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Introduction




AGT CO nj e Ct u re Alday-Gaiotto-Tachikawa (2009)

N=2 SYM

Nekrasov partition function = Correlation function

ZNk = 3" gViz, (Valz1) -+ Valzr))

From the viewpoint of M5 brane, it may be understood as the consequence

of two types of compactification,

Riemann surface E —) N=2 SYM

with punctures

Four sphere —) Toda/Liouville field theory

“Geometric Langrands program” (Witten)

Here we pursue more direct correspondence through the symmetry behind the scene.




Mathematical foundation of AGT

AGT conjecture

Nekrasov Instanton partition Correlation function of

function Liouville/ Toda field theory

Natural action equivalence with

on fixed points of Virasoro/ W algebra

torus action

Spherical Degenerate Double
Affine Hecke algebra (SH)

Reference: Schiffmann and Vasserot
arXiv:1202.2756




Spherical Degenerate Double
Affine Hecke Algebra




Double Affine Hecke Algebra (DAHA)

Introduced by Cherednik to investigate properties
of Macdonald polynomial

DAHA for GL, Generators:

=1 =1 +1 1
X]_ !...JXn JY]_ ?...an }T]_j*"',!Tﬂ—]_

Braid Relation: L1 =151 1515,
Hecke Relation: (T; + tl/g)(T%- _ 1,/-—1/2) -0
Extragenerators: X, X, = X;X;  Y;Y; =Y}V,
;X1 = Xip, T@-_IYz'Tz-_l =Y,
X, =X,1;, TY;=Y,T,, j#ii+1

PX% = X@'_|_1P, PXn = q_lep, P = Y1_1T1 s Tn—lg 7 7é n,

Graphical representation: Burella,Watts, Pasquier,Vala, Annals of Henri Poincarre 2013

/




Degenerate DAHA

Take a limit: q=eh, tzeﬁh, h — 0

D; =lim(Y; —=1)/h, 2z =X;, T, =01
h—0 ’
A representation: D, = z;V; + 5 Z oy
1<t

0 1
V= 0z, + 5 Z (1 —0y) Dunkl operator

Zi—Zj

( — 204
[Dia Zj] =< z;+ 6(2k<z 2k0ik T Zk>i 2i0 ik
\ _szo-’ij




SH (Spherical DDAHA)

DDAHA: generated by 'Z? ) D@; 0 € SN

SH restriction on the symmetric part

generators: f)m ~S (Z(ZZ)T(DZ)S) S, reld,sc ZzO

{

= o1 E o : projection to totally symmetric part
o€ESH
B — 1, reduction to Wl oo

Dy ~ f A D), D= Co,




Calogero-Sutherland and Dunkl operator

The algebra SH (spherical degenerate double affine Hecke algebra) is most naturally

understood in the context of Calogero—Sutherland system with the Hamiltonian:

ZJ—I—Zk 0 0
) BZ( —Zk)( 3—%_%3%)

i<k

e

1=1

— Z((DZ)Q — (n — 1)/BDZ-) + const. 2 = €% . coordinate of a circle

i

The eigenstate of this Hamiltonian is called Jack polynomial which is labeled byYoung diagram

HJy(z) = ey Jy(2) ey = Y ((Y)? + B(n —2i +1)Y;)

Higher conserved charges: H, = Z(Di)l ~ DOl




Recursion relation for Jack polynomials

The operators z, and D, represent Dunkl operators of Calogero-Sutherland system.
A natural action is defined for their eigen-function — Jack polynomials.
They can generate every Jack polynomial through recursion relations.

In particular, the action of D, , and D, , takes a simple form,

Fal

Dondy = ) (c(s)"Jy

seY

Dindy = Y c(WA\Y)"Uurvdw  o(s) = Ba(s) — y(s)

WDOY

J(s)

e
WAY




SHe¢ : Central extension of SH

Do, D1kl = Dijgyr—1, [ >1,
Do, D_1k] = —D_1j4k—1, [ >1,
D_1%x.D1i] = Exq LE>1,

Doy. Dokl = 0. k1>0,

Nonlinear part of the algebra:

1+¢ Z Eis't! = exp ((—1)5+1cﬂz(5)) exp (Z DO,lel(S))

>0 =0

m(s) = s'Gy(1 + £s)wi(s)

Y $(GI(1—gs) — Gi(1+gs))

q=1,—3,5-1
= 1—=x
E=1—9 ;G;(s)mllogs_x

e, (l =0,1,2,--- ) arbitrary parameters (central charges)




Action of SH on cohomology of
iInstanton moduli space




Instanton moduli space and 2d CFT
An Intuitive Picture (1)

Rough illustration of the correspondence between

the Cohornology of instanton moduli space and 2D CFT and SH

We start from a simplified version of moduli space where we keep the location
of instantons as a moduli: Hilbert scheme of k points on euclidian 4D space C?.

(CH* is divided by S, since these points are not distinguishable.

Hilb, = (Cz)k/sk §,: permutation group

When the location of some instantons overlaps, we meet orbifold singularities.

We need blow up such singularity in order to have a smooth space.




Instanton moduli space and 2d CFT
An Intuitive Picture (2)

When two instantons overlap, we need attach two cocycle to resolve the singularity,
which represents the direction where two instantons collides.

For three instanton case, we have four cycle.

P3
P4
o D D2

In general, 2(n-1) cycle is needed to resolve the singularity from n-points getting
together. This resembles the Fock space of free boson if we sum over

the moduli space of arbitrary number of instantons

H* (Hﬂb) — H*(uzoonllbn) — O[p17p27 ©e ] — Fboson




Torus action and equivariant
cohomology

More precise definition of Hilbert scheme

Hilb, = {I € C[X,Y], I : ideal of codim n}
Torus action:

(21,22) - I = {p((21) 7' X, (2) Y5 p(X,Y) € [}

fixed points of torus action: parameterized by aYoung tableY

IY _ @SQYCX(E(S)_lyy(S)_l




Action of DDAHA on fixed points
Dou[ly] = > (c(s))"[Iy]

seY

Dinlly] = > c(W\Y) "byry[Iw]
D_ially] = > (Y \W)"Uy\wllw]

which implies a correspondence:
J y [I Y]

DDAHA is a natural symmetry acting on the cohomology of

instanton moduli space




Coproduct of DDAHA and W-
algebra




DDAHA is a natural symmetry acting on the cohomology of
instanton moduli space.
It does not, however, describe the instanton moduli space.

For SU(N) case, it is parametrized by,

[Location of instanton
size of each instanton

mutual SU(N) orientation

In order to describe the extra moduli, one needs to
take the coproduct of DDAHA and pick up the

irreducible representation out of it, just as composition of spins

2@ - @2 =[+1&--




-

For SH, the “fundamental representation” is described by

a free boson Fock space F since it is parameterized byYoung diagamY

One may assign (in the large N limit) Pm(2) = Z(Zz)m
5 i
Pa(2) < a_y, na—pn ~ a, [a,n, a;m] = ?’L(Sn+m,0

Representation of SH
D1,0 — a1, D—l,o =

1 o o0
Dyo = 5 Z (A Ot + Qg A Q) — %;(n —Da_pa,

n,m=1
Q _ 61/2 . B_]/z Awata, Odake, M, Shiraishi, 1995
in the context @FCalogero—Sutberland

It is possible to generate all other generators from
D +1.0, D 0,2

by taking commutation relations




Representation by n bosons

We have derived a representation of SH on free boson Fock space f

Representation on the direct product

SR RF

is nontrivial since the algebra is nonlinear, i.e. the coproduct is nontrivial.

In particular, the generator D, is not sum of operators acting on each F

N
A
Dio=)» D,
A=I1

N 00
Dop=) Dy =Q) ) tDDY,
A=1

A<B =1

This time the algebra SH has nontrivial central extension

L+ (1=8)Y Es™t =exp(Y_(—1)"am(s) exp(Y | Dosriwi(s)).

1>0 >0 >0

€= Z(@A — &) ay : factor from torus action on SU(N)

/ /




Representation by orthonormal basis

We introduce an orthonormal basis for the representation of DDAHA b, W>

N fq

D_yafb. W > = (=1)' ) > (bg + Be(Wy)) AL (W)[o, W >
g=1t=1
N fq+1

Db W > = (=1 Z (bg + At([,.{,fq))ijx((}t,Jr)([,.fr)‘g’_ Wt

g=1 t=1
N

Dogs1lb. W > = (=1'Y > (bg + () [0.TW >
=1 peWy

which gives a representation of DDAHA with central charges
N

CI:Z(bq—ﬁ)l, E=1-0

q=1




i
(;
\

q

(
(

E"’

I
[

Ap(Y) = Pri—1 — sk —§,
Bi(Y) = PBri—sk, (k=1,--
{=1-0

f
. ap_ﬂq—F:lk

— g + ’flk{yp) — Be

Ae(Yy) —

(Yq) +£H=fq+1ap —ag + Ar(Yp) —

—ag + A(Yp) — Ae(Yy)

™~

)

£=1
1/2
fat! ap—aq—l—Bk '-'Lf{}’ H"fq tlp—ﬂ-q—FBk{}’;:.) —Bf(yq}-l—rf\\
e —a,+ B;\,{p A(q) t=1  a, —a,+ Br(Y,) — Be(Yy) ) }
(k+)_
Y =12 2

(k =

H i Y=,

M i




From the expression of coproduct, one may derive the

stress energy tensor:

N
}'l:?) _ Z r}n;’:_”_l _ ,ii‘f-_le"gz&;p{”{:,?]l _.
ﬂ i=1

N

: e 1 .
_TE%,?;'} — ZL“’E n—=2 — Z (E{.d%'-:'l””fﬁ}}g . QP::'C:JEFI‘“'LE}) :
1 i—=1 =
TS0 = 0 4 ff ogs - 37 2L
oy 21l =aq° ¥ oy — = .
b \ q I:l Gn? " =
nl
[&'H:‘ ) f-l'*lir?jt]] = dn+m,00i5 , [f.‘t'.lr.‘,i.:'._ t]"'rj .:'] = dm.00i; ,
N+1 ]
P-iZT—?-. ij=1,---,N.

This is the standard representation of Wy —algebra in terms

of N free bosons with central charge

c=1+(N-D1-@N(N+1), Q=+/B-/5




-

Further confirmation of correspondence

Structure of Hilbert space is determined by the singular vector.

For W—algebra it is determined by the nonvanishing

action of the screening operator.,

For SH, one may find it by the condition.

Di, )@, Y)=0 r=0,1,2,-
which is implemented by
k) (7 vV
Az(o W@, Y)=0 for all k&, p

It gives a consistent result.




Recursive proof of AGT




Based on algebra SH, one may give a direct proof of AGT conjecture.

Proof for pure superYang—Mills

Schiffmann and Vassero(’12), Maulik and Okounkov (‘13)

Proof for N=2%

Fateev-Litvinov (‘09)

Proof for linear quiver gauge theories

Alba-Fateev-Litvinov-Tarnopolskiy (‘10)
Belavin-Belavin (‘11)

Fateev-Litvinov (‘11)
Morosov-Mironov-Shakirov (‘11)
Zhang-M (‘11), Kanno-M-Zhang (“12,°13)

Morosov-Smirnov (13)

™~




Basic strategy

Typical form of Nekrasov partition function

7 Zf IYI

g: moduli space parameter
Sum over fixed point of localization parameterized byYoung diagram Y
f(Y): contribution of each fixed point

SH acts on the fixed points, thus gives recursion relations among

coefficients which typically are the products of factors of the form:

gyw(x) = H (0 +B(Y] —i4+1)+W; —j) H (e +B(W; —i)+Yi—j+1)
(i,7)€Y (i,5)EW




Recursion relation among factors

For the factor from bifundamental matter:

Iy oy, (@ —bg—p) T (@, — by — g+ AR(Yp) — Ae(W,) — £)
Iy Wy (ap —bg — ) :’fll(ﬂp by — pn+ Ar(Yy) — Be(Wy)) |
Gy ow, (0 b= 1) [T (ap = by — o+ Bi(Yy) — Be(Wy)
mpwq( —bg — ) fatl(a, — by — p+ Br(Y,) — Ad(W,) — €)
Gy,wieo @ =ba =) T by — ap + p+ Ad(Wy) — Ar(Yy))
gv,w, (ap = bg — ) iy (bg — ap + p+ Af(W,) — Bp(Y,) +€)
Iy, weo @ —bg =) T2 (by — ap + p + Be(Wy) — Bi(Yy) +€)
9v, W, (ap = bg = i) [T by — ap + o+ Be(W,) — AR(Y;))

One may derive the recursion relation for other factors from them. Other relation which

we use is the following algebraic identities.

ch 1L (xr —y5) HC_zj_

7 —1171HJ I_fEJ

/




Proof for pure SYM

AGT conjecture:
N

2@ =@y f@v) = [

p,g=1 gvaYq (CLP o aQ)

Z(@) = (Glq™°|G)

|G) : Gaiotto state or Whittaker vector
wivle) = ()Y G)
w9e =0 d=1,2,--- ,N—1
WG =0 1>2

One may map such conditions to similar ones in SH. One may directly check the following

state satisfies them. They have the desired norm.

G) =) (f@vy)"*a,y)

—

Y




Proof for linear quiver

Nekrasov Partition function for conformal inv. SU(N)x...xSU(N) (L factors) quiver

is identical to conformal block function of 2D CFT described by
SU(N) Toda field theory with L+3 vertex operator insertions

-
-
-
-

with identification of parameters
¢; : coupling const <+ location of vertex

;- mass for hyper <+ momentum of vertex

a; : VEV for vect. mult. <> weight of intermediate state




e

Partition function takes the form of matrix
multiplication

mlmiw---@lm Partition function looks like matrix multiplication

with a vertex operator insertion.




Recursion for quiver from SH

I fpt+l
5 1nZ(@Y:0,Wip) = > (Z (ap +v + Ap(Yp)"AV (@, Y) Z(@, Y 52 b, W p)
p=1 k=1

Fo
= by +p+v+ Be(Wp)"AS T (0, W) Z(@, Y ; b, WP, m) :

k=1
— "' .FF' —
512 2@ Y0, Wipn) = > =D (ap+v+ Bp(Y,)"AF (@, ¥)Z(@, Y570, W;p)
p=1 k=1
Jo L o \
+ 3 (b + v+ p+ Ae(Wp) £ &) AT (B, W) Z(a,Y b, WEHP: ) 1
k=1

The coefficients 0, _ coincide with D ; _ action on the bra and ket.
This recursion formula uniquely fix the partition function thus proves AGT.

On the other hand the coefficient appearing in 51’n is slightly shifted by &.

This small mismatch will be explained by an exotic choice of vertex operator. /




Anomaly In vertex operator

The vertex operator is written as a product of U(1) (Heisenberg)
part and W, part:
vV =VHYW

The standard definition in terms of free boson is written as,

" K =Z..A r TN =4 _i 1
IJ'H:H = € N € “’Q‘. IHH‘:[V e ﬁ(E’N N)‘?Q‘

gi=(1,---,1) & =(0,---,0,1)

We need modity the U(1) part of the vertex operator

Carlsson-Okounkov

1 _ _ K R
VH = gvn (NQ=R)é- ~For b=¢

K

Anomaly in the commutator with Virasoro cancels

those in recursion relation.




Summary

1. We reviewed Spherical DDAHA (SH) which describes the

structure of instanton moduli space.

2. SHis equivalent to Wy-algebra + U(1) factor when it is
realized by irreducible “symmetric part” in the tensor
product of N “fundamental” representation. In principle, it is

much larger symmetry such as W(1 + o)

3. SH is much simpler to be treated in the instanton partition
function. Indeed, the recursive proot of AGT is given in

variety of cases.




Future prospects

e The symmetry SH is quite interesting mathematical object

and should be pursued further.

* Connection between coproduct of SH and integrable models

(Maulick-Okounkov): R-matrix and Yangian
® Generalization of SH for other gauge groups
® Treatment of nonlocal objects in SYM.

* Application of SH to higher spin gauge theory and/or
fractional Hall effects

® Nekrasov-Shatashvilli limit: action on noncommutative

Riemann surface, Toda system, Calogero system
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