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Ground state TBA




String Energy E

RERws
L L

X XE-XE-XE-XE-XE—RE, A=

String energy E is a conserved Noether charge corresponding to the
SO(2) subgroup of the isometry (conformal) group SO(4,2)
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Charge J

J is a conserved Noether charge corresponding to one of the
SO(2) subgroups of the isometry group SO(6)
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Mirror Theory

Frolov and G.A. 07

"mirror string”
" oflength R

string of
length L =)

@ One Euclidean theory — two Minkowski theories. One is related to the other by
the double Wick rotation:
o= —iT, T =lo

The Hamiltonian H w.r.t. 7 defines the mirror theory.

Ground state energy is related to the free energy of its mirror

E(L) = lim_ —;F(L) = LF
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@ J - momentum carried by string along the equator of S°,
L — “length” (will be related to J)

@ p - momentum of a string particle

@ £ —energy of a string particle: &£ = \/1 + 492 sin® g

@ p - momentum of a mirror particle

@ £ —energy of a mirror particle: £ =2 arcsinh(;—g V1 + ,'(”)2)
@ String S-matrix S(p1, p2)

@ Mirror S-matrix S(p1, o)
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Bethe-Yang equations for the mirror model

Mirror Bethe-Yang equations for fundamental particles (o = 1,2)

Length of the mirror circle

I K
N K 2 M) = (a)

_ GiPkR k Y X,
1 = Hs(pkvp/)H H 1 ya)\x__
—y p

a=1 [=1 X
/;ék

H ylgoz) _ Xl_l_ fi% V/Ea) o W/(Oé) - é

-1 = L .

e\ L
K1l Pl ,
() W(a) (a) IR W(a) - W(a) _2i
_ K g K / g
1 = H (o) (a) i H (o) () | 2i
=1 W " =V " =g =1 Wy W'+

follow from S(p1, o)

Auxiliary roots — w®, y®; v=y+1/y

(K™ K" K'Y K KM

psu(2|2) @ psu(2|2)
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The spectrum of TBA particles

String hypothesis suggests the existence of
nine types of TBA vacuum particles (o = 1, 2):

@ Q-particles (Q-particle bound states) carrying momentum po — Yéo‘)(u)

@ y=(®)_particles corresponding to fermionic Bethe roots — YS_LO‘)(U), lu| < 2

@ M|vw(®)-strings — y!le) (u)

M|vw

@ Mw(®-strings = Y, (u)

7 (u) = ga(u — % ~galu+t ?) 1iQ,

- r(u — @)

1
E9wu) = log Z.gQ =2 arcsinh(—\/Q2 —l—ﬁz)
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Simplified TBA equations for the ground state

M|w-strings:  log Y! I) log(1 + Y,f/lo‘_)1 w)(1+ Y,f/,i)” ) xS+ &1 log %S
y(a)
+
M| vw-strings:
1 -yl

1+ Yy ks —log(1+ Yyiq) * S+ Sy log

(a) ()
log Y = log(1 + Y M1 [ vw

—1|vw

* S
(o)
Y+

(a)
y-particles  log ( y = = log(1 + Yq) * Kqy

1+Y.
log ViV —log (1 + Yq) * (—Kg + 2K3' + 5) + 21l0g vaw s

(1+Y(1+)( (2) )

Most complicated

Q-particles for @ > 2 log Yq = log o |1VW 1_1 w_ s piece -- it depends on
(1+vy (14 v=—) TBA length L and on
Q-1 Q+1 the dressing phase
1 1
i|——LT5——L-
( y(1) ) ( y(2) )
Q = 1-particle  log Yy = lo — —  xs—A(L)¥s s(u) = g
P g 71 g 1+YL2 (L) ; (u) 4 cosh g727u

1 X oo dp¥
E(L) = —— / du—— log(1 + Y,
(L) 277(; | du— = log( Q)

Frolov & G.A.

09
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Excited states BA




Large L solution of TBA

L — oo: Bethe-Yang (all 1/L powers) + Liischer corrections (leading e~ corrections)

(standing 1-particle states) Luscher '86

(general N-particle states) Bajnok, Janik 08

Ya(v) = Ta(v) Tg-1(v) Ta(v)

@ Transfer matrix

Ta,1(u) = Trg|Sa,1(u, tr) ... San(u, un)]

@ The prefactor

TET, =Ta 1T, Ta(v) ~e 7%alV)

@ Bethe-Yang equations are equivalent to
Y1°*(uk):—1, k=1,....N

@ All other Y-functions Y?, Y/\%|vw= Y/\%|W are found from the TBA and Yg
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Relation between the TBA length L and the charge J

The asymptotic TBA equation for Y; is satisfied by the
asymptotic solution provided

L=J+2
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Contour deformation trick

Integration/tontour

Exact Bethe equations: quantization

conditions for rapidities replacing e | — —> |
asymptotic Bethe-Yang equations \Z/
> Y1 (Z*k) =-] ’

@ TBA'’s for excited states differ only by a choice of the integration contour

@ Taking the contour back to the real mirror line produces extra contributions

—log S(z«, z) from log(1 + Y;) = K, where K(w, z) = 5 -9 log S(w, z)

2mi dw
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General strateqgy

0 Solve the BY equations for a fixed set of integers
J N = K! (KM, K KE KEI)
Pick up a solution. It is characterized by a definite set of g-dependent momenta.

Auxiliary roots are completely fixed by the momenta py and play no independent
role in the description of the state

9 Compute asymptotic Y-functions and find zeroes and poles of 1 + Y and Y

e Choose contours and engineer TBA equations for the state so that the
asymptotic TBA equations obtained by dropping terms with log(1 + Yp) are
solved by the asymptotic Y-functions

Q Exact momenta p, are found from the exact Bethe equations (quantization cond.)

Yr.(p)=—-1 = Yi.(px)=—1

derived by analytically continuing the excited state TBA equation for Y
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General facts about symmetries

@ PSU(2,2|4) acts on asymptotic solutions provided the level-matching is satisfied

@ States can have roots v(®) = y(@) + ey - and w(®) located at infinity

@ Dynkin labels of a state are related to excitation numbers

g1 = KI — 2K s1 =K' — K.
p=4J— F(KI +KI)+ KT + KII s = K — KII

G = KI' — 2K

@ States in the same multiplet must have the same anomalous dimension and
canonical ones which might differ by a (half-)integer

E = J+Z\/ + 4g2sin? Pk

Putting g = 0 gives the canonical dimension E = J 4 K'. Adding particles with
zero momentum p = 0 (U = oo) changes canonical dimension.

@ Superconformal primary has the lowest canonical dimension in the multiplet!
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Treatment of symmetry on the asymptotic solution

@ Every multiplet has a unique regular representative (U, ), w{®)) among the
solutions of the Bethe ansatz equations

@ All other states in a multiplet are created by adding irregular roots

@ BY equations for all members of a multiplet must be the same

K! K~ ) [ K= ) [+

. X, — Y X X, — Y X
1 = &Pk [ | Sy (ui, u) ] | | T T oo
Ik I=1 X;j —y,( )\ Xk =1 X;j y,(+) \ Xk

1) Adding root with p = 0 does not modify BY equations, as x™ /x— = 1;
2) Adding root with y = 0 requires a shift J — J + 1;

3) Adding root with y = oo requires a shift J — J — 3;

4) Adding irregular roots y or w does not influence auxiliary Bethe equations
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Susy generators in the light-cone gauge

Susy generators of the light-cone string are divided into two groups
@ Kinematical generators : independent of x_, but depend on x* = 7

9 Dynamical generators : depend on x_, but independent of x™ = 7

Since
dQ 90Q

dr ~ or
dynamical generators commute with H = E — J, while kinematical generators do not

+ {H, Q}
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Kinematical Poincare supercharges

Charge | Weights AKU AK! AKU AKH
Q3 0, =1, 410y | Opgr2 g [ Tgn T s | Opg, 1 o 0, 1
Q; 0,0, 1]y 1.0y | 041,21 1 04,1 1 !
Qiz | [-1,0,005 L1, T4 0,12 1 14 0, 1,1 1
Qg | [1,-1,01g 41y | Ty1o13 [0,5,2 4 0,3 0, 1,1 1

@ Decrease J by —1/2 and increase K'! by 1, never decrease K!! and K}

@ Action with a supercharge adds either three or one irregular y-roots

@ A ssingle y-root is at oo, from three y-roots two at oo and one at 0
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Dynamical Poincare supercharges

Charge | Weights AKU AK! AKI AK!
Q) 1,0,0] 110 | —T411 1 0, —1.1,0_4 0,
Q2 —1,1,0] (1.1 o) —1+%, 1_% oi% o+%, 1_% oi%
Qs :071’_1](0,1%) 0, —T, 1y 0, 0, 1,1 1
Qua | [0,0,1]g 41, 0, —T, 1y 0,3 —1,1,0_3

@ Jand E are increased by 1/2, K! is unchanged

@ Four charges (red) lower K by 1! These will decrease a number of (irregular)
roots when acting on a superconformal primary to produce the regular state

EEhMWS — lE}EK] - 22, L/hVMS — LA%%J - 22.
Four y-roots at oo!
@ Relation between excitation numbers
| N V4 | II . II 111 4l
Kreg — Khws7 Ka,reg — Ka,hWS o 27 Ka,reg — Ka,hWS — 1
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Typical multiplet of 26 states

d d k K
0) = T1(Q%)™ (Q%)" (@K c)™ (@ g 10) ™2 Iws)

J—=>+1/2 J—>—1/2, Kl—+1

@ The hws has four y-roots at oo
Epws = Ereg — 2, Jhws = erg — 2
@ J-charge

1
J = Jnys + E(ngo +n§ — nS, — N o)

@ Energy 1
E = Epye + §(ng’0 +n§ + nS, 4+ N o)

@ Number of irregular roots

Ko =nd+nk ., Kl =4—nd +nk +2nk

: 00,0

From here

J = Jreg + (Ko — K
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psu(2.2|4) symmetry is built in TBA

J = Jreg %(Kg — Kgo) e_gQ =

Expression for the asymptotic Yy is universal for the whole multiplet:

o _ O o,reqg _ ~J reg reg
g = To 1 To—1, Y@ =QreT59 7057,

But

1 11 11
L —(IC —IC) reg reg
Tat1To 1 = Q2 Too 152,

Accordingly, the Yq-functions of this state can be written as

Y9 = OJ-— J,egQZ(ICH . Yo reg Yo reg

For all states in a multiplet Yg-functions and, therefore, all Y° coincide!
Y’s are simply invariants of psu(2,2|4)

Saturday, April 7, 2012



IBA length L

Kinematical charges decrease J, while dynamical increase. Thus,

Jhws —4 < J < Jpws +4 = Jreg + 2

On the other hand, in the TBA studies we found that

L = Jreg + 2

L coincides with the maximal J-charge in a susy multiplet

Only for the vacuum L = Jreg, as the corresponding susy multiplet is atypical (short)
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Excitations
with complex
momenta

Frolov, van Tongeren and G.A., '11




Motivations to study such excitations

— to elucidate new features of the mirror TBA

— to test the general strategy of constructing excited states

Feasible approach

@ su(2) sector contains particles with complex momenta,
for M magnons L =J+ M

@ There are many three-particle solutions with

(k—1)/g <|Im(u)| < k/g, k=2,3,...

@ Explicitly considerthe state L=7, M =3
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physical

7

strip
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Numerical solution of the BY equation for L=7 state

real

/
pL =P Re(q) > 0
p
p2 = —5 T 19
2
ps = —1 —ig
2
g p q g p q
0. 2.3129 0.926075 0.5 2.24919 1.23789
0.1 2.3098 0.933177 0.51 2.24704 1.27083
0.2 2.30088 0.955744 0.52 2.2449 1.31517
0.3 2.28709 0.99838 0.93 2.24302 1.40691
0.4 2.26953 1.0737 0.5301 2.24303 1.41083
0.5302 | 2.2431 — 0.00001z | 1.41983 — 0.0012

/

BAE break down!
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Relevant roots/poles of the asymptotic Y’s on the mirror u-plane

us
® +
: Uy
o 1/g o ¢
u
®
Y|=Y3=0c0
u3_.
ro...r
Yr=00 0 © i
* o® S *
u2+ —2 Y1|VW=0 2
o Y1|Vw (r,)=0
Yr,=00
u3". - -
ro ...r
Y=Y3=00 0 © U~
® o® =1/g o y ®
u N +=00
2 o YMlVW(rM )—_1
Y_(ry)=1

Yo with Q > 3 have poles at up + 5(Q — 1), us — £(Q — 1)
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Analytic structure of the exact solution

The functions Yi, Y> and Y3 have poles inside the analyticity strip!

@ Around a pole

@ Within the analyticity strip y(u) is small and of the order g*-~

@ Thereis a point u_4 such that Y(u_1) = —1 implying
U_1 — U +Yy(u-1) =0
Expanding around uq.
U_1 = Uso — Y(Uso) = Uso — Res Y(Uso)

We conclude that u_1 Is close to u..!
Very similar to SU(N) models!

Kazakov & Leurent "10
Balog (unpublished )
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TQ,_‘] TQ,‘]
9
Ta—1.0To+1.0

_|_ —
TQ,O TQ,O

Yo=T
. . Ta—1.0To+1.0

1—|—YQ:

@ Prefactor T has poles at ux + ;(Q — 1) and u2 + ;(Q + 1)
@ Asymptotically Tgo =1

@ For an exact solution Tq¢ # 1 and
Too(te + éo) =00, Too(u® + éo) — 0

This implies

YQ< WD 4 L (Q 1)>:oo

1+YQ< us? + = (Q--1)>:

@ In addition 1 + Y; has zero at real u; which is in the string region
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o Q=1
log S1(us?) ™, v) —log Sy (us" ™7, v) —log Sy (us"), v) — log St (u, v)

e )=2
+1og (U™, v) + log Sa(us” ™7, v)
—log Sp (U, v) —log Sa(ul?) ™77, v)

S satisfies the discrete Laplace equation
Saq_1(u, V)Sqi1(u,v) = Sq(u™, v)Sq(u™,v).

Then we take a sum over Q > 3

Q—1 | Q | __
ilogso(ué 5@ MSalts” T - G@ DY) Sy
Q . Q . - o *
s So(uy? — i(@—1),vSa(uy? — L(@+1),v) Sa(u?) ™", v)
Adding terms Q = 1, 2, one gets the driving terms from log(1 + Yg) *¢c, Kq
S u(1),v S u(1)+,v S u(z)_,v
—log &1, (uq, v) — log i D )+Iog 2( %2)+ ) 52 ?1)_ ).
S, v) Sp(Ut,v) Sp(u§) ™, v)
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Compatibility of quantization conditions

i) =1 & Vi) =1 e V() = -1

The exact Bethe equations representing these quantization conditions are
compatible in a non-trivial manner which involves crossing symmetry

There are similar quantization conditions involving Y>

LouP ) =1 & YW )= -1

Saturday, April 7, 2012



Simplified TBA equations for Yuw and Y urjvw

|Og YM|W = |Og(1 —+ YM—1|W)(1 —+ YM—|—1|W) * S

1= vo

+  owm log R *s—log S(ry_1 — v)S(ry.s — v)

Yy

|Og YM|VW = — |Og(1 -+ YM+1) * S + |Og(1 —+ YM—1|VW)(1 -+ YM—|—1|VW) * S

1—-Y_ .
+ O Iog1 v xS
— It
S(uPt — v)

I (Iog log S(u; — v)S(ry — v))

S(uP)™ — v)
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Simplified TBA equations for Y-

Vi 3 () Sey (U, V) Say(us”~, v)
log v~ = log(1 +YQ)*KQy—;IogS1*y(u, ,v)+|og % (. (2)+ ) Sl
T4+ Yiww Qf
log Y;Y_ = 2log Y xS —log(1+ Yg)xKg+2log(1 + Yo)x Ky xS
1w
+2log S(r; — v) —2log Sy ' (us, v) x s+ log So(uy — V) * S
11,.(1) yt
—2log SXV(U%)’ )*s+log alC- (1) d
8)1(\1/(U3 ) ) 81( o V)

©oleg S0 VST(Us) )
B S <2>+ V)82 W)™, v)

So(u (1)+_V)S( (2)—_V)

—lo
93(®+_WS(0%_V)
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A generalization of our construction to a three-particle state with u> and us
lying in the kth strip

Four functions Yx_o, ..., Yx.1 will have poles in the analyticity strip, with the
poles of Yyx_» and Y being closest to the real line

The driving terms in the corresponding TBA equations will depend on uéks R

and uék?), whose locations are determined by the corresponding exact Bethe
equations for Yx_; and Yk

The energy
° df
E=> &) - 5= / au—-—= pQ log(1 + Yo)
=1

—/pk(uék 1)Jr(k—1)i)+//ok( k)+(k—1) )

—ip (W) = (k= 1)1 ) + B (U~ (k= 1)1)
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The factthat 1 + Y7 and 1 + Y5 functions have zeroes and poles in the

analyticity strip in conjunction with the choice for the integration contours
leads to the following energy formula

E = ZE(U}”) - Z/ du Iog(1 + Yo)

yth+

— ipe(uSh) + ipo(u <2>+)—/p< 27y Fipo(ul7),

The g — 0 and J finite limit provides the leading wrapping correction

~

[Res(cgl’j (u2)Y2(u2+)> —Res(dp (U7 ) Yo(us ))]
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Fate of the bound state?

Yi(u) at g=0.5 Y3(u) at g=0.5
0.000014 - i

0.000012

Y>(u) at g=0.5

0.05
0.04
0.03
0.02
0.01

% ‘

—2095 —2.090 —2.085 —2.080 -
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Thank you!
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