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1.(a) Locality of fields

Notations

M C-vector space

M [z] := {
n0∑

n=0

anz
n | an ∈M, n0 ∈ Z≥0}

M [[z]] := {
∞∑

n=0

anz
n}, M((z)) := {

∞∑
n=−n0

anz
n} = M [[z]][z−1]

C[[z]] ring of functions on an infinitesimal disk

C((z)) field of functions on an infinitesimal punctured disk
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Fields

A(z) : M →M((z)) fields of operators acting on M

over a punctured disk Spec C((z))

A(z) =
∑
n∈Z

Anz
−n−1, An : M →M

Anu = 0 for any n > n0(u)

In general, dimM =∞, A(z) 6∈ End(M)((z))
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Equation of motion

T : M →M, ∂z =
∂

∂z

∂zA(z) = [T, A(z)] equation of motion of a field

• Coordinate-free style → Language of D-modules

– Kashiwara’s category equivalence, de Rham functors
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Fourier modes

∂z
∑

An−1z
−n = [T,

∑
An z−n−1]

−nAn−1 = [T, An]

Essentially,

A0 ← A1 ← A2 ← · · ·

A−1 → A−2 → A−3 → · · ·

• Poisson algebras: commutative / Lie bracket
functions / Hamiltonian vector fields
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Composition of fields

For fields A(z) =
∑

Anz−n−1, B(z) =
∑

Bnz−n−1,

A(z)B(z)u =
∑
k

(
∑

n≤n0
Ak−n−1Bnu)z

−k−1

is not well-defined.

10



Regularization

A(z)B(w) : M →M((z))((w))

A(z)B(w)u =
∑

n≤n0

∑
m≤m0(n)

AmBnu · z−m−1w−n−1

• Finally, take a limit z − w → 0
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Remark

M((z))((w)) = {
∑

n≤n0

∑
m≤m0(n)

um,nz
−m−1w−n−1}

M((z, w)) := {
∑

n≤n0

∑
m≤m0

um,nz
−m−1w−n−1} = M [[z, w]][(zw)−1]

M((z, w)) = M((z))((w)) ∩M((w))((z)) ⊂M [[z±1, w±1]]
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Locality

A(z), B(w) mutually local

⇐⇒
def

∃N ∈ Z≥0, (z − w)N [A(z), B(w)] = 0

• Fundamental idea of vertex algebras and CFT

• It is not so strange because ...
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Delta function

δ(z − w) :=
∑
n∈Z

znw−n−1 ∈ C[[z±1, w±1]]

(z − w) · δ(z − w) = 0

(z − w)k+1∂w
kδ(z − w) = 0

Fock space (Kashiwara’s category equivalence)

[z − w, ∂w] = 1, z − w : annihilation, ∂w : creation

|0〉 = δ(z − w), (z − w)|0〉 = 0
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Two expansions of (z − w)−1

εw/z((z − w)−1) = εw/z(z
−1(1−

w

z
)−1) (|z| > |w|)

=
∑
n≥0

wnz−n−1 ∈ C((z))((w))

εz/w((z − w)−1) = εz/w(−w
−1(1−

z

w
)−1) (|z| < |w|)

= −
∑
n<0

wnz−n−1 ∈ C((w))((z))

δ(z − w) = (εw/z − εz/w)((z − w)−1)
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Product

If (z − w)N [A(z), B(w)] = 0,

(z − w)NA(z)B(w)u = (z − w)NB(w)A(z)u ∈M((z, w)).

⇒ ∃A(z) ◦B(w) ∈ Hom(M, M((z, w)))[(z − w)−1] s. t.

εw/z(A(z) ◦B(w)) = A(z)B(w)

εz/w(A(z) ◦B(w)) = B(w)A(z)
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Operator product expansion (OPE)

εz−w/w(z
−1) = εz−w/w(w

−1(1 +
z − w

w
)−1)

=
∑
n≥0

(−1)n(z − w)nw−n−1

∈ C((w))((z − w))

εz−w/w(A(z) ◦B(w)) =
∑

n<N,m∈Z
Cm,nw

−m−1(z − w)−n−1

∈ Hom(M, M((w)))((z − w))
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Borcherds’ identity

Put z = tw (blowing up at z = w = 0)

A(tw) ◦B(w) ∈ Hom(M, M [t, t−1]((w)))[(t− 1)−1]

The residue theorem for A(tw) ◦B(w) tk(t− 1)mdt implies∑
j≥0

(k
j

)
Cn+k−j,m+j

=
∑
j≥0

(−1)j
(m
j

)
(Ak+m−jBn+j − (−1)mBn+m−jAk+j)
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1.(b) Definition of vertex algebra

Vertex algebra (V, Yz, T, |0〉)

V C-vector space; T : V → V ; vacuum |0〉 ∈ V

Yz : V ⊗ V → V ((z)), Yz(a⊗ b) = a(z)b =
∑
n

a(n)b · z
−n−1

1. a(z), b(z) mutually local fields

2. ∂za(z) = [T, a(z)]

3. a(z)|0〉 − a ∈ zV [[z]], T |0〉 = 0
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Example: commutative vertex algebra

• V = C[[t]], T = ∂t, |0〉 = 1, Yz(f(t)⊗ g(t)) = f(t+ z)g(t)

• V = C((t)), T = ∂t, |0〉 = 1, Yz(f(t)⊗ g(t)) = εz/tf(t+ z)g(t)

⇒ Language of sheaves
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Example

Heisenberg Lie algebra

0→ Cc→H→ C((t))→ 0, [f, g] = Rest=0[fdg]c (f, g ∈ C((t)))

H̃ = U(H)c=1, π = H̃ ⊗H̃+
C
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Examples

• Tensor product

• Enveloping algebra of a vertex Lie algebra

• Construction by screening operators
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Proposition

1. a = a(z)|0〉|z=0 = a(−1)|0〉. a 7→ a(z) is injective.

2. Ta = Ta(z)|0〉|z=0 = ∂za(z)|0〉|z=0 = a(−2)|0〉. T is unique.

3. a(z)|0〉 = ezTa

4. εw/za(z − w) = e−wTa(z)ewT
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Skew-symmetry

1. a(z) ◦ b(w)|0〉 = ewTa(z − w)b = ezT b(w − z)a

2. a(z)b = ezT b(−z)a

Proof

εw/za(z) ◦ b(w)|0〉 = εw/ze
wTa(z − w)b
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Corollary

1. Yz(|0〉 ⊗ a) = a. |0〉 is unique.

2. (Ta)(z) = ∂za(z). In other words, (Ta)(n) = −na(n−1).
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Associativity

εz−w/w(a(z) ◦ b(w)) = (a(z − w)b)(w)

=
∑
n∈Z

(a(n)b)(w) · (z − w)−n−1

Proof

εw/z(a(z) ◦ b(w))c = εw/ze
wT (a(z − w) ◦ c(−w))b

∴ (a(z) ◦ b(w))c = ewT (a(z − w) ◦ c(−w))b

∴ εz−w/w(a(z) ◦ b(w))c = ewT c(−w)a(z − w)b

= (a(z − w)b)(w)c
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Borcherds identity

1.
∑
j≥0

(k
j

)
(a(m+j)b)(n+k−j)

=
∑
j≥0

(−1)j
(m
j

)
(a(k+m−j)b(n+j) − (−1)mb(n+m−j)a(k+j))

2. [a(k), b(n)] =
∑
j≥0

(k
j

)
(a(j)b)(n+k−j)

3. [a(0), b(0)] = (a(0)b)(0) Jacobi identity

27



Remark

• vertex algebra

= commutative algebra on z − w 6= 0, Lie algebra on z − w = 0

• If a binary operation satisfies a(bc) = b(ac), a1 = a,

⇒ ba = b(a1) = a(b1) = ab

a(bc) = a(cb) = c(ab) = (ab)c.

• Can we start from commutativity and associativity?
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1.(c) Current Lie algebra

Lie algebra of coinvariants

V/TV ⊗ V/TV → V/TV, [a]⊗ [b] 7→ [Res a(z)b dz] = [a(0)b]

• well-definedness ∂za(z) = [T, a(z)] = (Ta)(z)

• [a(0)b] = −[b(0)a] (⇐ a(z)b = ezT b(−z)a)

• Jacobi identity [a(0), b(0)] = (a(0)b)(0)
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Tensor product

V1, V2 vertex algebras ⇒ V1 ⊗ V2 vertex algebra

Y 12
z ((a1 ⊗ a2)⊗ (b1 ⊗ b2)) = Y 1

z (a1 ⊗ b1)⊗C((z)) Y
2
z (a2 ⊗ b2)

T12 = T1 ⊗ 1+ 1⊗ T2, |0〉12 = |0〉1 ⊗ |0〉2

30



Current Lie algebra

V vertex algebra ⇒ V ((t)) = V ⊗̂C((t)) vertex algebra

Lie(V ) = V ((t))/(∂t + T )V ((t))

[a f(t), b g(t)] = Resz=0[a(z)b · f(t+ z)g(t) dz]

[a tk, b tn] =
∑
j≥0

(k
j

)
(a(j)b) t

n+k−j
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Current algebra

U(V ) = U(Lie(V ))/Borcherds rel.
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Vertex Lie algebra (L, (T : L→ L), Y −z )

Y −z : L⊗ L→ L((z))/L[[z]] = z−1L[z−1]

Y −z (a⊗ b) = a[z]b =
∑
n≥0

(a[n]b)z
−n−1

• (Ta)[z] = ∂za[z]

• a[z]b = ezT b[−z]a mod L[[z]]

• [a[k], b[n]] =
k∑

j=0

(k
j

)
(a[j]b)[n+k−j]. In other words,

Resz=0[[a[z], b[w]] · f(z)dz] = Resz=w[a[z − w]b · f(z)dz]
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Current Lie algebra functor

vertex algebras −→
forget

vertex Lie algebras −→
Lie

Lie algebras
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Enveloping vertex algebra

L vertex Lie algebra

Lie(L) = L((t))/(∂t + T )L((t)), a(n) := a tn

Lie+(L) = L[[t]]/(∂t + T )L[[t]]

Vac(L) = U(Lie(L))⊗U(Lie+(L)) C

|0〉 = 1⊗ 1, (a(−1)|0〉)(z) =
∑

a(n)z
−n−1
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2. Chiral algebras

(a) Skew-symmetry and D-modules

(b) Sheaves and D-modules

(c) Chiral algebras
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2.(a) Skew-symmetry and D-modules

Apparent asymmetry

∂zYz(a⊗ b) = Yz(Ta⊗ b) = TYz(a⊗ b)− Yz(a⊗ Tb)

Yz(|0〉 ⊗ a) = a, Yz(a⊗ |0〉) = ezTa

Yz(a⊗ b) = ezTY−z(b⊗ a)
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Notations

O = C[[z, w]], Θ = O∂z +O∂w

D the ring of differential operators generated by O ⊕Θ

O is a left D-module.
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Skew-symmetry and D-modules

(V, Yz, T, |0〉) vertex algebra

left D-module Vz = V [[z, w]] by

∇z(f · a) = ∂zf · a+ f · Ta, ∇w(f · a) = ∂wf · a

left D-module Vw = V [[z, w]] by

∇z(f · a) = ∂zf · a, ∇w(f · a) = ∂wf · a+ f · Ta

(f ∈ C[[z, w]], a ∈ V )
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e(z−w)T : Vz → Vw D-homomorphism:

e(z−w)T∇z(a) = e(z−w)TTa = ∂z(e
(z−w)Ta) = ∇z(e

(z−w)Ta)

e(z−w)T∇w(a) = 0

∇w(e
(z−w)Ta) = ∂w(e

(z−w)Ta) + Te(z−w)Ta = 0
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The O-homomorphism

Y : Vz ⊗O Vw → Vw[(z − w)−1], Y(a⊗ b) = a(z − w)b (a, b ∈ V )

is a D-homomorphism:

Y(∇z(a⊗ b)) = Y(Ta⊗ b) = (Ta)(z − w)b = ∂z(a(z − w)b)

= ∇zY(a⊗ b),

Y(∇w(a⊗ b)) = Y(a⊗ Tb) = a(z − w)Tb = ∂w(a(z − w)b) + Ta(z − w)b

= ∇wY(a⊗ b).

Similarly, the O-homomorphism

Y ′ : Vz ⊗O Vw → Vz[(z − w)−1], Y ′(a⊗ b) = b(w − z)a

is a D-homomorphism.

41



Skew-symmetry

Y = e(z−w)TY ′ : Vz ⊗O Vw → Vw[(z − w)−1]
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Vacuum

|0〉 : C[[z]]→ V [[z]]

O ⊗ Vw |0〉⊗id→ Vz ⊗ Vw
↓ y ↓ Y
Vw ⊂ Vw[(z − w)−1]
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2.(b) Sheaves and D-modules

Sheaves: examples

X complex manifold

OX :U 7−→ OX(U) = {holo. functions on U}
open sets 7→ vector spaces

OX structure sheaf of X (analytic/algebraic)

ΘX sheaf of vector fields on X

Ωk
X sheaf of k-forms on X

DX sheaf of the ring generated by OX ⊕ΘX
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Definition of sheaves

1. (presheaf) (U1 ⊃ U2 ⊃ U3) 7→ (F(U1)→ F(U2)→ F(U3))

2. 0→ F(
∪
Uα)→

∏
F(Uα) ⇒ ∏

F(Uα ∩ Uβ) exact
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Sheaf cohomology

0→ F ′ → F exact ⇐⇒ ∀U ; F ′(U) ⊂ F(U)

(F/F ′)(U) 6= F(U)/F ′(U)

H0(X, F) := F(X), F ′′ = F/F ′,

0→ H0F ′ → H0F → H0F ′′ → H1F ′ → H1F → H1F ′′ → H2F ′ → · · ·
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Direct images

f : X → Y continuous

F sheaf on X, f∗F sheaf on Y

f∗F(U) := F(f−1(U))

• i : S ⊂ X i∗OS skyscraper sheaf
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Locally free sheaf

F locally free ⇐⇒ F|Uα
∼= OX

⊕n|Uα (X =
∪
α
Uα)

• vector bundle
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DX-modules

OX left DX-modules

ωX = Ωn
X right DX-module (n = dimX)

σ · ξ = Lξσ = d(ιξσ), σ ∈ ωX , ξ ∈ ΘX
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Left and right D-modules

π : X → S, X = SpecC[[z]], S = SpecC

VX = OX ⊗C V left DX-module

AX = VX ⊗ ωX right DX-module
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Vertex algebra as a DX-module

∆ : X → X ×X, j : (X ×X) r∆→ X ×X

Y : j∗j∗VX � VX → ∆+VX =
j∗j∗OX � VX
OX � VX

• Why ”Algebra”? A⊗A→ A
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Kashiwara’s category equivalence

i : Y → X closed embedding

⇒ i+ : DY -mod
∼→ DX-modY equivalence of categories

• M ∈ DX-mod

M∈ DX-modY ⇐⇒ (U ⊂ X r Y ⇒ M(U) = 0)
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Proof Fock space argument

i : Y = SpecC −→
x=0

X = SpecC[x]

[∂x, x] = 1, ∂x creation, x annihilation

M ∈ DY -mod(= C-mod) 7→ i+M = M ⊗ C[∂x] ∈ DX-modY

M ′ ∈ DX-modY (x nilpotent ) 7→ i+M ′ = Ker x ∈ DY -mod
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Our case

∆ : X → X ×X, j : (X ×X) r∆→ X ×X

Y : j∗j∗VX � VX → ∆+VX

∆+ : DX-mod
∼→ DX×X-mod∆
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Theorem OX-coherent DX-modules are locally free.

Idea of proof

X = SpecC[t], Y = SpecC, i : Y −→
t=0

X

Why i∗OY is not a DX-module?

[∂t, t] = 1 ⇒ no finite dim. rep. of DX(X) = 〈t, ∂t〉
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2.(c) Chiral algebras

Lie∗ algebra

A right DX-module on a curve X

µ− : A �A → ∆+A

• Skew-symmetry µ− = −τ ◦ µ− ◦ τ

• Jacobi identity µ−1{23} = µ−{12}3 + µ−2{13} : A �A �A → ∆+A
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Chiral algebra

µ : j∗j∗A �A → ∆+A

• Skew-symmetry µ = −τ ◦ µ ◦ τ

• Jacobi identity µ1{23} = µ{12}3 + µ2{13}

• unit ωX → A with

ωX �A |0〉⊗id→ A �A
↓ y ↓ µ

∆+A = ∆+A
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3. Conformal blocks

(a) Broken symmetry of a formal punctured disk

(b) Vertex operator algebras

(c) Vertex algebra bundles

(d) Conformal blocks
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3.(a) Broken symmetry of a formal punctured disk

A formal disk and a formal punctured disk

O = C[[z]], K = C((z)) : fraction field of O

C← O → K ∼ Fp ← Zp → Qp
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Broken symmetry of a formal punctured disk

AutO = AutK = zO r z2O y O, K by

(zO r z2O)×K → K, (f(z), g(z)) 7→ f ∗ g(z) = g(f(z))

Lie(AutK) = Der0 O := O z∂z ( Der O = O∂z ( Der K = K∂z

Central extension

0→ C→ Virc → Der K → 0
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Harish-Chandra pairs

The Harish-Chandra pair (g, K) is a pair of a complex Lie group

K and a K-equivariant Lie algebra g with a K-equivariant embedding

LieK ⊂ g.

A (g, K)-space P → X is a principal K-bundle with a compatible

infinitesimally transitive g-action on P .

A (g, K)-module is a C vector space with compatible actions of g, K.

localization functor (g, K)-mod→ DX-mod
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Example: solution of the Kazhdan-Lusztig conjecture

G simple algebraic group /C

g = LieG, B ⊂ G Borel subgroup

P = G→ X = G/B

(g, B)-mod→ DX-mod

• ∞-dim. version?
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3.(b) Vertex operator algebras

Virasoro algebra

0→ Cc→ Virc → C[t, t−1]∂t → 0

[Ln, Lm] = (n−m)Ln+m +
n3 − n

12
δn,−mc

Ln 7−→ −tn+1∂t
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Vertex operator algebra

V =
⊕
n≥0

V [n], dimV [n] <∞, V [0] = C|0〉

ω ∈ V [2] Virasoro element, ω(z) =
∑

Lnz
−n−2

L−1 = T, L0|V [n] = n

(Virc, AutK) y V

64



3.(c) Vertex algebra bundles

Curves with formal coordinates

X → S smooth (= submersion)

X̃ → X formal coordinates of fibers

VX := X̃ ×AutK V → X,

AX := VX ⊗ ωX/S chiral algebra
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3.(d) Conformal blocks

V -modules

V vertex algebra

Y M
z : V ⊗M →M((z)), Y M

z (a⊗ u) = aM(z)u =
∑

(aM(n)u)z
−n−1

• |0〉M(z) = idM

• aM(z), bM(z) mutually local for any a, b ∈ V

• Associativity εz−w/wa
M(z) ◦ bM(w) = (a(z − w)b)M(w)
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Modules over chiral algebras

π : X → S proper, smooth curves

s : S → X section

MX = s+(OS ⊗M) module over AX
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de Rham functor

h : DX-modright → CX-mod, h(M) =M/M ·ΘX

DR = Lh left derived functor
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Resolutions

0→ DX ⊗
n∧
ΘX → · · · → DX ⊗

0∧
ΘX → OX → 0,

0→ DX ⊗Ω0
X → · · · → DX ⊗Ωn

X → ωX → 0,
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Conformal blocks

π : X → S proper, smooth curve

Rπ ◦ Lh(AX �MX →MX) ∈ Db(DS-mod)

• When is it OS-coherent?
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C2-finiteness

V vertex algebra

Cn(V ) := span{a(−n)b | a, b ∈ V }

V Cn-finite ⇐⇒
def

dimV/Cn(V ) <∞

M V -module

Cn(M) := span{a(−n)u | a ∈ V, u ∈M}

M Cn-finite ⇐⇒
def

dimM/Cn(M) <∞
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Remark

(Ta)(−n) = na(−n−1) ⇒ Cn(M) ⊃ Cn+1(M) (n ≥ 1)

a = a(−1)|0〉 ⇒ C1(V ) = V
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Fermionic property

a(−n)(b(−n)c), (a(−n)b)(−n)c ∈ Cn+1(V ) (n ≥ 2)

Corollary V C2-finite ⇐⇒ V Cn-finite (n ≥ 2)
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Zhu’s theorem

V/C2(V ) is a commutative Poisson algebra.

[a][b] := [a(−1)b], {[a], [b]} := [a(0)b]
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Tower of smooth curves

. . . → X3 → X2 → X1 = X
↓ � ↓ � ↓

. . . → X2 → X1 → X0 = S

• n-point functions

75



4. Factorization

(a) Stable curves

(b) Log D-modules

(c) Factorization
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4.(a) Stable curves

Stable curves

• π : X → S proper curve with nodes Σ ⊂ X

• π(Σ) = D normal crossing divisor

• discrete symmetry
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Tower of stable curves

. . . → X(3) → X(2) → X(1) = X
↓ �′ ↓ �′ ↓

. . . → X(2) → X(1) → X(0) = S

• Deligne-Mumford stacks (= orbifold)
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4.(b) log D-modules

Algebras

• D-modules [∂, x] = 1

• log D-modules [x∂, x] = x
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Conformal blocks

Rπ ◦ Lh(AX �MX →MX) ∈ Db(DS(− logD)-mod)
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4.(c) Factorization

Normalization of stable curves

π : (X, Σ)→ (S, D) stable curve

D′ → D normalization

X ′ normalization of π−1(D)×D D′
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Factorization theorem

(Rπ ◦ Lh(AX �MX →MX))free|D′

= Rπ ◦ Lh(AX ′ �MX ′ � T � T →MX ′ � T � T )free

T =
∑
U[hL, hR] (U , U)-module, U current algebra

• Locally free?
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