Riemann Surfaces, Harmonic
Maps and Visualization

Date: December 15 (Mon)- December 20 (Sat), 2008
Place : Osaka City University Media Center, Main Hall



Fourier-Mukai transforms and
spectral data of harmonic tori
into compact symmetric spaces

(Tetsuya Taniguchi Kitasato

university)
Contents.

1. An analogue of Fourier-Mukai transforms

2. Construction of spectral data of harmonic.
tori Into compact symmetric spaces.

3. Conerse constructions.



1. An analogue of
Fourier-Mukai transforms



Let M be a smooth manifold and D a linear
differential operator acting on a vector bundle
E over M. Let M be the moduli space of flat
C*-bundles over M. For F € M, we denote by
Dr and Er the natural differential operator ac-
tiong on the vector bundle E® F' and the sheaf
of sections of the kernel of Dg, respectively.

Ex. M =T =R/ZA. M = HY(M,C*) =
Hom(m1(M),C*) = C*.
D=2

oxr”
Dp(e® f) = D(e) ® f, where e and f are local

sections of E and F', respectively.



P : the modified Poincare bundle

-

over M x M.

In particular, if F € M corresponds to a flat
C*-bundle, then P|¢py,p Is isomorphic to F.

Similarly, if m € M corresponds to a point m
of M, then ’lex{m} is isomorphic to Alb(m),

(Alb: M — NI).



For the pair of (E, D), we define a spectral pair
(S, £)(which we call the Fourier-Mukai tran-
sorm of (E,D)). Here, S is a set in M de-
fined by S = {F € M | HO(M, Er) # 0}. And
L is a sheaf on S which is the pull-back *H
of H by the inclusion map ¢: S — M. More-
over we also get a map Lg from M to the
category of sheaves on S, which is defined by
m € M — Lg(m) = (*Alb(m).

Ex. M=T!. E=Cx M. D=209/0x.
S={FeMZ=ZC*|HY(M,EQ®F) # 0}
= {F = 1( the trivial bundle over T1)}.
L1 =C.



2. Construction of spectral data of harmonic tori
Into compact symmetric spaces



Let T = C/(Z®Z7) be a 1-dimensional complex
torus. We regard T as the 2-dimensional real
torus with the conformal structure induced by
7. Let ¢ be a harmonic map from T to a
compact symmetric space G/K. Let &, : T —
G* be an extended frame of ¢ (A € P* = C\{0})
where T is the universal cover C — T. We
denote the Maurer-Cartan form of &, by a) =

—
®y Ldd,.

!
qb_ldqb =fxp Qg 1 ';
ay = Py HdPy = A tay + o + Aoy,




Let us consider the family & of vector bundles
E()\) on T associated to the representation of
fundamental group of T induced by a), () €

C*).



For each A € P*, by setting M = T and ap-
plying the above analouge of Fourier-Mukai
transform, we shall construct a spectral pair
(X, L)) which correponds to the pair of

(E(A),D =d+ ay).




Let us define the spectral data (X, w, L) as fol-
lowos. We define X and L as the collections of
{X,} and {L£,}, respectively. More precisely, X
is given by X = {(\,F) | A e P*, F € X,} which
is a complex curve in the product P* x T'.




And 7 is a map from X to P* induced by the
first projection pri:P* x T — P*. And L is a
sheaf on X, where its fiber Ly atp = (A, F) € X
is given by £, = HO(T,E(\)p).




Vloreover, we also get a map Ly trom M =1
to the category of sheaves on X defined by
t € M — Lx(t), where Lx(t) is the pull-back
V*Alb(t) of Alb(t) € M = HI(M,C*) by the
composition ¥ = prooty: X — T, where vy is
the inclusion map tx: X — P* x M and pro is
the second projection pro: P* x M — M.




In other words, Ly is considered as a double
periodic flow on Pic(X), by using the natu-
ral map i: HY(T,C*) — Pic®(T)(C Pic(T) =
H1(T,0%)) which sends a flat bundle to the

bundle with the same algebraic transition ma-
trices.



3. Converse constructions



glueing
data




EX.

X . a Riemann surface

X — CPl : a holomorphic mapn+1:1
L . a line bundle of degree genus+n

(X, m, L) j> :R?2 — CP™ : a harmonic map

X = CP1,
X - CPl ¢ — )\ = (¢4, i Y = (Y1 : P2 1 Y3 Y4

L : a line bundle of degree 3

i = exp(n; ' 2/2 — nZ/2)/V?2
= ]-5772 — ?:1773 — _]-3774 = —1.



1 1
L1 ( . \_/_? L ?\ U1
T2 | _ 0 V2i 0 2i b2
£L3 % 0 % 0 ’gf)3
1 —1
X4 = 0 s 0 / (02
The Clifford torus in S3
CoSz Sin x COSy siny
Tl = ﬁ:m2=\/§3$3=\/§:$4zf

where 0 < z,y < 27.



Setting M = T2 and D = a Dirac operator with
a potential, Iskander A. Taimanov compute the
spectral curve of the Clifford torus. X = CcPl.
ooy = (( = o0), co— = (¢ = 0) with double
points obtained by stacking together the points
from the following pairs:
1+ —1+412 1+ 1—2
(4’ 4 )’(_4’4)'

See “Finite-Gap Theory of the Clliford Torus”
International Mathematics Reserch Notices 2005,
NoO.2.



Ref. Fourier-Mukai Transforms in
Algebraic Geometry (Oxford
Mathematical Monographs)


http://www.amazon.co.jp/exec/obidos/search-handle-url?%5Fencoding=UTF8&search-type=ss&index=books-us&field-author=D.%20Huybrechts

Thank you very meun for find
attention
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