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e I. Motivations

A differentiable manifold (M?2",w,0) provided
with a non-degenerate 2-form w and a clo-
sed 1-form 60 is called a locally conformally
symplectic (l.c.s.) manifold, if dw = —w A 6,
dd = 0. The 1-form 6 is called the Lee form
of w. Locally 8 = df and w = e fwg, where
dwg = 0.

L.c.s. forms were introduced by Lee, and
have been extensively studied by Vaisman.



L.c.s. manifolds are phase spaces for a natu-
ral generalization of Hamiltonian dynamics,
mapping torus of a contactomorphism, sim-
ple model for twisted symplectic geometry.
They contain the subclass of L.C. K. mani-
folds.

The Lichnerowicz deformed differential
dy + QQ*(M?2") — Q*(M?2") is defined by
dg(a) :=da+ 0 A «.

Note that d5 = 0 and dy(w) = 0. The
resulting Lichnerowicz cohomology groups,



(Novikov cohomology groups) are important
conformal invariants of |.c.s. manifolds.

Two I.c.s. forms w and ' on M?2" are con-
formally equivalent, if w’ = +(e/)w for some
f e C®(M?2"). In this case ¢/ = § F=df, hence
dp and dy are gauge equivalent:

dg/(a) = (dg FdfN)a = eifdg(e?foz).
H* (" (M?"), dg) = H* (2 (M?"), dy).
Remark: By the Darboux theorem there is

no local conformal invariant of |.c.s. ma-
nifolds. AIM: construct new cohomological



invariants for I.c.s. manifolds.

L Q*(M?2") — Q*(M?2"), a— w A a.
dyL = Ld.

de: dk@'

dyLP = LPdj,_,,.

Iyt TeM?" — TXM?™, V — iyw.

Guw € T(N°TM?") s.t. ig, I, = Id, where
iG, - TEM?" — TpM?", V iy (Gu(z)).
¥ Qp(MQn) N g‘22fn—p(]\42n)7

BN *pa := NPG,(3,a) A fl—T

*3 = Id.

L* QP(M?2") — QP=2(M2"),

aP — — x, L xy oP.



(d)5 - P(M2") — QPTH(MP"),

af = (=1)P xy dpp—p *w ().

7. 1 (M2 — QF(M?2™) be the projection.
L* = i(Gy),

[L* L] = A, [A, L] = —2L, [A, L*] = 2L*.

II Primitive forms and primitive (co)homology

o € NFTFM?", 0 < k < mn, is called primitive,
if L' FTla=0. a e NFTIM?", n+1 <k <
2n, is called primitive, if a = 0. 3 € AFT} M2
is called coeffective, if L3 = 0.



PE(M?") : = the set of primitive elements
in AFTM2T

Lemma An element a € AFTFM?2", is primi-

tive, if and only if L*a = 0.

2. An element g € A*T*M?" is coeffective,

if and only if x,5 is primitive.

3. Lefschetz decomposition A"~FT*\2n =
Pa?:z—k(MQn)@LPa’ICz—k—Q(MQn)@LQPa?—k—ZI-(MQn) -
/\n—l—kT;CkMQn — L/{:Pzgz—k(Man)@Lk—F1P£L—k—2(M2n> e
forn > k > 0.

4. Lk Av—ETEN2R o APFETEN27 s an iso-
morphism, for 0 < k < n.



5. L : An—k=2pxpr2n _, An—ETN20 s jnjec-
tive, for k=-1,0,1,--- ,n — 2.

K= (Q*(M?"),dp).

FOK} =K} D> F1K} =LK} ;D

;i = Nppdy, : QI(M27) — PI=1(M27).

dj, = d + Ld,



d: QI(M?") — QI71(M?2"), 0 < g < n.
(d)2(a?) =0,

di_1d; (a?) =0, ¢ <n,

(didif +dif (d)a?=0,g<n-1,
(dr—1)w(di) () = 0.

Assume that 0 < ¢ <n —1.
ker d,j‘ N PI(M27)
d;f (Pa=1(M2m))

HIY(P*(M?™),dF) =

. . . ker(dp)i nPI(M>™)
Ha(PT O, (@05) = G 7 S i (a2



ker d_ N PI(M27)
k+1<Pq+1<M2n>>'

Hy(P*(M?™),d;)) =
Proposition Assume dim(M?2", w,0) > 2.
1. If [(k—1)0] #< 0 € HY(M?" R) then

HY(P*(M2™),d;") = HY(Q*(M?™), d},).
2. If [(k—1)8] =0 e HI(M?" R) then

HI(P*(M2"),diF) = HY(Q*(M?"), dg)
if [w] & 0 € H2(2*(M?2"), dp)

HI(P*(M?"),d;") = HL(Q*(M?"),dp) ® R



if [w] =0 e H2(QL*(M?™),dy).

Proposition Assume that 0 < k< n. If a €
PE(M21), then for all |

(d)E(a”)
n—k4+1
Hence Hy(P*(M?2"),d; ) = Hp(P*(M2"), (d))).

di (a*) =

Proposition Let (M2" w,0) be a compact
|.c.s manifold. Then

HE(P*(M2™), dit) = Hy(P*(M37), (d_j45—n)5)
forallland 0 < k<n-—1.



IIT T he relations between primitive coho-
mology and Lichnerowicz-Novikov coho-
mology

The spectral sequence {Ei:g,dm : Egzg —

ngr’q_ﬂrl}, r > 0, is associated to the fil-

tration (F*K},dy,).
Bl = PIP(M?™) if n>q>p

Eg’g — 0 otherwise .

B = HTP(P*(M?"),dj_ ) if 0 <p<qg<n—1,



if 0 <p<mn,

Ep,n B pn—p(MQn)
Sl Pt
k—p

Eg’({ — 0 otherwise .

. 1D»q p+1,q
Aigp1 - B, 1 = B

is defined for 0 <p <qg <n by
HIP(P*(M?™),d") — HETP=L(P*(M2™),d;" ),
[a] — [dl_&].

Corollary Assume that 1 < p < qg < n — 1.
Then EPY = gV 1



Theorem The spectral sequences EZ:;{ on
(M?2" w,0) and on (M?2", . 0") are isomor-
phic, if w and «’ are conformal equivalent.
Furthermore, the £ ;-terms of the spectral
sequences on (M, w,0) and (M, ', 0") are iso-
morphic, if ' = w-dyp for some p € QL(M2").

Theorem Assume that w = d;y7.

— —p—1
1. By = HTP(M2") @ HZP™(M2") for
O0<p<qg<n-—1

2. B/ =0,if1<p<qg<n-1.
3. If 0 < ¢ < m, then E¥ = HI(M2").



4. 1f 0 <p <n then B} , = HFTP(M>").

5. The spectral sequence {E7’?,d; .} stabili-
zes at the term Ej 5.

ker d; NQF(M2™)
dy(QF=1(M2n)) -

k .—
Cl =

Lemma For 0 <p<qg<n-—1 the following
sequences is exact

0 — (QI- D (A2 4,_1) & (QUti—P(M27), d)) —

NLP , pg+1
= (BT digp0) = O.



Y _
._>HCI p(MQn) Ef—If] . Pd Hlfl_l(p—l-l)(MQn) .

£> H q+1-— p(MQn) Ef_|_q+11 ...

Spn _
Eff 11 pyn=1 Hln_l(p+2)( p2ny B [L] -p _,

If moreover w = dq7 the following sequences
are exact

0 — Hq p(MQn) LY pp: N qu—_l(p+1>(M2n) -0,

l—|—1

1 — ) _
N Ep—|— q N qu p(M2n) 9 qu p(M2n) _

P,q q—(+1) 3 20y O
EH— 2 — H;_ 4 (M<™) =



For O <p<mn-—1 we have

n—p L] pn Opn pn—(p+1)
0— ¢ EH- 1_>Tl—1 — 0,

n— (p-l-l) _ 1 n (p-l-l) n+p+1
1" = ker[LPT1]: C — HPT

Theorem Assume that w! = dTp and 7' > 2.
Then the spectral sequence (EP4 dj,) stabi-

l,r>
lizes at terms El”TJrl.

The main idea is to find a short exact se-
quence, whose middle term is EZT, and mo-
reover, this short exact sequence is induced



from the trivial action of the operator L1 on
(a part of) complexes entering in the derived
exact couples.

Theorem Assume that (M2, w,0) is a com-
pact connected globally conformally symplec-
tic manifold. Then the spectral sequence
(E%jj,,‘?,dk,r) stabilizes at the EZ:Z—term.

The main idea: For symplectic manifolds
(M?" w) the term EPP, 0<p<1and k> 1,
is generated by wP, which acts on E,S’T injec-
tively, if p4+r < n.



IV Examples and historical backgrounds

e For 6 = 0O there is known construction
of coeffective cohomology groups (Bouche,
Fernandez, De Leon) which are dual to the
primitive cohomology groups (Tseng-Yau) via
the the symplectic star operators.

e [ hereis a compact 6-dimensional nilmani-
fold M® equipped with a family of symplectic
forms wy, t € [0,1], with varying cohomo-
logy classes [w;] € H2(M°,R). Fernandez at
all. showed that the coeffective cohomology



groups associated to wq and wo have diffe-
rent Betti number b4.

e [ he filtration on the symplectization of a
contact manifold gives rise to a filtration on
the contact manifold, which have been dis-
covered by Lychagin and Rumin.

e For compact Kahler manifolds the spec-
tral sequence converges at the term E;7,
hence there is no trivial primitive cohomo-

logy groups.



o If w = dyr all the primitive cohomology
groups are parts of the Lichnerowicz-Novikov
cohomology groups of M2",

e A generalization of the symplectization is
the notion of mapping torus of a contacto-
morphism, which has a l.c.s. structure. The
primitive cohomology of the associated |.c.s.

is a part of the associated Lichnerowicz-Novikov
cohomology.



V Open questions

e Understand the behaviour of the primitive
cohomology groups (and the whole spectral
sequences) under |.c.s. surgery.

e Investigate the associated cohomology

ker(d"' + d;) N PE(M2)

_|_
imd; | 1d;T 4 N Pk(M21)

+ ,—
since dj d; = 0 and dj (djt  +d; djy ;=
which |mplles that
im(d; qd;" 1) C kerd;™nd;” = ker(dj" +d;").

PHF =




e And more cohomology to play with (see
Tseng-Yau: Cohomology and Hodge T heory
on Symplectic Manifolds, I, IT arXiv:0909.5418,
arXiv:1011.1250.)

e IS it possible to use this technique to di-
stinguish the L.C.K. manifolds among |I.c.s.
manifolds?

e Applications for coistropic and Lagrangian
submanifolds.

e Develop the elliptic cohomology theory for
|.c.s. manifolds.
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