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§1. Background of research

§1-1. Mordell's conjecture over a number field

k : a number field

C = {(z,y) € C? Yitj<nN aijx'y! = 0},
;g c k.

genus g(C) =2

Mordell's conjecture over k
g(C) > 2 = t{(z,y) € CNk?} < co. |




§1. Background of research

§1-1. Mordell’'s conjecture over a number field

k : a number field

C = {(z,y) € C? | Yiti<N aijz'y) = 0},
;g € k.

genus g(C) =2

Faltings Theorem('83)
[ 9(C) > 2= #{(=,y) € CNEk?} < . J




Example

k=Q

X"4+Y"=27": Fermat equation

x=X/Z, y=Y/Z =

C={(z,y) €eC? | 2" +y"—1 =0}

n>3=g(C)>2

Faltings Theorem =

#{(x,y) € CNQ?} < 0.



§1-2. Mordell’'s conjecture over
an algebraic function field

K : algebraic function field over C

K : algebraic closure of K

S={(X,Y) € K? | ¥i}<nAijX'Y) =0},

ij € K.

Mordell's conjecture over K

g(S) >2=
1{(X,Y) € SN K?} < 0.




Step 1. 3 3 closed Riemann surface R such
that

K = Mer(R)

Aii o R— C mer
T — Azg(r)

Step 2. = a finite subset B C R such that
R:= R\ B,
for Vr € R,
r = {(z,y) € C? |
Sitj<n Aij(r)zly! = 0}
Is @ Riemann surface of genus g.

S,
N NVA VN\U

R

Rimemann
surface

T



Step 3. Set

M = |_| {7"} X Sfr',
reR

™. M — R, (r,q)—r.

U

e M : 2-dim complex manifold

e m:. M — R : surjective proper holomor-
phic mapping

(M, , R) satisfies the following conditions:

(i) For Ym € M, rankJx(m) = 1.

(ii) For Yr € R,

S, = 7w~ 1(r) is a Riemann surface of fixed
type (g,n), g = #{genus} and n = {puncture}.

(M, w, R) is called a holomorphic family of
Riemann surfaces of type (g,n)




M 2-dim cpx mfd

N N2 g

Sy = x"1(r)

(2,1)

<

s(r) =|(r, (X(r),Y(r)))

4

V4

s ‘holomorphic section <

I

surj proper

hol mapping (i) s: R— M :hol mapping,

N——

R

Riemann surface T

(ii) wos =1idp.



solution < holomorphic section
(X,Y) € K? s(r) = (r, (X(r),Y(r))),
for re R

~— Mordell's conjecture for sections —

g(Sy) > 2, M : locally non-trivial=
t{holomorphic sections of (M,n,R)} <
KOO. Y,
proved by

e Manin ('63) and Coleman ('90)

e Grauert ('65)

e Imayoshi and Shiga ('88)

Problem
How many holomorphic sections does
(M, n,R) have ?

Goal
Our family has at most twelve holomor-
phic sections.




§2.Construction of a holomorphic family
due to Riera

H={zcC |Imz>0)}

€ H : fixed
T=C,/(Z+ 77Z) : torus
> [2]
T pesssssssnnss > ........... 4
T A
0 - 1
180°
P
T replica

T =T\ {[0]}

Remark S; depends on the choice of cut
C = St,C’-
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§2.Construction of a holomorphic family
due to Riera

H={zcC |Imz>0)}

€ H : fixed
T =C,/(Z+ 7Z) : torus
> [#]
T pesssssssssss > ,
T A
0 - 1
180O
St 1 (2,0)
A rephca
[0]
- @
[0] [O]

T lc cut »

T =1T\{[0]}

Remark S; depends on the choice of cut
C = St,C’-

11



St.C St.o+A
type (2,0) type (2,0)

St.c = Stc4a ?

C + 2A

St.C424
type (2,0)

Factl

St.c = St.c424

St,c = St.c+2B

12




Fact2

St,c = St c+2A7+2B7Z

U

Essentially there are four cuts which de-
termine different complex structures on

St.C-

I'ﬂ Iﬂ
'ﬂ'}ﬂ
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R = Cy/(2Z 4 27Z) : torus

> [w]ﬁ
p:R— T, [w]s [w] : four-sheeted cov-
ering

R = R\ {[0] 5, [1]5, [7] 5 [1 + 7] 5}
p=p|lR: R— T . four-sheeted covering

14



R = Cy/(2Z 4 27Z) : torus

> [w]ﬁ
p:R— T, [w]s [w] : four-sheeted cov-
ering

R = R\ {[0] 5, [1]5, [7] 5 [1 + 7] 5}
p=p|lR: R— T . four-sheeted covering
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R = Cw/(27Z + 277) : torus

> [w]z
p.R—T, [w]ﬁz — [w] : four-sheeted cov-
ering

R = R\{[0]5, [1]5 [*]5 [1 + 7] 5}
p=p|lR: R— T . four-sheeted covering
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R = Cw/(27Z + 277) : torus

> [w]z
p.R—T, [w]ﬁz — [w] : four-sheeted cov-
ering

R = R\{[0]5, [1]5 [*]5 [1 + 7] 5}
p=p|lR: R— T . four-sheeted covering

Tp((jz) = p(C1) + 24
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R = Cw/(2Z + 277) : torus

> [w]s
p.R—T, [w]f2 — [w] : four-sheeted cov-
ering

R = R\{[0]5 [1]5 [r]5 [1 + 7] 5}
p=plR: R— T : four-sheeted covering

Tp(5’2) = p(C1) + 24

Sotr) (@) 2 p(r),0(Cn)
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R = Cw/(2Z + 277) : torus

> [w]s
p.R—T, [w]f2 — [w] : four-sheeted cov-
ering

R = R\{[0]5 [1]5 [r]5 [1 + 7] 5}
p=plR: R— T : four-sheeted covering

Tp(5’2) = p(C1) + 24
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5
So(r).p(Gy) = 0T ﬂ
p(r 0]
Br 1Sy — T : two-sheeted v
branched covering. o

T
Set
M = |_| {7"} X Sfr',

réeR

P:M — RX T,
(ryq) = (r, Br(q))

M : two-sheeted branched covering sur-
face branched over {(r,[0])|r € R} and

{(r,p(r))|r € R}.

T
0]

p(r) ————

szrloP:M—>RxT—>R,
(r,q) = (r,Br(q)) —

Theorem (Riera('77)),Kodaira('67))

(M, =, R) is a holomorphic family of Rie-
mann surfaces of type (2,0).

20



§3.Main Theorem

- Main Theorem ~
N : the number of holomorphic sections
of (M, n,R).

(i) 2< N <4, ifr£ie2m/3 =14VT0
(i) 2< N <8, ifr=i=2E/7i

(i) 2< N <12, if r=e2m/3

where 7 satisfies the following condi-
tions : (i) Im7 > 0 (ii) —1/2 < Rer <
K1/2, (iii) |7| > 1, (iv) Rer <0 if |r| = 1.

J

Nl - - - -

Sy
Remark (M, nw,R) has two
holomorphic sections
so(r) = (r,[0]) and p(r) [0]
sp(r) = (r,p(r)) for r € R. v
2< N R

- Tr
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84. Idea of a proof of main theorem

Key Theorem N
Let s: R — M be any holomorphic sec-
tionand 8 : M — T a holomorphic map-
ping defined by B8(r,q) = Br(q). Then
composite mapping Bos: R — T has a
holomorphic extension R — T.

M
B
S (r,q) — Br(q)
g=[(os R
R > T
N R ||
R - > 7
i ; t
C, > Cy

Az + B

22



Casel

Case?

Case3

S0

S0

S0
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Assume s #= sg and s # sp.

Case 1 rg € R, s(rg) = sp(ro)-

M
S, Sp B
g=pBos
€ R PTI% R Bostro) = Bo sp(ro)
N o I
> i T §(ro) = p(ro)
! g(z) = A2+ B
20 € C, - Cyw Az0+B =2
p(z) = =2
7
M is locally written as o)y | (ToPro))
M"LLQ:’U)—Z A(wo,e)<
in Cy x A(zg,€) X A(wg,¢€).
Set z=zo—|—e’ei9, e < e. N
A(207€)

u? = Az + B —z
= A(zg + €€%) + B — (20 + )
= (A - 1)e?

s IS two-valued. = contradiction.
24



Case 2 Frg € R, s(rg) = sg(rg).

By the same argument as in Case 1, we
have a contradiction.

Case 3 "r € R, s(r) # sg(r) and
s(r) # so(r)

g(z) = A2+ B
Lemma 1
[ |
§(2Z +27Z) C Z+ 7Z, = p,q, 7,5 € Z
2A =p+ qr, (1)
2AT = r + sT. (2)
Lemma 2
[ deg(g) < 4. j
ps — qr < 4. (3)

Necessary condition for = € F'is
(p+ 5)° < 4(ps — qr). (4)
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Case (i) Fix(q) ¢ L(1,7) = {m + nr}.

The same argument as in Case 1
= contradiction.

Case (ii) Fix(g) € L(1,1).

g may be induced from a holomorphic sec-
tion s. That is,

there exists a holomorphic section s

with s 7 sg and s # sp.

Remark s is a holomorphic section
= jr 0 s IS also a holomorphic section,

where j, is the involution of S;
with two fixed points [0] and p(r).

. s, p(r
. 2mi/3 —14+V7 r
Ao T
1 [0]

Fix(g) € L(1,7) if and only if 2A = 1.

= g(z) = z/2 may be induced from a holo-
morphic section s.

N < #{so, Sp} + #{s,gr 0 s}
= 4.

26



T 2A =p+ qr fixed point
i i (4 4+ 2:)/5
V/2i V2i (24 v2i)/3
V/3i V/3i (24+34)/7
pY pY (141)/2
627Ti/3 627Ti/3 (5 + \/§Z)/7
(—1+V79)/2 | (=1 +V7i)/2 | (5+71)/8
(-1++Vv119)/2 | (-1 4++11:)/2 | (54 +11i)/9
(-14++V154)/2 | (-1 ++/154)/2 | (54 V/15:)/10
i ; (2 4+ 40)/5
v/ 2i —/2i (2 +2v2i)/3
V3 —/3i (6 +4v30)/7
23 —2i (1++31)/2
o2mi/3 _2mi/3 (3 —/31)/3
(=1 4+V70)/2 (1 —/7i)/2 (5+V7i)/4
(-14++V11)/2| (1 —-+v110)/2 | (3—+/114)/5
(-1+4++v15:)/2 | (1 —-+/154)/2 | (3—-+15i)/6
i pY (14+14)/2
(-1 4++V150)/4 | (-1 ++/154)/2 | (54 V/15:)/10
o2mi/3 2271/3 V3i/3
i — 25 (14+14)/2
(-14++V150)/4 | (-1 ++/154)/2 | (3—+/15i)/6
e2m1/3 _De2mi/3 lattice point

27




T 2A =p+qr fixed point

any 1 lattice point
627Ti/3 1+ 627Ti/3 (3 + \/§’L)/3
(C1+V70)/2 | A+ V7)/2 | B+ V7i)/4
(—1+V113)/2 | (1 +V11i)/2 | B3+ V11i)/5
(—1+V15i)/2 | (1 +/151)/2 | (3+ V15i)/6
1 1+ lattice point

V/2i 1+ V2: (1++v2:)/3

V3i 14 /3i (1++V3i)/2

1 1—2 lattice point
vV 2i 1 —+/2i 2(1 —+/2i)/3

V/3i 1 —+/3i (1 —+/3i)/2
e2mi/3 1 — e27/3 lattice point

(-1 +4+V7))/2 | (3—+/Ti)/2 | lattice point
627Ti/3 1+ 2627Ti/3 2(2 + \/§’L)/7
(=14 +v15i)/4 | (1 ++15:)/2 | (34 V154)/6
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T 2A =p+qr fixed point
any —1 (2+4+27)/3
27/ 3 _1 4+ 27/ 3 (7 + \/§i)/13
(—1+V79)/2 | (=3+VT7i)/2 | (T+VT7)/14
g 14 (3+1i)/5
V21 —1+V2¢ 2(3 4+ 2v2i)/11
V/3i —1 4 /3 (34 +/3i)/6
g —1—3 (4 +2i)/5
v/ 2i —1 — /23 2(2 + 3v2i)/11
V3i —1—/3i (1++V3i)/2
27/ 3 1 _ 27i/3 (5 — \/§Z)/7
(—14+V7)/2 | —(1 +VT73)/2 (5 —-7i)/8
(-1 ++V113)/2 | —(1 +V114)/2 | (5 —+114)/9
(-1+4++v154)/2 | —(1 4+ +/154)/2 | (5—-+/154)/10
(-14++v15:)/4 | —(1 ++/154)/2 | (5—+/15:)/10
627Ti/3 1 — 627Ti/3 2(2 _ \/§’L)/7
e2mi/3 D 4 27/3 lattice point
(=1 4+V70)/2 (1 +V73)/2 lattice point
e2mi/3 D+ 2e271/3 lattice point
e271'1'/3 _2_ e271'1'/3 (7 . \/§Z)/13
(-1 4+V7))/2 | —(3+VT3)/2 (7 —V7i)/14
o2mi/3 5 _ 927i/3 (3 —/31)/6
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