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1 Introduction

Definition 1.1. A Riemannian manifold M is said to carry a metric of positive
scalar curvature RM if

RM ≥ 0 and RM(p) > 0 at some point p ∈M.

2

Denote by RM > 0 if M carries a metric of positive scalar curvature (p.s.c.).

Question: Which compact manifolds admit Riemannian metrics of p.s.c.?

http://192.9.200.1
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Theorem (A. Lichnerowicz, 1963) For a Rie. manifold X4k, which is com-
pact and Spin

RX > 0 =⇒ Â(X) = 0.

2

Remark For example: CP 2k is not Spin, but Â(CP 2k) = (−1)k2−4k
(
2k
k

)
6= 0.

Theorem (N. Hitchin, 1974) There is a ring homomorphism

α : Ωspin
∗ −→ KO−n(pt)

α = Â if dim = 4k. For X compact spin, RX > 0 ⇒ α(X) = 0. 2

For example There exist 8k + 1 and 8k + 2 dimensional exotic spheres with
α 6= 0. Thus, these exotic spheres admit no metrics of p.s.c.

http://192.9.200.1


Introduction of Rie. . . .

Gromov-Lawson theory

The “double” manifold . . .

Home Page

Title Page

JJ II

J I

Page 4 of 21

Go Back

Full Screen

Close

Quit

Theorem
(Gromov-Lawson, [Ann. of Math. 1980];
Schoen-Yau, [Manuscripta Math. 1979])

Let M be a manifold obtained from a compact Riemannian manifold N by
surgeries of codim ≥ 3. Then

RN > 0 =⇒ RM > 0.

2
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2 Gromov-Lawson theory around a point
Let X be a Rie. manifold of dimension n with RX > 0. Fix p ∈ X with
RX(p) > 0. Dn:= {x ∈ Xn : |x| ≤ r}: a small normal ball centered at p.

Consider a hypersurface of Dn × R:

Mn := {(x, t) ∈ Dn × R : (|x|, t) ∈ γ}

where |x| = dist(x, p), and γ is a curve in the (r, t)-plane as pictured below:

N : the unit exterior normal vector of M . The curve γ begins with a vertical
line segment t = 0, r1 ≤ r ≤ r̄, and ends with a horizontal line segment
r = r∞ > 0, with r∞ small enough.

http://192.9.200.1
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Fix q = (x, t) ∈M corresponding to (r, t) ∈ γ.

orthonormal basis on TqM ←→ principal curvatures of M

e1, e2, ..., en−1, en ←→ λ1, λ2, ..., λn−1︸ ︷︷ ︸
=(−1

r+O(r))sinθ

, λn := k.

where en is the tangent vector to γ, k ≥ 0 is the curvature of the plane curve γ.

By Gauss equuation:
KM

ij = KD×R
ij + λiλj,

Since D × R has the product metric,

KD×R
ij = KD

ij , 1 ≤ i, j ≤ n− 1

KD×R
n,j = KD

∂
∂r ,j

cos2θ,

=⇒ RM = RD − 2RicD(
∂

∂r
,

∂

∂r
)sin2θ + (n− 1)(n− 2)(

1

r2 + O(1))sin2θ

+2(n− 1)(−1

r
+ O(r))ksinθ

http://192.9.200.1
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3 The “double” manifold on isoparamet-
ric foliation
Assumptions: Xn (n ≥ 3) compact, connected, ∂X = ∅.
Y n−1: a compact, connected embedding hypersurface in X ,
with trivial normal bundle (⇒ ∃ a unit normal vector field ξ on Y ),
and π0(X − Y ) 6= 0 (⇒ Y n−1 separates Xn into two components, Xn

+, Xn
−).

ξ on Y  a unit normal v.f. in a neighborhood of Y, still denoted by ξ.

D(X±):= the double of X±, the manifold obtained by gluing X± with itself
along the boundary Y .

http://192.9.200.1
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Define a continuous function r : Xn −→ R

x 7→
{

dist(x, Y ) if x ∈ X+
−dist(x, Y ) if x ∈ X−

where dist(x, Y ) is the distance from x to the hypersurface Y .

Let Yr := {x ∈ X|r(x) = r}, r > 0 small. Consider a manifold

Mn := {(x, t) ∈ Xn × R | (|r(x)|, t) ∈ γ, |r(x)| ≤ r̄}
where γ is the plane curve as before.

Fix q = (x, t) ∈M ∩ (X+ × R), corresponding to (r, t) ∈ γ (r > 0).

Choose an o.n. basis e1, e2, ..., en−1 on TxYr such that

Aξei = µiei for i = 1, ..., n− 1,

where Aξ is the shape operator of the hypersurface Yr in X .
Principal curvatures of M in X+ × R:

λi = µisinθ for i = 1, ..., n− 1, where sinθ := 〈N, ξ〉
λn := k.

http://192.9.200.1
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We obtain:

RM =
k∑

i6=j

KM
ij = RX + 2Asin2θ + 2kH(r)sinθ (1)

where

A :=
∑

i<j≤n−1

µiµj −RicX(ξ, ξ), H(r) =
n−1∑
i=1

µi(r) : mean curvature of Yr.

Gromov and Lawson computed the scalar curvature of M constructed from
a submanifold with trivial normal bundle. Their formula is expressed in form
of estimate, losing a factor 2 and one item related to the second fundamental
form of the submanifold. But this mistake would result in the missing of the
item H(r) in our formula (1), which is essential for our research.

Rosenberg and Stolz [Ann. Math. Studies, 2001] modified Gromov-
Lawson’s expression, but they also lost the second fundamental form.

http://192.9.200.1
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From now on, we deal with Xn = Sn(1), and Y n−1 is a minimal isoparamet-
ric hypersurface in Sn(1), i.e., minimal hypersurface with constant principal
curvatures, separating Sn into Sn

+ ( r ≥ 0) and Sn
− (r ≤ 0).

Gauss equation implies

S = (n− 1)(n− 2)−RY

where S is norm square of the second fundamental form.

Peng and Terng:([Annals of Math. Studies, 1983])

If Y is a minimal isoparametric hypersurface in Sn, then

S = (g − 1)(n− 1),

where g is the number of distinct principal curvatures of Y .

Therefore, RY ≥ 0, and

RN = 0 ⇐⇒ (m+, m−) = (1, 1).

http://192.9.200.1
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Theorem 3.1 Let Y n−1 be a minimal isoparametric hypersurface in Sn(1),
n ≥ 3. Then each of doubles D(Sn

+) and D(Sn
−) has a metric of positive

scalar curvature. Moreover, there is still an isoparametric foliation in D(Sn
+)

(or D(Sn
−)). 2

Outline of proof. The scalar curvature of M restricted to Yr is

RM |Yr
= n(n−1)cos2θ +(n− g−1)(n−1)sin2θ +a(r)sin2θ +2kH(r)sinθ,

where H(r) has the property that

H(0) = 0 and H(r) > 0 for any r > 0,

and a(r) satisfies
lim
r→0

a(r) = 0

In fact, a(r) is identically 0 when n− 1− g = 0.

In each of two cases n − 1 − g > 0 and n − 1 − g = 0, we can control the
“bending angle” of the curve γ, so that RM |Yr

> 0.

http://192.9.200.1
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Let Y be a compact minimal isoparametric hypersurface in Sn with focal sub-
manifolds M+ and M−.

Proposition 3.2 Let the ring of coefficient R = Z if M+ and M− are both
orientable and R = Z2, otherwise. Then for the cohomology groups, we have
isomorphisms:

H0(D(Sn
+)) ∼= R

H1(D(Sn
+)) ∼= H1(M+)

Hq(D(Sn
+)) ∼= Hq−1(M−)⊕Hq(M+) for 2 ≤ q ≤ n− 2

Hn−1(D(Sn
+)) ∼= Hn−2(M−)

Hn(D(Sn
+)) ∼= R

For D(Sn
−), similar identities hold. 2

http://192.9.200.1
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Proposition 3.3 D(Sn
+) is a π-manifold, i.e. stably parallelizable manifold. In

particular, D(Sn
+) is an orientable, spin manifold with all the Stiefel-Whitney

and Pontrjagin classes vanishing.

Corollary 3.4 The KO-numbers α(D(Sn
+)) = 0, α(D(Sn

−)) = 0.

Proof of Prop 3.3.

Bm++1 ↪→ Sn
+ = B(ν+)

↓ π

M+

Since Sn
+ has a metric, we can define

Bn
1 tid Bn

2 −→ S(ν+ ⊕ 1)

e 7−→
{

(e,
√

1− |e|2) for e ∈ Bn
1

(e,−
√

1− |e|2) for e ∈ Bn
2

where Bn
1 , Bn

2 are two copies of Sn
+ = B(ν+).

Thus D(Sn
+) ∼= S(ν+ ⊕ 1), sphere bundle of Whitney sum ν+ ⊕ 1.

=⇒ T (S(ν+ ⊕ 1))⊕ 1 ∼= π∗TM+ ⊕ π∗(ν+ ⊕ 1) ∼= π∗TSn ⊕ 1 ∼= (n+1)

=⇒ D(Sn
+) is stably parallelizable, i.e., a π-manifold.

http://192.9.200.1
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For isoparametric hypersurfaces in Sn(1),

Münzner: g can only be 1, 2, 3, 4 or 6.

g=1, an isoparametric hypersurface must be a hypersphere, D(Sn
+) = Sn.

g=2, an isoparametric hypersurface must be Sk(r)× Sn−k−1(s), r2 + s2 = 1,
D(Sn

+) = Sk × Sn−k or Sk+1 × Sn−k−1.

g=3, all the isoparametric hypersurfaces are homogeneous. (E.Cartan, 1930’s)

g=4, except for the unknown case (m+, m−)=(7, 8), all isoparametric hypersur-
faces are either of OT-FKM-type or homogeneous.

([CCJ, Ann. Math.2007], [Q.S.Chi, preprint, 2011])

g=6, all the isoparametric hypersurfaces are homogeneous.
([Dorfmeister and Neher, 1983], [R.Miyaoka, preprint,2009])

http://192.9.200.1
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Homogeneous hypersurfaces in Sn(1): principal orbits of the isotropy repre-
sentation of symmetric spaces of rank two, classified completely by Hsiang
and Lawson ([J. Diff. Geom. 1971]).

G: compact Lie group.
G× Sn → Sn : cohomogeneity one action. Sn/G = [−1, 1].

orbits Y, M± ←→ isotropy subgroups K0, K±.

By the group actions

K± × (G×B
m++1
± ) −→ G×B

m++1
±

(k, g, x) 7−→ (gk−1, k • x)

we obtain a decomposition

Sn = G×K+
B

m++1
+ ∪Y G×K− B

m−+1
− ,

where B
m±+1
± denote the normal disc to the orbit M± = G/K±, and • is a slice

representation.

http://192.9.200.1
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Next, by defining a new action of the isotropy subgroup K+ on G× Sm++1

K+ × (G× Sm++1) −→ G× Sm++1

(k, g, (x, t)) 7−→ (gk−1, k ? (x, t) := (k • x, t))

we have a diffeomorphism

D(Sn
+) = G×K+

Bm++1 ∪Y G×K+
Bm++1 = G× Sm++1/K+.

http://192.9.200.1
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g (m+,m−) (U, K) K0 K+ K−

1 n− 1 (S1 × SO(n + 1), SO(n)) SO(n− 1) SO(n) SO(n)
n ≥ 2

2 (p, q) (SO(p + 2)× SO(q + 2), SO(p)× SO(q) SO(p + 1)× SO(q) SO(p)× SO(q + 1)
SO(p + 1)× SO(q + 1))
p, q ≥ 1

3 (1, 1) (SU(3), SO(3)) Z2 + Z2 S(O(2)×O(1)) S(O(1)×O(2))
3 (2, 2) (SU(3)× SU(3), SU(3)) T 2 S(U(2)× U(1)) S(U(1)× U(2))
3 (4, 4) (SU(6), Sp(3)) Sp(1)3 Sp(2)× Sp(1) Sp(2)× Sp(1)
3 (8, 8) (E6, F4) Spin(8) Spin(9) Spin(9)
4 (2, 2) (SO(5)× SO(5), SO(5)) T 2 SO(2)× SO(3) U(2)
4 (4, 5) (SO(10), U(5)) SU(2)2 × U(1) Sp(2)× U(1) SU(2)× U(3)
4 (6, 9) (E6, T · Spin(10)) U(1) · Spin(6) U(1) · Spin(7) S1 · SU(5)
4 (1, m-2) (SO(m + 2), SO(m)× SO(2)) SO(m− 2)× Z2 SO(m− 2)× SO(2) O(m− 1)

m ≥ 3
4 (2, 2m-3) (SU(m + 2), S(U(m)× U(2))) S(U(m− 2)× T 2) S(U(m− 2)× U(2)) S(U(m− 1)× T 2)

m ≥ 3
4 (4, 4m-5) (Sp(m + 2), Sp(m)× Sp(2)) Sp(m− 2)× Sp(1)2 Sp(m− 2)× Sp(2) Sp(m− 1)× Sp(1)2

m ≥ 2
6 (1, 1) (G2, SO(4)) Z2 + Z2 O(2) O(2)
6 (2, 2) (G2 ×G2, G2) T 2 U(2) U(2)

(cf. [H.Ma and H.Ohnita, Math. Z., 2009])

http://192.9.200.1
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Example: (g,m+, m−) = (3, 1, 1).
Cartan: the isoparametric hypersurface must be a tube of constant radius over
a standard Veronese embedding of RP 2 into S4.

ν: the normal bundle of RP 2 ↪→ S4, so TRP 2 ⊕ ν = 4.

η: Hopf line bundle over RP 2.

TRP 2 ⊕ 1 = 3η

=⇒ 3η ⊕ ν = TRP 2 ⊕ 1⊕ ν = 5
=⇒ 4η ⊕ ν = 5⊕ η.

Since 4η = 4, by obstruction theory, we have ν ⊕ 1 = η ⊕ 2.

Thus D(S4
+) = S(ν+ ⊕ 1) = S(η ⊕ 2), furthermore,

D(S4
+) ∼= S2 × S2/(x, y1, y2, y3) ∼ (−x,−y1, y2, y3),

where x ∈ S2, (y1, y2, y3) ∈ S2.

On the other hand, the Grassmannian manifold is represented by

G2(R4) ∼= S2 × S2/(x, y) ∼ (−x,−y).

By calculation, we see G2(R4) is not spin, while as mentioned before, D(S4
+)

is spin!

http://192.9.200.1
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When g = 4, the OT-FKM-type isoparametric hypersurfaces are level hyper-
surfaces of the following isoparametric functions restricted on S2l−1:

F : R2l → R

F (z) = |z|4 − 2
m∑

k=0

〈Pkz, z〉2,

where {P0, · · · , Pm} is a symmetric Clifford system on R2l.

Multiplicities : (m, l-m-1, m, l-m-1).

Focal submanifolds M+ := (F |S2l−1)−1(1), M− := (F |S2l−1)−1(−1).

Since M+ has a trivial normal bundle in S2l−1, we just consider M−.

http://192.9.200.1


Introduction of Rie. . . .

Gromov-Lawson theory

The “double” manifold . . .

Home Page

Title Page

JJ II

J I

Page 20 of 21

Go Back

Full Screen

Close

Quit

If m 6≡ 0 (mod 4), F is determined by m and l up to a rigid motion of S2l−1;

If m ≡ 0 mod 4, there are inequivalent representations of the Clifford alge-
bra on Rl parameterized by an integer q, the index of the representation. (cf.
[Q.M.Wang, J. Diff. Geom. 1988])

In fact,
tr(P0P1 · · ·Pm) = 2qδ(m),

where δ(m) is the dimension of the irreducible Clifford algebra Cm−1-modules.

Denote by M−(m, l, q) the corresponding focal submanifold.

For the topology on D(S2l−1
− ), we have:

Theorem 3.5 Given an odd prime p, for any q1, q2, if q1 6≡ ±q2 (mod p), then
D(Sn

−)(m, l, q1) and D(Sn
−)(m, l, q2) have different homotopy types.

Outline of proof. By Pontrjagin class, Wu square modular Zp, Thom isomor-
phism as well as Gysin sequence.

http://192.9.200.1
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Thank you!
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