70 - / T
\\\\ i _7 * 4D extreme RN : 8.1%
0.65F i * 4D extreme Kerr : 42%
p
2 4 6 8 10 12 14 P-

HRBIRITEHA X+ r2 =4 (py + po) (p— + po)
“RIEI7Z v 7—)0" . Binding Energy = K
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Innermost stable circular orbits around charged rotating squashed BHs

m= const.

py= 0.6a, L=a

py= 0.6a, L=1.2a

Py= 2a, L=1.1a

Pu= 5.3a, L=1.1a

|

15 20 a
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ISCOs around charged rotating squashed extreme BHs

m
40+

30

; / py= 1.5a, L= 0.7a

0.75}
0705/
0.65|

0.60 -
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Innermost stable circular orbits around charged rotating squashed BHs

40+

30

m

Py= 2a, L= 0.002a

T
0.0000292
0.0000291 |

0.000029 -
0.0000289 _—

Ve

/

10

|
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Innermost stable circular orbits around charged rotating squashed BHs

m
40+

30

Py=5.5a, L=0.003a

G

S

X

[a—

<
[=))
I

| =

12 14 16 18 20 a
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Innermost stable circular orbits around charged rotating squashed BHs

m
40+

30

py= 6a, L= 0.0005a

H 10 20 30 40 50 a

Binding energy E, = 100% for “astronomical” squashed BHs
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Conclusion

We consider timelike geodesics of neutral test particles around
5D charged rotating squashed Kaluza-Klein black holes

* Types of geodesics are similar to those of 4D black holes

* Binding energy E, = 100% for “astronomical” squashed BHs

cf.
 Charged particles in 4D extreme RN : ~100% as |q| — large
( Johnston & Ruffini, 1974 )

 Neutral particles in superspinar of string theory : ~100%

( Gimon & Horava, 2009 )
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Future works

M Classical tests in squashed Kaluza-Klein black hole spacetimes
* Light deflection
* Time delay
* Perihelion shift

B D>5 squashed BPS Kaluza-Klein black holes

* D=4, 5 : special cases ?

B 5D charged slowly rotating Kaluza-Klein dilaton black holes
with arbitrary Chern-Simons coupling

 Counterrotating horizons ?

e Instabilities ?
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Large Scale Extra Dimension in Brane world model

DRITEFZE (D =4) (RERTHYA4XL)

Gp = LP™*Gy4 . DRITE HER
D=3 D+1 1/(D=-2)
PD = ( G ) : DRITITSVVIRILF—
D

of. Eps= + 5/ Gy =~ 10°GeV

® When E,,=TeV , D=6

> \1/(D-4)
Ep,
L= hc( ==
Epp

~ ().1 mm
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S Iy R—ILDOEREHE
ay 7Rk Tcomp = hi/mc

Y'Sch = YCom
779 7w —NP8E Fsen } P

[4RTC]  rep = Gam /c2

hed
Particle with mc’® > Epy = ren ~ 10 GeV > 1GeV: 1 Proton
4
oy — 1/(D-3)
[DRIT] rgep = (GDm/cz)

;D=3 D+1 ) 1/(D-2)

Particle with mc* > Epp = (
Gp

#l. LHC I0:&%&A : Ep, = TeV

= mc?2 = TeV = (proton mass) X 103 S=-J5yok—)L !



Three-sphere S3
dQ;, = dy’ +sin’ y (dv* + sin® vd¢’)

( 0<y<nmn, O0<Lv<nm O0<&EL<2m )

e == = B3 e

_oem ==

( S2 base ) ( tW18ted St flber )
(dQ3, = do* +sin® 6dp” )
( 0<@<m 0<¢p<2r, O0<y<4r )

Sl

12

S2



Three-sphere S3




Two types of Kaluza-Klein BHs

Point Singularity

Stretched Singularity



