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1. Introduction
Moyal space
The Moyal space R* is a four-dimensional non-commutative space which coordinate

ring is non-commutative associative, endowed with the Moyal product

(f*g)(z) = exp( V-1 Z 0" o, 5“) (2")g(2")

MV—

= Fwgle) + Y3 00, (w)gla) + 00

o' =x"=x

where 85 — 9/0x" etc and 6" is a real anti-symmetric tensor of the form

0 —6,
) 0, 0
gy — | 01
(6") 0 _b,
6, 0

Non-commutativity is measured by 6/ as seen from

[m”, :1:’”]* = 2 xa” — ¥ x 2t = /—16".
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Non-commutative gauge instanton

Non-commutative gauge instanton A is a solution of Aniti-Seld-Dual (ASD) Yang-Mills
equation on the Moyal space R*
xF'= —F

where F' is the curvature two-form

1 1%
F:§;Fwdx“/\dx :

F,=0A —-0A,+A,xA, —A, xA,

and the symbol * means taking the Hodge star

1
(xF) 0 = §ZGWPUF/)0 (61234 _ 1)

p,0



ADHM construction
The Atiyah-Drinfeld-Hitchin-Manin (ADHM) construction is one of the most useful

method to generate all instanton solutions just by solving matrix equations.

It is based on a duality between an instanton moduli space specified by ASD Yang-Mills
equation (PDE) and a moduli space specified by ADHM equation (matrix equation).
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In this talk, we outline a non-commutative version of the ADHM construction and its

Inverse construction.
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2. Non-commutative ADHM construction
Let V=Cand W=C" (k,N=1,2, ---).

Non-commutative ADHM data
Quadruple of matrices (B, By, I, J), where

By, By € End V,
I € Hom(W, V), J € Hom(V, W)
are called the non-commutative ADHM data when the matrices satisfy the non-
commutative ADHM equations:
i) | By, Bol+1J =0,
it) [By, BI]+[B,y, BI|+1I"— JtJ =1y,

where ( = —2(61+06-) is proportional to the seld-dual component of /. When { = 0,
the matrices are the standard ADHM data of U(N) k-instanton on R*.

In what follows, the condition ( > 0 is imposed.
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Fock representation of the Maoyal space

We associate complex coordinates z; = x°++/—1z', 29 = 2*++/—12> with operators

5 = V=204, Z =73 =/—20,4q

(z = 1,2) are annihilation and creation operators of harmonic oscilla-

S o

where a;, a;
tors with commutation relations [ai, aj] = 0;;. [Ihese operators satisfy the same

commutation relations as in the Lie algebra derived from the Moyal product:

AN AN

[%\iv 27] = —20i0ij, [%\u 27] = [Eiy Zj} = 0.

e We interpret Z;, /E\Z as endomorphisms over the Fock space F
T — @ C(a AT ™| ( ) (AT)m2‘0>
m1,mo>0
This yields an identification of the Moyal space R* (plus the complex structure) with

EndF. In particular, left- and right-multiplications of the Moyal product are converted
respectively to the left- and right-multiplications on End.F.
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Non-commutative ADHM complex

let V=V @EndF and W = W ® EndF, where F is the Fock space. For the

non-commutative data (B1, Bs, I, J), we associate a chain of linear mappings as

W
e
V 74 sV (1)
D
|4
where linear operators & and E are given by

& — (], /Z\Q—BQ, /Z\l—Bl) t(”UAJ, @1’ ’&2) > ]w+(%\2_B2)@1—|—(/Z\1_B1>@2,

B=1J -G —B), 5By 0w "Jb, (21— Bu)o, 3y — Ba)b).

e The ADHM equation 7) yields a3 = 0. Thus, the chain (1) is a complex.



Dirac operator

The preceeding complex gives rise to the following Dirac operator:

W
f ~
) M 7N 9 d
V=@hp=|%-B-G-B)| @& — ¥V (2)
Z-B %-B ) V D
%
The ADHM equation i) yields aal = ﬁTﬁ . Together with the closedness

ozﬁ = (), the Laplacian becomes a diagonal matrix of the form

Viv = diag(ﬁ,ﬁ) VeV — VoV

e When ¢ # 0, O € EndV is bijective for V(Bi, By, I, J) and therefore invertible:
30" € EndV.
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Solutions of the Dirac equation
AN AN N AN
o When ( #0,  KerV =10, KerVl ~ (HEndV  for V(By, By, I, J).

On KerVT c W e V @V, EndF acts freely by the right multilplication v +—> v,
where () € GL(N)® EndF. By taking a suitable (), the following basis v\1), - .. . ¥V

of Ker@T Is chosen.

Vil =, J9Ig® = %1 (a,b=1,---, N)

We introduce the matrix

V = (vu), 7V<N>)

The orthonormality of the basis implies

AN AN

VIV = id
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Non-commutative ADHM construction

The trivial connection on W & V & V induces an U(N) connection A on @ End.F.

It is given by using the matrix V as
A, =V'9,-V e u(N)®EndF
where 3“ (p=1,--- 4) are differential operators of the form

= V10,5, 8,V = [, V],

:b
@3
.
=

_|_
E:b)
s

e The curvature F = 5 Zu y Fuydx“ Adx", where = 5

takes the form

<)

3
F = Z @-v—leijk(dazj A dz® — xdz? A dxk), C;, = Vi

1,7,k=1

where €153 = 1 and 0=1?3 denote Pauli's matrices. Clearly we see

AN

*ﬁ:—F



3. Non-commutative topological charge

2nd Chern class
R 1
CH =
27 3972

TrCNﬁWﬁpUGWW c End F

where €!%3% = 1.

CGOT formula
The ADHM construction yields (SZW)_lﬁﬂyﬁpgeWW = 7%y @2 By using the

expression we obtain the formula:

_ 1 o (A (B8 B
& = 5T 0% {0 (89, 07)} € EndF
where
0= -B)E-Bh+1r (: aa*)
- O =0"(9,-0), OcEndF
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Topological charge

co = ()
where
</C\2> — 47’(’(91(92 lim Z <m1,m2\52 \ml,m2>
L——+0o0
mi1+mo<L

( = 476,60, Trr ¢ >

co is computed by applying the CGOT formula together with using formulas for the

partial diagonal sum of @(mbmz),(m,ng) = (my, mo| O |ni, ny)

e |t turns out that ¢, takes the value

=k N=12 ...
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4. Inverse construction
Let N,k =1,2,--- and specialize 6, = 6, = —(/4.

Non-commutative ASD instanton

AN

A, € u(N)®EndF

2. =k
3. 37 € EndF" such that
e §l 0% =1y
e when my +mg,n; +n9 > L

(A= 50,3 = o
(m1,m2),(n1,n2)

as L — +o0
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Dirac equation

514:@”(5 —I-A\) ﬁA:EBM(é\N'—l—A\N)
where &' = (e"%), e/ = (egﬁ) are 4d 2 X 2 y-matrices.

k
Assumption  we assume KerDy ~ @End]—" and KerﬁA ~ ()

AN AN AN

Basis of Ker%A: ¢1 ( “) vy W2y W

Da-h; = 0, (i) = 0

P ()

It is also convenient to express the spinor index explicitly as

b=t U= (G )
<\If2> wozl wozk a=1 N

Define the matrix



Asymptotics

Asymptotic condition on A, implies

Ql

e J constant matrix () = ( “where Q¢ = (Qf‘a) , satisfying the
)2 i=1, k;a=1,- N
condition that , for m; + mo,ny + 1y > L
(¥~ 5B ® 13)02) = O(L™)
(m1,ma),(n1,n2)

as L — +o0.

AN

Uy is a pair of solutions of the free Dirac equation (€"0,) - Uy = 0 and takes the form

\/I}Q = l(E|() — g)_1 Z €NEE\M(E|0 — g)_1

where 0y = Z%@ = ;(55“)2 + g
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Inverse construction

e Define

B = (%0'W) € EndV,
[=-0%" € Hom(W,V), J=0Q' € Hom(V, W)

—> (B, By, I, J) satisfies the non-commutative ADHM equations i), 7).

e The inverse construction is actually the inverse of the ADHM construc-

tion of non-commutative instatntons.
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