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Def. (M,D,9) : sub-Riemann. w.f.d.

S ) M C"-m.fd.
it) D : Smooth Subbundlie 0 TM
i) 3 : Riemann. fipre. mettic on D

Suppese that D is ) bracket generoting o

i.e, for any locol basis Xi,..xy 0f D on UCM

the collection of o yector fields {X;, %1, [x:, (5 il

generated by Lie brackets of Xi Spans the whole
tongyent bundle TU.



D : 1he shead of 3erms of section of D

o

Define the sheoves fﬁ‘ h:, by settin$
D =D ond

Dt D" [p.0"1 (h21)

D'=D* > Dis completely integroble

UP“= TM 5 Dis brockes jemetating
( mon fnlonomic )

X D\ls also Colled a “d“s*“b(ﬂ'c‘oh 7




Examples of mon Rolonomic distributions

+ Contact disStribution

R3 (2.9.2)
D= Jdz-3(2d9-4d2)=0}
vank two

= fufa € (’(D‘)

gmwth (2, 3)
5T, ‘("fn,"fz Y C'ft,'fz.)}

Spans TfR3



. Cartan distribution

- 2 C
K3z S3s , Xg 253y, %5 3%5

["-oxt] 2%z, [%,%x3] =%, (x2, 23] X§
xhe others ore thw
C(D* )= %, Xa ) Fonktwo

Jimpor (R5, DY) <le | moxAui (RS,D') & Ga
(E.Carton]

%I’OW*‘\ (21 3: b )



Riemannian gesmerty ‘,./"'\' ;

A mummizer between two Points is a geodesic.
Euery §eodesic 1§ locod minmimize}.

Given by 1‘*2‘:& x> xRk = 0

Sub- Riemanaion Jeoeth ¥ Given by the erojecnen of
the integred Cukve of D

Thete ote two tyPes qeedesics:
() "normad type” depends on (0.9)

iii) ‘abnormad 1yee”  depends only on D
[19%0°s, T-kupka , R. Montgomery ]

Qemark A minimiZ€tr on Sub-Riemaph:an manifolol 1S

either normal o abnotmal




Thw. (Chow) [et M be a connected myel,

and D & mon-felonomic disttibutien obh M . Theh

thete onsts Sor oy twd poind§ PG el
a Precewis® Smooth \ovegiald cutve by which

Ppond ¢ COO be joined .



In sub- Riemonnian aeometty  the space Co (P, § )
0§ o ihteg\-aﬂ curves of D joinina Pm\d ¢~
may Rave smgulﬂh-hes

o which makes difficudt )@'

to apply the methoolof /9

nvakidtion to the case. In the Riemann. cose
C ¢p, 3 ) has no Sinjulanity,

and (S a smooth nfinite
/? / d'ﬂ‘eﬂﬂo'\‘l mah. f‘jd



Def  (M,0,9): sub-Riemawn. mtd.
For pe M, ve D, we define +he length [V,

of v b \LH’“’: 3‘,(4/,1))’7')

1§ 7:(o.b) > M 5 an integrof curve of D
thep we define the length of ¥ by

W’Yﬂ, : Lb | Yoy de

* If Y is not awn integl—al curve , we ereq to define
| ¥llg = 0.




we define a functin do  MxM>RU{®} by
El, (P, %)= inf {ll?ll, o= (R %) ?7

where 97= (¥(0), T(W).

1§ M is copnected and D is nonhofonomic, then

dy: MxM->R (S ametric fonc. on M,

The distante dg is Calfeol Sub-Riewann.olistance OF

Cartot - Caratheodory methiC,
1§ on inteyrod curve T:.la,hl~>

dy (Y(), ¥(0)) ={ITNy

M of D satisfies

T s colled o Minimizer.



_Pff (Normod extremed )_ (p,A) e T*M

“A“ﬂ - the norm of AIDP
E: T*M >R 9iven by E (x,a)z—f MAII; 1S

the energy func oF the sub-Riemann. str. (D.g)
A normod biextremad of (0,9) is a carve (1T

cuch thet (1) [(t)= Bece)

(') E does not vanish ofong T
A normol etremof it o Curve in M ™\ n{r:d/
which is projection of b: extremok

. | §
o novrmel biexttemed

normad extremed



Def (abnormad ettemal ) Ty, .. 5, F: focal basis ot UcM

we deSine  Hy. T’:;M >R by Hx-.=<2,><:m),
(P.2) (iv=4,-.7r)
An abnormol biextremal of D is & curve T 1 5 T*M\( )

Such thok (1) Hx; (Ce)=0
: —3 -
() Z(t) € <(H"o)?(ﬂ el (H&-)((’m)>

An abnotwal etremol of D (s a cuvrve in M
whith iS projection of & normet biextremol .

depend only on D



Let D be the Cortan diSttiburion on RS defined by
r(D)= (x‘oxl ).
Choosing & Sub-Riewobvien metric 9 on D

Cothoak 14, % (p) forms an otrthohotmad Dasicaf D',‘
We considel the Sub- Riemavnian menfegd (R3 D, 9 )

Let us detetmne the normal extremed and
the gbnorma? extlema? of (RY b, 9 ).



Exttemalg on the Corvan distnbution
(2, 2%, x5 2% A, P, PR Py Pr) € THRP

A novmed biextremod 07 (D.9) sm-m'f s .
(6) o= LtP A3 (P2 PR

) x=-h

(2) x*=-B (7 Pa-( ip+aXPA-2XR 3
(3) X3= 9.7/* (8) By < -RA-RB

‘0.” A= (A3 '2'9( )t‘)A XA f:'q = O

(5)7(5- (X34 2’11 )18 WP =0

whete A =P - z" - (a ;'-9“12)5)9
g=RazaR- (42X Py



Theh we fave :
h) 2 ond A2 run olong the line

P,g')("” Pg ﬁz"‘ C c 0

or (f') 94'1'*&12*6 move S Pe}lgdicu@@y
hetween _ & awd [%

R1$  constent.



These eguation for (3, x%) Con be

(%)= w(S0)(30)

g ——
’

whete P3: P’]'*P‘ﬂz* ¢
(ince the occele\rohon vector ( )“ obtained! by
the rototien of & = of the velocity yecty (’,) this emm‘w
Feptesents the ef,oonon of motwn of an electron Vl\ov\‘na
in aplone under o magneric it whose direction

N Qer?ehdccu\or x0 +he plape ord wWhise magnitude 8

JuR bY  Pr= P+ PeA+ L



Abnormaﬂ biextrewmal r(t)e(Xm,pm) caticfies:
H x=a (6) Pﬁ'éord"?u-—o’(é?z'é"’ﬁ:)
(7) fux 0'(-3 R +i )43 0% Py
(8@ s o'py +0*Ps

(%) X = -0" (x3 z,,(z) (9) =0

5. -or (3 r) (1) Pg =0
(5 % x o, atare Seme funl

WQ ﬁove (:;)3(?1:)“30( ) whele vy S a ‘ftmcinm d]br’ rcm,
If we set 1’, f YepdS , we hove (:’t:' lp(u(f;,:) (?’,)

¥ A, Fe )

(2) -xa-o
(3) ‘13‘-’-2_01 "'107‘-

Thus rhe lines in (X, x*) -Spoce
aive tise KO the abhermal extrém.












