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1. Introduction

(Random) matrix models 0-dim. field theory

Z = / dM | exp (iTrT-I-"(ﬂI J) .
s

Various types of matrix models:
@ choice of “ensemble” (type of matrix)
@ choice of the “action” W

—Vvarious usage in 2d gravity (non-critical string), IKKT model,
Dijkgraaf-Vafa (DV) theory,......
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o (Example) Hermitian one-matrix model
— matrix M: an NxN Hermitian matrix
— Large N limit— matrix model curve

'3]2(3) _ %IITI(:)Q 4 f(:)

« DV theory(’02): gauge theory/matrix model correspondence
Identify this curve with the Seiberg-Witten curves of the N=2

gauge theories

o Alday-Gaiotto-Tachikawa (AGT) conjecture ([0906.3219])
—reVvisit this gauge theory/matrix model correspondence
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AGT conjecture

from the view point of gauge theory/matrix model correspondence

— renewed interests in 3 -deformed matrix models

Itoyama-T.0.-Maruyoshi [0911.4244], Eguchi-Maruyoshi [0911.4797], Sulkowski [0912.5476],

Mironov-Morozov-Shakirov [1001.0563], Itoyama-T.O. [1003.2929], Mironov-Morozov-Morozov [1003.5752],

Awata-Yamada [1004.5122], Eguchi-Maruyoshi [1006.0828], Itoyama-T.O.-Yonezawa [1008.1861], Maruyoshi-Yagi [1009.5553],
Mironov-Morozov-Shakirov [1010.1734], Marshakov-Mironov-Morozov [1011.4491],

Mironov-Morozov-Shakirov [1011.5629; 1012.3137], Mironov-Morozov-Popolitov-Shakirov [1103.5470],

Itoyama-Yonezawa [1104.2738], Bonelli-Maruyoshi-Tanzini [1104.4016], Itoyama-T.O. [1106.1539], Nishinaka-Rim [1112.3545],
Morozov [1201.4595], Mironov-Morozov-Zakirova [1202.6029], .....

Many variants of 3 -deformed matrix models

Here we concentrate on a type which has close connection with
the Selberg integral.
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4d/2d connection through 0d matrices (Dv,[0909.2453])

4d N=2 SU(2) with N=4 2d CFT

_ AGT

Instanton part of — — | four-point
Nekrasov part. fn. conformal block

\ %multiple integral

0d 3 -deformed matrix model
of Selberg type

Mironov-Morozov-Shakirov [1001.0573], Itoyama-T.O [1003.2929]
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e Matrix model technology
v" Saddle point evaluation in the large N limit
v" Orthogonal polynomials
v" Recursion relations

* MmesSage.

(a generalization of) the Selberg integral also plays important
role in the 3 -deformed matrix models,

which have connection with N=2 gauge theories

—Kadell integral (1997)
(Macdonald’s ex-conjecture (1987))
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aEuler beta function

['(a)T(an)
[(ag +ag)

1
Blaq,as) = f tl1 — ) lgr =
0

a@Selberg integral (1944)
(multiple generalization of the beta fn.)

N 1 N 05
Sn(ay. a9, 3) = (H/ d.rf) H'r?i_l(l B .'1.‘-1)0"2_1 H iy — ag|”
1=17Y I=1

AT
AY)
i

-

L1+ j8)0 (a1 + (j — VAT (a2 + (j — 1))
T(1+A)T(a14+az+ (N+3j—-2)3)

||
—

j=1

Atle Selberg, “Bemerkinger om et multipelt integral (Remarks on a multiple integral)”,
Norsk Matematisk Tidsskrift 26 (1944), 71-78 (in Norwegian)
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« Macdonald-Kadell formula (Kadell integral)

H(/ dr ) 1,/3}( J al 1(1 2 )&'2—1 J-‘II_IJZE
I—

I=1 Ic::J

|—L

a1+ (N =1)3)Y

PP (1Y) Sy (a1, a2, ).
a1 + az + 2(N — 1)
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a kWb

Plan of this talk

3 -deformed matrix model

AGT (4d/2d connection) through Od matrices
On a basis of g-expansion

Summary
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2. 3 -deformed matrix model

.. ) M: N x N Hermitian matrix,
 Hermitian One Matrix Model:

Ar: eigenvalue of M

1
7 = f [dM]exp (—Tr W(M )) W(x): a potential
Us
o N |
:f (:1N/\Ho:{p (I-V()\f)) H A1 — AJ\Q,
e I=1 Ys 1<I<J<N

o [J-deformed MM(3-ensemble)

:/ dNAHup(

1/2  Orthogonal matrix
=Ll Hermitian matrix

)) I a2

1<I<J<N

: Symplectic matrix
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* (generalized) S -deformed MM

N
A / ('[N.'If H exp (\/?II?(II)) H ‘.‘1?1 — xIJ 2'8.
¢ I=1

1<I<J<N
(for some contour ()
e [ -deformed MM of Selberg Type

Take C' = [0, 1]

exp (\/STT-"r(;r)) = 2741 — ) lexp (\/?ﬁ(l)) :

If W(x)=0 = Selberg integral
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MM of Selberg Type:

1
= / ('ZN.'IFIH;II?I_l(l — .'1.71)&2_1 H( 'y — 'IJ 25 exp (Z U 1[ J )
U =1 I<J

s o (S )

o \
- Z gix".
i=0

average w.r.t. the Selberg integral
o Exactly calculable: itoyama-T.0. [1003.2929]
expansion in Jack polynomial basis and by using Kadell
Integral
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@ the expansion into the Jack polynomials

exp (ZH (xr; {g:}) ) Z(* (g) PP ().

Here P/El/"ﬁ)(.—r) is a polynomial of & = (21, -+ ,xn) and
A= (A1. A9, - -+ ) is a partition: Ay > Ay > -+ > 0.

@ Jack polynomials are the eigenstates of

N 2
9, = xry+xyg 0 0
rr—— 3 Y
Z_: <1Ia.1‘f) - Z (-ITI-I‘J) (”011 UOIJ)

1<I<J<N

with homogeneous degree |A| = A1 + \o + - -
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@ normalization

P)EI/,B) (x) = my(x) + Z axpmy ().

<A

Here my(x) is the monomial symmetric polynomial.
* <" is dominance ordering.

@ Explicit forms of the Jack polynomials for |A| < 2

. l’\r
P((ll}.-’ﬁ)(_];] = mtl}(.r) = JZ_:]- Ty,

: N .
(1.-"'.3) _ 2.3 _ ) 2,‘3
P () = mgy(z) + —— m 2, (x) = > 27+ ST zprg,
2 (2) (12) I p
(2 1+ B =1 1+8 1c1<1<nN
F’((llz“iiﬂ)(x]:mugjf_x]: Z TIT .

1<I<J<N
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The Macdonald-Kadell formula:

(P ())
1T {a(s) + a1+ (N —1-1'(s ))3} {a(s) + (N = I'(s)) 3}
L {a(s) + a1+ g+ 2N =2 =1(s)3} {als) + (I(s) + 1B}

where \’ is the conjugate partition of A,

a(s) =N—7g, l(s) = )\;-—-'i._ a(s)=75—1. l'(s) =i—1.

arm length leg length coarm length coleg length

o) A
[ s=(ijen
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3. AGT(4d/2d connection) through Od matrices

Zinst (@) = (1 = q) "V B(q) = (M (2, y;9))).

! / x\
/ : 0d: average in matrix
4d: instanton part of
model
Nekrasov part. fn.
2d: conformal block
e Ny, Nk | N, N
M(z,yq) = [T = e 1T = ayn)™ TITIC — awrun)®
=] =] =1.J=1
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 4d: Instanton part of Nekrasov partition function for N=2
SU(2) gauge theory with N.=4 (antifundamental matters)

Zinst(Q) — Z qJ)\lHI/\QIZ)\l,)\g-
A1,A2

. ) QUV
q = eXp(ETT-'z..TUV), UV = —3 —.
gUV 27L_
4
Z(2),(0) = 5 : Mroyfo mﬂ.(aJr et )
' 2lees(e1 —€e2)  2a(2a + e9)(2a + €+ €a)
1 Hf—l ((_‘{, + -;rn_.?,.) 7 _ 1 [Ti_i(a — my)(a — my — €a)
Z(l),(0) = — 2_ 2 . (0).(2) = 2!616%(6] —€9) 2a(2a — €9)(2a — €)(2a — € — ea)
' €1€ 1 1 :
169 2a(2a + €) , . ) M2 (a+ mr)(a+ mr +€1)
1 H4 ( m ) (11),(0) 216%62(61—62} 2&(2a+£1)[2a+eﬂ2a+£+51)’
4l — Thy
ZO 1) — — r=1 ! . ) _ 1 [Mi—i(a—mr)(a—me+eq)
0.0 = "o oo o Zw.n = ~ 53 - -'
1FQ (..{-( (l E_) 21Elégf61—eg} 2a(2a —e1)(2a —e)(2a — e — e1)
7 1 If_i(a+ mr)(a—mr)
(13.(1)

_E%E% [4(12—&512)(4&'2—ng '
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2d: conformal block «<—model independent (representation theoretic) quantity

6(2)6(w) ~ (1/2)log(z — w).

Free field representation of the conformal block

B(g) ~ <0|eﬂl(b(o)e&?@(Q)e&g@(l)ea4¢)(_00)

.

screening charges

1
1 1 Qr = \/B — \/—B

Az’ = —Ot-z:(Oéz — QQE): AI = —051(061 — QQE)- 1
4 4 c—=1— o
b0 (‘f NG

ar = Qq + Qo —|—2\/BNL — —Quy — Qg — 2\/BNR+2QE.




e 0d: B -deformed matrix model of Selberg type

(o
N 1 \fa o 243
N/ d Lerr;I . H ) [&r — 24|
1§I<]SA’L
/ d*ry H yy =y’ I - w0
1ZT<l<Ng
Ny, Ng N, Ng
M(z,y:q) (1 —qzr )\ﬁm‘_‘ (1 —quy) H (1 —qrryy)?
F=] d=1 J=
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€1
Js ? Js Js Js Js Js

By examining the explicit form of the first order
g-expansion coefficients, we get

VAN, =272 VANg = 21118
9s Js
1 1
a1 = —(’mz — my + 6)1 Qg = —(m2 + ml)a
Js Js
1 1
a3 = g—(ms + m4)? Yy — g—(m3 — Ty + 6)
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4. On a basis of g-expansion

il Nr N. Ni
F(e.:0) = [T0 - g™ T10 - a0 T{TE0 - aemo®®
=L T=1 I=1.J=1

@There Is a bais of g-expansion

Mz, y;q) = Y MM, ) (2, y).
such that A
Zni0e = (Mao(2.9))).
@Factorization (conjecture) Itoyama-T.0. [1003.29292]

My, 2, (2, y) = Moy, (2) My, ().
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=

L

@EXxplicit forms

e S QQE pr(x) = Ty,
A[(l)(o)(l’) = —09 — ( ) \/Bp](:ﬁ)a () £ Uy

ar — Qg

= /B (y), pr(y) =Y vl

M(O),(l)(l’) =/ Opi(x),
0).(1) () : (m — QE) V By

: L , 87, (2@ — 61 (152 1/

2(2a — € — €3) 3
- 3P/ 2’ T
e2(€1 — €2)(2a + 62)[ (1%) ( )
(€1 + €2)(2a — €1 + €2)(2a — € — €9) 1/5)
P
N dags(2a + €9) VB 2)

p L0
M) 0)(y) = 5P((2)/ )(y).

P~

<
= —
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@Some properties of M

(1) In general, they are inhomogeneous polynomials

@ [ =
My, 0)(y) = const x P\ (y).

(3) They are greatly simplified at 8 =1
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@ Cauc

ny identity

. q
0T o (zf
= ZQMS)\

= Zq| ‘8/\ ({pr(2)
A

Hsx({pe(y)}).

N Ng

ﬁ(%yaQ) - ﬂ(l—qaj])‘/‘%?l—[ 1 — qy] \/_az HH 1 — q/EIy] 23

exp(Zi(b—F[p; )\fm U) exp (Z \fp;, a;+\fp; (,-‘)

k

exp ( i% (1

k=1

(j;

exp (

)

k

J=1 I=1.J=1

k

k=1

2+ Bon() ﬁ;):.(.f;)) Zq 1|9A1{ s — /Bpi() )SAl({\/Bpk(y)),

\/_p; (ng+ \/_p;, z,r)) = ZQ‘AQ‘SAQ({\/BPA@?))%({—(1’3 - \/Epk(y)})
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@g-expansion in Schur polynomial basis

_--"17(;1', Y5 q)

= 3" My ({mae = V()Y sn, ((Vpe()}) s, ((VBpe(n)}) sx, ({—as — /Bpe(v)}).
A1 Ag

But for generic S,

My, 0, (2) # 53, ({—02 = V/Bpr(2)}) 52, ({V/ Bpi(2) }),
M () # 5 (v Be() ) sn, (f=as = V/Bpe(n)}).

Only for B =1, Mironov-Morozov-Shakirov [1012.3137]

My, (x) = 55 ({—a2 — pi(@)}) sy, ({pr(2)}).
jﬁ/\I/\Q (y) = S\ ({pk(y)})'S/\Q ({_053 o pk(y)})

(8 =1 for SU(N): Zhang-Matsuo [1110.5255]) 25126



5. Summary

v" [3 -deformed matrix model of Selberg type

v" calculation method by using the Jack polynomials and Kadell
Integral
v" Application to g-expansion of the Nekrasov partition function

» Characterization of 1/, ,,(x)and 0/, , (y) for generic B2
» generalization to other gauge theories?
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