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Overview

{Superconformal surfaces in R*}
T bijective
INull complex holomorphic curves in C*}

e explicit bijection by simple calculation
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Surface

o (M, J): Riemann surface

e F: M — R*: conformal immersion = surface
e dA: the volume form

e K: (aussian curvature

e K1: normal curvature

e [I: 2nd fundamental form
e H: mean curvature vector

o Or = (¢F, YF): M — S? x S?: Gauss map



Superconformal surface

e F: M — R*: surface

o Xel(T,M), X+#0

o c(t) = (cost)X + (sint)JX: circle in T,M

o Ii(c(t), c(t)): ellipse centered at H|df(X)|? in
(T, M)+ (curvature ellipse)

f 15 sald to be sn gzweniwian= 1f its curvature
ellipse is a circle. (ex. 2-sphere in R*)

o [ (H]?—K—-KL)dA=0



Construction

f st
s RY

M s CP3 s §*

e . holomorphic map
e tw: twistor projection
e st,: stereographic projection from

p & tw(h(M))

st, o tw o h: M — R*: superconformal



Null curve
o h=(hy, hy, h3, hy): M — C"*: holomorphic

map
e his sald to be 10 Twwmwigl's o s If

S Ohy, ©Oh, =0

Fact. e h s null holomorphic curve
& Reh and Im h are (branched) minimal

surfaces in R* conjugate each other.
e his a null holomorphic curve = ®rep = P 5.



Characterization
§2 x §2 = CP! x CP!

Fact. e [ 1s superconformal

& ¢f or Yr 1s anti-holomorphic
e f Is minimal

& ¢F and ¢ are holomorphic



Result

- §2 - R3: inclusion, ¢ = 10 df

Theorem (Dajczer and Tojeiro (local), M-).
{F | superconformal, ¢ £ is anti-holomorphic,
dF is an immersion }

T bijective
{G = Gy + iG; | null holomorphic curve, ¢g, is
extended smoothly at the branch points of Gy,
¢, is an immersion, G; '(0) =0 }



Surfaces In terms quaternions

F- M — IR = H: surface

=
xdf =dFoJ=NdF = —dF R
NR:M—=SClmH

Then F, Gy + 1G; In Theorem have the relations

F:NGU_Glr dF:dNGO
xdGy = —N dGq



Characterization
Fact. o (N, R) = (dr, Ur)

e [ Is superconformal
& xdN = —dN N or xdR = —-dRR

e [ Is minimal
& xdN =dN N and xdR =dR R

o G = Gy + i1Gy 1s a null holomorphic curve
& xdGy = —dGy, Gy and Gp are (branched)
minimal

o xdN = NdN & +d(—N) = —(=N) d(—N)



Key Lemma

Lemma. M: 2-manifold

f, g: M — H: immersions
df Adg =0

<~

f,g: (M,?J) = H: surface
*xdf = Ny df = —df Ry,
xdg = N, dg = —dg Rs,

—Rf — Ng



From F to G

o xdF = NdF, xdN = —dN N

o dF = dN Gy, (def. of Gp)

o dN A dGy = 0, (exterior derivative)

o xdN = —dN N, (superconfomality of F)

o xdGy = —N dGy, (key lemma)

o xd(—N) = d(—N)(—N), ((branched)
minimality of Gg)

o G := NGy — F, (def. of Gy)

o dG; = dN Go+ N dGy—dF = N dGy = —=xdGy



From G to F

O

xdGy = —N dGy = —dG;, G~1(0) = 0,
xd(—N) = d(—=N) (=N),

F = NGy — Gy, (def. of F)

dF = dN Gy + N dGy — dG; = dN Gy,
(exterior derivative)

xdN = —dN N = NdN, (N* = —1)
xdfF = *dN Gy = NdN Gy = NdF (F is a
surface)

*dN = —dN N, (superconformality of F)



Remarks

o |f qu Is branched, then Gy 1s not defined at
the branch point.

o |f ngﬂ Is branched, then F 1s branched exactly
at the same branch points.

o |f g};@ﬂ Is not extendable at a branch point of
Go, then F 1s not defined at the branch point.

e |t Gy vanishes at a point, then £ 1s branched
at the point.
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