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The Darboux transformation of H is the
swapping of A and A:

H=A"A— H=A4AT,

or In terms of u:

u:v2+vx—>ﬂ=’02—vx.

if  satisfies the equation Hyp = Ep with
E = const then ¢ = Ap meets Hp = Ep

EXAMPLE: u =0, w = wy = x.
1 1 2

vV=—, Up=——3, ulzﬂ:——Q.
x T x
By iterations defined by wy, = 2™ we obtain
all rational solitons of the form

nin + 1
PRLIES)

X



e TTHE DARBOUX TRANSFORMATION

d2
H = ——— +
dr? we)
Hw=20
w defines a factorization of H:
H=A"A
d d W
A —_ —{— T = — py _33
dz A dx U v W
ATa= (L, 1) =
B kdw dz B
d2
de +’U + Vg

and

Ve +v"=u & Hw=0



e TTHE LAPLACE TRANSFORMATION

9> 2 _
H = — (8x2+8y2) +u = —400 + u

H=—-40+p)(-0+a)+v—
o ﬁ:4v(—6—|—a)v_1(5+ﬁ)+v

If @ satisfies the equation Hp = 0 then
o =(—0+ a)p meets Hp = 0

)2
H = — = (0+ B)(0+ A) + 2V,
A=—a,B=0§,V = -8,
where F' = %(Bz — Az) is the magnetic field
and V' is the electric potential. Then

- 1 _
F—%F:F%—ﬁ@@(log‘/),
VosV=V+F



o I'HE MOUTARD TRANSFORMATION

Ho=(-A+uw=0
The Moutard transformation takes the form

~

H=—-A+u—2Alogw =
2 2
Wy + W
A —u+ 22 5 4
W

If ¢ satisfies the equation Hp = 0, then
the function 6 defined from the system

(Wh)z = —w? <£)y’

W

0)y = w? (£
=t (),
satisfies HO = 0.

If 0 satisfies this system 6 + g satisfies the
system for any constant C.



We shall use the following notation:

My(u) =u=u—2Alogw,

My (p) {9+g—, C e C}.

The one-dimensional limit:

u=u(xr), w= f(x)eﬁy

)

d2
H()fz (_EE_Q+U) f:Cf

and the Moutard transformation reduces to
the Darboux transformation of H defined by

f:

o2 B

H:m—®2 » H=Hy— —.




e MAIN CONSTRUCTION
HO = —A=—-A+ (N

- {H@cul = Howo = 0.
e A= =AHuy,  up = My, (ug),
\KH —”"‘“A) T ug, Uy = MCdQ(uO)‘
By the construc‘tlon we have
Let us choose some function
and put

W
6o = ——191 S Mw2(w1).
W2

uig = My, (u1), ug = Mp,(ug).



Lemma. 1) uj9 = u9y = u, i.e. the dia-

gram
w1
uy — uq
w2 U
0
U — U2 = uyy
W .
91 & Mwl(w2)7 (92 = —5591 = ng(“l); 1S
commutative;

2) for i = 91; and 1o = 9% we have
Hiyy = Hyo =0 with H = —A + uyo.

Theorem 1 Let ug =0 and

—

wi = p1(z) + p1(2),  wo = pa(z) + pa(2),
where p1 and py are holomorphic. Then

u=uig = —2Alogs ((p1]52 — pZﬁl)"_

+ / ((pp2 — p1pb)dz + (B ph — p’lpz)dZ)) -




EXAMPLE 1. Let pi(2) = (1 — ﬁ) 2+ 5,
p(z) = %(3 — 54)2% + 5Lz, For some appro-

priate constant C' in 61 we obtain

5120|1 + (4 — i)z|?
(160 + |2]2[2 + (4 — )2|2)?’

1 = (z +22° + zy — 20°) /Q(z, y),
by = (22 + 2y + 32% + 10zy — 3y%)/Q(x, y),

Q(x,y) = 160 + 4z° + 42 + 162° + da’y+
+162y* + 4y° + 17(2% + )2,

e u, 11, and o are smooth. We have
U = O(r_6), P = 0(7“—2)7 o = 0(7“_2)

as r — OQ.



EXAMPLE 2.

1 3 Z

11,3 N2 2
p1(z) = (i )z +(10+20z)z —I~2,
1 7 1 —1

=220 + [ =+ — | 22 .
po(2) = 2iz° + <4 + 20) t—

Then wu, 1, and 19 are smooth and
u=0(r"%), ¢ =0(r"%), =0

as r — OQ.

GUESS. For every N > 0 by applying this
construction to other harmonic polynomials
one can construct smooth rational potentials
u and the eigenfunctions 1 and 19 decaying

faster than ;IW




o I'HE NOVIKOV—-VESELOV EQUATION

H=00+U

Up = 0°U + &U + 30(VU) + 39(VU) = 0,
oV = oU

Hi=HA+ BH
Hy =0,

Opp = (0° + & + 3V + 3Va)
where OV = oU

One-dimensional limit: U = U(z) — the
KdV equation



Hyp =0,
_ (a3, A3 * <1>
Orp = (0°+0°+3VI+ 3V 0)p
where OV = oU, 0OV* = dU.

The system (1) is invariant under the ex-
tended Moutard transformation

o — 0= i /(gp@w—wﬁgp)dz—-(gp@w—w&p)dz—i—
W

(PO w — w3 + wBp — P W+
+2(0% 00w — D pd*w) — 2(8pdw — Opd*w)+
+3V (00w — wdy) + 3V*(wdyp — pow)dt,
U — U +200logw,

VoV +200logw, V= V*t 26° log w.

If w is a real-valued function, then the latter
t_mnsformatz’ons preserve the property V* =

V.



dp _ 0°p
ot 023

Let us apply the extended Moutard transfor-
mation and obtain a solution to the NV equa-
tion.

By applying the EMT defined by

W1 = p1<Z,t>+p1(Z,t), Wo = pQ(Zat)+p2(th)
toU =V =0 we obtain

Uz, z,t) = 200 logi((p1p2 — pop1)+

+ / ((P1p2 — pipy)dz + (mp2’ — p1'p2)dz) +

+ / (P1'p2 — p1py + 2(p1ph — Pph)+
012" — p1"'pe + 20" p — ")) dt),
a solution to the Novikov—Veselov equation.



eREMARK

p(z) = O'QZN + alzN_l +---t+on_1z+oyN

Of = (N—k-|—3)(N—k+2>(N—k—|—1>Ok_3,
where k =10,..., N.

The integrable (even linear) evolution of o

mmduces a dynamical system on S™C, a motion
of roots.

Ulz,t) =

—2o s l@ —a1(t) (@ — 22(t)) (= — 25(t))]
, a solution of the KAV equation:

271

rh(t) =¥ Vet, e=e3, k=123
A solution to the o-system corresponding to
p(z,t) = 23 + 6t:

271
a(t) = FV6t, e=e3, k=123



¢BLOWING UP SOLUTIONS OF
THE NOVIKOV-VESELOV EQUATION

The solution U(z, z, t) of the Novikov—Veseloy
equation obtained from the polynomials

plzizQ, p2222+(1+i)z

has the form U = %, with H] = —12 (24ta:2+

12tz +24ty°+ 12ty + 27 — 3zt + 204 — 2432
4a3y — 2% — 6022 — 3wy — day — 30z +
y5 + 2y4 — 60y2 — SOy) and

Hy = (3:1:'4+4333+6x2y2+3y4+4y3+30— 12t)2 .

This solution decays at infinity as 3 and
obviously blows up for some # > 0.



A REMARK ON PERIODIC SOLITONS

(A = k*)wi = (=A — kHwy = 0
w) = sinkx, wo = sin(az+by), a’+b° = k2

0, _ b cos(ax + by + kx)
LT 2sin kb a+k

_ cos(ax + by — kx) N C’)
a—Fk

2
.9 _cos“kx
u=kKr"+2 .
sin? kx
Let us iterate the Moutard transformation
using 6:

- 01)2 + (01)2
U = —17+2( Uz + (61)y = k2 —2A log(w16)

which is nonsingular for C' large enough.
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