Intersection Numbers On Moduli Spaces of Curves

Hao Xu
(Talk at The 16th Osaka City University International Academic
Symposium 2008 " Riemann Surfaces, Harmonic Maps and
Visualization™)

Center of Mathematical Sciences, Zhejiang University

December 19, 2008

Hao Xu (Talk at The 16th Osaka City University International Academic Sym|  Intersection Numbers On Moduli Spaces of Curves



Outline of my talk

@ First we introduce the basics of moduli spaces of curves and its
intersection theory. We study the integrals of 1 classes in some
detail.

@ We survey the recursion formulas of various Hodge integrals: Faber's
algorithm, intersections of v classes, higher Weil-Petersson volumes,
Witten's r-spin numbers. We will introduce our work on n-point
functions and a proof of the Faber intersection number conjecture.
Our work on recursion formulae of higher Weil-Petersson volumes is
motivated by the work of Mulase and Safnuk.

@ At last, we study the universal relations in Gromov-Witten theory.
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Riemann surfaces

A Riemann surfaces is a 2-dimensional complex manifolds (or smooth
algebraic curve over C).
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Riemann surfaces

A Riemann surfaces is a 2-dimensional complex manifolds (or smooth
algebraic curve over C).

One example:

Let n > 1. The Fermat curve
{(x,y,2z) € P? | x"+y"=2"}.

is a Riemann surface with genus (n —1)(n — 2)/2.
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Riemann surfaces

A Riemann surfaces is a 2-dimensional complex manifolds (or smooth
algebraic curve over C).

One example:
Let n > 1. The Fermat curve

{(x,y,2) €EP? | x" +y" = 2z"}.

is a Riemann surface with genus (n —1)(n — 2)/2.

(Apply the Riemann-Hurwitz formula to the morphism from P2 to P!,
sending (x, y, z) to (x, z).)
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Stable curves

A stable curve is a connected and compact curve with nodes

{(x,y) € C* | xy = 0}

and satisfy (i) each genus 0 component has at least three node-branches;
(ii) each genus 1 component has at least one node-branch.
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Stable curves

A stable curve is a connected and compact curve with nodes

{(x,y) € C* | xy = 0}

and satisfy (i) each genus 0 component has at least three node-branches;
(ii) each genus 1 component has at least one node-branch.

i

stable curve unstable curve
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Fine moduli spaces of curves deos not exist

Consider contravariant functors

Scheme — Sets

Hom(e, S) : B — Hom(B,S) (S is a scheme)
Fum, : B — C/B (family of curves over B)
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Fine moduli spaces of curves deos not exist

Consider contravariant functors

Scheme — Sets

Hom(e, S) : B — Hom(B,S) (S is a scheme)
Fum, : B — C/B (family of curves over B)

Fine moduli: Fy, is representable, i.e. there exists a scheme S, such
that Fpq, is isomorphic to Hom(e, S).
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Fine moduli spaces of curves deos not exist

Consider contravariant functors
Scheme — Sets

Hom(e, S) : B — Hom(B,S) (S is a scheme)
Fum, : B — C/B (family of curves over B)

Fine moduli: Fy, is representable, i.e. there exists a scheme S, such
that Fpq, is isomorphic to Hom(e, S).

Fine moduli space of curves over C fail to exist due to automorphisms of
curves (Riemann surfaces).
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Coarse moduli spaces of curves

There exists a scheme M, called Coarse moduli spaces of curves.
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Coarse moduli spaces of curves

There exists a scheme M, called Coarse moduli spaces of curves.
My is in fact quasi-projective.
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Coarse moduli spaces of curves

There exists a scheme M, called Coarse moduli spaces of curves.
My is in fact quasi-projective.

1. Fa,(SpecC) = Hom(SpecC, M)
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Coarse moduli spaces of curves

There exists a scheme M, called Coarse moduli spaces of curves.
My is in fact quasi-projective.

1. Fa,(SpecC) = Hom(SpecC, M)
2.
Fum,

|

Hom(—, M) Hom(—, N)

Hao Xu (Talk at The 16th Osaka City University International Academic Sym|  Intersection Numbers On Moduli Spaces of Curves



Coarse moduli spaces of curves

There exists a scheme M, called Coarse moduli spaces of curves.
My is in fact quasi-projective.

1. Fa,(SpecC) = Hom(SpecC, M)

2.
Fum,
|
Hom(—, Mg) Hom(—, N)
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Coarse moduli spaces of curves

There exists a scheme M, called Coarse moduli spaces of curves.
My is in fact quasi-projective.

1. Fa,(SpecC) = Hom(SpecC, M)
2.
Fum,

Hao Xu (Talk at The 16th Osaka City University International Academic Sym|  Intersection Numbers On Moduli Spaces of Curves



Compactification of moduli spaces of curves

Constructions of M, and M,

@ The quotient of Teichmiiller spaces by the action of the mapping
class group.

o Geometric invariant theory (Mumford, Gieseker, etc).
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Compactification of moduli spaces of curves

Constructions of M, and M,

@ The quotient of Teichmiiller spaces by the action of the mapping
class group.

o Geometric invariant theory (Mumford, Gieseker, etc).

The coarse moduli space M, is a dense open subset of its o
compactification My, which is projective. It's more popular to treat M,
as a Deligne-Mumford stack.
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Compactification of moduli spaces of curves

Constructions of M, and M,

@ The quotient of Teichmiiller spaces by the action of the mapping
class group.

o Geometric invariant theory (Mumford, Gieseker, etc).

The coarse moduli space M, is a dense open subset of its o
compactification My, which is projective. It's more popular to treat M,
as a Deligne-Mumford stack.

The boundary M, indicates that we need to add marked points to
curves.
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Moduli spaces of curves with marked points

There are two type of boundary morphisms:

Mg1,"1+1 X Mgz,n2+1 Mg1+g2-,n1+n2

(D2
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Moduli spaces of curves with marked points

There are two type of boundary morphisms:

Mg1,"1+1 X Mgz,n2+1 Mg1+g2-,n1+n2

(D2

Mg nta — Mg_1.n

S8
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Dual graph of nodal curves

The following is a nodal curve of genus 3 with two components and two
marked points.

)
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Dual graph of nodal curves

The following is a nodal curve of genus 3 with two components and two
marked points.

)

Its associated dual graph is:

~ND—
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Intersection Theory on Moduli Spaces of Curves

Mumford defined the Chow ring A*(Mg,,) on moduli spaces of curves in

1983. He emphasized the tautological subring R*(M, ») C A*(Mg,n),
which contains all geometrically natural classes.
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Intersection Theory on Moduli Spaces of Curves

Mumford defined the Chow ring A*(Mg,,) on moduli spaces of curves in

1983. He emphasized the tautological subring R*(M, ») C A*(Mg,n),
which contains all geometrically natural classes.

Some tautological classes on M, ,
@ 1; the first Chern class of the line bundle whose fiber over each
pointed stable curve is the cotangent line at the ith marked point.
o \; = ¢;i(E) the ith Chern class of the Hodge bundle E (with fibre
HO(C,wc)).
@  classes originally defined by Miller-Morita-Mumford on Mg and
generalized to M, , by Arbarello-Cornalba.
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Hodge integrals

We call the following integrals the Hodge integrals on moduli spaces of
curves

k k d k
(Tay -+ TdFiay -+ Ky | AR AGF) é/ﬁ 1/)11...1/,;’%31...ﬁamAll...Ag.
Mg,

Hao Xu (Talk at The 16th Osaka City University International Academic Sym|  Intersection Numbers On Moduli Spaces of Curves



Hodge integrals

We call the following integrals the Hodge integrals on moduli spaces of
curves

k k d k k
(Tdy - TdFoay - Ky, | AR AGF) 2 /7 w11~--w2’"nal R, AR
Mg,

The following remarkable ELSV formula of Ekedahl, Lando, Shapiro, and
Vainshtein relates Hodge integrals to single Hurwitz numbers.

Let u be a partition, n = /(u) and r =2g — 2+ |u| + n. Then

b L=+ + (1A
H, ., =rl
et ,1;[1 <Mi! > /Mg,n (1= patn) -+ (1 = pnthn)”
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Hurwitz numbers

Let 7 : X; — P! be a ramified cover over the sphere P! (or meromorphic
function on X,) whose only degenerate ramification point is over oo with
ramification type u. So we have degm = |u|. By the Riemann-Hurwitz
formula, the number of simple ramification points of 7 over P! is:

r=2g =2+ [p|+ I(p).

Intersection Numbers On Moduli Spaces of Curves
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Hurwitz numbers

Let 7 : X; — P! be a ramified cover over the sphere P! (or meromorphic
function on X,) whose only degenerate ramification point is over oo with
ramification type u. So we have degm = |u|. By the Riemann-Hurwitz
formula, the number of simple ramification points of 7 over P! is:

r=2g =2+ [p|+ I(p).

The single Hurwitz number Hg , is a weighted count of the distinct
covers 7 of genus g with ramification p over oo and simple ramification
over r (arbitrary chosen) fixed points on P*. Each such cover is weighted
by 1/|Aut()].
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Faber's algorithm

Faber's algorithm reduces the calculation of general Hodge integrals to
those with pure v classes, based on Mumford's Chern character formula

2m—2

chyp—1(E) = (2Br2nl3 Fom—1 — Z¢,-2m_1 Z Ie., Z Pl (—app )M
i=1

§6A

where A are the boundary divisors.
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Faber's algorithm

Faber's algorithm reduces the calculation of general Hodge integrals to
those with pure v classes, based on Mumford's Chern character formula

2m—2

chom_1(E) = (2’32”3! szm il Z . Z (g2

fen

where A are the boundary divisors.

Let mpt1 : Mg n1 — Myg,,. From push-forward formula

1
7Tn+1*¢2fi ’ Q/Jd" = Kal"/)

we have

d; d, __ +1 d,
/ﬁ a8 — /7 YAy,
Mg’" Mg,nﬂ
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Intersection of pure 1) classes

The following integrals are called intersection indices or descendant
integrals.

<Td1'”7_dn>g = /7 1/1f1 gna
Meg.n

where d; +---+d, =3g -3+ n.
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Intersection of pure 1) classes

The following integrals are called intersection indices or descendant
integrals.

<Td1 '”Tdn>g = /7 1/1f1 gna
Mg,
where d; +---+d, =3g -3+ n.

The string equation

(o [[e)e =D (r-1 ][ 76)e
i=1

j=t i

The dilaton equation

(1 [[7x)e = (28 =2+ n)([ [ 7x)e
i—1 -1
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KdV hierarchy

The KdV hierarchy is the following hierarchy of differential equations for
n>1,
ou 0

81',7 = 87t() n+1,
where R, are Gelfand-Dikii differential polynomials in
U,0U/dty,0°U/0t3, ..., defined recursively by

ORni1 1 (au R, 18 R)

R =U — YR 42U -9
T 9t 201 1\0n " Vo 208
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KdV hierarchy

The KdV hierarchy is the following hierarchy of differential equations for
n>1,

ou_ o

81',7 = 8t() n+1,

where R, are Gelfand-Dikii differential polynomials in
U,0U/dty,0°U/0t3, ..., defined recursively by

OR,. 1 [0U OR, 107
Ry = = —R,+2 -—R,
1= oty 2n+1 (8t0 +2U ot 4063 )

It is easy to compute R, recursively

107U

1
R, = =U? —
2=2Y T

1., UBU 1,00, 10U
= U+ Sos+ (5 ) + 5
6 12063 ' 24'0ty’ = 240 Otf
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Witten's conjecture

The Witten-Kontsevich theorem states that the generating function for ¢
class intersection numbers

F(tg,tl,...):ZZ<HT;ni>gH%
g n i=0 i=0 "

is a 7-function for the KdV hierarchy, i.e. U 2 92F/0t2 obeys all
equations in the KdV hierarchy.
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DVV formula

The following equivalent formulation of Witten's conjecture is due to
Dijkgraaf-E.Verlinde-H.Verlinde.

n

Z 2k+2d + 1)1
(2d; — 1)1

Tk IHTd Tdy " Tdi+k """ Td,
+ 2k+3 h i+ >g

Jj=1

1
+ 5 Z (2r + 1)1N(2s + 1)1, TsTey - - - Td, ) g—1
r+s=k—1

Z @r+01@2s+ D)1 > ([ rade (7s [ [ 7a)e—e

r+s k—1 n=I11J iel ield

where n = {1,2,...,n}.
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Virasoro constraints

%rono 1 (tm —5m1)3m_1+§t§, k=1,
, n;) tm — m1)3m+1i6, k=0,
k= i I( k+m+) )(tm—5m1)8m+k

"~ +E (- )m+1rr(k7m+aakm1, k> 0.

which satisfy the commutation relations

[Li; Le] = (k = £)Lite.
Equivalent formulation of Witten-Kontsevich theorem

Li(exp(F)) =0, k> -1
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Different Proofs of Witten's conjecture

@ Kontsevich's proof uses combinatorial model for the intersection
numbers and matrix integral.

@ Mirzakhani's proof depends on her recursion formula of
Weil-Petersson volumes.

@ Via ELSV fomula that relates intersection numbers with Hurwitz
numbers (Okounkov-Pandharipande, Kazarian-Lando, Kim-Liu,
Chen-Li-Liu).
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Compute intersection numbers

Witten's pioneering work revolutionized this field and motivated a surge
of subsequent developments: Gromov-Witten theory, Faber's conjecture,
Virasoro conjecture. . .
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Compute intersection numbers

Witten's pioneering work revolutionized this field and motivated a surge
of subsequent developments: Gromov-Witten theory, Faber's conjecture,
Virasoro conjecture. . .

Witten-Kontsevich theorem provides a way to compute all intersection
indices on moduli spaces of curves, which baffled mathematicians for
many years.
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Orbifold Singularities

A neighborhood of £ € M, , is of the form U/Aut(X), where U is an
open subset of C38~3+" The denominators of intersection numbers all
come from these orbifold quotient singularities.

Hao Xu (Talk at The 16th Osaka City University International Academic Sym|  Intersection Numbers On Moduli Spaces of Curves



rbifold Singularities

A neighborhood of £ € M, , is of the form U/Aut(X), where U is an
open subset of C38~3+" The denominators of intersection numbers all
come from these orbifold quotient singularities.

( Yo = n—3
T T /0 =\ g d,

We know M, are smooth manifolds, e.g. Mo 4 = PL.
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Orbifold Singularities

A neighborhood of £ € M, , is of the form U/Aut(X), where U is an
open subset of C38~3+" The denominators of intersection numbers all
come from these orbifold quotient singularities.

< > B n—3
T T /0 =\ g d,

We know M, are smooth manifolds, e.g. Mo 4 = PL.

1
degenerate 1 3
—_—
5 2 4
3
A
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Some examples

1
<7—3g72>g = Fg!a g > 1
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Some examples

<7—3g72>g = Fg!a g > 1
_ 19-59 o 607
s = s S wgigg
13-3221 5-113-839
(T57575)s (T10710)7

T 013.34.5.7.11° T 9023.39.7.11-13
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Some examples

<7—3g72>g = Fg!a g > 1
_ 19-59 o 607
s = s S wgigg
13-3221 5-113-839
(T57575)s (T10710)7

T 013.34.5.7.11° T 9023.39.7.11-13

In fact, the denominators of (7q, - - - 74,)¢ will not contain prime factors
greater then 2g + 1.
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Some examples

<7—3g72>g = Fg!a g > 1

(rarara)s — 19759 2y, - 007
7234 = 0 335,70 V43T 03457
133221 5.113- 839

TSI = o 35 7 i 007 T 3971113

In fact, the denominators of (7q, - - - 74,)¢ will not contain prime factors
greater then 2g + 1.

It is well-known that the order of automorphism groups of a compact
Riemann surface of genus g does not contain prime factors greater then

2g + 1.
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Itzykson-Zuber Conjecture

In the paper “Combinatorics of the Modular Group Il The Kontsevich
integrals”, arXiv: 9201001, page 37, C. ltzykson and J. Zuber posed the
following conjecture:

Let D, denote the least common multiple of denominators of all
intersection indices (7, - - 74,)g. For 2 < g’ < g, the order of any
automorphism group of a compact Riemann surface of genus g’ divides
D,.

g
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Itzykson-Zuber Conjecture

In the paper “Combinatorics of the Modular Group Il The Kontsevich
integrals”, arXiv: 9201001, page 37, C. ltzykson and J. Zuber posed the
following conjecture:

Let D, denote the least common multiple of denominators of all
intersection indices (7, - - 74,)g. For 2 < g’ < g, the order of any
automorphism group of a compact Riemann surface of genus g’ divides
D,.

g

Itzykson-Zuber's conjecture was proved in our paper “Intersection
numbers and automorphisms of stable curves”, arXiv: 0608209.
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Conjectural multinomial value property

Based on calculations in low genera, we conjecture:

For >% ,di=3g —3+ nand d; < da, we have

(T Tdy =+ Tdy)g < (T +1Tdy—1" " Td, ) g-

We have confirmed its validity for all g < 20.
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Conjectural multinomial value property

Based on calculations in low genera, we conjecture:
For >% ,di=3g —3+ nand d; < da, we have
(TaiTdy Ty )g < (Tdh+1Tdy—1" " Td, )g-

We have confirmed its validity for all g < 20.

The above conjecture implies

1

(Tdy =+ Td,)g = 248 - gl"
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Conjectural multinomial value property

Based on calculations in low genera, we conjecture:

For >% ,di=3g —3+ nand d; < da, we have

(T Tdy =+ Tdy)g < (T +1Tdy—1" " Td, ) g-

We have confirmed its validity for all g < 20.

The above conjecture implies

1

(Tdy =+ Td,)g = 248 - gl"

On the other hand, we know from Okounkov's work that

n

S Y amade [

g&=03"dj=3g—3+n Jj=1

converges all positive real numbers x;.
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The n-point function

The following generating function

n

F(Xla"-axn):Z Z <7-d1...7—d">gHdej

£=03"dj=3g—3+n Jj=1

is called the n-point function.
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The n-point function

The following generating function

n

F(Xla'”axn):Z Z <7-d1...7—d">gHdej

£=03"dj=3g—3+n Jj=1

is called the n-point function.

Note that n-point functions encoded all information of intersection
numbers on moduli spaces of curves. Note its difference with Witten's
"free energy”

e ty ---t
Fltot,..) =D > (g ma) g

n!
§=03" dj=3g—3+n
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Less than three point functions

-3 X3
Let G(x1,...,xn) =exp <2f41X’> cF(x1, .oy Xn)
@ Witten's One-point function G(x) = &

o R. Dijkgraaf's two-point function (1993)

1 k! 1 k
G(X’Y):x+y;0(2k+1)! <2Xy(x+y)> '

e Don Zagier's three-point function (1996)

G(Xa)/vz) = Z r[Sr(X7y7z) (A/8)S

o ar2r+ 1 (r+s+ 1)V

where S, and A are some homogeneous symmetric polynomials.
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Recursive formula of n-point functions

Let n > 2.

s

B (2r+n =3P (x1,. .., xn)A(x1, ..., Xn)
Gl xa) = Z 45(2r +2s+n—1)!l

r,s>0
where P, and A are homogeneous symmetric polynomials
noooN3_\n 3
(e X)) =21 %
3 )

A:

i Z‘ZIMZ (D) (Q_x)*G(x1)G ()

n=I11J i€l icJ 3r+n—3
1
s 3 AP Y GG )
J=17 =114 i€l i€d r'=0
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Coefficients of n-point functions

i) Let k >2g —2+4n, d;>0and 37, dj=3g —2+n—k. Then

n
k d;
C szj’,Gg(z,xl,...,x,,) =0
Jj=1

i) Let dj>0and 37, dj = g. Then

1
4T, (2d + D!

n
2g—2 dj
C |z | IXJ.’,Gg(z,xl,...,x,,)
Jj=1

i) Let S0 =g +1, a=#{j | d =0} and b= #{j | d = 1}.

282+ (20— 1)g+ T5n — 34 222
48 17, (2d; + 1)1

n
2g—3+n d;
C|z* HXJ-’,Gg(Lxﬂ)
Jj=1
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New effective recursion formula

The following recursion formula may be used to compute intersection
numbers effectively.

(2g+n—-1)2g+n-2 H’Td

2d; +3 2 —|—n
= 12 <7—(;17_d1+1H7—dj>g71 g 3H7‘d
Jj=2

+ Z (2d1 + 3)(Tay4175 HTd; (70 HTd; g-g

(2,ni=I11J icl icJ
- Y e+n—Drano][ra)e (7 [[7a)sse
(2, =111J icl icJ

It's not difficult to see that when indices d; > 1, all non-zero intesection
indices on the right hands have genera strictly less than g.
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New differential equations

Let
5 T
F(t07t17"'):ZZ<HTi >an7,|
g n =0 i=0
We have
O%F 0*F 1 0*F 0°F O°F

=(2r+3)

ot ot, Otdt, 1 60t30t,  tydt, Ot

which is equivalent to

(2g +n—1)(r [ ra)e = 2r + 3)(ro7rs1 [ [ 74)e

j=1 j=1
1 n
- 6<To37rHTd,->g4 = > o [[ra)e @ [[ra)e—e-
j=1 n=11]J icl icJ
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Tautological rings

Denote by M, the moduli space of Riemann surfaces of genus g > 2.
The tautological ring R*(My) is defined to be the Q-subalgebra of the
Chow ring A*(M,) generated by the tautological classes «; and A;.
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Tautological rings

Denote by M, the moduli space of Riemann surfaces of genus g > 2.
The tautological ring R*(My) is defined to be the Q-subalgebra of the
Chow ring A*(M,) generated by the tautological classes «; and A;.

R*(Myg) has the following properties:
i) (Mumford) R*(My) is in fact generated by the g — 2 classes
Kiy--.,Kg—2;
i) (Looijenga) RI(M,) =0 for j > g —2 and dimRE2(M,) <1
(Faber showed that actually dimR€~2(M,) = 1).

Intersection Numbers On Moduli Spaces of Curves
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Faber's conjecture

Around 1993, Faber proposed a series of remarkable conjectures about
the structure of the tautological ring R*(My).

Roughly speaking, Faber’s conjecture asserts that R*(M,) behaves like

the cohomology ring of a (g — 2)-dimensional complex projective
manifold.
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Faber's conjecture

Around 1993, Faber proposed a series of remarkable conjectures about
the structure of the tautological ring R*(My).

Roughly speaking, Faber’s conjecture asserts that R*(M,) behaves like
the cohomology ring of a (g — 2)-dimensional complex projective
manifold.

i) (Perfect pairing conjecture) When an isomorphism R€~2(M,) = Q
is fixed, the following natural pairing is perfect

R¥(Mg) x RET2TH (M) — RET3(M,) = @

Faber's perfect paring conjecture is still open to this day.

ii) The [g/3] classes k1, ..., k[g/3 generate the ring, with no relations
in degrees < [g/3]; (proved by Morita and lonel)
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Faber intersection number conjecture

An important part (the only quantitative part) of Faber's conjecture is
the famous Faber intersection number conjecture.

(2g —3+n)! B n
2%61(2g — 1)! HJ’?=1(2dj — I (2 [[de>g
2g72 n
- Z (261 [T ras + Z (=1Y(72g—2—j7; [ [ 7)1
i7i f:O i=1
2g—2
Z Z TJHTd 7—2g 2_JH7'd g—g'>
n=I1]J j=0 iel icJ
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AgAg—1 theorem

Using Mumford's Chern character formula for Hodge bundles

B>

g2
chyp 1 (E) = (27;. Kog—1 — Z¢2g Yo Z e (Z (—o)% % ')

fGA

Faber intersection number conjecture is equivalent to

d d _ (2g — 3+ n)!| By
/Mg,n P e = i) [T, (2d; — 1)
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AgAg—1 theorem

Using Mumford's Chern character formula for Hodge bundles

g2
chyp 1 (E) = (‘2825 Kog—1 — Z¢2g Yo Z e (Z (—o)% % ')

fGA

Faber intersection number conjecture is equivalent to

d d _ (2g — 3+ n)!| By
/Mg,n P e = i) [T, (2d; — 1)

This was proved by Getzler and Pandharipande (1998) under the
assumption that degree 0 Virasoro conjecture for P? holds. Givental
announced a proof of Virasoro conjecture for P". Recently Teleman
proved the Virasoro conjecture for all manifolds with semi-simple
quantum cohomology.
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Tautological relations in R*(M,)

Faber intersection number conjecture is equivalent to the following
tautological relation in R*(M,)

d+1 dat1y _ _ (2 =3+ n)!(2g — 1)1
7T*(¢1 d)n ) Gezsn Ko (2g_ 1)|H;1:1(2dj+ 1)

”’ig—27

where 7 : M , — M, is the forgetful morphism.
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Tautological relations in R*(M,)

Faber intersection number conjecture is equivalent to the following
tautological relation in R*(M,)

TPttty = Nk, = (2g — 3+ n)l(2g — 1)!!

T (2 - DI, (2d; + )11

ogES,

where 7 : M , — M, is the forgetful morphism.

In 2006, Goulden, Jackson and Vakil give an enlightening proof of this
relation for up to three points. Their remarkable proof relied on relative
virtual localization in Gromov-Witten theory and some tour de force
combinatorial computations.
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Importance

The Faber intersection number conjecture computes all top intersections
in RE~2(M,) explicitly.
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Importance

The Faber intersection number conjecture computes all top intersections
in RE~2(M,) explicitly.

m = (my,my,...) € N, define [m[:=3 .o, i-m; [lm|[:=3, m

If jm| = g — 2, K(m) = [];5, 5;”, then

il gyl

C(m) = ; . Z (ml, m , mr)

m=mp+---+m,
m,7£0

(2g —3+r)!

" (28 — 2 [T, Clmy[ + D)1
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Proof of Faber intersection number conjecture

Now we describe our proof.

Since one and two-point functions in genus 0 are

it is consistent to define the virtual intersection numbers

<T_2>0 =1, <TkT_1_k>0 = (—l)k, k>0.
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Relations with n-point functions

I) 5 Z (_1)j<7—2g*2*f7—j HTdi>g*1 = [Fgfl()@ —Y, X1, 7Xn)]y2g—2

Hao Xu (Talk at The 16th Osaka City University International Academic Sym|  Intersection Numbers On Moduli Spaces of Curves



Relations with n-point functions

N 1 ;
) 5 (=1 (rag—2—j75 [ [ 7)1 = [Fem1(ys =y X1, xa)] e
j=0 i=1
1 28—
ii) Z —1y 7'_,H7'd (Tog— z_jHTd a—g T+ HTdeg
7: 1114 j= i€l ied
—Z (Td+2g— 1HTd
i#j
Z Z( 1y 7'JH7'd ng 2—JHTd
n=I11Jj€Z i€l ied
Z Z y7X/ (7anJ)
g'=0n=I11J yzg_zl_[?:lxidi
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Byproduct

We proved the following Hodge integral identity.

2g —2)!

_ (|822|)<le c 0 Td, Ch2g—3(E)>g
.
2g — 2
- ((ay -+ Td, | Ag—1rg—2)g — 3(Ta, -~ Ta, | Ag—3Ag)g)
g
2g 4
(2g — 3+ n)! 1

2 Z ~1Y (Tag—a—jTiTay T, Dg—1 + 22%6+1(2g —3)! [T-.(2d; — 1)1t
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Mirzakhani's recursion formula of Weil-Petersson volumes

Mirzakhani proved a beautiful recursion formula for the Weil-Petersson
volume of the moduli space M, (L) of genus g hyperbolic surfaces with

n geodesic boundary components of specified length L = (Ly,...,L,).
Ly

Volg (L 2L1 Z / / / xyH(t, x + y)

g1t+&=

n=I1] J

x Volg, n, (x,L1)Volg, n,(y, Ly)dxdydt

Ly
+ i / / xyH(t,x + y)Volg_1 ni1(x, ¥, Lo, ..., Ly)dxdydt
1

Ly
2L1 / / X L1+Lj)+H(X, Ll—Lj))

X Volg n1(x, Lo, .., Lj, ..., Ly)dxdt,

where the kernel function

Hix.y) = — !

1+ e(X+y)/2 1+ e(x=y)/2°
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Mulase-Safnuk differential form of Mirzakhani's recursion

Mulase and Safnuk obtained an enlightening differential version of
Mirzakhani's recursion.

(2d1 + 1)1, - T4, KT) g
s (2b+di+d)— 1)l

n
- Z ﬂb< Tb+d +d;i—1 H Td;)
— b)! — 1)1 )
=i @) (2d; — ! L
1S 3l .
T2 2 by 2+ DN+ DB (r o7 [ [ 7a)e-
b=0 r+s=b+d—2 i1
BN al
+§Z Z Z m(2r+1)!!(25+1)ugb
b=0 ctc’'=a—b rts=b+di—2

111 J={2,...,n}
X (K{T, HTd,.>g/ (KS s H Td)g—g's
iel icJ
B
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Generalization to higher Weil-Petersson volumes

Motivated by Mulase and Safnuk’s work, we generalize Mulase-Safnuk
differential form of Mirzakhani's recursion to the following recursion
formula of higher WP volumes.

(2d1 + 1)”< (b)le-“Td)

B> (1) G s T o

Jj=2 L+L/= i;élj

+§ Z Z oq_(f)(Zf—l—l)”(ZS—l-l JLIX TrTsHTd

L+L'=b rts=|L|+d,—2

+% > > a|_<L7te”f)(2r—|—1)!!(25+1)!!

L+etf=b ris=|L|+d1—2
111 J=12,...,n}

e)r, H Td ) g (K(F)Ts H Td)g—g
iel ied
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Tautological Constants

These tautological constants oy can be determined recursively from the
following formula

C(~D)tla, 1 HLllaL
= b

namely ik
|_ —

» = b! b
Z LIL’I 2|L’|+1)'|’ 70
L’;éa

with the initial value og = 1.

The crucial idea of inversion comes from Mulase and Safnuk’s work.
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Eynard-Orantin’s recursion

Witten-Kontsevich theorem, Mirzakhani's recursion relation and its
generalizations by Mulase-Safuk and Liu-X are rederived from Eynard and
Orantin’s theory of symplectic invariants of curves.

Bouchard-Klemm-Marino-Pasquetti (BKMP) further conjectures that
Eynard-Orantin’s recursion can be used to compute the Gromov-Witten

invariants of toric Calabi-Yau 3-folds through mirror symmetry.

See their paper "Remodeling the B-model”, arXiv:0709.1453.
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Recursion for higher WP volumes

For b € N°°, we denote by Vg ,(b) the higher Weil-Petersson volume

Vealb) £ (G(b)is = [ (o).

Mg.n
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Recursion for higher WP volumes

For b € N°°, we denote by Vg ,(b) the higher Weil-Petersson volume

Mg.n

Vealb) £ (G(b)is = [ (o).
Let n > 1. Then

(2g — 1+ ||b|]) Vg,n(b) = 1—12Vg_1,n+3(b) - z (t) Vgn(L+dp)

L+L'=b
[IL']]>2

32 X (O eraVe g

L+L'=b r+s=n—1
L#£0,L'#40
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Compatibility of x and ¢ classes

From the translational difference between generating functions, recursion
formulae of 1 classes can always be generalized to include x classes.

@ Generalization of the string equation

n

> -y @ (o TTrar)s = 3 _{rg -1 [ [ rar(b))s
Jj=1

L+L'=b j=1 ij

@ Generalization of the dilaton equation

5 () e T el = 224 )] (o)

L+L'=b j=1
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Push-forward and pull-back of s

The following results can be found in Arbarello and Cornalba’s paper
“Combinatorial and Algebro-Geometric cohomology classes on the
Moduli Spaces of Curves”, arXiv:9406008.

Lemma

Let mpi1: Mg a1 — Mg, be the morphism that forgets the last
marked point.

I) ﬂn*(wfl T 7#,‘3":111??“) = fl co win:lllﬁan for aj >0;
i) Ko = 7":-&-1(’{3) + v on ﬂg,nJrlf

i) ko=2g—2+n on Mg
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Formal pseudo-differential operators

A pseudo-differential operator is

N
; d
L= Z ui(x)0',  where 9 = e

i=—o0

For k € Z,

. . . J
of = Z <k> FOK=I where fU) = @'

, dx’
j=20

In particular, Of = f' 4+ f3. All pseudo-differential operators form an
algebra.

Hao Xu (Talk at The 16th Osaka City University International Academic Sym|  Intersection Numbers On Moduli Spaces of Curves



Fix an integer r > 2. Consider the differential operator
r—2 ]
Q2+ 3(x). (1)
i=0

Note that the coefficient of 9" ! in Q is zero.
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Fix an integer r > 2. Consider the differential operator
r—2 ]
Q2+ 3(x). (1)
i=0

Note that the coefficient of 9" ! in Q is zero.

It is easy to see that there is a pseudo-differential operator

QY =0+> wo, (2)

i>0

where {w;} are polynomials in derivatives of {v;}.
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Fix an integer r > 2. Consider the differential operator
r—2 ]
Q2+ 3(x). (1)
i=0

Note that the coefficient of 9" ! in Q is zero.

It is easy to see that there is a pseudo-differential operator

QY =0+> wo, (2)

>0
where {w;} are polynomials in derivatives of {v;}.

Let kK > 1 and
k—2 ) [e%s) ]
Q¥ =k + 3 Ak +> 4k 07 (3)
i=0 i=1

We have v, =0 for i > 1. These 7{‘ can be written as polynomials in
derivatives of {w;}.
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A structure lemma of PDO

For 0 < m < r — 2, we use the notation

Z(J) a r dJ,Ym—G-l
m m+1  dxd
We have
Proposition
2 -2
r+1 _ DIF
r+1’ ;O jZr—2=j + (2),

where DIF (z) represents the terms containing derivatives of z,,. Both
sides are regarded as polynomials in derivatives of {w;}.
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Let -
f=1+ Zajxj € C[[x]].
j=2
Then for any k > 1, we have
[Xk+2]fk+1 L= [XJ+1]fJ [Xk—j+1]fk—j [x<+2] £k
k+1 2 = k—j k

There is an equivalent formulation using partitions.

3 (el + £() = 3)M(p) = V)P _ 1 Z(IMIM( 1) = 2)'py

—1) 2 —1)! ’
oz (lul = 1)z, = (Il =1z,

where z, = HJ. mj(M)!j’"i(“)’ Py = Hj pjfﬂj(#)
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Moduli spaces of r-spin curves

Let X be a Riemann surface of genus g with marked points xj, xa, . . . , Xs.
Fix an integer r > 2. Label each marked point x; by an integer m;,
0 < m; < r—1. Consider the line bundle over ¥,

S = K& (&,0(x)"™).

If 2g —2— "7 | m; is divisible by r, then there are r?¢ isomorphism
classes of line bundles 7 such that 7®" = S.

The choice of an isomorphism class of 7" determines a cover

. 1/r
T Myl — Mg
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Witten's r-spin numbers

We associate with each marked point x; an integer n; > 0. Witten's
r-spin intersection numbers are defined by

1 ° o
<7'n1,m1 .- ~7'ns,ms>g = e /ﬂl/’ 1_[1¢(X/) i CtOP(V)7

g:s (=

/r

»S

where V is a vector bundle over ﬂ;
Hl(Z,T).

whose fiber is the dual space to
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Witten's r-spin numbers

We associate with each marked point x; an integer n; > 0. Witten's
r-spin intersection numbers are defined by

1
<Tn17m1 i .Tn57m5>g = rig‘ M

/r
,S

1/ H Y(xi)" + crop(V)s

gs i=1

: -1 G
where V is a vector bundle over M, . whose fiber is the dual space to

HY(Z, T).

Consider the formal series F in variables t, ,,, n>0and 0 < m <r —1,

F(too tor,---) = > ([ o) dn,;nI.
n,m-

Hao Xu (Talk at The 16th Osaka City University International Academic Sym|  Intersection Numbers On Moduli Spaces of Curves



Gelfand-Dickii hierarchy

r—2
Q=D+ Zy,-(x)D", where D =
i=0
The Gelfand-Dikii equations read

19
r Ox’

. aQ n+(m+1)/r Cn,m
'6t,,,m @+ @ N

where
(_l)nrn+1
Cn m

m= (m+1)(r+m+1)--(nr+ m+1)
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Generalized Witten conjecture

The conjecture of Witten is that the generating function F is the string
solution of the r-Gelfand—-Dikii hierarchy, namely

oo r—2
5too Z(Sl+1r 2tOItO’J+ZZtn+1mat
n=0 m=0
82F m+1

—Cnmres(Q"T

),

where @ satisfies the Gelfand-Dikii equations and tg o is identified with x.

3t0708t,,7m n
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Recursion of r-spin numbers

The following formula gives an effective recursion formula to compute all
r-spin intersection numbers.

For fixed r > 2, we have

1 ’ 1
{(r1,070.0))¢ = 5 {(T0.070,m ))g 1™ ™ ((T0,mT0,0))g—g' + Low(r),

where Low(r) consists of ({...)) with strictly lower genera.
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Recursion of r-spin numbers

The following formula gives an effective recursion formula to compute all
r-spin intersection numbers.
For fixed r > 2, we have

1 ’o 1

{(r1,070.0))¢ = 5 {(T0.070,m ))g 1™ ™ ((T0,mT0,0))g—g' + Low(r),

where Low(r) consists of ({...)) with strictly lower genera.

When r = 4, we have

((11,070,0))g = <<To,070,2>>g'<<T§,o>>g—g'+%<<To,070,1>>g'<<To,1To,o>>g—g'

(R0 s 1t g5 (o ((rdal)s 135 {ole (o5 1
+ 555 (7802
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Gromov-Witten invariants

Fix a basis {70 =1,...,yw} for H*(X,Q), we may use 1, = fx Ya Up
and its inverse 1?” to lower and raise indices

V' = 0.

If Yars -, va, € H*(X,Q), the Gromov-Witten invariants are defined by

(e (1) 7 (1)) s = / WU oy (7, BB,
[Mg n(X,B)]virt

Gromov-Witten invariants are rational numbers.
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Universal relations of Gromov-Witten invariants

String equation
n
X X
(70,07ks 1 -+ Thnan) g8 = D _(Thiar - - Thi=Loai - - - Thnsan) .6+
g.p g.p
i=1
Dilaton equation
X X
<T1,0Tk1731 s Tknvan> B = (2g -2+ n)<7—k1,0¥1 s Tkn,@n> .
g, g,p3
Divisor equation

<7—0(W)Tk1,81 s Tkman>§7ﬁ = (w n 6) <7—k1781 . Tkn,8n>Xﬁ

+ Z<7—k1,31 v Th—1(wU7a) .. 'Tknaan>2'<,ﬁ7

where w € H*(X, Q).
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Topological recursion relations

We may pull back tautological relations on M, , via the forgetful map
! Mg,n+1(><a ﬁ) - mg,n

to get universal equations for Gromov-Witten invariants by the splitting
axiom and cotangent line comparison equations.
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Topological recursion relations

We may pull back tautological relations on M, , via the forgetful map
! Mg,n+1(><a ﬁ) - mg,n

to get universal equations for Gromov-Witten invariants by the splitting
axiom and cotangent line comparison equations.

On M 1, the relation

¢1:E

implies the genus 1 TRR

(G = (1)1 D)o (V" N1 + 57 (T2 (x)7a7) )o-
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Xiaobo Liu’s T operator

Define the operator T on the space of vector fields by
TOV) =7.(W) = (W7"))oa

for any vector field W.

In the process of translating relations in R*(M,,,) into universal
equations for Gromov-Witten invariants, each marked point corresponds
to a vector field, and the cotangent line class corresponds to the operator
T. Each node is translated into a pair of primary vector fields =y, and 7.
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WDVV equation

From the simple fact that the three boundary divisors of Mg 4 =2 P! are
equal, there is the well-known

WDVYV equation
<<Tk1,317_k2,22’704>>0<<7a7—k3,237_k4,24>>0 = <<Tk1,217—k3,23’704>>0<<’7a7—k2,227_k4,24>>0

which is the associativity condition of the quantum cohomology ring.

Intersection Numbers On Moduli Spaces of Curves
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Vanishing Identities of Gromov-Witten Invariants

Our proof of Faber intersection number conjecture (X = pt) motivates
us to formulate the following conjecture

Conjecture
Let x;,y; € H*(X) and k >2g —3+r+s. Then

> Z(—l)j<<Tj(va)HTp,-(Xi) (T ( HTq, yi))g—-g' = 0.

g'=0 jeZ

Note that j runs over all integers.

where we adopt Gathmann's convention (1_»(pt))& 0.0=1and

()1 m(12)) g = (—1)mx(m—1=m) /X Y- meL.

The conjecture has recently been proved recently by Xiaobo Liu and R.
Pandharipande.
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J. Zhou's Work on Hurwitz-Hodge Integrals

Our results on intersection numbers and Faber intersection number
conjecture have found applications in Professor Jian Zhou's recent works
on Hurwitz-Hodge integrals and orbifold Gromov-Witten theory.

J. Zhou proves the crepant resolution conjecture of type A surface
singularities for all genera.
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Quantum cohomology

Let Y= Z,N:O tiyi.
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Quantum cohomology

Let Y= Z,N:O tiyi.

LOEDY (")
n=0 BeH (X,Z)

Define ¢ to be the partial derivative:

Bo
b= 0<ij k< m.
T ot 0t0t, hLE=m
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Quantum cohomology

Let Y= Z,N:O tiyi.

O(y) =) ("8 q”-
n=0 BeH (X,Z)

Define ¢ to be the partial derivative:

oAt
b= 0<ijk<m
ik 6t,~8tj8tk hJ m

The quantum product * is defined by the rule:

Yk = Pien™
e, f

which makes A*X ® Q[[to, - . ., ty]] into a commutative, associative
Q[[to, - - - , tn]]-algebra, with unit 4o = 1.
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Kontsevich's formula of plane curves

let Ny be the number of degree d, rational plane curves passing through
3d — 1 general points in P2. Since there is a unique line passing through
2 points, Ny = 1.

The associativity of quantum cohomology ring of P? yields the following
relation determining all Ny for d > 2:

3d — 4 3d — 4
Ny = > Ny, Ny, (dlzd22 <3d1 B 2) — d3dy (3d1 B 1)>

di+dr=d, di,d»>0
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Degree zero Gromov-Witten invariants

The moduli space of degree 0 maps to X has a very simple form:

Mg 2(X,0) = X x Mg,
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Degree zero Gromov-Witten invariants

The moduli space of degree 0 maps to X has a very simple form:

Mg 2(X,0) = X x Mg,

The virtual fundamental class
[Mg o(X,0)]" = e(Tx REY) N [X x My ]

So the degree 0 Gromov-Witten invariants of X are the integrals:

(Tam) O Do = [ el vl U (T BEY).
XX Mg n
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Virasoro conjecture

Let r =dim X, Ry, = c1(X) U~a, T = t7 — 020041 and
[X]¥ = exs1_i(x, x+1,...,x+ k). If v, € HP»%(X), by = p,+ (1 —r)/2.

oo k+1
= Z(“’ +m](RY) 8806 mk—i
m=0 ;=0
+ g(—l)m“[ba—m—1],*(R’)abaa,mabyk,m,,-,1)

+ %(Rkﬂ)abtgté’ + 54—%0 /)(((3 —r)c(X) — 2c1(X)c,,1(X)).

Virasoro conjecture (Eguchi, Hori and Xiong and also by Katz)

Ly(expF) =10, k> -—1.
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Another Witten's conjecture

For Gromov-Witten potential, Witten suggested

82 FX , 83 FX U(k) - 8k+2 FX

U, = 2 -9 .. - v -
“ Ot dto,’ Y 0840ty Te oty ity

, for k>0

Generalized Witten Conjecture: For every g > 0, there are differential
functions G a:n8(Ua, Uy, Uy, -+ ) such that

9°F,

— 9% Granp(Ua, Us', Us, -
3Tm,a37n,3 m,oz,n,ﬁ( « [o% « )

up to terms of genus g.

This conjecture was affirmed in case X = pt or g = 0.
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W-constraints governing the Gromov-Witten theory

Virasoro conjecture is not effective in computing Gromov-Witten
invariants. It has to be combined with topological recursions, as
presented by Gathmann.

For the r-spin intersection numbers, there is the W-algebra contraints,
which uniquely determines these numbers.

A generally expected conjecture is to find the W-constraints for
Gromov-Witten theory.
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Thanks a lot!
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