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1. Vertex algebras
(a) Locality of fields
(b) Definition of vertex algebra

(c) Current Lie algebras



1.(a) Locality of fields

Notations

M  C-vector space

no
M[z] :={ ) anz" | an € M, ng € Z>o}

n=0

MU= {3 anz"y, M) i={ > anz"} = M1
n=0

n=-—ng
C[[z]] ring of functions on an infinitesimal disk

C((z)) field of functions on an infinitesimal punctured disk



Fields

A(z) : M — M(((z)) fields of operators acting on M
over a punctured disk Spec C((2))

A(z) = Y Apz L Apn: M — M
nez

Apu=0 forany n > ng(u)

In general, dimM =oo, A(z) &€ End(M)((2))



Equation of motion

T: M — M, 0, = —

0,A(z) = [T, A(z)] equation of motion of a field

e Coordinate-free style — Language of D-modules

— Kashiwara’'s category equivalence, de Rham functors



Fourier modes

0:> Ap_12 " =T, ) An P

_nATL—]. — [Ta An]

Essentially,
AO < Al < AQ <

A—l — A_Q — A_3 —

e Poisson algebras: commutative / Lie bracket
functions / Hamiltonian vector fields



Composition of fields

For fields A(2) = S Apz~""1 B(2) =Y Bpz—"" 1,

A(2)B()u=3_( > Ap_p_1Bpu)z= "1

k ngno

is not well-defined.
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Regularization

A(z)B(w) : M — M((2))(w))

A)Bw)u= >_ > AmBnu- ym gyl
n<ngm<mg(n)

e Finally, take a limit z—w —0
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Remark

M) ={>Y Y umpe ™ twh

n<ng m<mg(n)

M((z, w) ' ={ > > wmnz " w1} = M[[z, w]][(zw) "]

n<ng m<mg

M((z, w)) = M((2) (w) N M((w)((2)) C M[[z*F, w]]

12



LLocality

A(z), B(w) mutually local

< IN€EZz, (2- w)V[A(z), B(w)] =0

e Fundamental idea of vertex algebras and CFT

e It is not so strange because ...
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Delta function

6(z—w) = > 2w e [z, wT)
neZ

(z—w) -0(z—w) =20

(z — w)*T1o,F8(z —w) =0

Fock space (Kashiwara’'s category equivalence)

[z —w, Ow] =1, 2z —w :annihilation, 8, : creation

0) = d0(z — w), (z—w)|0) =0
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Two expansions of (z — w) ™1

cw/o (= w) ™) = ey A=) (J2] > )

= Y w2 "t e c(2) (w))

n>0

ez —w) ™) = ey (oA = 2)Th) (2] < )

= -3 w2 e Cw)((2)

n<0

5(z —w) = (£/s — 50) (2 — w) 1)
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Product

If (z —w)V[A(2), B(w)] =0,

(z —w)NAR)Bw)u = (2 — w)YBw)A(R)u € M({(z, w)).

= JA(2) o B(w) € Hom(M, M({(z, w)[(z — w)~1] s. t.

sw/Z(A(z) o B(w)) = A(z) B(w)
8Z/w(A(Z) o B(w)) = B(w)A(2)
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Operator product expansion (OPE)

Z_

8z—w/’w(z_l) — sz—w/w(w_l(l + ww)_l)

= 3 (~1)"(z — w)"w "

n>0

€ C((w))(z —w))

sz—w/w(A(Z) O B(w)) — Z Cm,nw_m_l(z o w)_n_l
n<N,meZ

€ Hom(M, M((w)))({(z — w))
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Borcherds' identity

Put z = tw (blowing up at z = w = 0)

A(tw) o B(w) € Hom(M, M[t, t 1] ((w)[(t — 1)1

The residue theorem for A(tw) o B(w) t*(t — 1)™dt implies

;) (l;)Cn+k—j, m+j
J=

- /T
= > (—1)3(]. )(Ak—l—m—jBn—l—j — (=) By ym—jAk+;)
7=0
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1.(b) Definition of vertex algebra

Vertex algebra (V) Yz, T, |0))

V C-vector space; T :V — V; vacuum |0) e V

Y:: VRV =V({(z), Ya®b)=a(z)b= Za(n)b Ll

1. a(z), b(z) mutually local fields

2. 0za(z) = [T, a(2)]

3. a(2)]0) —a € 2V[[2]], T|0) =0
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Example: commutative vertex algebra

e V=CI[tll, T=0, |00=1, Y(f(t)®g())=rs{+2)g(t)

e V=C(®), T=0a, [00=1, Y:(f®)®9(t)=¢c,;f(t+2)g(t)

= Language of sheaves
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Example

Heisenberg Lie algebra

0—Cc—H—C((#) =0, [f, gl =Resi=olfdglc (f, gec C(2))

H=UM)e=1, m7=Hay C
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Examples

e [ensor product

e Enveloping algebra of a vertex Lie algebra

e Construction by screening operators
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Proposition

1. a =a(2)[0)[,=0 = a(_1)[0).  a+>a(z) is injective.

2. Ta = Ta(z)[0)],=0 = 0:a(2)|0)|.=0 = a(_2)|0).
3. a(2)|0) = e*la

4. ¢ s a(z—w) =e Wa(z)ew?

w/z

T is unique.
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Skew-symmetry

1. a(2) o b(w)|0) = e“Ta(z — w)b = e*'b(w — 2)a

2. a(2)b=e*Lb(=2)a

Proof

aw/za(z) o b(w)|0) = ew/zeWTa(z —w)b
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Corollary

1. Y2(|0) ® a) = a. |0) is unique.

2. (Ta)(z) = 0.a(z). In other words, (Ta)(n) = —na,_1)-
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Associativity

o u(a(2) 0 b(w)) = (a(z — w)b) (w)
= 3" (a(mb) (W) - (2 — w) "L

nez

Proof

f—:w/z(a(z) ob(w))e = 8w/zewT(a(z —w) oc(—w))b
(a(2) o b(w))e = e (a(z — w) o e(—w))b
sz_w/w(a(z) ob(w))e = ele(—w)a(z — w)b

= (a(z —w)b)(w)c
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Borcherds identity

1. Z ( )<a(m+g>b>(n+k 7

— ;O( 1)]( >(a(k—|—m Nt = (CD b tm—j) 4 (k+5))
j>

k
2 lagy bl = 2 () @D i)
J=Z

3. [CL(O), b(O)] = (a(o)b)(o) Jacobi identity
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Remark

e vertex algebra
= commutative algebra on z —w #* 0, Lie algebra on z—w =0

e If a binary operation satisfies a(bc) = b(ac), al = a,

= ba =0b(al) =a(bl) = ab
a(bc) = a(cb) = c(ab) = (ab)c.

e Can we start from commutativity and associativity?
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1.(c) Current Lie algebra

Lie algebra of coinvariants

V/TV @ V/TV = V/TV, |a] ® [b] — [Resa(z)bdz] = [a(o)b]

e well-definedness

o [a(o)b] — —[b(o)a]

e Jacobi identity

0.a(z) = [T, a(2)] = (T'a)(z)

(< a(2)b = e*Lb(—2)a)

la0ys b(0y] = (a(0)b)(0)
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Tensor product

V1, Vo vertex algebras = V1 ® Vo vertex algebra

Y% ((a1 ® ap) ® (b1 ®b2)) = Y, (a1 ® b1) ®c(.y) Y5 (a2 ® bo)

Tio=T1®1+1®T> [0)12=10);1 ®|0)2
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Current Lie algebra

V' vertex algebra = V((t)) = VRC((t)) vertex algebra

Lie(V) = V(1) /(8 + T)V (L)

la f(£), bg(¥)] = Res,—qgla(2)b- f(t + 2)g(t) dz]

k .
[at®, 68" = > () (agb) " TF
j>0
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Current algebra

U(V) =U(Lie(V))/Borcherds rel.
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Vertex Lie algebra (L, (T :L— L),Y, )

Y, . L®L — L({(2))/L[lz]] = L[]
Yz_(a Y b) = a[z]b — Z (a[n]b)z—n—l

n>0
o (Ta)lz] = B:alz]

o a[z]b = e*'b[—z]a mod L[[z]]

o [apy, byl = jf:o (?)(a[j]b)[n+k_j]. In other words,

Res.—ollalz], blw]] - f(2)dz] = Res;=wlalz —w]b- f(2)dz]
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Current Lie algebra functor

vertex algebras —— vertex Lie algebras — Lie algebras
forget Lie
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Enveloping vertex algebra

L vertex Lie algebra

Lie(L) = L(#)/(@ + TIL(®),  agny = at”
Liey (L) = LI[]/(0, + T L)

Vac(L) = U(Lie(L)) ®U(Lie+(L)) C

0) =101, (a_nloN)=> agpyz "
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2. Chiral algebras
(a) Skew-symmetry and D-modules
(b) Sheaves and D-modules

(c) Chiral algebras
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2.(a) Skew-symmetry and D-modules

Apparent asymmetry

0:Y,(a®b) =Y, (Ta®b) =TY,(a®b) — Y,(a ®TH)
Y.(|0)®a) =a, Yz(a®|0)) = e“la

Y2(a®b) =e*TY_,(b® a)
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Notations

D  the ring of differential operators generated by O & ©

O is a left D-module.
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Skew-symmetry and D-modules

(V, Y., T, |0)) vertex algebra

left D-module V? = V[[z, w]] by

Volf-a)=0f-a+ f-Ta, Vu(f-a)=0uwf- a
left D-module V¥ = V|[[z, w]] by

Volf-a)=0;f-a, Vu(f-a)=0wf -a+ f -Ta

(f €Cllz, w]], a€V)
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e(z=w)T . pz s yw  D_pomomorphism:

e(z—w)Tvz(a) — e(z—w)TTa — az(e(z—w)Ta) — Vz(e(z—w)Ta)
=Ty, (q) =0

Vw(e(z_w)Ta) = &w(e(’z_w)Ta) + Te(z—w)Ty — ¢
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The O-homomorphism

ViVRo VY 5V [(z—w)], YV@@®b) =alz—w)b (abeV)

IS a D-homomorphism:

V(Vi(a®b) =YV(Ta®b) =(Ta)(z —w)b=0(a(z —w)b)
= V:Y(a®b),

YV Vu(la®b) =V(@®Th) =a(z —w)Tb = 0y(a(z —w)b) + Ta(z — w)b
= VuwY(a ®b).

Similarly, the O-homomorphism

Vi VPRpo VY = Vi[(z —w) Y], V(a®b) =blw—2)a
IS @ D-homomorphism.
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Skew-symmetry

Y = 6(z—w)Ty/ DVE R0 Pw Vw[(z . w)—l]
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Vacuum

0) : Cl[2]] = V[[=]]

O VY

V'U)

0)®id

C

VZ@V’UJ
LY
VO [(z —w) 7]

43



2.(b) Sheaves and D-modules

Sheaves: examples

X complex manifold

Ox :Ur— Ox(U) = {holo. functions on U}
open sets — vector spaces

Oyx structure sheaf of X (analytic/algebraic)
©x sheaf of vector fields on X
2% sheaf of k-forms on X

Dy sheaf of the ring generated by Ox & O



Definition of sheaves

1. (presheaf) (U1 DU>DU3) — (F(Uy) — F(Up) — F(U3z))

2. 0 = F(UUa) = [IFWUa) = [IF(UanUg) exact
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Sheaf cohomology

0—+F —F exact «— VU; F(U) c F(U)

(F/F)HWU) # FU)/F(U)

HO(X, F):=F(X), F'=F/F,

0 HF - HF - HOF' - H'F - H'F - H'F' - H°F — ...
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Direct images

f: X—=>Y

F sheaf on

e 1. SCX

continuous

X, f«F sheafonYy

fF(U) == F(F 1))

1«Og skyscraper sheaf
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Locally free sheaf

F locally free <= FlUaZ20x"Us (X =JUa)
o

e vector bundle
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Dx-modules

Ox left Dxy-modules

szuQ%

right Dy-module (n = dim X)

o0-§= Lo =d(eo), o€cwx, €O
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Left and right D-modules

m: X — S, X =SpecC|[[z]], S =SpecC

VXZOX(X)@V

.AX:VX@)WX

left Dxy-module

right Dx-module
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Vertex algebra as a Dx-module

A X > XxX, 7:(XxX)NA—-XxX

7+ O0Ox W Vx

C 9k Vy X Vy — AL Vy =
Y g« Vx X Vx +Vx Oy M Vy

e Why "Algebra”?7 AQRA—- A
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Kashiwara's category equivalence

1Y - X closed embedding

= i4 : Dy-mod = Dx-mody equivalence of categories

e M & Dx-mod

MeDxy-mody <—= (UCX\NY = M(U)=0)
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Proof Fock space argument
i:Y = SpecC —6 X = SpecClz]
r=
[0z, x] = 1, O creation, x annihilation
M € Dy-mod(= C-mod) — it M = M ® C[0;] € Dx-mody

M' € Dx-mody (x nilpotent ) — iTM’ = Kerz € Dy-mod
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Our case

A X —-XxX, j:(XxX)NA—-XxX
yij*j*VX&VX%A_I_VX

A_I_ . DX-mod :> DXXX-modA
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Theorem (Ox-coherent Dy-modules are locally free.

Idea of proof

X =SpecC[t], Y =SpecC, i1:Y —X

Why 1.0y is not a Dy-module?

[0, t] = 1 = no finite dim.rep. of Dx(X) = (t, O)
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2.(c) Chiral algebras

Lie* algebra

A right Dxy-module on a curve X

woo AX A — A_|_.A
e Skew-symmetry W~ = —TOou OoT

e Jacobi identity “I{23} = ;JJ{_IQ}3 + “5{13} TAKAXKA - ALA
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Chiral algebra

e Skew-symmetry

e Jacobi identity

U= —TONUOT

H1{23} = H{12}3 T H2{13)}

e Unit wy — A with
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3. Conformal blocks
(a) Broken symmetry of a formal punctured disk
(b) Vertex operator algebras
(c) Vertex algebra bundles

(d) Conformal blocks
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3.(a) Broken symmetry of a formal punctured disk

A formal disk and a formal punctured disk

O = C[[z]], K = C((»)) : fraction field of O
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Broken symmetry of a formal punctured disk

AutO = AutK = z0 < 220 ~ O, K by

(20N 220) x K= K,  (f(2), 9(2)) = fxg(z) = g(f(2))

Lie(Aut ) = Derg O := 020, C Der O = 09, C Der K = K9,

Central extension

0 —C — Vir - Der X —0
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Harish-Chandra pairs

The Harish-Chandra pair (g, K) is a pair of a complex Lie group
K and a K-equivariant Lie algebra g with a K-equivariant embedding

Lie K C g.

A (g, K)-space P — X is a principal K-bundle with a compatible
infinitesimally transitive g-action on P.

A (g, K)-module is a C vector space with compatible actions of g, K.

localization functor (g, K)-mod — Dx-mod
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Example: solution of the Kazhdan-Lusztig conjecture

G simple algebraic group /C
g=LieG, B C G Borel subgroup
P=G—X=GG/B

(g, B)-mod — Dx-mod

e oco-dim. version?

62



3.(b) Vertex operator algebras

Virasoro algebra

0 — Cc — Vire — C[t, t 16, — 0

n

[Ln, Lm] = (n — m)Ln—I-m +

3—n

12

On, —mC
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Vertex operator algebra

V= Vinl,

n>0

dimV[n] < co, V][0] = C|0)

w € V[2] Virasoro element, w(z) = Zan—n—Q

L1 =T, LolVIn]=n

(Vire, Aut) nV
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3.(c) Vertex algebra bundles

Curves with formal coordinates

X — S smooth (= submersion)

X — X formal coordinates of fibers

Vx I:YXAUUCV—)X,
Ax :=Vx Quwyx/g chiral algebra
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3.(d) Conformal blocks

V-modules

V'  vertex algebra

YZM VoM — M((Z)), YZM(G 034 u) = aM(z)u — Z(a%)u)z_n_l
o 0)M(2) =idy
o aM(z), ¥M(2) mutually local for any a, b€V

e Associativity ¢ M(2) o bM(w) = (a(z — w)b)M(w)

z—w/wd
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Modules over chiral algebras

w: X — S proper, smooth curves
s: S — X section

Mx =54(0Og® M) module over Ay
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de Rham functor

h:Dx-mod"9"t 5 Cy-mod, h(M)=M/M O

DR = Lh

left derived functor
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Resolutions

n 0
O—)DX(X)A@X—)---—>DX®/\@X—>OX—>O,

O—>DX®09(—>"'—>Dx®Q§(—>wX—>O,
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Conformal blocks

T: X — S proper, smooth curve

R o Lh(Ax R My — Mx) € D’(Dg-mod)

e When is it Og-coherent?
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Cr-finiteness

V'  vertex algebra
Cn(V) = Span{a(_n)b | a, b e V}

V. Cp-finite ﬁ dimV/Cp(V) < 0o
e

M V-module
Cn(M) :=span{a_yula €V, ue M}

M  Cp-finite ﬁ dim M/Cp(M) < o
e
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Remark

(T'a) (—n) — NG (_p—1)

a = a(_1)[0)

— Cn(M) D) Cn_|_1(M)

= Cl(V) =V

(n>1)
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Fermionic property

a(_n)(b_n)e), (a_p)b)(—p)yc € Cpg1(V)  (n>2)

Corollary V  (Cy-finite <«<— V (C,-finite (n>2)
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Zhu’'s theorem

V/C>(V') is a commutative Poisson algebra.

[allb] = [a(_1y8),  {lal, [b]} := lagg)b]
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Tower of smooth curves

e n-point functions
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4. Factorization
(a) Stable curves
(b) Log D-modules

(c) Factorization
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4.(a) Stable curves

Stable curves

o m:.: X — S proper curve with nodes Y C X

e (X)) =D normal crossing divisor

e discrete symmetry
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Tower of stable curves

- x3 5 x@) o x(1) =x
R e
» x@ 5 x() 4 x0) =g

e Deligne-Mumford stacks (= orbifold)
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4.(b) log D-modules

Algebras

e D-modules [0,z] =1

e l0og D-modules

[20, z] = =
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Conformal blocks

RroLh(Ax R My — Mx) € D?(Dg(—log D)-mod)
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4.(c) Factorization

Normalization of stable curves

7. (X, X)— (S, D) stable curve
D’ — D normalization

X’ normalization of #=1(D) xp D’
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Factorization theorem

(Rmo Lh(Ax I Mx — MX))free|D/

= Rro Lh(Axy/ MMy BT RT = Mxr BT X T )free

T =) Ulhg, hg] (U, U)-module, U current algebra

e Locally free?
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