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Skoda's division theorem is an analogue of Hilbert's Nullstellensatz,
but the remarkable feature of effectiveness makes it very powerful.

This theorem has many important applications in complex
differential geometry and algebraic geometry, including deformation
invariance of plurigenera and effective versions of the

Nullstellensatz.

The statement of Skoda's theorem is the following:
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Let © be a pseudoconvex domain in C", ¢ € PSH(Q) ,
g1, ,gr € O(Q), then for every f € O(Q) with

/ |F2|g| et et =YV < oo,
Q

there exist holomorphic functions hq,--- , h, € O(Q) such that

f=3_gihionQ
and

[ Pl 9ebay < TEE [ ppjgp-2taseevevay
Q € Q

where|g|® = 3, 1gi|*, |h]> = 32; [hil* , ¢ = min{n,r — 1} and
e > 0 is a constant.
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This theorem was generalized by Skoda and Demailly to (generic)
surjective homomorphisms between holomorphic vector bundles by
solving 0-equations.

We will talk about how to establish division theorem for general
holomorphic homomorphisms.

We establish division theorems for the homomorphisms in an exact
sequence of holomorphic vector bundles (among which the last one
is surjective).

We consider a complex of holomorphic vector bundles over M,
E2E ZE" (x
ie. ® € I'(M,Hom(E, E")),¥ € I'(M,Hom(E', E")) such that

Wod=0.E E,E" are assumed to be endowed with Hermitian
structures.
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We define for any z € M
E(x) = min{((T*¥ + ®D*), §)[€ € B, [¢] =1}

where ®*, U* are the adjoint of ® and W respectively w.r.t. the
given Hermitian structures.

It is easy to see that the above complex is exact at x € M if and
only if £(z) > 0.

When the complex (*) is exact, ®*(U*¥ + ¢®*) ke is a

smooth lifting of ®, So it is possible to establish division theorems
by solving a coupled system consisting of

0g = 0[®*(U* W + ¢®*)~1 f] and g =0

where f € I'(E') satisfying U f = 0.
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If g is a solution of this system, then

h &% (U + %) "' f — g € T(E) and ®h = /.

In the special case where ® is surjective and E'is equipped with
the quotient Hermitian structure then ¥ = 0, ®®* = Id, and
the above system reduces to

g = 9(®*f)

on the subbundle Ker®.
The difficulty of this method for our case is that Ker® is no longer
a subbundle of F, so it amounts to solving 0-equations for

solutions valued in a subsheaf, it seems that it is not easy to give
sufficient conditions for the solvability of this system.
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Main Results
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Theorem 1. Let (M, w) be a Kihler manifold and let E,E', E"
be Hermitian holomorphic vector bundles over M, L a Hermitian
line bundle over M. All the Hermitian structures may have
singularities in a subvariety Z & M and ®~1(0) C Z. Suppose
that (*) is generically exact over M, M \ Z is weakly
pseudoconvex and that the following conditions hold on M \ Z:

1. E>, 0m>min{n—k+1,7},1 <k <mn

2. the curvature of Hom(E, E') satisfies

(F)Ig%m(EE )<I>, ®) <0 for every X € THOM;

3. the curvature of L satisfies
V—1(sc(L) — 80s — 7710s A Os) > /—1q(s + §)DD¢p.

Then for every d-closed (n,k — 1)-form f which is valued in
L®E with Uf =0 and |f] o+ < 400, there exists a
(

c+8)cE—|®|22

O-closed (n, k — 1)-form h valued in L ® E such that ®h = f and

h < .
I, < IRl
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In the above statement,

q= mz\xx rankBg, ¢ = log ||®]|,0 <¢,7 € C°*°(M) and § is a
M\Z

measurable function on M satisfying £(s + ) > ||®||%.
Bg is the second fundamental form of the holomorphic line bundle
Spanc{®} in Hom(E, E').
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A Hermitian holomorphic vector bundle (E, h) is said to be
m-tensor semi-positive(semi-negative) if the curvature F' (of Chern
connection ) satisfies v/—1F(n,n) > 0(< 0) for every

n= nai% ®e; € TH'M ® E with rank(n,;) < m where

21, , zn are holomorphic coordinates of M, {e1,--- ,e,} is a
holomorphic frame of E and m is a positive integer. In this case,
we write E >, 0(FE <, 0).

Let £ be a holomorphic vector bundle over M, Z ; M be a

subvariety, and h be a Hermitian structure on E|;/\ z. If for each

z € Z, there exist a neighborhood U of z, a smooth frame

{e1, -+ ,er} over U and some constant x > 0 such that the matrix
hz(w) — K}(Sij] is semi-positive for every w € U \ Z where

hz = h(e;,e;) and d;; is the Kronecker delta, then we call i a

singular Hermitian structure on E which has singularities in Z.
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The curvature of the Chern connection of a Hermitian holomorphic
vector bundle is said to be semi-negative in the sense of
Griffiths(Nakano) if and only if it is 1-tensor(min{n, r }-tensor)
semi-negative.

Hence a sufficient condition for (F;I%m(E’E )CID, ®) <0 is given
by(since we always assume E >, 0 for some positive integer m):
E' is semi-negative in the sense of Griffiths.
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Theorem 1 applied to
¢ =1,7 = constant > 0, and § = |®|2£~L,

we obtain the following corollary
Corollary1l. If the condition 3 in theorem 2 is replaced by

V=1¢(L) > V—=1q(|®2€~ + 1)dde,

then for every O-closed (n, k — 1)-form f which is valued in L ® E
with

Uf =0 and |l csiare < +00
£2

there is a d-closed (n,k — 1)-form h valued in L ® E such that
®h = f and the following estimate holds

1Bl < 11l o2 -
£2
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Let M be a complex manifold and E be a holomorphic vector
bundle of rank r over M. The Koszul complex associated to a
section s € I'(E*) is defined as follows

dy_
0 — detE &5 AT LE Hl---dﬂlOMﬂO

where the boundary operators are given by the interior product
dp=51,1<p<r.
It gives a complex since we have d;,_1o0d, =0 for 1 <p <r.

We will apply theorem 1 to
® = s, € I'(M,Hom(APE, AP7LE).
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We can show by direct computation that

Hom (AP E,AP~1E) . r E*
(i v0)= (7 )(FEs)

where X € T2°M, 2 € M, which implies that the condition 2 in
theorem 1 holds as soon as E is assumed to be semi-positive in the

sense of Griffiths.

In the case of Koszul complex, we have the following division
theorem:
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Theorem 2. Let (M, w) be a Kiler manifold and let E be a
Hermitian holomorphic vector bundle over M, L a line bundle over
M, s € I'(E*). All the Hermitian structures may have singularities
in a subvariety Z & M . Assume that s~1(0) C Z, and that M \ Z
is weakly pseudoconvex and that the following conditions hold on
M\ Z:

1. E>,0m>min{n—k+1,r—p+1}

2. the curvature of L satisfies

V—1(se(L) — 80s — 77105 A Os) > /—1q(s + §)0Dp.

Then for any d-closed (n,k — 1)-form f which is valued in
L@ANPE ifd,_1f =0 and | f] c+s < +00 there is at least one
so|s|

O-closed (n, k — 1)-form h valued in L @ APE such that dyh = f
and the following estimate holds

bl < :
1Al 2 = 11| g,
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In the above statement,1 <p <r,p=log|s|,1 <k <n,1 <p<
n,q = min{n,r — 1},n = dim¢ M, r = rankcF,
0<g,7€C>®(M) and ¢ > 0 is a measurable function on M.

Similar to corollary 1, we have the following result
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Corollary 2. Let (M,w) be a Kahler manifold and let E be a
Hermitian holomorphic vector bundle over M, L a line bundle over
M, s € I'(E*). All the Hermitian structures may have singularities
in a subvariety Z & M . Assume that s7'(0) C Z, and that M \ Z
is weakly pseudoconvex and the following conditions hold on
M\ Z:

1. E>,0m>min{n—k+1,r —p+1};

2. the curvature of L satisfies \/—1c(L) > v/—1q(1 + €)90¢.

Then for any d-closed (n, k — 1)-form f valued in L ® AP~LE, if
dp—1f =0 and [|f[[j5-2 < +oc there is at least one 0O-closed
(n,k — 1)-form h valued in L ® APE such that d,h = f and the
following estimate holds

1+¢
€

In]* <

2
112

where 1 <p<r1<k<n,p=Ilog|s* ¢=min{n,r—1},n=
dimc M, r = rankcE and ¢ is a positive constant.
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Now we discuss the special case of Koszul complex over a domain
Qccn.

Let g1---, g € O(Q), the Koszul complex associated to
g=(g91--,9:) is given by

0 — ATO%T & ATl 5t B nper b g

where the boundary operators are defined by d, = g1,1 <p <.
It is easy to see that for every

h = (hil...ip)?[l,,,ip:l € L(Q,APO®")(i.e. hij..i, € O(Q) and hy, ...i,
is skew symmetric in iy, - - ,4,),we have

dph = (fireip-1 )i, =1€ T(QAPTTO®T) with

Jirip_y = E Gohwiy iy -

1<v<r
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By introducing the singular Hermitian structure
1
(s lgil)a+ev

on the trivial line bundle, we get the following division theorem:

Corollary3. Let 2 C C" be a pseudoconvex
domain,g; - -+, gr € O(2),¢ € PSH(Q) and £ > 0 a constant,
then for every global section (fi,...;,_,);,..;, =1 € T'(£2, AELOET

(1 <¢<r)satisfying > gufvij-i,, =0 and
1<v<r

[ 1f2lg e e evay < oo
Q
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there exists at least one (h;..4,);,..;,—1 € T'(€, AOE") such that

fil-"i4—1 = Z thVil"'ie—lv

1<v<r

and
Joy |R[2]g| 200+ =y < M [ | f[2|g|-2atas+D =gy,

2 2 2 2
where |g|" =" 1ail, B = o i,

i1 <<ty

2 .
‘f|2 = Z ’fil'“ig_l‘ y 4 = mln{naT - 1}

i1 < <dg_q
Particularly, if |g| # 0 holds on € then the Koszul complex induces
an exact sequence on global sections.

The special case of p = 1 recovers Skoda's division theorem.
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Let Q2 be a domain in C", and ® be a ¢ x p matrix of holomorphic
functions on Q,p > q. We denote by 6;,...;, the ¢ x ¢ minors of ®,
i.e.

Dy o Py,
(51'1..,1'11 = det el )
Dgin 0 g,

where 1 <41 <ig < --- < iy < p. There are (7;) distinct minors of
order q.
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In complex Euclidean spaces, we also have the following division
theorem.

Corollary 4.Let vy € PSH(Q2), f € O1(Q), if Q C C" is
pseudoconvex and there exists a constant « > 1 such that

Vi —
d
/Q (X |5il_”iq|2)ﬁe V < 40,

i1 < <ig

where 5 = min{n, (2) — 1} - a+ 1. Then there is at least one
h € OP(Q2) which solves the equations ®h = f.
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The Case e =0
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The technique of Skoda triple which was introduced by Varolin.

Definition A Skoda triple (¢, F, q) consists of a positive integer ¢
and C? functions ¢ : (1,00) — R, F : (1,00) — R such that

x4 F(z) > 0,[z+ F(z)¢ (z) + F () +1>0

and ., .,
[+ F(z)]p (x)+ F () <0

hold for every x > 1.

It is easy to see that (elogz,0,q) is a Skoda triple where ¢ is a
positive constant and ¢ is a positive integer.

The notion of Skoda triple is quite useful to produce examples of
division theorems.
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Theorem 3 Let €2 C C" be a pseudoconvex domain,
g9 € O(Q)(1 <i<p), v € PSH(RN). We assume that

llgll <1 holds on €.
For every f € A“1O(Q)%P, if
g+f =0

and
/ww Sl bay < o,

then there exists an u € A\° O(Q)@p such that tyu = f and

|
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In the above statement,

peN,1<L<pE=1-1log|gl?

a=¢+ Fok,
po W oEFF ofHl gy Aoe
qal
_ ()2
Alz) = (1+F (2)

F'(z) + (z + F(2))¢" (z)’
(, F,q) is a Skoda triple and

_Jmin{p — 1,n}, (=1;
1= min{p — ¢+ 1,n}, £>2.
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For the Skoda triple (¢logz,0,q), we have
Corollary 5 Let 2 C C™ be a pseudoconvex domain,
g9i € O(Q)(1 <i<p), » € PSH(N). We assume that

llgll <1 holds on .

For every f € A“1O(Q)®?, if 1,f = 0 and

—log|lg|I?)® _
2 e ¥
e av <

then there exists some u € A“O(Q)®? such that 1 u = f and

/HU||2( og llg|I*) e ¥ < qu8+/ ”fHQMeiw
Q

g1l g2+

where p € N, 1 < /¢ < p, € > o is a constant and q is the constant
in the previous theorem.
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In the case ¢ = 1, we see that under the assumption that ||g|| < 1
on {2, the integrability condition in corollary 5 is weaker than that
in Skoda's division theorem.

We know by definition that (0, —%6*5(“1), q) is another example
of Skoda triples where ¢ is a positive constant and ¢ is the
constant as above. Our previous theorem applied to the Skoda

triple (0, —%es(x_l), q) gives the following result.
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Corollary 6 Let 2 C C™ be a pseudoconvex domain,
i € O(Q)(1 <i<p), » € PSH(N). We assume that

llgll < 1 holds on .

For every f € A" 1O(Q)®P, if guf = 0 and
[ 191Plgl 2+ Vevav < o,
Q

then there exists some u € A‘O(Q)®? such that 1,u = f and

[ 1uPlglPeee < 0, [ 7iPlgl-2eesves

where p € N1 < ¢ < p, € and C; are both positive constants(C. is
determined by £) and ¢ is the constant as above.
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Basic Estimates
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The Basic Estimate 1 Let (M,w) be a Kahler manifold, and let
FE be a Hermitian holomorphic vector bundle over M, L a
Hermitian holomorphic line bundle over M. The Hermitian
structures of these bundles may have singularity along ®~*(0) and
Q€ M\ ®1(0) is a pseudoconvex domain with smooth boundary.
Assume that the following conditions hold on € :

1. E>n 0m>min{n—k+1,7},1 <k <mn

2. the curvature of Hom(FE, E') satisfies

(Fg%m(EE 3 ®) <0 for every X € THOM;
3. the curvature of L satisfies

V—1(se(L) — 89s — 77105 A Fs) > /—1q(s + §)0p.

Then the following estimate
— 12 — 9
O 20%y + 0 H Fol2 > [[ull? i
Jiorterus Tl 1Bl 2 G s
holds for every d-closed u € A™*~1(Q, L ® E) satisfying
|®*ul? > \|®|?|ul? a.e.(w.r.t.dV,,) on Q
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and every v € A™*(Q, L ® E) NDom(d"), where ¢(L) denotes the
Chern form, ¢ = max rankBg, ¢ = log |®|?, 0 < ¢ € C®(Q) and

A, 0, 7 are measurable functions on 2 satisfying A\, 7 > 0,¢+4d > 0.
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The Basic Estimate 2 Let €2 be a bounded pseudoconvex

domain with smooth boundary and g; € O(Q)NC*(Q)(1 <i < p)
without common zeros on Q.Let 1,2 € C%(Q), 0 < a € C%(Q)
and 1 < b,0 < A be measurable functions on 2. Assume that

w2 = 1 + log|lg|?,

4000501 — Ba0za — X~ 0aadza > qlabdady log [|g||”.
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Then for any h € A\“' O(Q)®? satisfying

Z gl/hl/’il“"ip_l =0

1<v<r

and any v € Domd};, C /\EL(%J(Q, ©1)%P satisfying v = 0, we
have

- i b—1
||\/a+)\||gg||2/\h+\/a—i—/\8[;1vHil 2/(b)a||h|]2e“’2dv.
Q
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