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高次元ブラックホール

2

なぜ高次元重力？!
　超弦理論による余剰次元の示唆!
　　D-brane, Braneworld模型　⇒　大きな余剰次元!
　　AdS/CFT対応への応用!
高次元ブラックホールの多様性!
　Non-uniqueness, No topology theorem

Myers-Perry Black Black 

Black di- Orthogonal Black di-

etc.

Myers, Perry, Emparan, Reall, Elvang, Figueras, 

Iguchi, Mishima, ‘07 
Evslin, Krishnan, 

Izumi, ’08 
Elvang, Rodriguez, 

Ex)D=5における厳密解
D=4での定常漸近的平坦真空解

Kerr BH

　唯一性定理 → Kerr解のみ



高次元ブラックホール
D>5次元以上では球対称解以外の厳密解は未発見

系統的な解析手法が存在しない→ 数値解、近似解

しかし、一部の解にしか適用できない

ホライズン形状のスケールが極端な階層性持つ場合
Blackfold approach

 Black ring, saturn, di-ring, etc.などが構成

[Emparan et.al. (2007)]

有力な近似解法としては

ＰＤ

図６ ブラックフォールド近似

図５ AdS時空での相図

（研究目的・内容の続き）

文献[8]では不安定性の十分条件のみ示す事ができ、また漸近平坦時空において角運動量Jは保存しな
いため、判定できるのはJが変化しない軸対称摂動に限定される。さらに文献[9]によって軸対称摂動
については局所ペンローズ不等式の成立は安定性の必要十分条件であることが
示された。一方、漸近的AdS時空においては負の宇宙項が実質的な壁の働きを
して閉じた時空となっているため、(境界条件によっては)エネルギー・角運動
量が保存する(図５)。従って、漸近的AdS時空においては軸対称摂動に限らな
いなどより強い不安定性条件が言える可能性がある。この拡張した結果を用い
てAdS時空の非線形的不安定性やAdSブラックホール時空の安定・不安定性や
不安定の終状態などを明らかにする。またこれらAdS時空における現象と
AdS/CFT対応通じた場の理論側における現象との対応関係を明らかにする。
またAdS時空には境界が存在するため、境界条件によって不安定性の条件が変わる可能性がある。
漸近的AdS時空ではある温度で相転移が起き、高温ではAdSブラックホール時空が、低温では純粋な
AdS時空が熱力学的には安定となること(Hawking-Page転移)が知られており、新しく発見された非
線形的不安定性と一見矛盾している。これはHawking-Page転移が系が温度が一定としたカノニカル
アンサンブルであることを仮定しているのに対し、非線形的不安定性が起きた数値計算では境界にお
いてエネルギーが保存されるような境界条件(=ミクロカノニカルアンサンブル)を取っていることによ
ると考えられる。従って、私はAdS時空における境界条件が時空の不安定性に与える影響や、その境
界条件において平衡状態に落ち着いたとき、どのような統計集団に対応するのかということを明らか
にする。
研究内容②：AdS-ブラックオブジェクトの研究
漸近的AdS時空での非自明な形状を持つブラックオブジェクトについては現状ではよく分かってい
ないため、私は漸近的AdS時空におけるブラックオブジェクトを下記の手段を用いて解析し、その性
質を明らかにする。高次元ブラックオブジェクトを解析する有力な手法としてはブラックフォールド
近似(文献[10])やMatched Asymptotic Expansion (MAE) がある。これらの手法はブラックオブ
ジェクトが二つ以上の大きく異なるスケールを持っている場合において有効な手法である。例えば、
高速回転するブラックリングではリングの直径に比べリングの厚みは十分に小さいので、遠方からは
エネルギー密度や張力、角運動量を持ち、有効的な作用に従って運動するひも上のオブジェクト、近

傍では加速されたブラックストリングと近似することができる(図６)。
ブラックフォールド近似ではこのひもの持つ有効的なエネルギー密度
などの物理量を近傍のブラックストリングの構造に結びつける。ひも
の有効的な作用の変分から、張力と角運動量による遠心力との釣り合
いの関係式が得られ、この関係式からブラックリングが十分に細い極
限での相図を決定することができる。この釣り合いの関係式はブラッ

クフォールド方程式と呼ばれ、文献[11]ではブラックブレーン上の摂動を考えることで、有効作用か
らではなく実際にEinstein方程式からこの方程式が導かれることが示された。ブラックフォールド近
似はブラックブレーンを曲げたことによる反作用などを無視した第０近似に過ぎないため、ブレーン
の曲がりや自己重力などによる高次の非線形効果を考慮するためにはMAEを用いる必要がある。
MAEは遠方の時空、近傍の時空でそれぞれ摂動展開をし、中間領域で各々の展開を各次数毎に張り
合わせていく手法である。発表論文[1]においてはKaluza-Klein時空中のブラックホールに対してこの
手法を用いて解析を行っている。これらの手法はAdS時空においても用いることができ、実際にAdS
ブラックリングなどがブラックフォールド近似によって解析されている。

余剰次元

ブレーン
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ex) ブラックリングのthin ring limit 

ローカルにはBSで近似



近似解 
・既知の厳密解からの定常摂動 
　(一様)Black String解 : Gregory-Laflamme 不安定 
               ⇒ 非一様Black String(NUBS)解
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数値解 
　非一様Black String (Wiseman, 2006), ...) 
　D=6 Black Ring(Kleihaus+,2012) 
　D=6,7 Lumpy BH (Dias+, 2014) 
　D=6 Bumpy BH (Emparan+2014)

・Blackfold近似：Black Ring in “thin” limit 
　　~  Black Stringを曲げる摂動(dipole)

高次元におけるBH解
Black holes in Higher Dimensions

new!
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Figure 2. New proposal for the phase diagram of thermal equilibrium phases in D ≥ 6. As in
ref. [11], the details of the phase connections are unknown and smooth connections (i.e., second order
transitions) are possible instead of swallowtails with cusps (i.e., first order transitions). In phases
of black holes with multiple pinches evolving into multi-black rings (and multi-ring Saturns) it is
also unknown whether intermediate pinched Saturns or pinched multi-rings appear (this depends
on how the different pinches evolve along the phase curve). Other than this, the features in the
diagram are robust. The asymptotic behavior of the curves depends only on the total number of
rings and is given by eq. (2.17).

A first amendment to the picture in [11] has been already made in ref. [5]. Using the

blackfold approach it has been argued that the ‘pancaked black Saturns’ conjectured in [11]

cannot exist in thermal equilibrium: an ultraspinning black hole has larger radius than a

black ring with the same temperature and angular velocity, and therefore would engulf it.

Fortunately, our analysis in this paper shows that these pancaked Saturns are not actually

needed to complete the phase diagram and describe the mergers of black holes with several

pinches. Instead these are naturally connected to multi-black rings in thermal equilibrium.

The corrected phase diagram is presented in figure 2.

It must be noted that we cannot decide at present whether two pinches in a black hole

will shrink to zero size simultaneously as one moves along the curve aH(j) in the phase

diagram. It may well happen that one of the pinches reaches zero size before the other, thus

giving rise to a phase where a pinched black hole is surrounded by a black ring, or instead

one where a pinched black ring surrounds a central black hole. Ascertaining this probably

requires explicit numerical construction of the solutions. Up to these uncertainties about

the details of how the different phases actually connect, we believe that the qualitative

features presented in figure 2 are robust.
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Large D 極限
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Vacuum Einstein Eq.
Gµ⌫ = 0 or Rµ⌫ = 0

一般に非線形PDE!
→　まともに解くのは困難。近似が欲しい。

S =

Z
dx

D
R

動かせる理論パラメータ：Dのみ

Large D limit

（D＝∞の理論）＋（1/D 補正）＋・・・→
のような形を期待（≈場の理論）

D ! 1

連続パラメータと
思って極限を取る



Large D limitの特長
新たな階層性

Einstein方程式の簡単化
ex) PDE→ODE、連立方程式がdecoupleなど

r � r0 ⌧ r0

Near zone

� ⇠
⇣r0
r

⌘D�3

BH

r0/D ⌧ r � r0 ⌧ r0Overlap zone
→ 解析解同士のマッチングが可能に

重力の減衰
r0

⇠ r0/D

r � r0 � r0/D
Far zone

→Minkowskiと見なせる



Large D limit : これまでの研究

・1/D展開を用いて摂動方程式を解きmode解析を行った、補正を
加えると現実的なDにおいても数値計算を良い精度で再現

BS/BHの摂動解析

・Gregory-Laflamme不安定のしきい波数 
・Gregory-Laflamme不安定の分散関係 
・BH QNM (高周波数モード：ω~O(D)) 
・Holographic Superconductor 
・回転ブラックホールのQNM/不安定 
・Schw-BHのQNM

Emparan, RS, Tanabe(2013)

Asnin et.al.(2007)

Emparan, Tanabe (2013)

Emparan, Tanabe (2014)

Emparan, RS, Tanabe (2014)

Emparan, RS, Tanabe (2014)

・decoupled mode(ω~O(1))とnon-decoupled mode(ω~O(D))



研究の動機
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Large D極限はこれまで線形摂動の解析においては有力
な近似であることが分かってきた。

非線形なままのEinstein方程式に対して極限を取りたい 
!

D=∞における解が有限次元の解に(たぶん)接続できるとな
ら、高次元BH解の発見に有用な解析

しかし、線形近似を行った上では意義が弱い。



Absence of Interaction
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characterizing this e↵ect. This length, however, can equally well be obtained from the

horizon area,

`A ⇠ A
1/(D�2)

H ⇠ r
0p
D

. (2.13)

It derives from the geometric e↵ect discussed in eq. (2.4). The conceptual prevalence of

geometric magnitudes must be borne in mind whenever we choose, for physical illustration,

to frame our discussion in terms of non-geometric, secondary quantities.2

The picture of black holes as non-interacting dust also agrees well with other properties.

The Bekenstein-Hawking entropy of the Schwarzschild black hole behaves like

S(M) ⇠ M
D�2
D�3

D!1����! M . (2.14)

In contrast to the situation at finite D, where S / M↵ with ↵ > 1, the fact that S / M

means that there is no entropic gain in merging two black holes.3 Nor is there any entropic

penalty in splitting a black hole in two (recall that the horizon becomes singular in the

limit). This is a reflection of the absence of interactions noted above.

Consider now a black p-brane,

ds2 = �fpdt
2 +

pX

i=1

dz2i + f�1

p dr2 + r2d⌦D�p�2

, (2.15)

fp = 1�
⇣r

0

r

⌘D�p�3

. (2.16)

This brane is characterized by an energy density " and a pressure P along its worldvolume

such that

P = � "

D � p� 2
. (2.17)

When D ! 1 this pressure vanishes: the brane has a dust equation of state.

The instability of the dust brane to fragmentation in this limit is easy to establish. At

any finite D, neutral black branes su↵er from a Gregory-Laflamme instability to growing

inhomogeneities along the worldvolume, and are expected to eventually break up [25]. The

threshold mode at the onset of this instability has been studied at large D in [6, 7], with

the result that perturbations with wavelength longer than

�c =
2⇡r

0p
D

�
1 +O(D�1)

�
(2.18)

are unstable. Thus, when D ! 1 perturbations of arbitrarily short wavelength drive the

break up of the brane. We will revisit this instability in more detail in section 7.

For black p-branes we can regard p as a parameter that can scale with D in di↵erent

manners. The case of p ⇠ O(D0) has been discussed above. Another possibility is that

2
Note that the quantum theory introduces the Planck length, which may be chosen to scale or not with

D, see sec. 5.

3
The shrinking e↵ect of angular spheres may be eliminated by considering, e.g., the ratio between initial

and final entropies. This also eliminates the dependence on G and the Planck length.

7

Entropy ( M:fixed)

Additive

=

m
m

S=m+m=2m S=2m

2m

ホライズンが”ソフト”に
→ Leadingでは自由に変形できる？

Emparan, RS, Tanabe (2013)



自己重力による変形スケール
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FIG. 3: NUBS solution of (10.2) for M0 = 2 (left) and M0 = 10 (right). Blue: numerical. Red: approximate solution (10.4)

for z > 0 and (10.6) for z < 0.

XI. ORIGIN OF THE DEFORMATION IN THE LARGE D LIMIT

The horizon shape of the black string with g
zz

= O(1) cannot be determined only by the near horizon analysis.14

This will be understood in terms of the gravitational self-force as follows. Let us consider a certain non-uniform
solution with SD�3 symmetry which have the wavelength �. Since the mass of a bulge can be estimated by

G
D

�M ⇠ 2⇡
D�2

2 rD�3
0 �

�(D�2
2 )

. (11.1)

Then, the gravitational force on the neighboring bulge becomes

�� ⇠ G
D

�M

�n+1
⇠
 

r0
p
2⇡e

n1/2�

!

n

(11.2)

This means, unless � ⇠ r0/n
1/2, the self-forces between the neighboring horizon are exponentially suppressed in the

large D limit. This fact may be reflected so that the NUBS with g
zz

= O(n�1) do not need the matching of O(e�⇢)
or O(R�1), that is the far region is only the background and all the balance condition is included within the near
region dynamics. In contrast, g

zz

= O(1) case such as caged BHs have no force to support the deformation in the near
horizon region, therefore both O(1) and O(e�⇢) matchings are required, which will describe the interaction between
the near and far region.

XII. APPLICATION FOR MORE GENERAL CASES

A. Basic equations

ds2 = N2(⇢, y)d⇢2 + g
µ⌫

(y, ⇢)dyµdy⌫ (12.1)

�R+K2 �Kµ

⌫

Kµ

⌫

� d(d� 1)

`2
= 0 (12.2)

K⌫

µ;⌫ �K
,µ

= 0 (12.3)

1

N
@
⇢

Kµ

⌫

= KKµ

⌫

�Rµ

⌫

� d

`2
�µ
⌫

+
1

N
rµr

⌫

N (12.4)

14 Though, this is not correct since even if gzz = O(n�1), some information of the asymptotics (like asymptotic flatness) are required.
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solution with SD�3 symmetry which have the wavelength �. Since the mass of a bulge can be estimated by
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This means, unless � ⇠ r0/n
1/2, the self-forces between the neighboring horizon are exponentially suppressed in the

large D limit. This fact may be reflected so that the NUBS with g
zz

= O(n�1) do not need the matching of O(e�⇢)
or O(R�1), that is the far region is only the background and all the balance condition is included within the near
region dynamics. In contrast, g
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= O(1) case such as caged BHs have no force to support the deformation in the near
horizon region, therefore both O(1) and O(e�⇢) matchings are required, which will describe the interaction between
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14 Though, this is not correct since even if gzz = O(n�1), some information of the asymptotics (like asymptotic flatness) are required.
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I. BASIC EQUATIONS

We use the standard d+ 1 decomposition of general relativity in the synchronous coordinates:

ds2 = g00(x, ⇢)dt
2 +N2(x, ⇢)d⇢2 + g̃

ij

(x, ⇢)dxidxj , (1.1)

where g̃
ij

is (d � 1) dimensional metric. We associate ˜ with the (d � 1) dimensional quantities. The un-tildered
quantities are in principle d dimensional quantities including t direction. From the beginning we concentrate on static
vacuum spacetime with cosmological constant ⇤ = �d(d� 1)/2`2. The basic equations are

�R+K2 �Kµ

⌫

K⌫

µ

=
d(d� 1)

`2
, (1.2)

K⌫

µ;⌫ �K
,µ

= 0, (1.3)

1

N
@
⇢

Kµ

⌫

= KKµ

⌫

�Rµ

⌫

� �µ
⌫

d

`2
+

1

N
rµr

⌫

N, (1.4)

Kµ

⌫

= � 1

2N
gµ�@

⇢

g
�⌫

, (1.5)

where Greek indices run over all directions except for the ⇢ direction.

II. SOLVING EQUATIONS NEAR THE HORIZON

We solve the above equations near the horizon. Taking the trace of Eq. (1.4), we have

1

N
@
⇢

K = K2 �R� d2

`2
+

1

N
r2N. (2.1)

Our assumption is that R is almost constant in ⇢. We define ˆ̀(x) by

1
ˆ̀2

=
d2

`2
+R� 1

N
r2N. (2.2)

Here, ˆ̀ also depends on ⇢, but for a while we neglect this ⇢-dependence. Then, the above equation can be solved for
K as

K = �1
ˆ̀
coth

N⇢

ˆ̀
. (2.3)

The integration constant was fixed by the condition that the horizon is located at ⇢ = 0, where K diverges. This
divergence is originating from K0

0. At this moment, we find that it is convenient to choose the gauge that satisfies

N = ˆ̀. (2.4)

So, in the following discussion we adopt this gauge choice.
Next we solve the {00} component of Eq. (1.4) for K0

0,

1
ˆ̀
@
⇢

K0
0 = KK0

0 �R0
0 �

d

`2
. (2.5)

This equation is solved as

K0
0 = �1 + (R0

0 + d/`2)ˆ̀2[cosh ⇢� 1]
ˆ̀sinh ⇢

, (2.6)

Einstein Equation
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Large D limit of the non-uniform black string

August 29, 2014

Abstract

In this note , we will study the large D limit of the solution of the Einstein equation
in the static cylindrically symmetric spacetimes.

1 Derivation of the large D limit of the horizon

In this section, we will work on the following ansatz which represents the general
D = n+ 4 axisymmetric spacetime

ds

2 = �Adt

2 +B

�
dr

2 + dz

2
/n

�
+ r

2
Cd⌦2

n+1 (1.1)

where we use dz

2
/n instead of dz2, since we already know kGL ' p

n. The metric
variables are expanded as
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n
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n
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n
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(1.2)

Leading order Actually, we can impose the asymptotic flatness in the leading order
as

A

(0)(R, z) =

✓
R�M0(z)

R+M0(z)

◆2
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(0) = 4 ln
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1 +

M0(z)

R

◆
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4(�M0(z)M 00

0 (z) +M

0
0(z)

2))
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ln
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1 +
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R

◆
, (1.3)

Again, we have an arbitrary function M0(z). The leading order metric becomes

ds
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Ansatz ( Conformal coordinate)
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Boundary condition:"
Regularity at     　　　　　   , a-flatness R→∞R = M0(z) +O(n�1)
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(D=∞では相互作用は0)

z



Deformation Equation

23

This coincides with the large D limit of the uniform black string metric, assuming
M0(z) is a constant
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Next-to-Leading order Imposing the asymptotic flatness, we can obtain the de-
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This potential has two minima at m = ±1 and one maximum at m = 0 (Fig. 1). The
parameter should take b � �1. From the Eqs.(1.6) and (1.7),

Figure 1:

M

00
0 (z)

M0(z)
� M

0
0(z)

2

M0(z)2
= �1� b

M0(z)
. (1.9)

2

constraint Eq.から

tension ~ - b

Next-to-Leading order (1/D)

This coincides with the large D limit of the uniform black string metric, assuming
M0(z) is a constant

ds

2 = �
✓
R�M0(z)

R+M0(z)

◆2

dt

2 + dr

2 + dz

2
/n+ r

2
d⌦2

n+1 +O(n�1). (1.5)

Next-to-Leading order Imposing the asymptotic flatness, we can obtain the de-
formation equation for M0(z)

lnM0(z)� M

0
0(z)

2

2M0(z)2
+

M

00
0 (z)

M0(z)
= a (1.6)

This can be integrated further by multiplying M

0
0(z),

M0(z) lnM0(z)�M0(z) +
M

0
0(z)

2

2M0(z)
= aM0(z) + b (1.7)

here a can be set to 0 replacing by M0(z) ! e

a
M0(z). If you want recover the scaling,

M0(z) and b should scale in the same way. To understand the behavior of M0(z), we
define m(z) =

p
M0(z) and then Eq. (1.7) reduces to the potential problem

1

2
m

02 =
b

4
� V (m), V (m) ⌘ 1

4
m

2 ln(m2)� 1

4
m

2
. (1.8)

This potential has two minima at m = ±1 and one maximum at m = 0 (Fig. 1). The
parameter should take b � �1. From the Eqs.(1.6) and (1.7),

Figure 1:

M

00
0 (z)

M0(z)
� M

0
0(z)

2

M0(z)2
= �1� b

M0(z)
. (1.9)

2

a ! 0a is a scaling : by b ! eab

⇠ M0(z)
1

D�3

局所的なホライズンのサイズ

ホライズンの決定方程式

MADM =
n!n+1L

4⇡G
hM0i TADM = �!n+1

4⇡G
b

match with asymptotic monopoles

L(e�ab) =
2p
D

Z M
max

M
min

dM

M 0

+O(D�1)+O(D0)
D



Potential

24
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Analysis of Deformation equation

July 17, 2014

Abstract

In this note , we will study the solution of the horizon deformation equation found
in the large D analysis of NUBS.

1 Horizon deformation equation

We starts from the following equations which have a scaling parameter a

lnM0(z)�
M 0

0(z)
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2M0(z)2
+

M 00
0 (z)

M0(z)
= a. (1.1)

This can be integrated further by multiplying M 0
0(z),

M0(z) lnM0(z)�M0(z) +
M 0

0(z)
2

2M0(z)
= aM0(z) + b (1.2)

Combining the two equations, we can make an scale invariant form

M 00
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M0(z)
= 0. (1.3)

2 Potential

First, we analyze the solution of Eq. (??) by the potential analysis. Defining

'(z) = e
�a

2

p
M(z), b̃ = e�ab (2.1)

Eq. (??) is rewritten in the potential form,
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2
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b̃

4
� V ('), V (') =

1

4
('2 ln'2 � '2). (2.2)

V (') is an wine bottle shape. Basically, ' moves oscillatory, when b̃ > �1. However,
for �1 < b̃ < 0, ' oscillate in the non-zero region. and for b̃ > 0, ' oscillate from
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M=0で近似は破綻

'

ポテンシャル問題に帰着



Leading Solution

25

1 2 3 4
z

0.0

0.5

1.0

1.5

2.0

2.5
M HzL

b = -1., -0.96875, -0.875, -0.71875, -0.5, -0.21875
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p
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a = 0scaling: 
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Sol. for M_max to M_min
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dM̃

2M̃(b+ M̃ � M̃ ln M̃)
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where �1 is the n

�1 correction to � which can be set to 0 by using the ambiguity in
the scaling. In the explicit form, the second order equation becomes
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This equation can be incorporated into Eq. (??) as the correction terms if we define
M(z) = M0(z) +M1(z)/n,

M

00(z)�
✓
1 +

b(⇣(2)� 2)� 2M(z)

nM(z)

◆
M

0(z)2

M(z)
+

✓
1� 2 lnM(z)

n

◆
M(z)

+
b

2(1 + 2 ln 4)

nM(z)
+ b

✓
1 +

1� ⇣(2) + 2 ln 4� 2 lnM(z)

n

◆
= 0. (1.31)

In the potential form,
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Scale invariant form
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(1.34)

We define b̃, M̃ and z̃ so that b̃ = �1 corresponds to the uniform solution. For b̃ < 0,
the value of M̃ is bounded bellow and above as in the leading order by

M̃max(b̃) =
b̃

W0(b̃/e)
+

b̃

n

✓
⇣(2)� 1/2 + 2 ln 2 +

1/2 + 2 ln 2

W0(b̃/e)

◆

M̃mim(b̃) =
b̃

W�1(b̃/e)
+

b̃

n

✓
⇣(2)� 1/2 + 2 ln 2 +

1/2 + 2 ln 2

W�1(b̃/e)

◆
. (1.35)
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This equation can be incorporated into Eq. (??) as the correction terms if we define
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We define b̃, M̃ and z̃ so that b̃ = �1 corresponds to the uniform solution. For b̃ < 0,
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We define b̃, M̃ and z̃ so that b̃ = �1 corresponds to the uniform solution. For b̃ < 0,
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This equation can be incorporated into Eq. (??) as the correction terms if we define
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We define b̃, M̃ and z̃ so that b̃ = �1 corresponds to the uniform solution. For b̃ < 0,
the value of M̃ is bounded bellow and above as in the leading order by
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average of a certain near horizon function �(✓) which is contained in the potential as
such form

� ⇠ �(✓)

R
. (A.15)
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のような永年項を打ち消す

周期も同時に展開
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Nonuniform black strings in various dimensions
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The nonuniform black-strings branch, which emerges from the critical Gregory-Laflamme string, is
numerically constructed in dimensions 6 ! D ! 11 and extended into the strongly nonlinear regime. All
the solutions are more massive and less entropic than the marginal string. We find the asymptotic values of
the mass, the entropy and other physical variables in the limit of large horizon deformations. By explicit
metric comparison we verify that the local geometry around the waist of our most nonuniform solutions is
conelike with less than 10% deviation. We find evidence that in this regime the characteristic length scale
has a power-law dependence on a parameter along the branch of the solutions, and estimate the critical
exponent.
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I. INTRODUCTION AND SUMMARY

The surprising discovery of Gregory and Laflamme
(GL) [1] that below certain mass the uniform black strings,
existing in the backgrounds with compact extra dimen-
sions, are perturbatively unstable created considerable
excitement. It initiated intensive research aimed to under-
stand the consequences of this instability and to figure out
its endpoint. In this regard, some progress has been made in
the numerical simulations of the decaying string [2]. Yet,
the endpoint remains elusive as the simulations crash (due
to numerical problems) when the spacetime is still highly
dynamical and far from settling down to the static solution.
A different program [3] to determine the endstate proposes
to find a phase diagram accommodating all possible static
solutions. The hope is that in principle the endstate can be
inferred from the diagram since by definition it is a static
solution. This research has recently culminated in the re-
views [4,5].

A proposed phase diagram is portrayed in Fig. 1. The
vertical axis shows the dimensionless mass density while
the horizontal axis is related to the scalar charge. The
branches of solutions represented by solid lines are pre-
sumably stable and the dashed lines indicate unstable
solutions. The diagram has several remarkable features:
(1) The merger point where the black-hole branch meets
the black-string branch and where the horizon topology
changes. (2) A critical dimension D2D order " 13 above
which the order of the phase transition changes from the
first to the second [6] and where the emergent branch of
nonuniform solutions becomes (thermodynamically) sta-
ble [7]. According to the diagram, the endpoint of the GL
instability depends on the dimension and it is either a caged
black hole in D ! 13 or a nonuniform black string other-
wise. For now, only certain parts of the diagram in certain
dimensions were verified by analytical/numerical con-
structions. This is described next.

The black-hole branch has been constructed numerically
in five [8,9] and six [9,10] dimensions. In particular, it has
been shown to approach the merger point, where the north
and the south poles of the caged black hole are expected
to intersect across the compact dimension [9]. In other
dimensions only the beginning of the BHs branch was
constructed perturbatively from the Schwarzschild-
Tangherlini [11] solution in [12–15] and numerically in
[16]. The branch of the NUBS was found perturbatively
from the critical GL string in five [17], six [18] and in
other, up to 16, dimensions [6]. In six [18] and in five [19]
dimensions the branch was numerically extended into non-
linear regime, where it was shown to behave in accordance
with diagram 1(a).

In this paper we aim to construct the NUBS branch in
higher dimensions and to extend it beyond linear perturba-
tions into the strongly nonuniform regime. To define the
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uniform string becomes marginally unstable and from which a
new branch of nonuniform strings emerges. This branch extends
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order of (3) corresponds to the static GL mode. We per-
formed the calculations in d ! 5; . . . ; 16; 20; 30, and 50.
For d " 10, we confirm a very good agreement with the
original GL results [1], presented in their Fig. 1. Note,
however, that the methods are very different. For the
entire range of d, we find that the critical mass is remark-
ably well approximated by

!c / "d; (7)

with " ’ 0:686, and the prefactor is approximately 0.47,
for our definition of mass (1). In Fig. 1, we plot the relative
difference between the logarithm of the critical mass and
the fit (7). It is clearly seen that log#!c$ is linear for all d.
There is still room for a weak d dependence, of order
2:1%, around the dominant scaling (7). We, however,
could not extract this residual dependence.

To get an insight into this behavior (7), we compute the
mass of a uniform black string whose entropy is equal to
that of a single BH with the same mass. First, we com-
pare the entropy of the black string with that of a
d-dimensional Schwarzschild BH. Equating, S#0$BH#!$ !
SBStr#!$, we solve for the mass:

!#0$ ! 1

16#
!d%3

d%3

!d%4
d%2

#d% 3$#d%3$#d%3$

#d% 2$#d%2$#d%4$ ; (8)

where !d is the surface area of a unit Sd sphere.
Actually, we can do slightly better by using the ana-

lytical formula for the entropy of small BHs on cylinders
derived recently in [21]:

S#1$BH ! S#0$BH

!
1& $#d% 3$16#!

2#d% 3$!d%2
&O#!2$

"
; (9)

where $#x$ is Riemann’s zeta function. This formula
reflects the leading order corrections to the

Schwarzschild metric due to compactification. (The per-
turbation theory is constructed in powers of ! ' 1.) It
implies that for a given mass the entropy of a ‘‘caged
black hole’’ (a BH in a compactified spacetime) is larger
than the entropy of a Schwarzschild BH. The mass !#1$

corresponding to equality of the entropies is then ob-
tained by solving the equation S#1$BH#!$ ! SBStr#!$.

We add to Fig. 1 the plots for these masses. In contrast
to log#!c$, the logarithms of !#0$ and !#1$ have a non-
linear behavior for small d. They do, however, become
linear (with different slopes) for d ( 10. Here we already
see a hint of a critical dimension—looking at the differ-
ence between !c and its estimator (either !#0$ or !#1$) one
notices a change of sign at about d) 12:5. This suggest
that for d * 13 the BH state is entropically favorable over
the string state only for !<!c.

From a sudden to a smooth phase transition.—
Performing the computation in higher orders, up to
O#%̂%3$, we obtain the variation in the variables (5) and
entropy (6). The results for &1 and '2 are depicted in
Fig. 2. One observes that &1 is initially positive for d ! 5,
reaches a maximum at d ! 10, and becomes negative for
d > 13. Then it continues to decrease and in fact it drops
increasingly faster with d, as indicated by the growing
distances between subsequent points in the graph. The
pattern for '2 is similar but with the opposite sign. (In
fact we also did the computation in d ! 20 finding the
same trends. However, the numerical errors were of order
20% so we regard this case as indicative only.)

The key phenomena is the appearance of a critical
dimension, d* ! 13, above which the perturbative non-
uniform strings are less massive than the marginal GL
string. Moreover, their entropy is larger than the entropy
of the uniform string with the same mass. It is important
that &1 and '2 change signs simultaneously.
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Making use of Eqs. (??) and (??), �1(z) is written as

�1(z) = 4((1� ⇣(2))b+M1(z) +M0(z))� 2M 00
0 (z)� 4(M0 lnM0(z))

00 �M

(4)
0 (z).

(1.44)

Then, only the average of M(z) contributes to ↵,

↵ = 4

✓
hMi+ b� ⇣(2)b+ hMi

n

+O(n�2)

◆
(1.45)

2 Thermodynamics

The surface gravity of the black string can be calculated by
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The horizon area becomes
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where L = r0L̂/
p
n.

Regarding the fact,

(n+ 1)M� T L

n+ 2
=

n!n+1r
n
0L

16⇡G
↵, (2.4)

the Smarr formula is satisfied

(n+ 1)M = (n+ 2)TS + T L. (2.5)

A Cylindrical Potential

We consider the large D limit of the axisymmetric solution of the Laplace equation in
the cylindrical coordinate

r2�(r, z) =


@

2
r +

n+ 1

r

@r + n@

2
z

�
�(r, z) = 0 (A.1)
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Assuming the periodicity z ! z + 2⇡r0/k̂, the general solution is given by the Fourier
decomposition

�(r, z) =
↵r

n
0

r

n
+

1X

m=1

amr

n/2
0

r

n/2
Kn/2(mk̂

p
nr/r0) cos(mk̂z/r0) (A.2)

where the another branch In/2(x) is discarded because of its exponential growth at
r ! 1. The mirror symmetry z ! �z at z = 0 was also imposed. In the limit r ! 1,
only the first term can contribute to the asymptotic monopole, since Kn/2(x) falls o↵
exponentially at x ! 1.

In the overlap region, using the Debye expansion formula, the modified Bessel
function can be expanded as

Kn/2(x) '
r

⇡

n

✓p
n

ex̂

◆n/2
e

� x̂2

2p
X

✓
1 +

�4x̂2 + x̂

4 � 4x̂2 lnX

4n
+O(n2)

◆
(A.3)

where x =
p
nx̂X

1/n ' p
nx̂(1 + lnX/n). Then, the 1/n expansion of � becomes

�(r, z) =
↵

R
+

1X

m=1

ãm

R

 
1� 4m2

k̂

2 �m

4
k̂

4 + 4m2
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2 lnR

4n
+O(n�2)
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r

4
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(4)(z) + 4r20�
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4n
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2
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00(z) lnR
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(A.4)

where we defined

ãm =

r
⇡

n

✓ p
n

emk̂

◆n/2

e

�m2

ˆk2

2

am (A.5)

and

�(z) = ↵+
1X

m=1

ãm cos(mk̂z/r0) (A.6)

Therefore, the asymptotic monopole can be read o↵ from the average of �(z). Since ↵

and ãa can be expanded as well, �(r, z) will be also expanded by 1/n as

�(r, z) =
1X

s=0

n

�s�(s)(r, z) =
1

R

1X

s=0

n

�s
�s(z) + . . . . (A.7)

We note that the extension to the multi direction and the time coordinate will be
rather straight forward. If �0(z) becomes O(

p
n/r0), however, the above expansion

will not be correct. The gradient of the extended direction should always be smaller
than n/r0. If you want to treat the nontrivial horizon topology (e.g. black rings, black
saturns, caged black holes), you should use the potential fit to the horizon topology.

9

then, the leading solution becomes
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Up to the next-to-leading order, the solution in the overlap region becomes
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where we used Eq. (??) and A1(z) and B1(z) are given by
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Here M1(z) is the only integration constant at the next-to-leading order which are
introduced so that the horizon is at R = M0(z) +M1(z)/n.

Far region We consider the metric is 1 +O(rn0 /r
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introduced so that the horizon is at R = M0(z) +M1(z)/n.
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3

Far regionでのMonopole項だけを取り出したい

zについての平均で消える
→ α,βをマッチする
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In the asymptotic region, the monopoles become
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where �ab is the n+1 sphere metric. Using the ADM formula [?], the mass and tension
can be computed as

M =
!n+1r

n
0L

16⇡G

n(n+ 2)↵+ �

n+ 1
, T =

!n+1r
n
0

16⇡G
�, (1.21)

here L is the period in the z direction and !n+1 is the volume of n + 1 sphere. We
emphasize that this is the exact formula in which ↵, L,� contain all contributions in
the n

�1 expansion. It is useful to define the relative tension
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Leading match Comparing Eq. (??) with Eq. (??), we obtain
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The mass and tension can be evaluated by

M =
4(n+ 1)!n+1L(b)hMi(b)

16⇡G
, T = �4!n+1L(b)b

16⇡G
(1.25)

1 is, in fact, the gauge degree of freedom of the radial coordinate which comes from r ! r
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here L is the period in the z direction and !n+1 is the volume of n + 1 sphere. We
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HarmarkObers 2004

α、βから質量、テンションが定義(t方向、z方向へのKilling)

相対テンション
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where �ab is the n+1 sphere metric. Using the ADM formula [?], the mass and tension
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here L is the period in the z direction and !n+1 is the volume of n + 1 sphere. We
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Matchすると
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⌧ =
1

n+ 1

�b

hMi =
1

n+ 1

�b̃

hM̃i

M(z) = eaM̃(z), b = eab̃

then E(a, b) = e�aẼ(e�ab). The plot of Ẽ(b̃) implies the linear dependence with b̃.
Since we can compute Ẽ(�1 + 0) = 2⇡ and Ẽ(0) = e

p
2⇡, Ẽ(b̃) is guessed to be

Ẽ(b̃) = e
p
2⇡ + (e

p
2⇡ � 2⇡)b̃. (2.6)

Period

L(a, b) = 2

Z
z+L/2

z0

dM

M 0(z)
= 2

Z
M

min

M

max

dMp
2M(b+ (1 + a)M �M lnM)

= 2

Z
M̃

min

(b̃)

M̃

max

(b̃)

dM̃q
2M̃(b̃+ M̃ � M̃ ln M̃)

⌘ L(e�ab) (2.7)

L(b̃) is also fitted to be

L(b̃) = 2⇡ � (e
p
2⇡ � 2⇡) ln(�b̃). (2.8)

Phase diagram Unfortunately, we cannot obtain the phase diagram at the leading
order, since non-uniform solutions �1 < b̃ < 0 do not connect to the uniform solution
with the same period L(b̃). Furthermore, The relative tension is given by

⌧ = � b

M(b̃, a)L(b̃)
= � b̃

M(b̃)L(b̃)
(2.9)

which has the same value for the solutions with same period L(b̃). We should study
the next order to obtain the phase diagram.

Thermodynamics

�E

�L
= ea

dẼ

db̃

✓
dL

db̃

◆�1

= �eab̃ = �b (2.10)

3

周期

b̃ = �1

relative tension

⌘ L(b̃)

UBSは
UBSから伸びる解はrelative tensionが 
runningしない（Leadingでは相図が書けない）

b̃のみの関数

のみ

余剰次元サイズを固定した相図を考える
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Making use of Eqs. (??) and (??), �1(z) is written as

�1(z) = 4((1� ⇣(2))b+M1(z) +M0(z))� 2M 00
0 (z)� 4(M0 lnM0(z))

00 �M

(4)
0 (z).

(1.44)

Then, only the average of M(z) contributes to ↵,

↵ = 4

✓
hMi+ b� ⇣(2)b+ hMi

n

+O(n�2)

◆
(1.45)

2 Thermodynamics

The surface gravity of the black string can be calculated by
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The horizon area becomes
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0
M(z)
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n
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where L = r0L̂/
p
n.

Regarding the fact,

(n+ 1)M� T L

n+ 2
=

n!n+1r
n
0L

16⇡G
↵, (2.4)

the Smarr formula is satisfied

(n+ 1)M = (n+ 2)TS + T L. (2.5)

A Cylindrical Potential

We consider the large D limit of the axisymmetric solution of the Laplace equation in
the cylindrical coordinate

r2�(r, z) =


@

2
r +

n+ 1

r

@r + n@

2
z

�
�(r, z) = 0 (A.1)

8

� = �4bスケーリングでβはfix

where �1 is the n

�1 correction to � which can be set to 0 by using the ambiguity in
the scaling. In the explicit form, the second order equation becomes
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This equation can be incorporated into Eq. (??) as the correction terms if we define
M(z) = M0(z) +M1(z)/n,
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In the potential form,

M
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� 1 + a0 � lnM(z)� b
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Scale invariant form
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(1.34)

We define b̃, M̃ and z̃ so that b̃ = �1 corresponds to the uniform solution. For b̃ < 0,
the value of M̃ is bounded bellow and above as in the leading order by
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6

ea/nLL →

長さスケールは ea/n だけ変化
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Sorkin 2004と同様、同質量（密度？）当りのエントロピー
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やはり n=9で相が変化！
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2 Thermodynamics

The surface gravity of the black string can be calculated by



2 = �1

2
⇠µ;⌫⇠

µ;⌫
���
r=rH

=
n

2

4r20

1

(16e2a)
1

n

. (2.1)

and then,

 ' n

2r04
1

n
e

a
n

. (2.2)

The horizon area becomes

A =

Z L

0
M(z)

n+1

n
B

1

2

C

n+1

2

���
r=rH

r

n+1
0 !n+1

r0dzp
n

s

1 +
M

0(z)2

nM(z)2

= 4!n+1r
n+1
0 4

1

n
e

a
n
L

✓
hMi+ 1

n

(b+ hMi � ⇣(2)b)

◆
(2.3)

where L = r0L̂/
p
n.

Regarding the fact,

(n+ 1)M� T L

n+ 2
=

n!n+1r
n
0L

16⇡G
↵, (2.4)

the Smarr formula is satisfied

(n+ 1)M = (n+ 2)TS + T L. (2.5)

A Cylindrical Potential

We consider the large D limit of the axisymmetric solution of the Laplace equation in
the cylindrical coordinate

r2�(r, z) =


@

2
r +

n+ 1

r

@r + n@

2
z

�
�(r, z) = 0 (A.1)
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→　d>5ではNewton力はすぐに落ちる
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?

D=5と同様にj→∞では 
Black (n-)ringが存在
すると考えられる
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Figure 2. New proposal for the phase diagram of thermal equilibrium phases in D ≥ 6. As in
ref. [11], the details of the phase connections are unknown and smooth connections (i.e., second order
transitions) are possible instead of swallowtails with cusps (i.e., first order transitions). In phases
of black holes with multiple pinches evolving into multi-black rings (and multi-ring Saturns) it is
also unknown whether intermediate pinched Saturns or pinched multi-rings appear (this depends
on how the different pinches evolve along the phase curve). Other than this, the features in the
diagram are robust. The asymptotic behavior of the curves depends only on the total number of
rings and is given by eq. (2.17).

A first amendment to the picture in [11] has been already made in ref. [5]. Using the

blackfold approach it has been argued that the ‘pancaked black Saturns’ conjectured in [11]

cannot exist in thermal equilibrium: an ultraspinning black hole has larger radius than a

black ring with the same temperature and angular velocity, and therefore would engulf it.

Fortunately, our analysis in this paper shows that these pancaked Saturns are not actually

needed to complete the phase diagram and describe the mergers of black holes with several

pinches. Instead these are naturally connected to multi-black rings in thermal equilibrium.

The corrected phase diagram is presented in figure 2.

It must be noted that we cannot decide at present whether two pinches in a black hole

will shrink to zero size simultaneously as one moves along the curve aH(j) in the phase

diagram. It may well happen that one of the pinches reaches zero size before the other, thus

giving rise to a phase where a pinched black hole is surrounded by a black ring, or instead

one where a pinched black ring surrounds a central black hole. Ascertaining this probably

requires explicit numerical construction of the solutions. Up to these uncertainties about

the details of how the different phases actually connect, we believe that the qualitative

features presented in figure 2 are robust.

– 9 –

D > 5で予想される相図（一軸回転、M:fixed）

ＰＤ

図６ ブラックフォールド近似

図５ AdS時空での相図

（研究目的・内容の続き）

文献[8]では不安定性の十分条件のみ示す事ができ、また漸近平坦時空において角運動量Jは保存しな
いため、判定できるのはJが変化しない軸対称摂動に限定される。さらに文献[9]によって軸対称摂動
については局所ペンローズ不等式の成立は安定性の必要十分条件であることが
示された。一方、漸近的AdS時空においては負の宇宙項が実質的な壁の働きを
して閉じた時空となっているため、(境界条件によっては)エネルギー・角運動
量が保存する(図５)。従って、漸近的AdS時空においては軸対称摂動に限らな
いなどより強い不安定性条件が言える可能性がある。この拡張した結果を用い
てAdS時空の非線形的不安定性やAdSブラックホール時空の安定・不安定性や
不安定の終状態などを明らかにする。またこれらAdS時空における現象と
AdS/CFT対応通じた場の理論側における現象との対応関係を明らかにする。
またAdS時空には境界が存在するため、境界条件によって不安定性の条件が変わる可能性がある。
漸近的AdS時空ではある温度で相転移が起き、高温ではAdSブラックホール時空が、低温では純粋な
AdS時空が熱力学的には安定となること(Hawking-Page転移)が知られており、新しく発見された非
線形的不安定性と一見矛盾している。これはHawking-Page転移が系が温度が一定としたカノニカル
アンサンブルであることを仮定しているのに対し、非線形的不安定性が起きた数値計算では境界にお
いてエネルギーが保存されるような境界条件(=ミクロカノニカルアンサンブル)を取っていることによ
ると考えられる。従って、私はAdS時空における境界条件が時空の不安定性に与える影響や、その境
界条件において平衡状態に落ち着いたとき、どのような統計集団に対応するのかということを明らか
にする。
研究内容②：AdS-ブラックオブジェクトの研究
漸近的AdS時空での非自明な形状を持つブラックオブジェクトについては現状ではよく分かってい
ないため、私は漸近的AdS時空におけるブラックオブジェクトを下記の手段を用いて解析し、その性
質を明らかにする。高次元ブラックオブジェクトを解析する有力な手法としてはブラックフォールド
近似(文献[10])やMatched Asymptotic Expansion (MAE) がある。これらの手法はブラックオブ
ジェクトが二つ以上の大きく異なるスケールを持っている場合において有効な手法である。例えば、
高速回転するブラックリングではリングの直径に比べリングの厚みは十分に小さいので、遠方からは
エネルギー密度や張力、角運動量を持ち、有効的な作用に従って運動するひも上のオブジェクト、近

傍では加速されたブラックストリングと近似することができる(図６)。
ブラックフォールド近似ではこのひもの持つ有効的なエネルギー密度
などの物理量を近傍のブラックストリングの構造に結びつける。ひも
の有効的な作用の変分から、張力と角運動量による遠心力との釣り合
いの関係式が得られ、この関係式からブラックリングが十分に細い極
限での相図を決定することができる。この釣り合いの関係式はブラッ

クフォールド方程式と呼ばれ、文献[11]ではブラックブレーン上の摂動を考えることで、有効作用か
らではなく実際にEinstein方程式からこの方程式が導かれることが示された。ブラックフォールド近
似はブラックブレーンを曲げたことによる反作用などを無視した第０近似に過ぎないため、ブレーン
の曲がりや自己重力などによる高次の非線形効果を考慮するためにはMAEを用いる必要がある。
MAEは遠方の時空、近傍の時空でそれぞれ摂動展開をし、中間領域で各々の展開を各次数毎に張り
合わせていく手法である。発表論文[1]においてはKaluza-Klein時空中のブラックホールに対してこの
手法を用いて解析を行っている。これらの手法はAdS時空においても用いることができ、実際にAdS
ブラックリングなどがブラックフォールド近似によって解析されている。

余剰次元

ブレーン

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　申請者登録名　　　　鈴木良拓　　　　　
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j → ∞では 
Blackfold近似で 
非常に良く記述

Emparan, Figueras (2010)

MPからの摂動 
( 不安定のonset )

MP BH

角運動量
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MP摂動から分
岐する解の解
析的な理解は
進んでいない

数値解(D=6,7) 
“lumpy” BH 
Dias+ 2014

数値解(D=6,7) 
Kleihaus+ 2012 
Dias+ 2014

→要はBlackfold近似くらいしか有力な近似法がない

数値解 
Bumpy BHs 
Emparan+2014
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FIG. 1: Phase diagram in d = 6: dimensionless horizon area
aH as a function of the spin j. The solid green curve describes
the single spinning MP BH; the large red square indicates
the onset of the ultraspinning instability; the brown dots and
black squares describe the two branches of lumpy BHs. The
branch given by brown dots leads around a cusp and then
towards the black rings (blue circles). The dashed red curve is
the blackfold prediction for the black rings. Isolated magenta
squares on the MP BH curve are the onset of higher harmonics
of the ultraspinning instability. The inset plot is a zoomed out
plot.

solutions given by the blue circles. (This curve for the
black ring extends and agrees with the curve in [13]). A
topology-changing merger between the lumpy BHs and
the black rings is expected to occur through a local con-
ical geometry as discussed in [26]. Indeed, we find that
the Ricci scalar of the induced horizon geometry grows
as we approach the merger.

As further evidence for a merger, we plot the other
thermodynamic variables as a function of j in Fig. 3 and
Fig. 4. Again, we find the black ring and lumpy BHs
approaching each other. In these plots, the cusps are
described by smooth turning points.

The second family of lumpy BHs (the black squares)
was not anticipated. To understand their existence, con-
sider a perturbative expansion of the lumpy BHs around
the ultraspinning merger point. At leading order, the
amplitude of the lumpy BHs can be positive or nega-
tive and their entropy is linear in the amplitude; hence
we have two branches of solutions. Note that previous
studies [14] drew intuition from the Kaluza-Klein (non)-
uniform black string system [8, 9] where the entropy is
instead quadratic in the linear amplitude because peri-
odicity ensures that both signs yield the same solution.

Predicting where these lumpy BHs lead is di�cult; we
can only conjecture a few possibilities. As we move along
this family away from the merger with the MP BH (red
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FIG. 2: Di↵erence in dimensionless horizon area�aH between
a given solution and the MP BH with the same dimensionless
spin j, as a function of j. The colour scheme is the same as
Fig. 1. The inset is a zoomed out plot.

square), we find that curvature invariants of these lumpy
BHs grow large [33]. The curvature is largest at a location
where the function S2 in (1) vanishes. This suggests (but
by no means implies) a possible topological transition to
a S

2 ⇥ S

d�4 solution with rotation on the S

2. Such a
solution would be supported by spin-spin interaction and
hence does not have a blackfold approximation at lowest
order [27]. We admit that there are other possibilities
such as a double MP BH (also supported by spin-spin
repulsion). This lumpy BH branch might also simply end
in a nakedly singular configuration. A zero-temperature
limit is also possible, but Fig. 3 suggests we are still far
from zero temperature.
So far, we have described the phase diagram for d = 6,

but we expect similar behaviour in d > 6. Indeed, this
is what happens in the d = 7 phase diagrams that are
displayed in Fig. 5 and Fig. 6 [34].
We can compare our numerical black ring results with

analytical results obtained from the leading-order black-
fold approximation, which in this case is valid for large
j. In d = 6, this is given by aH ' 1

j , tH ' 4j, !H ' 1
4j2 ,

and is shown by the dashed red line in Figs 1, 3 and
4. These results agree with our numerics for large j, as
they should. In d > 6, one can also include finite-size
corrections to the blackfold approximation (which only
become dominant over self-gravitational e↵ects in d > 6
[28]). For d = 7, these are given by [29]
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FIG. 1: Phase diagram in d = 6: dimensionless horizon area
aH as a function of the spin j. The solid green curve describes
the single spinning MP BH; the large red square indicates
the onset of the ultraspinning instability; the brown dots and
black squares describe the two branches of lumpy BHs. The
branch given by brown dots leads around a cusp and then
towards the black rings (blue circles). The dashed red curve is
the blackfold prediction for the black rings. Isolated magenta
squares on the MP BH curve are the onset of higher harmonics
of the ultraspinning instability. The inset plot is a zoomed out
plot.

solutions given by the blue circles. (This curve for the
black ring extends and agrees with the curve in [13]). A
topology-changing merger between the lumpy BHs and
the black rings is expected to occur through a local con-
ical geometry as discussed in [26]. Indeed, we find that
the Ricci scalar of the induced horizon geometry grows
as we approach the merger.

As further evidence for a merger, we plot the other
thermodynamic variables as a function of j in Fig. 3 and
Fig. 4. Again, we find the black ring and lumpy BHs
approaching each other. In these plots, the cusps are
described by smooth turning points.

The second family of lumpy BHs (the black squares)
was not anticipated. To understand their existence, con-
sider a perturbative expansion of the lumpy BHs around
the ultraspinning merger point. At leading order, the
amplitude of the lumpy BHs can be positive or nega-
tive and their entropy is linear in the amplitude; hence
we have two branches of solutions. Note that previous
studies [14] drew intuition from the Kaluza-Klein (non)-
uniform black string system [8, 9] where the entropy is
instead quadratic in the linear amplitude because peri-
odicity ensures that both signs yield the same solution.

Predicting where these lumpy BHs lead is di�cult; we
can only conjecture a few possibilities. As we move along
this family away from the merger with the MP BH (red
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FIG. 2: Di↵erence in dimensionless horizon area�aH between
a given solution and the MP BH with the same dimensionless
spin j, as a function of j. The colour scheme is the same as
Fig. 1. The inset is a zoomed out plot.

square), we find that curvature invariants of these lumpy
BHs grow large [33]. The curvature is largest at a location
where the function S2 in (1) vanishes. This suggests (but
by no means implies) a possible topological transition to
a S

2 ⇥ S

d�4 solution with rotation on the S

2. Such a
solution would be supported by spin-spin interaction and
hence does not have a blackfold approximation at lowest
order [27]. We admit that there are other possibilities
such as a double MP BH (also supported by spin-spin
repulsion). This lumpy BH branch might also simply end
in a nakedly singular configuration. A zero-temperature
limit is also possible, but Fig. 3 suggests we are still far
from zero temperature.
So far, we have described the phase diagram for d = 6,

but we expect similar behaviour in d > 6. Indeed, this
is what happens in the d = 7 phase diagrams that are
displayed in Fig. 5 and Fig. 6 [34].
We can compare our numerical black ring results with

analytical results obtained from the leading-order black-
fold approximation, which in this case is valid for large
j. In d = 6, this is given by aH ' 1

j , tH ' 4j, !H ' 1
4j2 ,

and is shown by the dashed red line in Figs 1, 3 and
4. These results agree with our numerics for large j, as
they should. In d > 6, one can also include finite-size
corrections to the blackfold approximation (which only
become dominant over self-gravitational e↵ects in d > 6
[28]). For d = 7, these are given by [29]
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Figure 3: Isometric embeddings for representative black holes in the (+)1,2,3 branches. R? is the

radius of the S2 orthogonal to the rotation plane and u is a coordinate of Euclidean flat space,

see (3.3) and (3.6). The dashed black curve shows the embedding of a MP black hole of the same

mass and angular momentum.

Invariant-radii plots. These are plots of R?(x) versus Rk(x). Information about the

length in the polar direction is lost now, which makes the horizon shapes in these plots

look somewhat peculiar.

3.1 (+)-branch bumpy black holes

Representative solutions of these branches are depicted in embedding diagrams in fig. 3

and in invariant-radii diagrams in fig. 4. Observe that, contrary to what may seem from

the embedding diagrams, the radius Rk of the S1 near the equator is larger in MP black

holes than in the bumpy solutions with the same mass and angular momentum.

Near the values (2.22) the solutions clearly approach configurations where a symmetric

S2 on the horizon pinches down to zero size, developing a singularity whose structure we

analyze next.

3.1.1 Critical cone geometries

Depending on whether the singular pinch-o↵ occurs along the rotation axis or on a circle

away from the axis, the geometries are expected to be locally Lorentzian double-cones of

9
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Figure 10: Thermodynamic quantities. Green: MP black hole. Brown: (+)-branch bumpy black

holes. Black: (�)-branch bumpy black holes. Blue: black rings (from [8]). Red dots: branching

points from the zero modes found in [6].
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Then, �(0) can be solved as
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In the overlap region ⇢ ! 1, R can be expanded as
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then �0(x) will be used to match the asymptotic behavior. We note that if we set M(x) = 0 then �0(x) becomes the
only physical degree of freedom of the horizon scale and the boundary cannot be set to the usual asymptotically flat
coordinate. That will be the same gauge choice as is observed in Harmark-Obers ansatz.

B. Static case

We now consider the static spacetime

g
µ⌫

dxµdx⌫ = �g00(⇢, y, z)dt
2 + f

AB

(⇢, y)dyAdyB + h
ab
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Since, only (0)K0
0 can be singular on the horizon
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Then,
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Finally, the non-zero components of momentum constraint become
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Since we assumed @
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R0 = 0, we just obtain

@
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ここまでは静的な場合と同様

A,B,Wが結合

⇥ = ⇢�M(x)
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For the component of i = A, we also need (1)KA

B

which is obtained from
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Then, the regular solution becomes
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We obtain
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where the second equation is automatically satisfied if Eq. (13.10) holds. Hence,

A0(y) = a0 ˆ̀0(y)
2. (13.26)

The leading order solution becomes
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where ⇥ = N0⇢/ˆ̀0 �M(y, z).

C. Stationary case

We will now consider more general spacetime as

g
ij

dxidxj = G
AB

(⇢, z)dyAdyB + h
ab

(⇢, z)dzadzb (13.28)

where G
AB

is the two dimensional metric which is written by

G
AB

(⇢, z)dyAdyB = �A(⇢, z)dt2 +B(⇢, z)(d �W (⇢, z)dt)2. (13.29)

For the simplicity, we only consider the case of the all components of h
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is equally O(1) or O(n�1). Then, the
components of KA
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where the prime denote @
⇢

. The Hamiltonian constraint and the regularity require
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Then, the leading equation reduces to
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@⇥ ln
p

A(0) =
kt

t

+ kt
 

W (0)

sinh⇥
, (13.34)

Extrinsic curvature　→

Regularity
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and a constrant
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where we replaced (ˆ̀0/N0)@⇢ with @⇥. We obtain the following leading solution
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where we used Eq. (13.31) to eliminate k 
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and therefore W (0) and B(0) becomes
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The momentum constraint gives `0 = const. and
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This equation cannot be solved explicitly until the three of ⌦(z),↵(z), w(z) and A0(z) are determined by the asymp-
totic condition. If h
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= O(1), we also need (1)Ka

b

in Eq. (13.23) and then the constraint is modified to be

@
a

ln
p

A0 +
w

(1� w)(1� ↵)
@
a

ln⌦� @
a

ln ˆ̀
0 = 0. (13.46)

where ˆ̀
0 is obtained from Eq. (13.10) once we determine R0(z) and (0)h
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(z). As Kentaro pointed out, this condition
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In the leading order, we obtain

20 =
A0

4ˆ̀20
. (13.48)

Summerizing the above result, we have the following leading order solution

A(0) =
820 ˆ̀

2
0 sinh

2 ⇥
2

1 + w + (1� w) cosh⇥
, (13.49)

W (0) =
⌦(1� (1� ↵+ ↵w) tanh2 ⇥

2 )

1� w tanh2 ⇥
2

, (13.50)

B(0) =
220 ˆ̀

2
0w(1 + w + (1� w) cosh⇥)

(1� ↵)2(1� w)2⌦2 cosh2 ⇥
2

. (13.51)

b. Asymptotics In the asymptotic region ⇢! 1, The remaining degree of freedom ↵ and ! are determined by
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1. Myers-Perry-AdS black hole

Let us see Myers-Perry-AdS black holes, for example
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Now, we consider the large D limit with the scaling a = âr0, ` = ˆ̀r0, and defining ⇢ by
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Since R0 = r0 cos ✓, Eq. (13.10) gives
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Then, the MP-AdS metric can be reproduced by setting
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D. Asymptotically flat rotating black holes

Now, we consider the most simple case with no cosmological constant

g
µ⌫

dxµdx⌫ = �Adt2 +B(d �Wdt)2 + Y 2d✓2 +R2d⌦2
n+1. (13.58)
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For the component of i = A, we also need (1)KA

B

which is obtained from
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Then, the regular solution becomes
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where the second equation is automatically satisfied if Eq. (13.10) holds. Hence,
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2. (13.26)

The leading order solution becomes
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where ⇥ = N0⇢/ˆ̀0 �M(y, z).

C. Stationary case

We will now consider more general spacetime as

g
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dxidxj = G
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(⇢, z)dyAdyB + h
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(⇢, z)dzadzb (13.28)

where G
AB

is the two dimensional metric which is written by

G
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(⇢, z)dyAdyB = �A(⇢, z)dt2 +B(⇢, z)(d �W (⇢, z)dt)2. (13.29)

For the simplicity, we only consider the case of the all components of h
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where the prime denote @
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. The Hamiltonian constraint and the regularity require
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Then, the leading equation reduces to
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= const.
Momentum Const.

→
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In the leading order, we obtain
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Summerizing the above result, we have the following leading order solution
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b. Asymptotics In the asymptotic region ⇢! 1, The remaining degree of freedom ↵ and ! are determined by
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Now, we consider the large D limit with the scaling a = âr0, ` = ˆ̀r0, and defining ⇢ by
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D. Asymptotically flat rotating black holes

Now, we consider the most simple case with no cosmological constant
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dxµdx⌫ = �Adt2 +B(d �Wdt)2 + Y 2d✓2 +R2d⌦2
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Then, the regular solution becomes
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where the second equation is automatically satisfied if Eq. (13.10) holds. Hence,
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The leading order solution becomes
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where ⇥ = N0⇢/ˆ̀0 �M(y, z).

C. Stationary case

We will now consider more general spacetime as
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where G
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is the two dimensional metric which is written by
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where the prime denote @
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. The Hamiltonian constraint and the regularity require
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Then, the leading equation reduces to
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未知関数 ⇥ = ⇢�M(x)

!(x)⌦,↵ = ⌦1/⌦
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where M(x) is the physical degree of freedom of the horizon and
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From Eq. (12.4), we obtain
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By imposing the regurality to K
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In the overlap region ⇢ ! 1, R can be expanded as

R = R0(x)

✓

1 +
1

n

✓

�0(x)�M(x) +
N0

ˆ̀
0

⇢

◆◆

(13.15)

then �0(x) will be used to match the asymptotic behavior. We note that if we set M(x) = 0 then �0(x) becomes the
only physical degree of freedom of the horizon scale and the boundary cannot be set to the usual asymptotically flat
coordinate. That will be the same gauge choice as is observed in Harmark-Obers ansatz.

B. Static case

We now consider the static spacetime
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ホライズン
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遠方とのマッチ
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= (1 + â2)(1 + ˆ̀�2)

rn

rn0
. (13.55)

Since R0 = r0 cos ✓, Eq. (13.10) gives

ˆ̀2
0 =

r20(1 + â2 cos2 ✓)
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r20(1 + â2 cos2 ✓)
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ˆ̀2⌅
, N0 = ˆ̀

0 (13.57)

D. Asymptotically flat rotating black holes

Now, we consider the most simple case with no cosmological constant

g
µ⌫

dxµdx⌫ = �Adt2 +B(d �Wdt)2 + Y 2d✓2 +R2d⌦2
n+1. (13.58)

31

In the leading order, we obtain

20 =
A0

4ˆ̀20
. (13.48)

Summerizing the above result, we have the following leading order solution

A(0) =
820 ˆ̀

2
0 sinh

2 ⇥
2

1 + w + (1� w) cosh⇥
, (13.49)

W (0) =
⌦(1� (1� ↵+ ↵w) tanh2 ⇥

2 )

1� w tanh2 ⇥
2

, (13.50)

B(0) =
220 ˆ̀

2
0w(1 + w + (1� w) cosh⇥)

(1� ↵)2(1� w)2⌦2 cosh2 ⇥
2

. (13.51)

b. Asymptotics In the asymptotic region ⇢! 1, The remaining degree of freedom ↵ and ! are determined by

(0)g
tt

= � 420 ˆ̀
2
0

1� w

1� 2↵

(1� ↵)2
+O(e�⇥),

(0)g
t 

(0)g
  

= �↵+O(e�⇥), (13.52)

1. Myers-Perry-AdS black hole

Let us see Myers-Perry-AdS black holes, for example

ds2 = ��
r

⌃

✓

dt� a sin2 ✓

⌅
d 

◆2

+
sin2 ✓�

✓

⌃

✓

r2 + a2

⌅
d � adt

◆2

+
⌃

�
r

dr2 +
⌃

�
✓

d✓2 + r2 cos2 ✓d⌦2
n+1

(13.53)

�
r

= (r2 + a2)

✓

1 +
r2

l2

◆

� rn+2
0

rn
, �

✓

= 1� a2

`2
cos2 ✓, ⌃ = r2 + a2 cos2 ✓, ⌅ = 1� a2

`2

(13.54)

Now, we consider the large D limit with the scaling a = âr0, ` = ˆ̀r0, and defining ⇢ by
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と置けば

で解を再現



Summary
• Large D極限においてEinstein方程式が動径方向への常微分方程式と
それ以外への偏微分方程式に分離することを見た。（co-
homogeneityが一つ減った）"

• 次元無限大極限ではEinstein方程式の解析が容易になる。D=∞におけ
るすべての解が有限次元の解に接続できるとすれば、解の発見に有用"

• 単純な例として非一様ブラックストリング解（NUBS)を調べ、ホラ
イズンの変形方程式を求めた。"

• Sorkinの示した臨界次元d*=13.5が見えた？



課題
• 高次は多重対数関数（PolyLog）の積分だらけ、現
状では積分公式が無くなったところで終わり"

• 遠方への接続、保存量の評価（より一般的に）

• AdS解や定常解への拡張は割と簡単 (Work in progress)"

• 時間依存している場合など（重力崩壊、ブラックストリ
ングの時間発展）

Fat ring解, 変形したMP解など



補遺
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gives the dispersion relation to next-to-leading order in 1/n. Again, this has been obtained

before calculating ⌘
(3)

from (7.17).

The boundary condition at the horizon is satisfied by setting B
3

= B in (7.30). The

second integral in (7.17) can be performed analytically. This implies that we can compute

the behavior of the third order solution ⌘
(3)

in the overlap region explicitly, which is

crucial in order to impose the regularity condition (see appendix B.3). The constant A
3

is determined by matching to the far region solution (7.11). Although this can be done

explicitly, it turns out that A
3

does not enter in the condition (7.23) for the fourth order

solution. So we can proceed to the next step without specifying A
3

.

Fourth order. With the previous solution we can compute the source S
(4)

. Condition

(7.23) at fourth order gives

⌦ = k̂ � k̂2 � k̂

2n
(1 + 2k̂ � 2k̂2)

+
k̂

24n2

(9 + 24k̂ + 12k̂2 � 8⇡2k̂2 + 8⇡2k̂3 � 12k̂4). (7.33)

In order to proceed beyond this point we should do the first integral in eq. (7.17) to

impose the boundary condition on ⌘
(4)

at the horizon. However, we have not managed to

do this analytically. Then we cannot determine B
4

, which a↵ects the fifth order regularity

condition that would give the 1/n3 term in ⌦(k̂). So we stop at this order.

Eq. (7.33) is the main result of this section.

7.4 Comparisons and accuracy

Setting ⌦ = 0 in (7.33) gives the wavenumber k̂ of the threshold zero-mode. Reverting to

k =
p
nk̂, we find

k
GL

=
p
n

✓
1� 1

2n
+

7

8n2

+O(n�3)

◆
. (7.34)

This reproduces the result in [7], which was obtained with a method essentially similar

to ours, but using a di↵erent gauge. We have discussed the interpretation of the leading

order result earlier in (2.16).

Analytic approximations to ⌦(k) have been computed from a rather di↵erent approach.

Refs. [9, 16] solved black brane perturbations in a hydrodynamic expansion at small k for

arbitrary n. Ref. [9] conjectured that the relation ⌦ = k̂ � k̂2 is exact when n ! 1.

Our results, already in (7.27), do prove it. Ref. [16] extended the calculation to include

terms up to / k3. These hydrodynamic results and our large n expansion agree where

they overlap: eq. (7.33) to order O(n�2, k̂3) is the same as the expansion of the result of

[9, 16] to the same order.13

13
See appendix C for some additional comparison.
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Figure 1: Dispersion relation ⌦(k) of unstable modes for n = 3, 4, 5, 6, 7: the solid line is

our analytic approximation eq. (7.33); the dots are the numerical solution (the same as in

[9], courtesy of P. Figueras). fig:Omvsk

Eq. (7.33), however, also contains terms / k̂4 , k̂5 which are new. They should give

a more accurate dispersion relation at values k̂ ⇠ 1, where the hydrodynamic methods

become less precise. This accuracy is apparent in figure 1. While eq. (7.33) gives a rather

poor approximation to the dispersion curves for n = 1, 2 (which is not too surprising),

it gives a very good match already for n = 3. Overall, eq. (7.33) is a much better fit

to the entire curves than the hydrodynamic approximation in [16]. E.g., for n = 3 the

hydrodynamic curve (which is exact in n) is better only at relatively small k (. 0.25).14

The discrepancies between (7.33) and the numerical data are, for large portions of the

curves, quite better than the expected error ⇠ 1/n3. The largest deviations tend to appear

near the threshold mode: for n = 3 we find k
(num)

GL

/k
(analytic)
GL

⇡ 0.96, which is well within

the ⇠ 1/n3 margins. At n = 4 the match is indeed much better, k(num)

GL

/k
(analytic)
GL

⇡ 0.99.

The accuracy at much larger values of n is at least as good as the precision of the

numerical data we have (⇠ 10�5 � 10�6). This is shown in fig. 2, where we focus on the

region near the zero mode where the discrepancies are possibly largest. For reference we

also include the analytical result from [16].

The results in this section are quite encouraging for applications of the large D expan-

sion — both because the calculations can be carried out explicitly up to a fairly high order,

14
The hydrodynamic expansion applies also for non-linear black brane perturbations. It should be

interesting to investigate if the large D expansion can be useful in that problem too.
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一般的なブラックホールにおいて 
ω~O(D)となるQNMが不変的に存在

I. If we probe a black hole by perturbing it away from equilibrium, its response —

the radiation it emits— is dominated by the spectrum of its quasinormal modes. In

many respects these are analogous to normal modes, but they have a dissipative part

(imaginary frequency) due to the absorptive nature of the horizon. They can be regarded

as the ‘free’ (but damped) oscillations of the black hole spacetime, and so they provide

a way of characterizing it. Black holes famously require very few parameters for their

complete characterization, but their quasinormal modes are generically expected to carry

the imprint of all of them. This is indeed borne out by the analytic methods known to

approximate their calculation (for a review, see [1, 2]).

Recently it has been argued that black holes and their dynamics simplify greatly in

the limit in which the number D of spacetime dimensions diverges [3, 4, 5, 6]. It is natural

to ask whether this limit is useful in the calculation of quasinormal modes, and if so, what

it reveals. We will see that at large D an important part of the spectrum is not only very

easy to compute, but also it is universally shared by many black holes, conveying only

minimal information about the horizon radius r
0

. If this property had been discovered

through case-by-case numerical computation of quasinormal spectra for large values of

D, it would probably have been regarded as a surprise. We will argue that it is a direct

consequence of generic features of black holes at large D discovered in [4, 5].

More precisely, we shall show that for a large class of static, asymptotically flat, non-

extremal black holes, there exist a number / D2 of quasinormal modes whose complex

frequencies at large D are

!
(`,k)

r
0

=
D

2
+ `�

✓
ei⇡

2

✓
D

2
+ `

◆◆
1/3

a
k

, (1)

where ` is the angular momentum number, and k = 1, 2, . . . is the ‘overtone’ number with

�a
k

being zeroes of the Airy function Ai. These are very well approximated by

a
k

'
✓
3⇡

8
(4k � 1)

◆
2/3

. (2)

All the information about, e.g., the gauge charges of the black hole, or their coupling

to scalars (dilatons), has been e↵aced from (1). It will be clear from our analysis that the

structure responsible for this spectrum is also present in many other settings.

The result (1) is valid for modes for which `/D and k are parametrically of order D0

(i.e., ` ⌧ D2, k ⌧ D). Then Re! and Im! are of order D and D1/3, respectively.

Among the entire set of quasinormal modes of large D black holes, these are not only

most numerous, but they also have the smallest damping ratio Im!/Re! / D�2/3. Their

lifetime is very long on the time scale of their vibrational period, so they resonate most

sharply, almost like a normal mode, to an external influence of the appropriate frequency.

Black holes have other quasinormal modes that do not conform to this spectrum, e.g., with

frequencies parametrically smaller, ! = O(D0). These can be of considerable interest [7, 8]

but they do not seem to possess a similar degree of universality.
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Airy関数のk番目の零点

Emparan, Tanabe (2013), [arXiv:1401.1957 [hep-th]]

・�ωはホライズン半径のみにしか依らない

・�D→∞におけるLeadingの構造のみで決定
・ ω〜O(1)のQNMには具体的な時空構造による

Large D limit

ブラックホールQNM 高周波モード



Large D limit

Sch-QNM ω~O(1) MODE

1/n^3まで(NNNLO)
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Figure 1: l = 2 mode. Comparison with the numerics for D = 5, 7, 9, 11, 13, 15. NNLO correction
is the bold line.

3.2 Vector perturbation

As the scalar part, we expand the variables as

vA(R) =
X

k�0

v
(k)
A (R)

nk
, HV (R) =

n
p
�V

�V � n

X

k�0

H
(k)
V (R)

nk
(43)

R2v
(k)
t

00(R) + 2Rv(k)t
0(R) = S(k)

vt (44)

(R� 1)2v(k)r
00(R) + 2(R� 1)v(k)r

0(R) = S(k)
vr (45)

Leading Order

The regular leading order solution is

v
(0)
t =

V0

R
, v(0)r =

V0

R� 1
, H

(0)
V = 0. (46)

Boundary condition at NNNNLO

We obtain the only one saturating QNM for the vector. The regularity of HV at NNNNLO
determines its frequency up to O(n�3),

!V = �i

"
l � 1 +

(l � 1)2

n
+

�
⇡2 � 6

�
(l � 1)2

3n2
+

2(l � 1)2
��6l⇣(3) + ⇡2(l � 1) + 6

�

3n3

#
. (47)

We can see the good match with the numerical calculation at D = 100 (Table 2). In Fig. 3, the
QNM frequency of l = 2, 3, 4 is plotted as the function of D.

The vector mode may have a simpler structure, since Eq. (47) can be rewritten as

!V = �i(l � 1)


1 +

✓
1 +

2(⇣(2)� 1)

n
� 4(⇣(3)� 1)

n2

◆
l � 1

n
+
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n3
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�
. (48)

6

Vector mode

a4 = 0 and ã4 = 0 have nontrivial solution for P0 and Q0 if and only if its determinant is zero,

(2� 2l)! � i(l � 1)l + i!2 +
i(l � 1)l2 + i(l � 1)!2 + 2(l � 1)2! + 2!3
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Then, the dispersion becomes

!± = ±p
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2 Scalar mode in the Master Equation

2.1 ! = O(D) mode

In this section, we study the high-frequency mode of the scalar perturbation with ! = !̂n, l = l̂n.

Asymptotic boundary condition and far solution

The equation for the master variable  is

r2 00(r) +


!2r2 +

1

4
�
⇣n
2
+ l

⌘2
�
 (r) = 0 (18)

and the solution given by

 (far)(r) = A
p
rH

(1)
n/2+l(r!) +B

p
rH

(2)
n/2+l(r!) (19)

4

Scalar mode
Emparan, RS, Tanabe, to be appear
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Large D limit

Sch-QNM ω~O(1) MODE
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Data thanks to Dias.et.al. 2014 (arXiv:1402.7047)

Scalarと違って
かなり低いDまで
大体再現

Large D limit

Sch-QNM ω~O(1) MODE
Vector mode



(AdS-)Myers-Perry BHのQNMを次元極大展開で導出。 
特にω〜O(1)の流体的モードに注目（不安定を見たいので） 
簡単のため、奇数次元等角運動量の場合。

・�二種類の不安定の存在（定常軸対称、Barモード）

・�D=∞において摂動方程式はDecouple→解ける

Emparan. et.al. (2013)
  �D=∞でのMPBH ≈ D=∞でのBoosted Sch BH

・ AdS-MP BHについても定性的に同じ結果

MPの摂動方程式は解析的に解けないとされてきたが

Large D limit

MP QNM ω~O(1) MODE
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average of a certain near horizon function �(✓) which is contained in the potential as
such form

� ⇠ �(✓)

R
. (A.15)

and then we see a0 is given by
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B Expansion from the uniform solution

Eq. (??) is asymptotically solved by the expansion from the uniform solution M̃(z) =
e

�a
M(z) = 1, b̃ = e

�a
b = �1. The small correction M̃(z) = 1+�M(z) for b̃ = �1+✏

2
/2

admits the small oscillation of the Gregory-Laflamme wavelength

�M(z) = ✏ cos(z) (B.1)

where we assumed the reflection symmetry at z = 0, M(z) = M(�z). To avoid secular
terms such as z sin(z), we should also consider the variation in the period. Actually,
up to the O(✏3), the solution becomes
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and the period L = 2⇡� is given by
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We have obtained the asymptotic solution up to O(✏9)
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The average of M0(z) is easily seen from Eq. (??) as
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Next to the Leading order To absorb the secular behavior, we again should add
the correction to the period �0 ! � = �0 + �1/n where
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here we omit the terms higher than O(✏5) since it is too cumbersome.
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