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Where PNA is useful (current/future).

For gravitational wave astronomy. Why?

most promising GW sources for KAGRA/LIGO/VIRGO are inspiralling
compact stars (neutron stars, black holes) binary. Because ...

— Existence: Such systems are known to exist.
— Event rate: 40-600 events per one year for advanced LIGO

— Waveform templates are available: we can use the most optimal
linear filter (matched filter). How to construct?

PNA 1s useful to construct waveform templates.
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PNA, Numerical relativity, Single star/BH Perturbation

Compact binary mergers
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Waveform Templates and Equations of Motion

GQQm m
h(t) ~ C4erg(t)2 cos (/ 27rf(t)dt> : Need to know Phase evolution

EOM - orbital evolution 2> GW Phase evolution

i G(mi+mo) ; N a _ 967°/3G>/3 A2/3 /3 4
pa = 7“:1)’2 12 " dt 55 chlrp

*More accurate the EOM is, better the quality of waveform
templates becomes and we get good signal to noise ratio.

*For GW detection and measurements, 3.5 (~4 PN) EOM
may be enough for stellar mass binary.



EOM and wave propagation problem.

Both EOM and wave propagation from source to observer
must be computed to construct waveform.

- Blanchet-Damour-lyer (BDI) et al or Will-Wiseman
(WW) succeeded in deriving higher order waveform.

- This talk 1s on EOM.
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Two approaches to PNA EOM.

Two approaches to find PNA binary dynamics in
insipiralling phase.

1. ADS Hamiltonian in ADMTT gauge

— Damour, Jaranowski & Schaefer (2001) was the first who completed
the 3 PN ADS Hamiltonian, partially completed 4PN.

2. Equations of motion In harmonic gauge

- Blanchet, Faye & Esposito-Farese, Pati & Will, |toh, Futamase &
Asada.

O < Hamiltonian
O < EOM



Post-Newtonian equations of motion
for relativistic compact binaries

Plan: Concentrate on (my contributions to) 3.5 PN EOM.

. Then two slides show solutions to EOM and waveform
briefly.
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Key ideas in our formalism

1. Post-Newtonian approximation (PNA)

- Anderson & Decanio (1975)
2. Point particle approximation

- Strong field point particle limit (Futamase ,1987)
3. Surface integral approach

- Similar to Einstein, Infeld & Hoffmann (1938).



Key ideas 1. PNA

Post—-Newtonian approximation.

Balance between centrifugal force and 57
gravitational force c< L

mQ/D
- L

~

V

Newtonian gravitational bound system: (i, U b 2

C

orb

Introduce scaled mass m and velocity v, PN Expansion parameter &, Newtonian
dynamical time T.

_ dx® dx® P
Vorh = = ¢ = cv’, m

dt dr
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Newtonian dynamical time T and near zone coord.

1. Just a scaled time variable, but a “natural” Newtonian time.

2. Nothing to do with proper time of anything.

3. Newtonian equation of motion obeys “Newtonian scaling law”:

t=1T/€e, d = e b

d? ~ d?

4. Near zone coordinate (t,x') and Newtonian metric N

Nuy = diag(_E_Qa(Sij)

11
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Key ideas 1. PNA (cont’d)

1. Expanding metric (and stress energy tensor) in € formally.
Use lower order EOM if necessary

g(x; €) = n+ edeg(z; 0) + €282g(x;0) /2! - - -,

2. Expanding Einstein Equations in . Iteration
Solve those for g,’s up to required order in € as functional of m, v, ...

Glg(z,€)] = T(z; 2m, ev, - - )

3. Stress energy conservation law gives EOM. >

V[g(w;e)]T(CC; €2m, €V, - ) =0

duv’ mimo .
Ml T T3 riote Fipnte Fopnte Fospnte Fapn—te’ Faspnt-
12

3PN: Damour, Jaranowski & Schéfer 2001, Itoh & Futamase 2003, Blanchet, Damour & Esposito-Farése
2004.

3.5PN: Blanchet 1997, Jaranowski & Schafer 1997, Pati & Will 2002, Konigsdoerffer, Faye, Schafer
2003, Nissanke & Blanchet 2005, Itoh 2009
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Key ideas 2. Point particle limit

Why point particle limit?
1. To make equations of motion more tractable (reduce number of degrees of freedom)

2. Gravitational wave data analysis may not need higher order multipoles other than spin
(and quadrupole). Smaller the number of parameters (mass, spins, ...) to be searched for is,
easier the data analysis and lesser the computational burden become.

Rough argument: ( m, vs, R: mass, spinning velocity, and radius of a star, L: orbital separation)
1. Tidal force: m R /L3 ~ m”2/L"3 for a compact star.
Tidally induced quadrupole: Q ~ (tidal gravity)/(self gravity) times m R*2 ~ m”3 (R/L)"3.
Quadrupole orbit coupling force: F~mQ/LM ~ (m/L) 7 =5 PN
(cf. (m/L)"2 for Newtonian Force).
2. Spin induced quadrupole: Q ~ (MRv)*2/m ~ m"3 v/2
. Quadrupole orbit coupling force: F ~ (m/L)"4 vs*2 = 2PN times (rotational velocity)"2.

See e.g. for Bildsten & Cutler (1992), Blanchet’s 2007 Liv. Rev. review.
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Key ideas 2. Point particle limit (cont’d)

Strong field point particle limit:
* “Regular” point particle limit.
« Can make a star have strong internal self-gravity (while keeping inter-body gravity weak).

* Nicely fit into post-Newtonian approximation.

1. We would like to make a star have strong internal @ = 0(1)

gravity R

2. while keeping inter-star gravity weak and PNA valid. @ _ 0(62)
L

3. As a consequence, we have a point particle in the &-zero R . 2

limit. 7 = O

Scaling law for radius of star: (Strong field point particle limit)

RA = EQRA
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Body zone coordinate.

2
Bk

Body zone By: B, " fx'jj*xi 2a(¢)j < 2Rag S

Body zone coordinate: ®}A © 21 2(Xi i Z"A\((,)) i

ERa

«Star shrinks in (t,x) coord.

«Star does not shrink in
(t,a) coord.

Natural coordinate to
describe the star.




Scaling law of stress energy tensor

Inside a star b= ,,:,:L/RIS — 0(6—4)
"7sp|n = O(e)
916 = O(c?)
Source term of OW — (—g)(TH + tﬁyl_)

Relaxed Einstein Equations.

Scaling law of the stress O = O(c7?)

energy tensor of matter +

gravity. O™ = 0O(cH)
QY = O(c8)

Natural time scale inside a star ~ o> =0(&?). For such a dynamical star, Vein = ()

16
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Other approaches: Dirac delta

One can use Dirac delta to achieve point particle |imit.
Have to deal with divergent integrals.

LoV
/TWd% :/\/ Y §(Z — 2(t))d3

—99povPv?

And Hadamard Partie Finie regularization gives non—-unique
answers in e.g. near zone quadrupole moment at 3 PN order.

44 GEHE%
j'ff_.':: )

-
2 C

| moyo.
| &+ k—|a{y]+ (ool [+ 12
| myl )

Eq, (10.2.5) of Blanchet, lyer & Joguet (2002).



Key ideas 3. Surface integral approach

(Newtonian) Force by Volume integral

F! = d3g:pa—¢. Need p and ¢ inside the star.

L= Bq ozt

By Surface intégral (using Poisson eq.)

Fi = - % dS;t.
/OB 3 Need ¢ close but outside the star.
1 ( do 0o 0 do do )

£t

47 \ Oxt Oz 2 Oxk dxk

e

Field Momentum flux BA and Star A shrink
going through BA

Gravitational Force on
the star A -

18
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Other ways to EOM

(1)Volume integral Approach: (Pati & Will)
Assume the properties of the density.

i / 73 ¢ - Explicit demonstration of
1= rp(x)—. ; ;
B1 o’ Irrelevance of the internal structure.

(2) Regularized geodesics or, regularized action (Blanchet & Faye)

[u ut]"9 =0 | Physically interesting implications.

(cf. )Surface Integral Approach: (Einstein, Infeld & Hoffmann, Y1, Futamase &
Asada)

F{ = — detij, Avoid the internal problem up to
0By . the order where ¢ depends on it.

yii = 1 [0¢p Op Y O¢p O
47 .

oz Oxd 2 dxk dxk



Newtonian computations.

20

\elocity Momentum relation

= PY —myvYy =

O

mass mA = d3p
B '
- _ 3 i i dD*
dipole :/ dzp(x’ — 2%%) Sk
: Ba A dTt
momentum [Pt = d3zpv
Ba
2
From Field eq. — —1 — e
i A:Z£2 |f—5A|+2A533@933 (lf—5A| T
Fl = —¢ dSit¥,
L OBy 7
3 tij 1 dp O 0 O O
o ozt OxJ 2 xk oz
a2 VP (2p 4 9g 4+ 1) [ Mem g Naz
J‘Hl }1 ZZ \<F =q } 1 IH_,{ig N ZtMpNg>

p=0 g=0

plg!

?1}

)



Newtonian computations cont’d.

Newtonian potential.

~ A
fJ[ 1 J — Z : |.—' _ =
A=12 A
v
: d() o i
lim ¢ —€ N jti'g‘r._._-ﬁti'{@
f.—.t'[‘.l1 B, T
i
F =
__myma
- T 12
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— —+
T =zy+ €n;y.

_ dfl o m? .
lim ¢ €ng | —ngng,
0 Jap, AT €

2mymes (k

€2|z21 +efi — 2o

I R dS; ..
— (a;.af — Er}’%m) f:m 4—;0*;303@

L 1 .. i
- (oiof - §¢U¢H) f;m 4

. ,_3] '!1| ,,_.-" P
—+|”1 (2 +eny —z5) <«

55 i o0

On the body zone 1

Force on star 1 by surface integral over the body zone

Zero by surface int..

9
may k k_ _kyl !
+ = = (27 +eny —z5 (2] teny — =
|:1_En_:2|;x 1 1 2:'[ 1 1
2mima  _(k, 1) {]}
3|z7 — Z&| Y

Zero when = 0.

f dQnin] = —dY.
8B, 3




Field equations.

1. Gauge choice
2. Relxed Einstein Equations (REE)
3. How to solve REE.

Boundary conditions

How to deal with PNA break down

Field around stars: operational multipole moments.
Super(-duper-tuper-...)- potentials.

PNA iteration

22



Field Equation

23

" —/—g9""

«Deviation field h. B
*Harmonic gauge REY .

L4

‘Relaxed Einstein Equations (REE) pm — _ 161 A#Y
Anderson & Decanio (1975).

flat wave operator
: Stress energy
REE source termS __-1:':“"'1 = f'-:%}u':“"'l _|_ -uil':“"'l':":"'i i3 tensor Of matter
OMY = (—g)(TH +thY), plus gravity
1

w!'L,c.!w.»c 3 T {f av Bu

h8 hiv y——Wave operator
residual.

Conservation laws /\/W’V = 0, @/“/7,/ = 0, Xlwaﬁ,aﬁy — 0.

(:|g—]}r| E.:|lI +J“:w{ i].

o - ) o illfu-"
Formal solution to REE. 7 (- i) _ 4 / ity 2

flat light cone

|7 — 4]
!

Homogeneous term



Boundary condition:

: . | 10, [0 9
*Homogeneous solution: R (r,z') = 5«[ ‘J‘__--f [J—[pf!“{ ;}|+;—{prw.+ y'))
I (7, "
*No incoming radiation
U v v
condition at l_r {8 (rh* )‘|‘—(7"h}u )] = 0. or pf =
Minkowskian past null T—00

infinity.

Other possibilities:

» Use “radiative coordinates” to incorporate system monopole effect on null
characteristic (MPM of Blanchet, Damour, lyer et al.).

-- No difference up to 3.5 PN order inclusively.
« Use initial value formalism rather than going to fictitious past null (BigBang).

-- Assume binary is immersed in (environmental/cosmological) stochastic
GWs h”Nij (not htt, h~ti). (Statistical initial condition by Schutz 1980.)

-- Not deeply investigated.

T-’={].|r;= &

24



PNA break-down, Far zone field, & WWP-DIRE

Divergent integrals in formal slow motion expansion series

s "o flr—€Z—7.7) (1" f.} g d" |
hiT.2%) ~ [ d3y: T~ : e" | &yl —y|" T — f(t. 7).
(1, 2") ~ / y > y|F — " = f(t,7)

|7 — ] n! AL

T

— Multipolar-Post-Minkowskian formalism (MPM)
— Blanchet, Damour, lyer et al. (e.g. Blanchet 2007 review)
— PMA in radiative coordinates for far zone
— PNA for near zone
— Matching between two.
- Direct Integration of Relaxed Einstein Equations (DIRE)
- Will & Wiseman (1996)
— same coordinates in far and near zone (harmonic).

25
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Will-Wiseman-Pati’s DIRE

Teyths = h'\Z'(N)(P) * Mgy (P

i o e A Y2

h P =i d3 : . ;

N(N)( ) Z|\|:fy:jyj- R =2g 4 IXi ¥l

o K07 o ) S K. 2

i e oyl ALY
(F) F=fy:jyj> R=2g J%i ¥

Tconstant. —\

/\ Field point P:(t,X) A

[e(P.Q)t, (Q)




Will-Wiseman-Pati’s DIRE cont’d

APV (t — |.l — :f‘r’|.:f"’]
W (6, T) = d* - -
F(F) { ) |J _F |
AP (u' + 7 7 . .
= / du’ j[ _,} [ (u', Q)]2dQ,
b= w —n - T '

STF expansion

AHY ,ffi'.f_-f'_ﬁ n<L>

General formula for far zone contribution to near zone field

2

B—2
h‘.‘\”“, (t,z*) = Z: (?) n~t= ;IE;;_;__{:_]" b / PNA
(l—l— )—I—n Zfif;f

0 g—=0

T

appear at 4 PN EOM as
PN tail.
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Near zone field and slow motion expansion

*Slow motion expansion
Y Tt
L ; {_{_]I d 3..1=2 —in—1 g prr g, k.,
hH" = iz ) (F ; d y|Z — y|" AN (T, y" 5 €).
re=1[) ] J N

*Then split it into Body zone contribution + N/B contribution

h=nh B+ h N/B: O
P ) —
, ‘ (T,24 + €7, :
R R O
A—1,27Ba 74 — €A 4] N
n  f(T,Y)
hy/g = d>q —
= [ i 10D |
/ 2 N/B




Body zone field to field and multipole expansion

Body zone contribution :.Multipole expansion

- I P* EDL‘T 13}' H}Fﬂ.ﬁfl Ugj’j{jﬁ'frn ILLIILTT'
o = 44T I B i
A 2r) "a
_ P o JEipk 3}3..!: l. .!
T _ 4.4 A 22 ATA 1
hg,.—qg = 4e Z . + e —5— +¢ 55
; A A “T'A

A TA 2r 2r

7 kii Ik o rakl=i] I <klm>ij [k
( !f 0 Z_.;J i"{l n i 32_.1 !“I'T"E:L ?"!1_.11 4 2 -l:IIL,7__1l m 33;1-51?.{1_?
) 2, ) € ) Al € ) Al

7L
A

Operational multipoles

Integrands include
gravitational stress
energy tensor 2>

" 2 ; rr K,
I P{‘ =€ f d”iiil'__-l_-"i_}.‘.-' ay,
Ba

Kji _ A4 3 aTi K,
Ji =€ f d oA\ oy,
Ba

h’

A

Self-gravitating star.

] !i'
J B

29



Reduction of multipoles via con

servation law.

Reduction of operational multipoles.
o> dD"

Py = Pivy + Q4 +¢€ 7 4, -
T

L] 1 P Edfu (2 y7) 1 ij
Ji = 3 (JI_ ] 4 ¢ d_*) — -'.r.'_"_,_lDf,_l + EE ‘EQ_{.

’ - d2 I"f dDJ" dv'
ij o _ 2 6 PP G 4%Y4 i)
. o i 1 o dC
+ Q) + 2RV + —e2 A 2 :

2 dr
ZA@_;- 3 Flki;l Flli'_;"i-k
A E A 1

A

;2 1/ dn fi[—‘r
Ba

Velocity-Momentum
relation

Operationally defined spin

(—Jﬁ: : = E 1}( {1“}}\ 1'\\ — T 11'\\ ] U};IHH
aB a

Rhi;‘_. Ij{” {1;53\(13_311 )ULUL J‘
OB 4

Residual due to non-
compactness of integrands.




Operational multipole and “true” multipole (n=2)

Volume integral of the total stress energy tensor A¥# in B4 on 7 con-
stant 3-space

Vi

If{ = ¢? d3oeA/\}r\}ra%, ; ; Ba
BA '

BA

= I_fi = ¢? BAd?’aA/\}r\}rozﬁ = Iﬁ + 5I£1

Even “Spherical-in-rest-frame compact stars” has non-zero
operationally defined quadrupole due to Lorentz contraction..

71 % 0
A
[I?i]]STF # 0

5 = 0

A
[IEJ]STF —0

[5]27’*7>]STF = —gm:l)’[fuﬁv{]STF 3PN contribution

31



Operational multipole and “true” multipole (n=1)

*Spin defined in the Fermi-normal coordinate

_Hltuf L EE_G g’j :}..:T. 113];}
“ThA T — ZipT 1‘ N
V=9 JB,4
1 eley

'-5‘.-1;.: — }'Fn.;:-rr,u-wjl u 1

*Relation between “ope.” spin and “true” spin

3 L, . o2mao Y .. 1, . ok b
M7 = ((l + —E‘E-a‘f — € ?‘1:) a7 — Efgt'i'i“;) D] — e MjFvl + 0(?),
MY = M4kl MIF 40P

Spin supplementary condition or definition of center of mass

> B0 cr amvoalentle TE n 0
Sauu’y =0 Jor equivalently, DY = —-M%"uaq, =0, e

‘Eq. (@) means D’y = > M{* v}

32



Chi part of the operational multipole moments.

IA_€2 BAd3a /\NoaA,—e f d3a 4O +x ’“Waﬁ)ozA,

« Chi is just the difference between the curved space time wave
operator and the flat-space one.

* It is not natural to include chi-part as a integrand of multipole
moments.

*Up to the 3.5 PN order, we can subtract the chi-part of the
multipoles from the operational multipoles.

L = S|
175 my ma riy

- + O(€).
1873, (€")

i 2 TT o3
D.-"i\:t /1;3 dﬂl“‘;\'\, a3 — €
. 1
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QR integrals: due to non-compactness.

34

8
Qﬁi = e ° Z e 5&4 d.S} [nﬁﬂf" — -t-‘f‘;uﬂ}f} yﬂi = O(€”) or eR4 — dependent,
“— JoB,

for ¥ 1 and.

Lij e 4 E Ak K T | . Li
R;{ J = ?1 %‘ d-STL: |:11i1:.3\lr - 1"’_.—11111:;\!} 'y___la
=,
4 413
64%”3 frjj} + O(€”) or eR4 — dependent,
g3mim2 (4 cki_J ki ST ] gk
= EW(‘-IG o — 07 rlg—é-’rlz)

—|—O(E°} or eR4 — dependent,
L O(€”) or eR4 — dependent

O _ 5??1??710?1;:23 { _ 6 d (m3ms i) — 6 d (1
12 12

And

for monopoles.

for [ =0,

forl =1.
otherwise.

??11ai) :

For a star with n = 1 multipoles.

37 i riy 31y
-ng(D1 T )1 s 4??19(fj 1)U L O,
3r? 1o .3?"1.2

64 (‘}??12:\{] ?112 2??1919? (ﬁ 12 - 1‘12] n ?Hgl[ﬁ] -'1_-:1]'?1.";12 ??12(ﬁ1 -'Flg)t??i

It’s too lengthy to

show expressions for

_other QR’s.



N/B field and super-potentials / -y EE /

' o i/ ) 3 1 gl . o 1
/ dy ;ﬂ“’r; = —dmg(T) + }4 d Sy, [ =L f} — g(Y) = ( — )] :
N/B 7 — 7] Ja(n/B) £ — 7] Oy Ay~ \ | — 7|

¢ g(x) — f(X) g: (Super-)potential of (non-compact) source f.

*There’s no need to worry about homogeneous solutions.
*There’s no need to use Dirac delta to prove above equation (Appendix B of Itoh 2004).

«Analytic closed form expressions of all the necessary super-potentials are available up to
2.5 PN order inclusively and 3.5 PN order.

« At 3 PN order, we could not find all. We instead find the potentials in the neighborhood
of the body zone, which are what we need to evaluate surface integrals to derive EOM, or
change the order of integrations: compute surface integral first and then compute
remaining Poisson integral.



Poisson integral without super-potentials.

Decompose the integrand using symmetric trace-free (STF) tensors
=) ai(cosb,yy)ni">  with

l
Formulae for changing the order of integrations:

1
— df disc/ d3y
Am Jop,  <Ra Jn/B

—

cosfl = —7iy9 - 714

71 — 1] 2 ri—eRy eRa

[

IM = ?ané‘{’} lim disc {/ dyl'ylfdtpf(_t]gi(t‘yl)
JN/B

™ du 2
+ / yl;y] fg dtPi(—t)ai(t, y1)].
. 'ER]_ r]_ J—1

Jop; I T —

= lim disc4n Z (—1)™

!
r—eRa eR4
! A m=0

(2m — 1)
(2m + 3)m!

\ [ ’zm+3 A~ n<M> I’zm 3 . n<kM>

. _ — < 12 1 < M = 12

’ / d ylf(yl} +2 ‘\ C} ( m+1 ) +1 "\1 a*é ( m+2 )
JN/B’ y1 2 12 y1 19

m+1
T2

m-l-l“\.-::k‘tf a ”fz”} 2. maAT<M> . 12
! — iy Ni~ 'azf,,_

+ / d*y1 f(ffl)
B} /B

+2

%)
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Equations of motion

B i sl

Conservation |aw

Surface integral approach
Mass—Energy relation
Momentum—velocity relation

General form of equations of motion

37



Conservation law and surface integral approach

Separate Theta part and chi part

Ph(r) = ¢ g AP N
A

= ¢ d?’ozA@%L
By

dS
+ 4 /Z;B #(hukhfoa . hTThka),a
A (s

= P@A(T) + P A(’T)
Conservation law:

/\‘uyai/ — Oa euyﬂ/ — 07 X‘uyaﬁ,ozﬁl/ = 0.

Surface integral form for evolution equation of .4-momentum as a result of energy-
momentum conservation:

dPgA _4 ki —4 k T
— ¢ j{ dS,0" ! + ¢ j{ 4SO
d’T 8BA aBA




Mass Energy relation df;%A =t sl s
hTT=z4P’Z—|—--
dPx 4 TA
o1 _ —4 —4, k r
— _ dS, Ok j{ 1S,.©
dT ¢ %Bl b _I_ ¢ 831 k™~ N
L1711
= —¢ 1 2 [4(it10 - T1) — 3(f12 - T2)] + -
12

Integrate this equation functionally as

P 4 1—m1{1-|—6 ( 1+3m2>}+“'

r12

Mass is defined as a integration constant, and independent of epsilon and time.

mA_ I|m P@A L PgA:]dSOéAEQGTM.
e—0

NB: 1) when epsilon is zero, there’s no motion, no companion star. So This mass
Is defined on the rest frame of the star.

2) If body zone were extended to spatial infinity, this mass would become
ADM mass of the star A (since epsilon = zero, there’s no companion star).

39
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Momentum Velocity relation

o . .
C“;—?A — 7583 S,k 4 =4k 74@3 dS,©7¢.
; : : dD? s or i
Py = PE vy +Qop+ €2 d?Aa P, not v.

Need to care for which point in the star Is representative.
— Specify the dipole moment freely and determine which point
inside the star represents the star in the point particle limit.

2, (1)

71, (7)
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General form of equations of motion

/)
dqu

—4 -4, k T
— ds, ok f 45,0
A ‘ %B ’ e 0B, PN

dT
—4 4 kT k TT
45, kT _ j{ 45,0
+e UA(}(%BA KON — VA A5k N)

dQ" d2D duvt
——OA _ 2 24 (my - P eA) 4
dr dr

The general form of the equation of motion (Itoh, Futamase & Asada (2000))

e

Field Momentum flux BA and Star A shrink
going through BA

Gravitational Force on
the star A -




PNA iteration flow

n PN field: 2, 4h77, angzh™, Jh7T

n PN mass-energy relation: P} = ma

n PN momentum-velocity relation: P = Pjv

n PN equations of motion: m?dviy /dr = —mymariy/riy + ZL-[ FRF.

4 Z:__:' —12MA/TA,
D g
+ma Y, Fula,

i + ZiTil Ck}\.Qi E]

l

n + 1 PN mass-energy relation:

(dPY/dr)n 1PN = e=d ﬁiﬁB, dSk|—2n | 4;"\3{‘" + 't.-'f‘:lgn [ 4AT ],

2 g
’jl—nu—l-nu‘zm_ kT 4.

l

n+ 1 PN QY integral: (Q%)nt+1 pn = 3@3 B dSk[2n+6ATF — V8 2n16AFT],
Define zi_ up to n+ 1 PN order by, for instance, setting D5 = 0.

n+ 1 PN momentum-velocity relation: PP} =

T 2n+2 ;‘,
PRl + Y R.Q1.

l

n+1PN Q!\“ and HI\“J integrals,
n+ 1 PN N/B contribution:

2?;+0h.-T\.T;B = ;\-—()(_C)k;"k! .l;’\",fB Eyle — y|k L2ﬂ—!c+".i(k>f\ﬁ(7: '),
2 ) , - S .
2ntahly /B = = Y hmg(—e .-f‘k!f_.\-;g Byla — y|F Lo ks BN (7, )

(n + 1 PN far zone contribution, if necessary).

2n

|

n+ 1 PN field: o5, 16h™, 251 ah#t.

|

Evolution equation for ”' 4 (dPy i JdT lpp1 PN = —

n + 1 PN equations of motion: m’dv’y /dT = —mimari,/ f12 + LL_HF . .

qF.&?B, dS). g-n_;_{_;;'\ki + '!.-'I‘i #} B dSy. Qn_;_{_;;'\ﬁ
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3.5 PN evolution equation for energy.
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We can integrate this!
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Tensor density of
weitht -2, not -1.
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3.5 PN mass-energy relation.

44
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HPF: Hadamard Partie Finie.

Weneed 2.5 PN field to derive 3.5 PN mass-energy relation.

This “natural” relation supports use of HPF up to 2.5 PN order.

(Blanchet et al needs dimensional reg. at 3 PN order.)



3.5 PN velocity-momentum relation.

3.5 PN velocity-momentum relation for monopole.

dD¢

‘.

PL = PEqvi+ Qg+ 2°

! 1 ik
6 9 L ,42M2Mghy i
d¢, 6

QEE1= i

We choose the center of the mass of the star 1 to be

AT

34l = ;
e : 622m a )
Dgq= cmiayi ? L e

3 2R,

I

Use CMF def. freedom to erase gauge
term as in Blanchet & Faye (2000).

220 1)
i M£1v
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3.5 PN EOM (monopole terms)
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This EOM is Lorentz-invariant (perturbation
sense), admits conserved energy (when excluding
rad. reac.), and has no undetermined coeff. We also
checked 3.5 PN harmonic condition.



Lead

ng order SO, SS, QO couplmg forces and spln

precessmns
e/l - I — 22pg 1kyK
If we de ne the center of the mass by Sa:u, = 0 or equivalently D, = 2M ,*vi
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See Tagoshi, Ohashi & Owen

(2001) for 1PN SO force.



3.5 PN monopole EOM in a circular orbit in CMF.

m2Q2 = 43 [1 +(-3+0) 472 (6 4+ S0 +07)

_ 2
- (_10_|_( 2375 | Alm )V_|_19 2 3)]

24 64
where V' is a relative velocity,

Arp is the 2.5 PN + 3.5 PN radiation reaction
acceleration.

_ _ > . _
m = m1 + mo,v = mimo/me,y = m/rio

There 1s no undetermined coefficient!
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3 PN monopole Conserved Energy in a circular
orbit in CMF

D - - - -y -
() +( 12>x+( s T8’ 22" )"
675 34445 20577 155 5 35 3\ 3
vV — —- —_ i 4
576 96 96 5184

z = (m)3/2, O is the orbital angular frequency.

c.f. Blanchet and Faye (2000)

Epp(z) = -2 [1+ (_§_i )x+ (_2_7+§V_LV2> 2

2 4 12 8 8 24
n (_675 {209323 20572 110)\} 155 > 35 V3)x3].

64 4032 96 9 096 5184



3.5 PN Result

# Our EOM

- is based on energy-momentum conservation |aws,
— Is based on EIH-Iike surface integral approach,

= Tulgipoles (mass, spin,--) in it are defined to include gravitational energy

— is hence applicable to self-gravitating (regular) star modulo some scalings on
density, rotational velocity, and radius,

— is Lorentz invariant in perturbative sense (Blanchet & Faye 2001),

— admits conserved orbital energy when excluding radiation reaction forces,
— is unambiguous (no undetermined coefficients),

— includes Leading order SO, SS, Q0 and spin precession equations.

— physically (modulo gauge and center of mass definition) agrees with
other works.
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3.5 PN Result cont’d

# Able to derive the unambiguous 3.5 PN EOM
- Fix one undetermined parameter A in the 3 PN waveform
A= - 1987/3080
in consistent with the dim. reg. WOFrK (Damour, Jaranowski, and Schafer (2001)).

- Confirm the DJS work and indirectly support the use of dim. reg. N

ADMTT gauge.

# From BF/BDE-F, we can say a strongly self-gravitating
spherical star in a binary follows a dimensionaly
regularized geodesic even in such a dynamical space-
time up to and including 3.5 PN order.

(THIS 1S NON-TRIVIAL.)

# |t was not possible to derive all the 3 PN gravitational field.
- Need to study other techniques if 4 PN is (really) necessary.



Approximate analytic solutions to 3 PN EOM

3PN monopole: Memmesheimer, Gopakumar & Schiafer (2004),
Leading order SO: Konigsddrfer & Gopakumar (2005)

Kepler motion (Parametric solution to Newtonian EOM)

R = all — ecosu),

1 + e\1/2
d—pyg=v =2 arulan[(l E) lam;—!}

— £

[ =n(t—1ty) = u — esinu,

parametric solution to 3 PN EOM (excluding 2.5 PN radiation reaction).

r=a,l — e, cosu),

] h
| =nlt—1t,) =u— e sinu + (%}“ + %’m) (’f“ + f?!) sinv —I—i; sin2v + -2 sin3w,

0 0 Cﬁ

2 ! . ) h
E{d] &o) —U-l-(fi-l—fw) —I—(EM—I—EM) in3v —I—(—xl ndv -I—C—Hm‘w
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Waveform

Waveform up to 3.5 PN order (Blanchet’s living review paper.)
(- o) f2rr(1/2) (1) /2 pri3/2) a2 (2] 52 ppi5/2)
hy . =2 f” {H + 2 2H M g 4 32 4 a2H B 4 o 2HEP 4 o (i{) }
R * * 5 . a f-J
H:\:]] = —2¢sin2y, H!" =_(1+ c?) cos 2,
B ECI\.IW (L) r = (mw)??3,
AL ) oma¥? 4 (152{)3355 Q245 3085 L)\
- 55 ) , .
J}v 1008 1}* r 1016064 1008 7 T 144 )*
( ﬁl) 65 ) rz™/? In (L)
13 T
123 bmumm 160 , 1712 , 856
877662720 3 " o - 57 31 n(162)
( 15737765635 2255 _!) 76055 , 127825 ,]
s . T )T e T sm V!
=ENORRYTE, 0 e v ey s
N (.fu_mmg 378515 T4045 5\ o o (i) _
20321285 ' 12006 6048 =

Additional phase:

V(1) = = 22 M1+ )] P,
187136 Kokkotas & Schafer (1995)
Ws(f)+ V. (f) =%{81-j1.4(1 +2)f) 5Py 2 —100y?] DUe to leading order Spin-Orb. & SS
Vecchio (2004).

Due to orbital eccentricity: Krélak,
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Appendix. Gauge condition and EOM, relations
among multipole moments.

0=h", = 4é Z

A T ' (Pavi + @Dl - Py

A=1.2
EI'STE' T . o
_;3 OB L €T — 3_;| ( N A4AN
| P ' ds. I
[l — f-g!.fii — —161 A ié - j_‘ (:’1” - i"'-" }i::) —I_ o
M 1;:3 A 1;:3 op, [ T—g) VN A

Harmonic gauge condition

I

Mass-energy relation, momentum-velocity relation, EOM, other relations
among multipole moments
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