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Geometry	


M2-­‐brane	
  Physics	




0.	
  Overview	




String	
  Theory	


Type	
  IIA	


Type	
  IIB	


Hetero	
  E8	
  x	
  E8	


Type	
  I	


Hetero	
  SO(32)	


Exci`ng	
  for	
  
E3	
  x	
  u(1)	
  

=	
  [su(3)	
  x	
  su(2)]	
  u(1)	


Qunatum	
  
Gravity	




String	
  Duality	
  &	
  M-­‐Theory	


M-­‐Theory	


11D	
  Supergravity	


Type	
  IIA	


Type	
  IIB	


Hetero	
  E8	
  x	
  E8	


Type	
  I	


Hetero	
  SO(32)	




String	
  Duality	
  &	
  M-­‐Theory	


M-­‐Theory	


11D	
  Supergravity	


Type	
  IIA	


Type	
  IIB	


Hetero	
  E8	
  x	
  E8	


Type	
  I	


Hetero	
  SO(32)	


•  M-­‐Theory	
  
	
  -­‐	
  Strong	
  Coupling	
  Limit	
  of	
  Strings	
  
	
  -­‐	
  Unifying	
  All	
  Perturba`ve	
  Strings	
  
	
  -­‐	
  Low	
  Energy:	
  11-­‐Dim	
  Supergravity	
  

•  Solu`on	
  to	
  11-­‐Dim	
  SG	
  
	
  -­‐	
  Fundamental	
  M2-­‐branes	
  
	
  	
  	
  	
  (DOF	
  of	
  N	
  x	
  M2	
  ~	
  N3/2)	
  
	
  -­‐	
  Solitonic	
  M5-­‐branes	
  
	
  	
  	
  	
  (DOF	
  of	
  N	
  x	
  M5	
  ~	
  N3)	
  



M	
  is	
  for	
  Mother	
  /	
  Membrane	
  /	
  Mystery	


•  	
  Mother	
  theory	
  for	
  Strings	
  ?	
  
•  	
  Theory	
  of	
  Membranes	
  ?	
  
•  	
  Mysterious	
  Theory	
  ?	
  
	
  	
  	
  -­‐	
  Worldvolume	
  Theories	
  for	
  M2	
  /	
  M5	
  ?	
  
	
  	
  	
  -­‐	
  Degrees	
  of	
  Freedom	
  N3/2	
  /	
  N3	
  ?	
  
	
  	
  	
  -­‐	
  Whole	
  Moduli	
  Space	
  ?	




You	
  Are	
  Here!	
  (Hopefully)	


M-­‐Theory	


You	
  Are	
  Here!	
   Quest	
  for	
  
A	
  Map	
  of	
  M-­‐theory	




-­‐	
  Inves`gate	
  Special	
  Points	
  
	
  	
  	
  e.g.	
  Osaka	
  City,	
  Equator,	
  Polar	
  Points,	
  ...,	
  The	
  Center	
  of	
  Earth	
  

-­‐	
  Understand	
  the	
  Symmetry	
  of	
  the	
  Earth	
  
	
  	
  	
  "The	
  Earth	
  is	
  approximately	
  A	
  Sphere."	
  "so(3)	
  Symmetry"	
  	
  

A	
  Map	
  of	
  The	
  Earth	


You	
  Are	
  Here!	
  
	
  (Osaka	
  City)	
  

The	
  North	
  Pole	




Our	
  History	


•  Osaka	
  (Phenomenological)	
  

•  Sphere	
  (Theore`cal)	
  
•  The	
  Center	
  (Ultra-­‐Theore`cal)	
  

You	
  Are	
  Here!	
  
	
  (Osaka	
  City)	
  

The	
  North	
  Pole	




History	
  of	
  String	
  Theory	


•  Osaka	
  (Phenomenological)	
  

•  Sphere	
  (Theore`cal)	
  
•  The	
  Center	
  (Ultra-­‐Theore`cal)	
  

Our	
  History	
   History	
  of	
  String	
  Theory	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  or	
  M-­‐Theory	
  

Consistency	
  in	
  
Quantum	
  Theory,	
  
Constraints	
  from	
  
Symmetry,	
  ...	




A	
  Map	
  of	
  M-­‐Theory	


ABJM	
  Theory	


Integrability	
Excep`onal	
  Group	
  En	


Correctly	
  Speaking,	
  A	
  Map	
  of	
  
Supersymmetric	
  Backgrounds	
  

for	
  M2-­‐branes	
  	




A	
  Map	
  of	
  M-­‐Theory	


Symmetry	
  
Breaking	
  

You	
  Are	
  Here!	
  

ABJM	
  Theory	


Integrability	
Excep`onal	
  Group	
  En	




Contents	


1.	
  ABJM	
  Theory	
  (The	
  Center)	
  
2.	
  Super	
  Chern-­‐Simons	
  Theories	
  (Sphere)	
  
3.	
  Symmetry	
  &	
  Symmetry	
  Breaking	
  
	
  	
  	
  	
  	
  	
  (Maybe	
  Polar	
  Points,	
  Not	
  Osaka	
  City	
  Yet)	
  

	




1.	
  ABJM	
  Theory	


The	
  Worldvolume	
  Theory	
  Describing	
  
M2	
  on	
  Background	
  with	
  Largest	
  SUSY	
  

"The	
  Center	
  of	
  Earth"	




Worldvolume	
  Theory	
  of	
  M2-­‐branes	


•  Single	
  M2-­‐brane	
  (Breaking	
  Transl.	
  Sym.	
  &	
  SUSY)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  *	
  8	
  bosons	
  (spin	
  0)	
  +	
  8	
  fermions	
  (spin	
  1/2)	
  	
  

•  Mul`ple	
  M2-­‐branes	
  ???	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  *	
  gauge	
  field	
  (spin	
  1)	
  
•  Supersymmetrize	
  Chern-­‐Simons	
  field	
  to	
  N=8!	
  

[J.H.Schwarz	
  2004]	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  *	
  No	
  DOF	
  for	
  CS	
  in	
  3D	
  

•  Only	
  N=3	
  for	
  Arbitrary	
  Gauge/Representa`on	




[Aharony-­‐Bergman-­‐Jafferis-­‐Maldacena	
  N1=N2,	
  
Hosomichi-­‐Lee-­‐Lee-­‐Lee-­‐Park	
  N1≠N2,	
  
Aharony-­‐Bergman-­‐Jafferis	
  N1≠N2,	
  2008]	


ABJM	
  Theory	


N=6 Chern-­‐Simons	
  Theory	


U(N1)k	
 U(N2)-­‐k	

hypermul`plet	
  
(bifundamental)	


vector	
  mul`plet	
  
(adjoint)	


(Expected	
  to	
  Enhance	
  to	
  N=8	
  for	
  k=1)	


(N1,N2)	
  	




Brane	
  Configura`on	
  in	
  IIB	


From	
  Large	
  Supersymmetries	
  
[Kitao-­‐Ohta-­‐Ohta	
  1998,	
  ...]	
  

	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  →	
  T-­‐duality	
  to	
  IIA	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  →	
  Liu	
  to	
  M-­‐Theory	
  	


NS5-­‐branes	
 (1,k)5-­‐branes	


N2	
  x	
  D3-­‐branes	


N1	
  x	
  D3-­‐branes	


(IIB	
  String	
  Theory)	




Brane	
  Configura`on	
  in	
  IIA	


→	
  T-­‐duality	
  to	
  IIA	


KK-­‐monopole	
 KK-­‐monopole	
  
	
  +	
  k	
  x	
  D6-­‐branes	


N2	
  x	
  D2-­‐branes	


N1	
  x	
  D2-­‐branes	


(IIA	
  String	
  Theory)	




Brane	
  Configura`on	
  in	
  M	


→	
  Liu	
  to	
  M-­‐Theory	
  
	
  
	
  
	
  
	
  
	
  
(1,0)	
  KK-­‐monopole	
  +	
  (1,k)	
  KK-­‐monopole	
  ⇒	
  C4/Zk	

	


N2	
  x	
  M2-­‐branes	


N1	
  x	
  M2-­‐branes	


(M-­‐Theory)	




Min(N1,N2)	
  x	
  M2	
  &	
  |N2-­‐N1|	
  x	
  frac`onal	
  M2	
  
	
  on	
  C4	
  /	
  Zk	


ABJM	
  Theory	


N=6 Chern-­‐Simons	
  Theory	


U(N1)k	
 U(N2)-­‐k	

HyperMul`plet	
  

Vector	
  Mul`plet	
  



Par``on	
  Func`on	
  OR	
  VEV	


Par``on	
  Func`on	
  OR	
  
VEV	
  of	
  Half-­‐BPS	
  Wilson	
  Loop	
  in	
  Rep	
  Y	
  	
  
on	
  Min(N1,N2)	
  x	
  M2	
  &	
  |N2-­‐N1|	
  x	
  Frac`onal	
  M2	
  

〈sY〉k(N1|N2)	


Auer	
  Localiza`on	
  Technique,	
  ...	
  
[Kapus`n-­‐Willey-­‐Yaakov	
  2009]	


〈sY〉k(N1|N2)	

=∫…	
  DA	
  …	
  exp(-­‐SABJM[A,…])	
  tr	
  P	
  exp∫Aμdxμ	
  +	
  …	
  
=	
  …	
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Characters	
  labeled	
  
	
  by	
  Young	
  Diagram	


HyperMul`plet	


Vector	
  Mul`plet	


1-­‐loop	
 Classical	


Physically,	
  	




Grand	
  Canonical	
  Ensemble	


•  Canonical	
  Par``on	
  Func`on	
  
Zk(N)	
  	
  	
  =	
  	
  	
  〈sY=1〉k(N|N)	
  

(Par``on	
  Func`on	
  without	
  Frac`onal	
  Branes	
  (Rank	
  Difference)	
  
or	
  Wilson	
  loops	
  (sY)	
  )	
  

•  Grand	
  Canonical	
  Par``on	
  Func`on	
  
Ξk(z)	
  	
  =	
  	
  ΣN=0∞ zN	
  Zk(N)	
  

(Genera`ng	
  Func`on,	
  N	
  :	
  Par`cle	
  Number,	
  z	
  :	
  Dual	
  Fugacity)	
  

	
  
	




From	
  Matrix	
  Models	
  To	
  Curves	


Grand	
  Par``on	
  Func`on	
  Ξk(z)	


Spectral	
  Det	
  
Det	
  (	
  1	
  +	
  z	
  H−1	
  )	
  

Free	
  Energy	
  of	
  Top	
  Strings	
  
exp	
  [	
  Σ	
  Nd

jL,jR	
  FdjL,jR	
  (T)	
  ]	
  	


[...,	
  Hatsuda-­‐Marino-­‐M-­‐Okuyama	
  2013]	


H=(Q1/2+Q−1/2)(P1/2+P−1/2)	
  
(Curve	
  Eq	
  of	
  Local	
  P1	
  x	
  P1)	
  
Q	
  =	
  eq,	
  P	
  =	
  ep,	
  [q,p]	
  =	
  i	
  2πk	
  

Nd
jL,jR	
  :	
  BPS	
  index	
  of	
  

	
  degree	
  d,	
  spins	
  (jL,jR)	
  
on	
  Local	
  P1	
  x	
  P1	
  

[Marino-­‐Putrov	
  2011]	


	
  T=T(z)	
  :	
  Kahler	
  Parameters	




From	
  Matrix	
  Models	
  To	
  Curves	


(Correspondence	
  Without	
  Referring	
  To	
  M2)	


Spectral	
  Det	
  
Det	
  (	
  1	
  +	
  z	
  H−1	
  )	
  

Free	
  Energy	
  of	
  Top	
  Strings	
  
exp	
  [	
  Σ Nd

jL,jR	
  FdjL,jR	
  (T)	
  ]	
  	


H	
  =	
  f(Q,P)	
  (Curve	
  Eq)	
  
Q	
  =	
  eq,	
  P	
  =	
  ep,	
  [q,p]	
  =	
  i	
  2πk	
  

Nd
jL,jR	
  :	
  BPS	
  index	
  
on	
  the	
  Curve	
  

[Grassi-­‐Hatsuda-­‐Marino	
  2014]	




From	
  Matrix	
  Models	
  To	
  Curves	


	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  for	
  Matrix	
  Models	
  Because	
  
-­‐	
  Interpreta`on	
  in	
  M2	
  is	
  Clearer	
  
-­‐	
  Generaliza`on	
  to	
  Other	
  Orbifolds,	
  Orien`folds,	
  
Rank	
  Deforma`ons,	
  ...	
  is	
  Easier	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  for	
  Curves	
  Because	
  
-­‐	
  Correspondence	
  is	
  Clearer	
  
-­‐	
  Geometrical	
  Viewpoint	
  Helps	
  



2.	
  Super	
  Chern-­‐Simons	
  Theories	
  	


Generalizing	
  ABJM	
  From	
  
Matrix	
  Model	
  Viewpoint	
  
"The	
  Earth	
  is	
  a	
  sphere"	
  



Mo`va`on	


•  ABJM	
  Theory	
  =	
  The	
  Center	
  of	
  Earth	
  	
  
•  Generaliza`on	
  is	
  inevitable	
  for	
  the	
  Map	
  
•  Regarding	
  ABJM	
  Quiver	
  Diagram	
  

	
  
as	
  Affine	
  Dynkin	
  Diagram	
  A1,	
  

ADE	
  Generaliza`on	
  with	
  N=3	


U(N)k	
 U(N)−k	


k	
 -­‐k	




ADE	
  Generaliza`on	


k1	
 k7	


k2	
 k6	


k12	
 k8	


k4	


k10	
  

k5	
k3	


k9	
k11	


Σi	
  ki	
  =	
  0	


U(N)r+1	


k	
 -­‐k	


Affine	
  A1	
  
(=ABJM)	


Affine	
  Ar	




	
  
	
  
	
  
	
  
	
  
	
  
Spectral	
  Pfaffian	
  (instead	
  of	
  det)	
  For	
  Affine	
  D	
  

[M-­‐Nosaka,	
  Assel-­‐Drukker-­‐Felix	
  2015]	
  

ADE	
  Generaliza`on	


Affine	
  E6	

Affine	
  E7	


Affine	
  E8	


Affine	
  Dr	




Special	
  Class	
  of	
  Ar	
  Quiver	


•  For	
  ka=(k/2)(sa−sa−1)	
  with	
  sa=±1	
  
SUSY	
  Is	
  Enhanced	
  to	
  N=4	
  
with	
  
sa=	
  +1	
  :	
  NS5-­‐branes	
  
sa=	
  −1	
  :	
  (1,k)5-­‐branes	
  
•  N=4	
  Theories	
  
{sa}	
  =	
  {+1,+1,...,−1,−1,...,+1,...,−1,...}	
  
	
  
	
  
	


k1	
 k7	


k2	
 k6	


k12	
 k8	


k4	


k10	
  

k5	
k3	


k9	
k11	


Σa	
  ka	
  =	
  0	


U(N)r+1	


[Imamura-­‐Yokoyama	
  2008]	
  



As	
  a	
  simple	
  case	


(2,2)	
  Model	
  (={+1,+1,−1,−1})	
  was	
  studied	
  
[M-­‐Nosaka	
  2014]	
  

	
  

k	
  -­‐k	
  

0	
  

0	
  
U(N)0	
  	
  	
  	
  	
  	
  	
  	
  U(N)k	
  	
  	
  	
  	
  U(N)0	
  	
  	
  	
  	
  	
  	
  	
  U(N)−k	


NS5	
 (1,k)5	
NS5	
 (1,k)5	




Results	
  in	
  D5	
  Del	
  Pezzo	


(2,2)	
  Model	
  Is	
  Described	
  By	
  Topological	
  Strings	
  
	
  
	
  
	
  
	
  
Natural	
  Because	
  
H	
  =	
  (Q1/2+Q−1/2)2	
  (P1/2+P−1/2)2	
  
(Curve	
  Eq	
  of	
  D5(=so(10))	
  Del	
  Pezzo)	
  

Nd
jL,jR	
  :	
  BPS	
  index	
  of	
  

	
  degree	
  d,	
  spins	
  (jL,jR)	
  
on	
  Local	
  D5	
  Del	
  Pezzo	
  

Free	
  Energy	
  of	
  Top	
  Strings	
  
exp	
  [	
  Σ Nd

jL,jR	
  FdjL,jR	
  (T)	
  ]	
  	




NS5	


As	
  further	
  generaliza`ons	


(2,2)Model({+1,+1,−1,−1}),(1,1,1,1)Model({+1,−1,+1,−1})	
  
&	
  Rank	
  Deforma`ons	
  (N1,N2,N3,N4)	
  

[M-­‐Nakayama-­‐Nosaka	
  2017]	
  

k	
  k	
  

-­‐k	
  

-­‐k	
  
U(N)k	
  	
  	
  	
  	
  	
  	
  	
  U(N)−k	
  	
  	
  	
  U(N)k	
  	
  	
  	
  	
  	
  	
  	
  U(N)−k	


NS5	
 (1,k)5	
 (1,k)5	




Moduli	
  Space	
  is	
  Connected	


(2,2)	
  Model	
  &	
  (1,1,1,1)	
  Model	
  Are	
  Connected	
  
Via	
  Hanany-­‐Wiyen	
  Transi`ons	


U(N+M1)0	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  U(N+M1)0	
  	


U(N+M2)k	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  U(N+2M1+M2)−k	
  	


U(N+M2)k	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  U(N+k−M2)k	
  	

U(N+M1)−k	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  U(N+M1)−k	
  	




Moduli	
  Space	
  is	
  Connected	


Both	
  (2,2)	
  &	
  (1,1,1,1)	
  Models	
  Are	
  Described	
  By	
  
Topological	
  Strings	
  In	
  A	
  Single	
  Func`on	
  
	
  
	
  
•  Six	
  Kahler	
  Parameters	
  

Ti±	
  (μ,M1,M2)	
  =	
  ...,	
  	
  	
  	
  	
  (i	
  =	
  1,2,3)	
  
•  Total	
  BPS	
  index	
  is	
  Distributed	
  by	
  Various	
  
Combina`ons	
  of	
  Kahler	
  Parameters.	
  

Free	
  Energy	
  of	
  Top	
  Strings	
  
exp	
  [	
  Σ Nd

jL,jR	
  FdjL,jR	
  (T)	
  ]	
  	




Explicit	
  Decomposi`on	
  of	
  BPS	
  index	


•  6	
  Degrees	
  for	
  6	
  Kahler	
  Parameters	
  
Σ Nd

(jL,jR)	
  (d1+,d2+,d3+;d1−,d2−,d3−)・(T1+,T2+,T3+;T1−,T2−,T3−)	
  

•  BPS	
  Index	
  
	
  -­‐	
  d=1,	
  (jL,jR)=(0,0)	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  16	
  →	
  2(1,0,0;0,0,0)+4(0,1,0;0,0,0)+2(0,0,1;0,0,0)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  +2(0,0,0;1,0,0)+4(0,0,0;0,1,0)+2(0,0,0;0,0,1)	
  

Numerical	
  Table	
  by	
  Experts	
  
[Huang-­‐Klemm-­‐Poretschkin	
  2013]	


How	
  About	
  Higher	
  Degrees?	




Explicit	
  Decomposi`on	
  of	
  BPS	
  index	


|d| {d = (d+1 , d
+
2 , d

+
3 ; d

−
1 , d

−
2 , d

−
3 )} ±Nd

jL,jR
(jL, jR)

(1, 0, 0; 0, 0, 0) (0, 0, 0; 1, 0, 0) 2(0, 0)

1 (0, 1, 0; 0, 0, 0) (0, 0, 0; 0, 1, 0) 4(0, 0)

(0, 0, 1; 0, 0, 0) (0, 0, 0; 0, 0, 1) 2(0, 0)

(0, 2, 0; 0, 0, 0), (1, 0, 1; 0, 0, 0) (0, 0, 0; 0, 2, 0), (0, 0, 0; 1, 0, 1) (0, 12)

2 (1, 0, 0; 0, 1, 0), (0, 1, 0; 0, 0, 1) (0, 1, 0; 1, 0, 0), (0, 0, 1; 0, 1, 0) 2(0, 12)

(1, 0, 0; 1, 0, 0), (0, 1, 0; 0, 1, 0), (0, 0, 1; 0, 0, 1) 4(0, 12)

(2, 0, 0; 1, 0, 0), (0, 2, 0; 0, 0, 1),
(1, 1, 0; 0, 1, 0), (1, 0, 1; 0, 0, 1)

(1, 0, 0; 2, 0, 0), (0, 0, 1; 0, 2, 0),
(0, 1, 0; 1, 1, 0), (0, 0, 1; 1, 0, 1)

2(0, 1)

3 (0, 2, 0; 0, 1, 0), (1, 0, 1; 0, 1, 0),
(1, 1, 0; 1, 0, 0), (0, 1, 1; 0, 0, 1)

(0, 1, 0; 0, 2, 0), (0, 1, 0; 1, 0, 1),
(1, 0, 0; 1, 1, 0), (0, 0, 1; 0, 1, 1)

4(0, 1)

(0, 0, 2; 0, 0, 1), (0, 2, 0; 1, 0, 0),
(0, 1, 1; 0, 1, 0), (1, 0, 1; 1, 0, 0)

(0, 0, 1; 0, 0, 2), (1, 0, 0; 0, 2, 0),
(0, 1, 0; 0, 1, 1), (1, 0, 0; 1, 0, 1)

2(0, 1)

Table 2: The BPS indices Nd
jL,jR identified for the (2, 2) model under the assumption of

six Kähler parameters. Here ±Nd
jL,jR

(jL, jR) on the top of the right column stands for the

abbreviation of (−1)|d|−1
∑

{d}
∑

jL,jR
Nd

jL,jR(jL, jR).

N (1,0,0;0,0,0)
0,0 = N (0,0,0;1,0,0)

0,0 = N (0,0,1;0,0,0)
0,0 = N (0,0,0;0,0,1)

0,0 = 2. (3.42)

After fixing the Kähler parameters to be (3.29) we can proceed further to higher instantons.

Since we have generated six Kähler parameters (3.29) from a single parameter M , there are

some essential ambiguities. In fact, due to the relations

2T±
2 = T±

1 + T±
3 , T+

1 + T−
1 = T+

2 + T−
2 = T+

3 + T−
3 , T±

2 + T∓
1 = T∓

2 + T±
3 , (3.43)

we cannot distinguish which degrees the BPS indices belong to. For example, for the degrees

(d+; d−) = (2, 0), the independent degrees are

2T+
2 = T+

1 + T+
3 , T+

2 + T+
1 , T+

2 + T+
3 , 2T+

1 , 2T+
3 , (3.44)

while for the degrees (d+; d−) = (1, 1), the independent degrees are

T−
2 + T+

1 = T+
2 + T−

3 , T+
1 + T−

3 , T+
2 + T−

2 = T+
1 + T−

1 = T+
3 + T−

3 . (3.45)

If we match the free energy of topological strings with the unknown BPS indices against (3.31)

with the help of the e−2µeff term in (k,M) = (2, 1), we can uniquely fix the BPS indices as in

table 2 for d = 2, aside from the essential ambiguity (3.43). For d = 3 strictly speaking we
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Decomposi`ons	
  Not	
  Unique	
  
Due	
  to	
  Rela`ons	
  among	
  T's	
  

	
  2T2±	
  =	
  T1±	
  +	
  T3±,	
  	
  
T1++T1−	
  =	
  T2++T2−	
  =	
  T3++T3−,	
  ...	
  

A	
  Trouble	
  ...	
  ...	
  



Organizing	
  BPS	
  Index	
  Differently	

[M-­‐Nosaka-­‐Yano	
  2018]	


d (jL, jR) BPS (−1)d−1
∑

dI

(∑
dII

N (d,dI,dII)
jL,jR

)
dI

1 (0, 0) 16 8+1 + 8−1

2 (0, 1
2) 10 1+2 + 80 + 1−2

3 (0, 1) 16 8+1 + 8−1

4 (0, 1
2) 1 10

(0, 3
2) 45 8+2 + 290 + 8−2

(12 , 2) 1 10

Table 1: The split of the BPS indices on the D5 del Pezzo curve for the (2, 2) model. The split

is interpreted as the decomposition of the D5 representations into the D4 subalgebra, as in

16 → (8s/c)+1+(8s/c)−1, 10 → (1)+2+(8v)0+(1)−2 and 45 → (8v)+2+(28)0+(1)0+(8v)−2.

broken respectively to those of the subalgebras† D4, (A1)3 and A3, while the (2, 1, 2, 1) model

corresponds to the E7 del Pezzo curve at the modulus where the E7 algebra is broken to the

subalgebra D5 ×A1. Namely, for example for the (2, 2) model and the (1, 1, 1, 1) model, since

the total BPS indices Nd
jL,jR

=
∑

|d|=dN
d
jL,jR

at each degree d were computed in [47], our task

reduces to identifying the Kähler parameters T and the split of the total BPS indices at each

degree d. This was performed in [30] and it was further found in [31] that, by regarding the

BPS indices as representations of the D5 algebra, the introduction of the Kähler parameters

amounts to identifying “the Higgs fields acquiring expectation values” and the split of the

total BPS indices corresponds to the decomposition of the representations of the D5 algebra

into those of the unbroken subalgebras.

More concretely, the rank deformations of the (2, 2) model and the (1, 1, 1, 1) model, which

are connected by the Hanany-Witten effect, were studied intensively in [30]. For the (2, 2)

model with the rank deformations U(N)k×U(N + MI)0×U(N + 2MI)−k×U(N + MI)0, the

Kähler parameters and the string coupling constant gs in the instanton exponents e−d·T and

e−d·T/gs are

T± =
µeff

k
± πi

(
1−

MI

k

)
, gs =

1

k
, (2.10)

and the BPS indices forming the representations of the D5 algebra are broken to representa-

tions of D4 (see table 1 for the split of the BPS indices). Furthermore, for the (2, 2) model

with the rank deformations

U(N +MII)k ×U(N +MI)0 ×U(N + 2MI +MII)−k ×U(N +MI)0, (2.11)

†As we explain later, the remaining symmetry (A1)4 for the (1, 1, 1, 1) model identified in [31] should be

corrected by (A1)3.

5

Reminiscent	
  of	
  45	
  →	
  280	
  +	
  8+2	
  +	
  8−2	
  +	
  10	
  
in	
  so(10)	
  →	
  so(8)	
  	


In	
  (M1,M2)=(M,0)	
  Deforma`on,	




Organizing	
  BPS	
  Index	
  Differently	


d (jL, jR) dI BPS (−1)d−1
∑

dII

(
N (d,dI,dII)

jL,jR

)
dII

1 (0, 0) ±1 8 2+1 + 40 + 2−1

2 (0, 12) 0 8 2+1 + 40 + 2−1

±2 1 10

3 (0, 1) ±1 8 2+1 + 40 + 2−1

4 (0, 12) 0 1 10
(0, 32) 0 29 1+2 + 8+1 + 110 + 8−1 + 1−2

±2 8 2+1 + 40 + 2−1

(12 , 2) 0 1 10

Table 2: The split of the BPS indices on the D5 del Pezzo curve for the (1, 1, 1, 1) model. The

split is interpreted as the decomposition of the D4 representations into the (A1)4 subalgebra,

as in 8v → (2, 2, 1, 1)+(1, 1, 2, 2), 8s → (2, 1, 2, 1)+(1, 2, 1, 2), 8c → (2, 1, 1, 2)+(1, 2, 2, 1)

and 28 → (3, 1, 1, 1) + (1, 3, 1, 1) + (1, 1, 3, 1) + (1, 1, 1, 3) + (2, 2, 2, 2), where the last A1

factor contributes as the u(1) charge in the subscript (and hence is broken).

in the breaking D5 → (D4)dI and further decompositions of various D4 representations into

(A1)4 are given by

28 → (3, 1, 1, 1) + (1, 3, 1, 1) + (1, 1, 3, 1) + (1, 1, 1, 3) + (2, 2, 2, 2),

8v → (2, 2, 1, 1) + (1, 1, 2, 2). (2.17)

The last factor of A1 is broken and the u(1) charge is denoted by dII. After expressing the two

u(1) charges dI and dII in terms of the charges d and d̃, each representation of the last factor

of (A1)d in the unbroken symmetry (A1)3 combines into the representations of A2 as

8 → 2+3 + 30 + 10 + 2−3, 3 → 1+2 + 2−1, 3 → 2+1 + 1−2, 1 → 10 (2.18)

in A2 → (A1)d. Finally the decomposition of the D5 adjoint representation into (A1×A1×A2)d̃
is given by

45 →(1, 1, 3)+4 + (2, 2, 3)+2 + (3, 1, 1)0 + (1, 3, 1)0 + (1, 1, 8)0 + (1, 1, 1)0

+ (2, 2, 3)−2 + (1, 1, 3)−4, (2.19)

which implies that the symmetry (A1)3 is further enhanced to (A1)2 × A2 = A1 ×A1 × A2 in

the (1, 1, 1, 1) model without rank deformations.

7

In	
  General	
  (M1,M2)	
  Deforma`on,	


Interpreted	
  As	
  Further	
  Decomposi`on	
  so(8)→[su(2)]3	
  
e.g.	
  28→(3,1,1,1)+(1,3,1,1)+(1,1,3,1)+(1,1,1,3)+(2,2,2,2)	
  

in	
  so(8)	
  →	
  [su(2)]4	




More	
  Fun	


For d = 6, 7 we can substitute the BPS indices into the worldsheet instanton to find

δ6(k,M) = −
756 + 579 cos 2Mπ

k + 24 cos 4Mπ
k

sin2 π
k

+

(
800 + 480 cos

2Mπ

k

)

−

(
256 + 64 cos

2Mπ

k

)
sin2 π

k
, (4.34)

δ7(k,M) =
7112 cos Mπ

k + 1288 cos 3Mπ
k + 28 cos 5Mπ

k

sin2 π
k

−

(
13120 cos

Mπ

k
+ 1696 cos

3Mπ

k

)

+

(
9472 cos

Mπ

k
+ 576 cos

3Mπ

k

)
sin2 π

k
− 2560 cos

Mπ

k
sin4 π

k
. (4.35)

We find that we can obtain the worldsheet instanton of the (2, 1) model by substituting

M = ±1/2 and replacing k by k/2 as in (3.2). By applying this rule we encounter the cosine

functions with higher arguments which can be reexpanded by the denominator, as we explained

below (3.2). Due to this reason, the rule observed in [26] should be modified by (3.2).

Now with the characters in appendix A.3 which computes the alternating BPS indices

N ′(d,dm)
jL,jR

and the weighted BPS indicesM (d,dm)
jL,jR

for various so(10) representations, we can predict

the membrane instantons of the (2, 1) model for d = 6, 7. We find a very non-trivial match

with those of the (2, 1) model (A.2) and (A.3) obtained by the WKB expansion.

d (jL, jR) BPS representations

8 (0, 72) 4726 1386 + 1050+ 2× 945+ 210+ 54+ 3× 45+ 1

(0, 5
2), (

1
2 , 4) 3431 1050+ 945 + 770+ 2× 210 + 2× 54+ 3× 45+ 3× 1

(12 , 3) 1602 945+ 2× 210 + 54+ 4× 45 + 3× 1

(0, 3
2), (1,

9
2) 1345 945+ 210 + 54+ 3× 45 + 1

(12 , 2), (1,
7
2) 357 210+ 54+ 2× 45+ 3× 1

(0, 1
2), (

3
2 , 5) 311 210+ 54 + 45+ 2× 1

(0, 92) 257 210 + 45+ 2× 1

(12 , 1), (
1
2 , 5),

(1, 5
2), (

3
2 , 4)

46 45+ 1

(2, 11
2 ) 45 45

(1, 32), (1,
11
2 ), (

3
2 , 3),

(2, 9
2), (

5
2 , 6)

1 1

Table 3: The constituent representation for the total BPS indices of the (2, 2) model for d = 8.

For d = 8, since there are more degrees of freedom to identify the representations, we need

to impose one more assumption. In the table of [37] the total BPS indices 3431 appear in both

the spins (0, 5
2) and (12 , 4). We assume that the same numbers of the BPS indices in different
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Numerical	
  Table	
  by	
  Experts	
  
[Huang-­‐Klemm-­‐Poretschkin	
  2013]	


Iden`fying	
  as	
  Representa`ons	
  
using	
  Matrix	
  Models	




Finally,	
  "A	
  Map	
  of	
  M-­‐theory"	


M1	


M2	


[SU(2)]3	


(2,2)	


(1,1,1,1)	


SO(8)	




A	
  Natural	
  Ques`on	


Nice	
  to	
  Summarize	
  Numerical	
  Results	
  by	
  
so(10)	
  →	
  so(8)	
  &	
  so(8)	
  →	
  [su(2)]3	
  

•  But	
  Why	
  ?	
  
•  Any	
  Explana`ons	
  ?	
  

[Also	
  Raised	
  by	
  Y.Hikida	
  &	
  S.Sugimoto,	
  
YITP	
  Workshop	
  "Strings	
  &	
  Fields	
  2017"]	
  

•  Now	
  We	
  Have	
  Answer	
  From	
  Curve	
  Viewpoint	
  



3.	
  Symmetry,	
  Symmetry	
  Breaking	


Understanding	
  Symmetry	
  Breaking	
  
in	
  Super	
  Chern-­‐Simons	
  Theories	
  

From	
  Curve	
  Viewpoint	




Ques`on:	
  How	
  Symmetry	
  is	
  Breaking	
  ?	


	
  
	
  

(2,2)	
  Model	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  so(10)	
  →	
  so(8)	
  
H	
  =	
  (Q1/2+Q−1/2)2	
  (P1/2+P−1/2)2	
  
(1,1,1,1)	
  Model	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  so(10)	
  →	
  [su(2)]3	
  
H	
  =	
  (Q1/2+Q−1/2)(P1/2+P−1/2)(Q1/2+Q−1/2)(P1/2+P−1/2)	
  
In	
  Either	
  Case,	
  H	
  =	
  Σ(m,n)={-­‐1,0,1}x{-­‐1,0,1}	
  cmn	
  Qm	
  Pn	
  	
  

(Since	
  QαPβ	
  =	
  ei2πkαβ	
  PβQα)	
  
	
  	


Spectral	
  Det	
  
Det	
  (	
  1	
  +	
  z	
  H−1	
  )	
   Q	
  =	
  eq,	
  P	
  =	
  ep,	
  [q,p]	
  =	
  i	
  2πk	
  



D5	
  Quantum	
  Curve	


Defini`on:	
  Spectral	
  Problem	
  of	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  H	
  =	
  Σ(m,n)={−1,0,1}x{-­‐1,0,1}	
  cmn	
  Qm	
  Pn	
  
With	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Qα	
  Pβ	
  =	
  e2πikαβ	
  Pβ	
  Qα	
  
Invariant	
  under	
  Similarity	
  Transf.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  H	
  ~	
  G	
  H	
  G−1	
  
	


(Newton	
  Polygon)	


Q#	


P#	


As	
  Classical	
  Curves	
  Defined	
  
by	
  Zeros	
  of	
  Polynomial	
  Rings	




D5	
  Classical	
  Curve	


D5	
  Curve	
  Parameterized	
  by	
  Asympto`c	
  Values	
  
	
  	
  	
  	
  	
  	
  0	
  =	
  	
  	
  	
  	
  QP	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  −(e3+e4)P	
  	
  	
  +e3e4Q−1P	
  
	
  	
  	
  	
  	
  −(e1−1+e2−1)Q	
  	
  	
  	
  	
  	
  +E/α	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  −...Q−1	
  

	
  	
  	
  	
  	
  +(e1e2)−1QP−1	
  	
  	
  	
  	
  	
  −...P−1	
  	
  	
  	
  	
  	
  	
  	
  	
  +...Q−1P−1	
  
Subject	
  to	
  Vieta's	
  Formula	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
解と係数の関係 (h1h2)2	
  =	
  e1...e8	
  

Enjoys	
  D5	
  Weyl	
  Group	
  
Under	
  Ra`onal	
  Maps	
  
	
  

1/e1	


1/e2	
e5/h2	


e6/h2	


h1/e7	
 h1/e8	


e3	
e4	


Q=∞	
Q=0	


P=∞	


P=0	


[Kajiwara-­‐Noumi-­‐Yamada	
  2015]	
  



Similarly,	
  D5	
  Quantum	
  Curve	


Ra`onal	
  Map	
  in	
  Classical	
  Curve,	
  Liued	
  to	
  
Similarity	
  Transforma`on	
  in	
  Quantum	
  Curve	
  
•  Same	
  Parameteriza`on	
  
	
  H/α	
  =	
  	
  	
  	
  	
  QP	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  −(e3+e4)P	
  	
  	
  +e3e4Q−1P	
  
	
  	
  	
  	
  	
  −(e1−1+e2−1)Q	
  	
  	
  	
  	
  	
  +E/α	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  −...Q−1	
  

	
  	
  	
  	
  	
  +(e1e2)−1QP−1	
  	
  	
  	
  	
  	
  −...P−1	
  	
  	
  	
  	
  	
  	
  	
  	
  +...Q−1P−1	
  
But	
  Normal	
  Order	
  by	
  Q:	
  Leu	
  &	
  P:	
  Right	
  

[Kubo-­‐M-­‐Nosaka	
  2018]	
  



D5	
  Weyl	
  Transforma`on	


Trivial	
  Transforma`ons	
  
(Switching	
  Asympto`c	
  Values)	
  

s1:	
  h1/e7	
  ⇔	
  h1/e8	
  

s2:	
  e3	
  ⇔	
  e4	
  
s5:	
  1/e1	
  ⇔	
  1/e2	
  

s0:	
  e5/h2	
  ⇔	
  e6/h2	
  
	


	


3	

2	


1	

4	


5	


0	


1/e1	


1/e2	
e5/h2	


e6/h2	


h1/e7	
 h1/e8	


e3	
e4	


Q=∞	
Q=0	


P=∞	


P=0	




D5	
  Weyl	
  Transforma`on	


For	
  Nontrivial	
  s3,	
  we	
  choose	
  G	
  =	
  exp[F3(q)−F7(q)]	
  
exp[F3(q)−F3(q−2πik)]=exp[q]−e3,	
  exp[F7(q+2πik)−F7(q)]=exp[q]−h1/e7	
  

Then	
  
	
  	
  	
  Q'	
  =	
  GQG−1	
  =	
  Q	
  
	
  	
  	
  P'	
  =	
  GPG−1	
  =	
  (Q−e3)P(Q−h1/e7)−1	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  s3:	
  e3	
  ⇔	
  h1/e7	
  
Similarly,	
  	
  s4:	
  1/e1	
  ⇔	
  e5/h2	
  
Totally,	
  D5=so(10)	
  Weyl	
  Transf.	
  

	
  
	


1/e1	


1/e2	
e5/h2	


e6/h2	


h1/e7	
 h1/e8	


e3	
e4	


Q=∞	
Q=0	


P=∞	


P=0	




Gauge	
  Fixing	


•  (h1,h2,e1,...,e8)	
  10	
  Param.	
  For	
  8	
  Asympt.	
  Values	
  
•  Similarity	
  Transforma`on	
  

G	
  =	
  exp[iap/(2πk)],	
  G	
  =	
  exp[−ibq/(2πk)]	
  
Then,	
  Iden`fica`on	
  (Q,P)~(eaQ,P),	
  (Q,P)~(Q,ebP)	
  
•  Totally,	
  4	
  Gauge	
  Fixing	
  Condi`ons	
  

e2	
  =	
  e4	
  =	
  e6	
  =	
  e8	
  =	
  1	
  
•  6	
  Param.	
  Subject	
  to	
  1	
  Vieta's	
  Constraint	
  

→	
  5	
  DOF	

	




Matrix	
  Models	


•  (2,2),	
  H	
  =	
  (Q1/2+Q−1/2)2	
  (P1/2+P−1/2)2	
  

(h1,h2,e1,e3,e5,e7)=(1,1,1,1,1,1)	
  
→	
  so(8)	
  

•  (1,1,1,1),	
  H	
  =	
  (Q1/2+Q−1/2)(P1/2+P−1/2)(Q1/2+Q−1/2)(P1/2+P−1/2)	
  

(h1,h2,e1,e3,e5,e7)=(1,1,e−πik,e+πik,e−πik,e+πik)	
  
→	
  su(3)	
  x	
  [su(2)]2	
  

Subject	
  to	
  (h1h2)2	
  =	
  e1e3e5e7	
  



Matrix	
  Models	


•  (2,2),	
  H	
  =	
  (Q1/2+Q−1/2)2	
  (P1/2+P−1/2)2	
  

(h1,h2,e1,e3,e5,e7)=(1,1,1,1,1,1)	
  
→	
  so(8)	
  

•  (1,1,1,1),	
  H	
  =	
  (Q1/2+Q−1/2)(P1/2+P−1/2)(Q1/2+Q−1/2)(P1/2+P−1/2)	
  

(h1,h2,e1,e3,e5,e7)=(1,1,e−πik,e+πik,e−πik,e+πik)	
  
→	
  su(3)	
  x	
  [su(2)]2	
  ≠	
  [su(2)]3	
  

Subject	
  to	
  (h1h2)2	
  =	
  e1e3e5e7	
  

Remaining	
  
Symmetry	




Symmetry	
  Enhancement	
  For	
  (1,1,1,1)	


•  (1,1,1,1)	
  Model	
  Without	
  Deforma`ons	
  
[su(2)]3	
  Observed	
  In	
  Matrix	
  Models	
  
su(3)	
  x	
  [su(2)]2	
  Observed	
  in	
  Curves	
  

•  Reason	
  
In	
  Matrix	
  Model	
  Remaining	
  Sym	
  Was	
  Studied	
  As	
  
Further	
  Deforma`ons	
  from	
  (2,2)	
  Model.	
  In	
  Fact,	
  
-­‐	
  Intersec`on	
  of	
  so(8)	
  &	
  su(3)	
  x	
  [su(2)]2	
  Is	
  [su(2)]3	
  and,	
  
-­‐	
  Symmetry	
  For	
  (1,1,1,1)	
  Is	
  Enhanced	
  Accidentally.	
  

	
  
	
  
	




Matrix	
  Model	
  Subspace	


Out	
  of	
  5-­‐Dim	
  Parameter	
  Space,	
  
Iden`fy	
  (M1,M2)	
  2-­‐Dim	
  Subspace	
  
Containing	
  (2,2)	
  &	
  (1,1,1,1)	
  Models	
  
(h1,h2,e1,e3,e5,e7)=(e−2πikh−1e,e+2πikhe−1,e−1,e,e−1,e)	
  
	


5-­‐Dim	

2-­‐Dim	




"A	
  Map	
  of	
  M-­‐Theory	
  ?"	


log	
  h	


log	
  e	
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343	


1345431	


454	
343	


2345432	


1345431	


4	
3	


2345432	


5	

1	


2	

343	


1345431	


343	


2345432	


M1	


M2	


(2,2)	


(1,1,1,1)	


e	
  =	
  h−1	
 e	
  =	
  h	


so(8)	


[su(2)]3	

su(3)	
  x	
  [su(2)]2	




Analogy	
  in	
  A	
  Map	
  of	
  Earth	


(2,2)	


P1	
  x	
  P1	


(1,1,1,1)	


D5(=E5)	
  del	
  Pezzo	


BlowUp	


Integrability	
Excep`onal	
  Group	
  En	




Summary	


•  M2-­‐brane	
  Backgrounds	
  Are	
  Parameterized	
  By	
  
Curve	
  Parameters,	
  Forming	
  "A	
  Map".	
  

•  Excep`onal	
  Weyl	
  Group	
  Acts	
  On	
  The	
  Map.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (2,2):	
  	
  	
  	
  D5	
  →	
  D4	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (1,1,1,1):	
  	
  	
  	
  D5	
  →	
  A2	
  x	
  (A1)2	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (2,1):	
  	
  	
  	
  D5	
  →	
  A3	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (2,1,2,1):	
  	
  	
  	
  E7	
  →	
  D5	
  x	
  A1	
  

•  All	
  Symmetry	
  Breakings	
  from	
  Matrix	
  Models	
  
Are	
  Reproduced	
  



Discussions	


•  So	
  Far	
  Analy`cal	
  Studies	
  for	
  CS	
  Matrix	
  Models.	
  
A	
  New	
  Avenue	
  to	
  Algebraic	
  Studies.	
  

•  Reviews	
  on	
  Curves	
  [Kajiwara-­‐Noumi-­‐Yamada	
  2015]	
  
are	
  Mo`vated	
  for	
  Study	
  of	
  Painleve	
  Equa`ons.	
  
More	
  Explicit	
  Rela`ons?	
  Integrability?	
  

[Bonelli-­‐Grassi-­‐Tanzini	
  2017,	
  Furukawa-­‐M	
  to	
  appear]	
  

•  So	
  Far	
  Curves	
  of	
  Genus	
  1.	
  Curves	
  of	
  Higher	
  
Genus?	
  

	



