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Zi85, EH1EETEZA T TEBICOWTORAHIOENX (3, 4] ZH\E T LT, #Hix
53 a—7— 3 VHDONEEBDOMICK DL DEXZES LMW TE S,
FE2meEm'ZQDIa—7—3Ed 5%, &L ice quiver i, (Q") & pm/(Q")
A frozen isomorphic THIUE. Z,, = Zpw TH 50
EH 21X, ¢ RO A 2 BENOHEZ /MR 2 HiEZ2 52 %,

BE XK

[1] Akishi Kato and Yuji Terashima. Quantum dilogarithms and partition g-series. Commu-
nications in Mathematical Physics, 338(1):457-481, 2015.

[2] Akishi Kato, Yuma Mizuno, and Yuji Terashima. Quiver mutation sequences and g-
binomial identities. preprint, arXiv:1611.05969.

[3] Bernhard Keller. Cluster algebras and derived categories. In Derived categories in alge-
braic geometry, EMS Ser. Congr. Rep., pages 123—-183. Eur. Math. Soc., Ziirich, 2012.

[4] Kentaro Nagao. Quantum dilogarithm identities. In Infinite analysis 2010—Developments
in quantum integrable systems, RIMS Kokytroku Bessatsu, B28, pages 165-170. Res. Inst.
Math. Sci. (RIMS), Kyoto, 2011.



Higher level Fock spaces and affine Yangian

INSF FRST (RERR T R BB AR 5ERt)

1. 7774V VFxT7Y

AR Cartan fTHNIZAHET 5 Y > ¥ 7 1%, Drinfeld i K> TEAINZEFHTDH
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BEBRIIZEONT 774 VY UFTUTHE. HLT 771V ARDEGEIZ235
A—=RERL, ZOEEOERBFKRANILGuay [GlIZX 5.
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2. &L X)L Fock 224
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MR e LT L~V LERBEZEBLTWS. 5T, &L )b Fock 22l % Schur-Weyl
BOMEIZ & > CHEBERZ Z 2R TERVWE WS 2 2EELTHEL.
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B, BT EMEECIER<RoTLES, 22T
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EBLIZETMIZTANE=M_ 1 =0C My C M C - ZiED, (T HXEAE
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3. TEHE

EH 3.1 ([Naol6, Theorem 3.1]). KRINEEDH W4 (ay), ..., W' (a,) IR U, BAR
ZIRETS B,
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(i) Wit (a) © - @ Wir'(a,) 1, Bf5 D 24 R R 2 WIS ERE NB— e
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ZDEE, glt]hiFEE UL ToE
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DBELO LD, 727U e=ai(l) BTz,

IRE (1), (i) 1&, €ERICHIN D MR- 2 @R T 272 OICBERINETH D, £
7= (i) IFARE R E TlER», EBRBERRERIC LD, LOEEN ST RYE 2,
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On the eigenfunctions
for the multi-species g-Boson system

il 2% (RBERFEREEER)

MBI T, GLEIDT 7 4 v~y T RBUZNR S A= R EBRIMUERE2E 2, TORBEM->T, 7
MO ERBRETH D ¢- RV V% 2] DR AR EMK L2, ZOMRIETIE, ~y rREBOERZ -
THERIERZOEGREEE BRICESLZ LN TE S, SROMETIX, 20X 512U TRES Wz FEAREK
W, BV R ZOERBEL > TRIND Z ZITOVWTHRRD [4].

BUF, R A=R0<q<1l, EOEKr 2FET 5. X [3 CEHBINLRN T ¢- RV VREIE,
1,2,...,rOWTNADESDDOWEARMED RV VRT3, 1R T T Z &% 8 < RN~ oL a2 75k
BHTH 2. IREHOHBRIIIRTEDS. HEV1 MRS 1 20K FH -1 F B HEBOAIZ b 1G
5. B/5,.. ., rORTHREENTENM,... . m lMHDZYA SIS, FH5bORTHEHBEE

1— g%me
1—q? q
TEDS. ZOWB TEESORTOMBIIRIEENS. 22T, BSa DR FOMEBZE k(a=1,...,1),
EEORFOMBE L =3"_ ko 2 U, AT ky,... k(> 1) 2EET 3.
KT O ESARDRTHEAEZ, LR TEDDIER S, b (Lo TEHRT S, 9

23 b1 Mp

Lf ={Z=(z1,....,2) € Z" |21 > -+ > a1},
Iy = {7 = (1, om) € {1} [ #{i 1y = a} = ko (1 <Va < 1)}
LD, TUT, KOS, BIRTED S,

Sky.oky = {(T,7) € L X Iiy g, | For any 1 <i <k, if z; = x4 then v; <wiyq.}
ZDEE, Sk, DEFR(Z,D)ITHU, YA bay,. 2 TENTENREF v, ..,y ORITRELS 2 LT,
KMEOR T OEENE LS. ZOMBIZED Sk, k. ZEFERT ¢- R YV ROIRAEEH & BT

B 8y, k, LOERBUHBEBRERO R THEE R F(Sk,..1,) £ T 5. RE(Z,0) 25 (7, i) ~DOHR
EE (707, i) CRT. TOLE, F(Sy,. 1) OB &
(Hh)(Z,V) = > (@, 71y, i) {h(¥, i) — h(Z, 7)} (h € F(8ky,...k.))

(G,0)ESky,... Ky
(7,0)#(Z,D)

TED, ZIEh T ¢- R Y VRO A FAEHF (backward generator) & FEZ.
RV VREB %, WOBMRNZ 72T HERIC By, B, ¢ N (1 <a<r) 2R LTEHT .

" Ba=q ' Bad™, VB =aBid™, BuBi=1-¢N, BiB.=1-¢""

U, REDRTFED DEMITIETHE §5. BDOFock&ZHTF =P Clmi,...,my) &XTD

mi,..myp>0

B F* = @mlwmrzo C{my,...,m,| %
aVelma, . ome) = @M ma, . my),  Bilma, .. me) = ma, . ma F 1, my),
Balmy,...,m.) = (1= ¢ |my,...,mq —1,...m,),
(ma,...,melgNe = ¢ (my,...,me|,  (my,...,me|Be = (1= @™t D) my, ... me +1,...,m,],
<m1,...,mTﬁ;={ 0 (ma = 0)

(m1,...,mg—1,...,my| (mg >1)
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TEDS. AN, [0) =10,...,0) € F,(0] = (0,...,0] € F* LKL T 2.

LIRTEHE T Z DEY A I~ iz, ¢- R /ﬁciﬁw): E—BO = (8,8, ¢V (1 <a<r) G H
%.i#j0rEBO L BU FTMHTHE LTS, ¥4 billB 5 L-operator L) (z2) = (L(i)(z));b:o
BIRCTERT S.

LO(2)00 = 1+ 2q>Ze=1 Vi L0 (2)o, = Br ., L9 (2)a0 = 2Baiq® Zr=t1 M (1< a <),

0 (I1<a<b<r)
LO(2)gp =4 22 Zp=at1 Npi 1<a=b<r)
2BaiB 4 Ypmani Mo (1<b<a<r)

Z @ L-operator 1% Yang-Baxter /iR = Ria(z/w)LM (2) L (w) = LM (w)L® (2)Riz(z/w) Z 729
[1]. 7272V, RITHIFIRTEE D HDTH B (Eyp 1F1TFIHAL).

T
R(z)= (26" Faa®Baa+(1-0%) Y (2Faa® Ewp + By @ Eaa)

a=1 1<a<b<r
+ (Z - 1) Z (Eab ® Eba + quba & Eab)
1<a<b<r

M’ < M %7 T M, MIZ2WT, KB [M’, M] 10 monodromy 75 T M (z) %
qr[M’-,M](Z) — L(M’)(Z)L(M’“)(z) . ..L(Mfl)(z)L(M)(z)
TED, TM M (2) D (0,0) B 2 O M () THET (1<a<r). ZLT, HERZ MLLZOWHE

vac) i any = 10) ®0) @ - @ [0) € FM ) @ .. @ FOD
o (vac] = (0] ® (0] @ - ® (0] € (F)M) @ .. @ (F7) M)

LU, INSIBET BIFAIERE ( Y TRT. 2ELIFO(F9)D ZZnEhY A b il 5 Fock
KL ZOMRD AV —TH5. ZOLE RDIEMBKYIILD.

(EEE [4] ~
Ty PICT = (1, i) &, NT A =R Z = (21,...,2,) € CFITHL, Sy, p, LOBIKEL %
- M/_l d "
B H(Hz R
k'@ﬁ&bé. ZorE, B ZERMENE K OBEHEKT, ZOEAMIE Y 5 THB. )

Z DEHIE, BT [3] T TR O KBS (> THEK L - BARS Y, LOBBES B LWZ L%,
BT B BCENIRINE 2 o TREHT 2 2 22Xk D Fon 5.
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Positive representations and cluster realization of
quantum groups

Ivan Chi-Ho IP  (Kyoto University)*

Abstract

For each simple Lie algebra g, I will talk about a new presentation of an
embedding of U, (g) into certain quantum torus algebra, described by a
quiver diagram, using the previous construction of positive representations
of split real quantum groups. We will discuss its relation to cluster structure
of framed G-local system described recently by Le, and a factorization of
the universal R matrix which corresponds to a sequence of quiver mutations
giving the half-Dehn twist of the triangulation of a twice-punctured disk
with two marked points. This generalizes the well-known result of Faddeev
for type A; and the recent work of Schrader-Shapiro for type A,,.

1. Introduction

Let U, (sly) be the quantum group generated by E, F, K subject to the usual relations,
and let © be the Drinfeld’s double of its Borel part with generators E, F, K, K’ such
that U, (sly) = D/(KK' = 1). In [2], Faddeev found an intriguing realization of U, (sls)
and its Drinfeld’s double in terms of a quantum torus algebra D, which is generated
by {w1, we, w3, ws} subject to the relations

W1 = ¢ wiw;, WiW;po = WipaW;, i € Z/AL. (1.1)
Then we have the embedding of the form:

E— = (w1 + wq), K — quows, (1.2)
v—1
Fr ———(ws+wy), K qugu.
q—4q

This embedding using the Weyl-type relations can be used to construct the so-called
modular double in the regime where |g| = 1, important in many non-compact analysis
of quantum field theories. Furthermore, the image of the reduced R-matrix can be
factorized into a product of 4 quantum dilogarithms W:

E = \I/q(w1 X U}g)\:[/q(wl X w4)\Ilq(w2 X 1U3)\I/q(w2 X w4). (13)

These properties motivate the study of a new class of representations for U, (sl(2,R))
by Teschner et al. [1, 13, 14] in quantum Liouville theory, and was later general-
ized to higher rank split real quantum groups U, (gr) through the notion of positive
representations [4, 6, 7).

This work was supported by KAKENHI JP16K17571.
2010 Mathematics Subject Classification: 17B37, 13F60.
Keywords: Quantum groups, positive representations, cluster algebra, R-matrix.
*e-mail: ivan.ip@math.kyoto-u.ac.jp
web: https://www.math.kyoto-u.ac.jp/ ivan.ip/



Furthermore, Kashaev [10] shows that the R matrix can be identified with an
element of the mapping class group of twice punctured disk, which corresponds to
the half-Dehn twist rotating one puncture about the other. If we triangulate the
punctured disk, this transformation can be expressed as a sequence of four flips of the
triangulations (see Figure 9). Hence one can identify the factorization (1.3) with the
flips of triangulations, and this fact has been used for example to reconstruct Kashaev’s
knot invariant in [5]. In a more general setting, such factorization also appears as a
decomposition into S-tensors under embedding into tensor powers of Heisenberg double
[9] and recently studied in [16] to obtain invariants of colored ideal triangulations.

In [15], the above embedding as well as the factorization of R matrix has been
generalized to the case of U,(sl,,), following the quantum cluster structure associated
to the moduli spaces of framed PGL,-local systems [3]. In our work [8], we generalize
the embedding of U,(g) and the factorization of R matrix for all simple types of g,
using the construction of positive representations. We then relate the combinatorics
of our construction to the cluster structure of general framed G-local system recently
studied by Le [11, 12].

Although our work [8] is done on a formal algebraic level, we remark that our
construction can be easily generalized to the split-real setting, since all the monomials
of the embedding constructed out of the quantum cluster variables are manifestly
positive self-adjoint if we reconsider the split-real form. In particular, we can replace
the (inverse of) quantum dilogarithm function ¥, with its non-compact counterpart
gp(x), and properties that are compatible with Faddeev’s modular double can also
be recovered by applying the transcendental relations (3.2) to the quantum cluster
variables.

2. Quantum cluster X-tori

First we recall the definition of the quantum cluster X-tori following [3, 15].

Definition 2.1 (Quantum torus algebra). A seed ¢ is a tuple (I, 1y, B, D) where I is a
finite set, Iy C I is a subset called the frozen subset, B = (b;;); jer a skew-symmetrizable
Q-valued matriz called the exchange matrix, and D = diag(d;) a diagonal matriz called
the multiplier.

Let q be a formal parameter. We define the quantum torus algebra X; associated to
the seed i to be an associative algebra over C(q™™ %)) defined by generators Xiil,i el
subject to the relations

XlXj = qubij

i X]'Xi, Z,] € [, q; ‘= qdi. (21)
The generators X; are called the quantum cluster variables, and they are said to be

frozen if i € Iy. We denote by T; the non-commutative field of fraction of X;.

In the case considered, we usually write ¢ = ¢ when d; = 1 corresponding to
long roots, while ¢, = q% for d; = % in type BC'F and ¢, = q% for d; = % in type Go
corresponding to short roots. Then we will associate to each seed i a quiver @ following
the rules using thick and thin arrows in Figure 1. In general, each arrow i 2, J has
weight w;; == d;b;; = —wj; associated to it.

There are two important isomorphisms between T;: permutation and mutation. A
permutation of seed

o:i—1i

is a bijection ¢ : I — I’ which induces an isomorphism ¢* : Ty — T;. We also have
the cluster mutation defined as follows:
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() X, X; = q°X;X,
[ifeennnneean]]] X X; = q ' X;X,
O——Q XiX; = ¢.° X;X;
ffffffffff 1J] XiX; = q;'X; X,

Figure 1: Arrows between nodes and their algebraic meaning.

Definition 2.2 (Cluster mutation). Given a pair of seeds i = (I,1y,B,D), i =
(I' 1}, B",D") and an element k € I\ Iy, a cluster mutation in direction k is an
zsomorphzsm pr : t—> ¢ such that pu(ly) = I},

. _ —bij ifi=Fkorj=k,
(i) — bij + M otherwise,

iy = dis

(2.2)

and accordingly there is a quiver mutation Q* — QF associated to the change of B.

Definition 2.3 (Quantum cluster mutation). The cluster mutation in direction k,
k8 — @, induces an isomorphism ul : Ty — T called the quantum cluster
mutation, defined by

X! ifi =k,
b
~ X[+ 7'Xy)  ifi#k and by <0,
i (Xi) = H g * (2.3)
bkl

X [T+ X )™ difi# k and by >0,

where we denote by )?Z the quantum cluster variables corresponding to Xy .
We note that the quantum cluster mutation uj can be written as a composition of
two homomorphisms

it = il o iy, (24)
where j, : Ty — T; is a monomial transformation, while ,uk# Ty, — T; is a
conjugation by the quantum dilogarithm function

U, = H(l + ¥ )t (2.5)
r=0
such that
/J’k# = Ad\qu(xlv). (26)

Finally, we have an operation called amalgamation of two quivers @, Q" (and the
corresponding quantum torus algebra) given by identifying certain subsets of the frozen
nodes Iy, I}, of both quivers, and superimposing the arrows of both quivers.
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3. Positive representations P, of U,(gr)

In [4, 6, 7], a special class of representations called the positive representations is
constructed for split real quantum groups U,(gr) (and its modular double, which is
not needed in this paper). Here U,(gr) is defined to be U, (g) endowed with the star
structure
Bi=E, F=F K=K (3.1)

and necessarily |¢;| = 1 for every i € I, whence we let ¢; = e™ =1 € C for b; € R. We
assume the g;’s are not root of unity for simplicity.

Below we let n = rank(g), wo € W be the longest element of the Weyl group with
length N = I(wp), and let n; be the number of s; appearing in wy for simple root i.
Generalizing the work of Teschner et al. [1, 14] on U,(sl(2,R)), we have

Theorem 3.1 (Positive representations). There exists a family of irreducible represen-
tations Py of Uy(gr) parametrized by X := (A, ..., \,) € R}, such that

e The generators {E;, F;, K;} are represented by positive (unbounded) essentially
self-adjoint operators on L*(R™).

o Let = e™ . Define (for rescaled generators)

1
~ 2

&=e”, fo=f", K =K" (3.2)

— in type ADE, {&,f,K;} generates U := Uy(gg),
— in type BCFG, {évi,fi, K} generates the Langlands dual U := Uz (Egr).

e the generators {gi,fi, E} commute weakly with {e;, f;, K;} up to a sign.

We call the family P, the positive representations of U, (gr) and its modular
double U;z(gr) := U @U. The explicit representations of Py has a particular nice form:

Theorem 3.2. [/, 6, 7]

e Fach rescaled generators can be represented by polynomials generated by the pos-
itive operators
{e:tﬂ'bi.’tl‘7 6:‘:27\'1)”)1}1‘:1 N

where p; = QW\%% are the momentum operators such that [p;, z;] = #ﬁ’ and

each monomial terms are positive essentially self-adjoint.

e There exists a unitary equivalence ® between positive representations correspond-
ing to different reduced words, hence the representation does not depend on the
choice of reduced expression of wy.

We have seen that in the theory of positive representations of split real quantum
groups, the representation carries a real structure and the operators are represented by
unbounded positive operators on certain Hilbert spaces. However in this work, we will
focus on the representation formally, so all the generators and relations are treated on
the algebraic level. Hence if we define formally

X.il _ eiﬂ'bil’17 Yil — €i2ﬂ'bmz" (33)

(2 K3
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then algebraically we have for i =1,..., N:

XY = ¢V X, (3.4)
XY =Y;Xi, i#J

As a corollary, if we just consider the quantum torus algebra C[T,| generated by
the elements (Xiil, Yi1>i:1wN subjected to (3.4), we obtain

(2

Corollary 3.3. The positive representations give an embedding of U,(g) into C[T,],
generalizing the Feigin’s homomorphism U,(b) — C[T].

In fact, let wp = s;;...5;, be a reduced expression, and define the notation
[u]e(Qp) = e‘n‘bu+2ﬂ'bp + e*ﬁbquQﬂ'bp’ (35>

where b := b; is rescaled according to the variables u and p. Then one can present the
generators of f; explicitly as

k-1

f, = Z 2\ + Z ijivj — vk} e(2pr), (3.6)
ki ip=i =1

K; = ™M agimy), (3.7)

In particular, by (3.5), we can rewrite the f; generators as
fo=F" 4. 4+ F" 4+ FEY o ERT T (3.8)

This has the properties that each F/"* is a monomial that ¢;2 commute to all the
terms on its right. In fact the Feigin’s homomorphism is equivalent to the + part of
such expression, hence the positive representations generalize Feigin’s homomorphism
by taking certain “double” of the map.

On the other hand, the hard part is the expression for the generators e;, which has
been computed in a case-by-case study. If iy = ¢, we have explicitly

e; = [vyle(—2py) = E; + E}'. (3.9)
Otherwise, it is given by
e; = Do [uyle(—2py)P* (3.10)

where ® is the unitary equivalence that relates Py to the reduced expression where
wy = w's; ends with the root 7, according to Theorem 3.2. By expanding the expression,
one finds that it is written explicitly with an “initial term” given by

e; = [vjle(—2p; + ...) + ... (3.11)
=..+E +E +..

4. Embedding of U,(g)

Now we are ready to construct the quantum torus algebra Dy in the favor of [15] that
will provide a clear description of the embedding of the generators of the quantum

group Uy, (g).

13-



Definition 4.1. Define 2N + 2n variables indexed by
S = {fiinia ---»fini}iel U {e?}ig ~ {1, e 2N + 2n}

as follows: For each i € I, we take the consecutive “ratio” of the monomial terms of

f; as:

F‘ini,_ k = —Ny,
G FP(FTMT)T n<o,
Xp={ @FM(E) k=0, (4.1)

ti‘ik+1,+ (Fwik,wL)fl k> 07
quifl(Fwim,-F)—l k= n;.

and take the ratio of the initial terms (3.11) of e; by defining
Xeo = g B/ (B7) ™ = e(—2vy). (4.2)

We note that each X}, are self-adjoint. Moreover, since all X} are expressed formally
as a monomial, we have

XXy = q; XX (4.3)

for some skew-symmetrizable exchange matrix B = (bj;) and ¢; := ¢; if j = fF or €).
By abuse of notation, we will use the same variables for the definition below:

Definition 4.2. We define the quantum torus algebra Dy to be the algebra generated
by the elements

X jnis

subject to the relations (4.3).

The corresponding Dgy-quiver is associated to the seed (S, Sy, B, D) where D =
diag(d;) and the frozen nodes are Sy = {f; " }ier U{f]" }ier-

As a result, we have the following “Fj-paths” according to the rule in Figure 1,
giving the embedding of the f; generators explicitly:

The embedding of the generators e; can also be presented similarly by “FE;-paths” on
the Dy-quiver (cf. Example 4.4)
Then we have our first main result:

.,Xf:'i7Xe?, 1=1,...,n

Theorem 4.3. For each choice of reduced expression of wy, we have an embedding of
algebra arising from the construction of positive representations Py :

L: Dy — Dy, (4.4)
which induces an embedding of the quantum group into a quotient of D,

Uy(g) = Dy/ (W(K)u(K) = 1) (4.5)

(2

Furthermore, the unitary equivalence ® for Py inducing the change of reduced ez-
pression of wy corresponds to quiver mutations of Dy. The Coxeter relation in type
A, B, G corresponds to 1,3,11 quiver mutations respectively.
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Example 4.4. The Dy-quiver in type Ag, By, G2, and the embedding of generators e;:

Figure 2: Aj-quiver, with the E;-paths highlighted

Figure 3: Bs-quiver, with the E;-paths highlighted.

Figure 4: Ga-quiver, with the E;-paths highlighted.
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5. Basic quivers
In fact, one can see from the Example 4.4 above that the Dg- qu1ver is symmetrlc in the

sense that it is given by amalgamation of some quivers ¢ and Q where Q is obtained
by a mirror image of @) along the vertical axis, together with flipping all the arrows.
One can arrange these quivers onto triangles so that they correspond to a triangulation
of the disk with one puncture and two marked points.

Figure 5: Triangulation of a disk with one puncture and two marked points.

Figure 6: Amalgamating the quivers () and @ giving the Dy-quiver.

We can provide a characterization of such quivers as follows:
Definition 5.1. A basic quiver Q) for Dy corresponding to the word wo = s;,...8; 15 a
quiver associated to a triangle ABC' such that

e the amalgamation of QQ and @ along two edges gives the Dy-quiver;
o M(Q) is identical to the quiver Q (with certain nodes identified), where M is

the quiver mutation flipping wo to S;y...Si;

e Q is identical to the quiver Mg(Q) (with certain nodes identified), where My is
the quiver mutation changing wo to seg,)..-Se(iy), and 6 is the Dynkin involution.
Theorem 5.2. For each g of simple Lie type, there exists a unique basic quiver Q).

In the classical case, as well as type Ga, the basic quiver () is mutation equivalent to
the cluster structures of framed G-local system on a disk with 3 marked points, recently
discovered by Le [11, 12], where the corresponding longest element wy is chosen to be
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the powers of a Coxeter element w2, 1t is known that such framed G-local system
carries a cluster ensemble structure (Ag s, Xgrs) which is deeply connected to higher
Teichmiiller theory [3]. Hence the construction in this work may provide clues for
explicitly constructing such theory and its quantization.

o)
-
[ ]
L]
L]
L

{.
s [y N
L4
.
*
*
*
’0
‘$

@4... =]

.
-
9 IIIII------

Figure 7: Basic quiver @) in type G, arranged in a triangle. One checks that amalga-
mation of this quiver with its mirror image @) recovers the Dg-quiver in Figure 4.

6. Factorization of universal R-matrix

The coalgebra structure of U, (g) can naturally be represented by amalgamation of two

Dy quivers, associated to triangulations of a disk with two punctures and two marked
points on the boundary:

Figure 8: Triangulation of a disk with two punctures and two marked points.

Recall that the universal R-matrix of the quantum group U,(g) is an element in
certain completion of the tensor square

R € Uy(9)3U,(g) (6.1)

and it gives the braiding relation:
RA(X) = A?(X)R, X € U,(g) (6.2)
Given a reduced expression wg = s;,...5;,, one can construct a product formula

R=KR (6.3)
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Here the Cartan part is given by

k=] g4 i HioH; (6.4)

7
j

where A is the Cartan matrix, and formally we write K; =: qu7 The reduced R-matriz
is given by products of the quantum dilogarithm

N
R=]]¥,, (€0, ®1a,) (6.5)

k=1

Here the non-simple-roots are e,, := 1;,71;,...T;
are the (normalized) Lusztig’s isomorphisms.
Now using the embedding found in (3.8), we can rewrite the monomials as

v_1€i,, and similarly for f,,, where T},

f,=F" .. +F" "~ +F"" 4 Mt

=Y Xp+> X5 k=1,.N,

ip=i i=i

Then we obtain the following factorization of the reduced R matrix:
Theorem 6.1. Under the embedding « ® ¢, the reduced R matriz factorized as

R :\Ijqz'N (eiN ® XJ:T)\I/QLQ (eiz ® XZ_)\Ilqzl (eil ® Xl_)

\11qu (eil ® Xr)\I/qu (eiQ ® X;)\IIQLN (eiN ® X]_\'}) (66)
Since e; = ®[ule(—2p)P* for some unitary transformation by (3.10), and
[u}e(—2p) — eﬂ'b,;(u72p) + eﬂ'bi(7u72p)7
each e; can also be split into
ei=e; +ef

where
e 1= Pt (T p*,

Then we have

Corollary 6.2. Under the embedding . @, the reduced R matrix can also be factorized
as

R=R:-Ry-R3- Ry, (6.7)
where

Ry =0, (e, ® Xy)-.0,, (e, ® X

Yaiy ). ¥ in 2_)\111111<ei_1 ® X71),
Ry =V, (e, ® Xy).. ¥, (e, @ X;)V, (e @ X]),
Ry =V, (e @ X[ )V, (e, ® Xy ).. ¥, (e, @Xy),
Ry =V, (e, @ X))V, (e, ® X5).. ¥, (e @ Xy).
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It turns out that we can further decompose the terms involving the generators
e; € U,(g), using the explicit embedding given in Theorem 4.3 for the chosen reduced
expression of wy. We can decompose U, (ef) into products of the form

Uy (ef) = H Wo(X.), (6.8)

where each argument is given by certain cluster monomials X . In particular, each ¥
will correspond to a single quiver mutation according to (2.6).
Finally let

PIX®Y):=Y®X. (6.9)

Note that P o Adgr acts as identity on the coalgebra structure, hence it naturally
corresponds to an automorphism of seed i — i. Then we arrive at the last main
result:

Theorem 6.3. We have

PoAdr =y . 00" (6.10)
for some mutation sequence fiiy...jt;; : © —> € realizing the half-Dehn twist, and
o : 1 ~ iis a permutation of the quiver returning to the original seed. The fac-

tors Ry, Ra, R3, Ry in (6.7) correspond to the sequences of quiver mutations realizing
the 4 flips of triangulations giving the half-Dehn twist as follows:

Figure 9: Half-Dehn twist.

The number T of quiver mutations are given by the following table

2n(n+1)(n+2) Type A,
an(4n? — 1) Type B,, and C,
sn(n—1)(4n —5) Type D,
T_ 1196 Type Eg
3464 Type E
12064 Type Eg
976 Type Fy
144 Type G4

such that each flip of triangulations are given by % quiver mutations.

The quiver mutations realizing a single flip of triangulations is interesting in its own
right, and it is essential in any higher Teichmiiller theories. The sequence of flips for
the case of type A, is well-known, while the other cases realizing the half-Dehn twist
appear to be new.
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Figure 10: Flipping of triangles in type A, requires <n 2

3 ) quiver mutations

C (e}

Figure 11: Flipping of triangles in type Gg requires 36 quiver mutations
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Quiver mutation loops and partition g-series
I SEsE (REIKRE)*

201743 H 26 H

1. [FU®HIC

Kontsevich (Z & % homological mirror M FREDEEIEPARE, BOPEDREIHIZE 5T, D
B e BRI P E M2 5 R 2 DT ETEHEICR>TWD, FHIEETIE,
ERERR T — VHER DORFED RN X = MBE ORIE N A D Z LD S iz I, SO
DIRD 7z D12 1% TR =2 E RO A LT ORBIE 2515 Z & H3hid T HE
2> TETWS, 5 U7X, Donaldson-Thomas AZ & X Gromov-Witten
g, 3UTTHHHZRRIAD Chern-Simons A ZE &L L, BFEDOL T TENEN
EBINDIALEDORIZEIREHFEEFE T 5,

REFEZRZ 212, 215 D high-tech B % BEEE U Cafiam S 105 B0F ) - B EERY
HEIZIE, (AT, quiver) &, £ DZE SR (mutation) &\ 5 Biffi 245wl 7 — &
AHGE L THN, BETO LS ITHEROSREEZHHI L Twb, DEEER] O 15
Bl oUhridkkcbny, 206 10@8T 2 RKENRT — X 2 BHERR S NRWE
A5MP7e ZE ENDORWAERIZMTH A D0 ?

ik e Z DERIZDWTIX, Fomin-Zelevinski, Fock-Goncharov 512 & > TEA I 7z
MIREX (cluster algebra) DER 72§ & ENIMD TR E N, ZD XS 7RHFMTEL WRECR
R BEBUX, 7272BICa SR - RRoE hARw Y — - REGE - RECETF - WKB fi#
MR EDRBADIGHINT WD, (72 & X PEEIE K ORAIGER [22) 2 31, )

ORI 2B D S kD B &L cluster ZE0% cluster Z2#UT I F A& F DRI
BRR2HES 720, EHARERZHWZHHRTHD L FEZX 5, TP EOLEN
Gz onR, e d2HRLGOETHmIIMTHA >0 ?

quiver % & 2 LIz B 1) 2 #Ed(b X7z T[22/ &5 X, mutation % % O#fEEREY [
A L ART e, ZHY] (mutation sequence) (&, ZE[E DOEEHI - FE—BRR A
BERZESD, BLEZDETS ELERINMEINFREIE2EZEZ 2 Z L TENIR,
ZHUSIEE AR () 2 KB L 25 0B ORI TH 5 2 B X S5, Bl
DETLE WS BIRP S L BRENRTERNR L 05725 5,

FFITFINA — K CRE LK) L ORLFEE T, GR OoNMRERDT] v (quiver
mutation loop = exchange graph EDL— VIR U, DL ¢ I Z () LIFIEN S £
BfEEHRL. TOZDWL D DRENEE ZH S Mz U7z (11, 12).

IIBE g I Z () &, ARG AL ORBEFI DAL /2, D b RFTIZER I Nz
B A (Boltzmann weight) Q% WHER TR TOEAICDZ>TRLU EIF5 WS
TEHIND, EEVHBRABEMTHEIZE02006T, UMFOL>RFLWHEEZ
ROZEDGEHTE D, (1) Z(y) EMER DY v O KEHERKES 7 Db & TR
ZTHY, BENZE/ FEI—DALELEZOND, (2) MERDY] y DEFRIZ
WU, B7rX1uZBRACENS DL EERR Y X2 T VB2 7, (3) ADE

2017 FEHABERES (2017F3 A7) MBI R v ¥ a VIFRGEE TR
* T 153-8914 BN AUHR H SR IX Bd 3-8-1 B R KGR E g R

e-mail: akishi@ms.u-tokyo.ac.jp
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54 VR VEERZORT RO HRIZERI NS Dl K, 771> - ) —8
WZHBES B coset FUILTEIGBIERIZEIN S 7 )b I BRI ARIC B L, #Y 74 g RF
HHIEDH & TZ(y) IR R E 75, (4) reddening sequence &5 7 5 ADfRZ T
FIy iz UCld, fEEBIEEFX I a7 DIEFEE RERIC—KT 5, %&IX B
Keller 3% # U 7= combinatorial Donaldson-Thomas invariant (Z1Z23 72 59, Tk
Kontsevich-Soibelman 7Y€ # U 7z 3-Calabi-Yau B O RZ & (ZENROMA LT REE
) OMEEwRNT 7 —Ya v, HE5WIFNHREEERO SR L BEEL TW5B,
ARETIE. GEREHE OMEIEGRSC[11, 12/ 123D . GsCZIREE D AD R h - 72 7L
g EZEZDIZREST-BRBEIZDVTRRHELSBRZVWEE S, P ZDERIZ
B 2 08, KT 2 I A X —REL - ZouiRORBGR - REBCE OB A DG HE
WOEAETE RS ICE S ., BET B IR TH 5, AR TIE. 2L ¢ BEXDFHICIE
BEHBROHZEDICRE L THHIETCWAEEWEZILE2H 561 0OEHOLTEE
20, BIRDOH 25 H1F, F—7— FEPSERK L TWEZITHIEFEWTH 5,

2. REZDER
fili (quiver) & 13, THMRES Qo L AMILES Q1(R, artow) 572527 7 7 (1 Ru#E
) Q = (Qo, Q1) DL THY, AFETI loop ¥ 2-cycle ZFi7zRWAERT T 7 LK
£ D,
loop OQ 2-cycle o e
il Q DIHM kIZTH 1T B2 (mutation) 1k, Q25 H LU WARQ = up(Q) Z/EB T
DEIBEETH S, QDEHAERIZQDENEFUTHY., Q DRIE, HiHI
1) i—k—=j 0O EIN2ORENHINIE, i - j 20O ES 1 ORKEENT 5,
2) JHA k % source £7z1% target £ T H5RKDMAEZ 2T ANTKIEIE S,
3) B UHIT 2-cycle BWEU 86, TNEMET 2 23 0% 0 FR<,
ZZDIEFCHEHALTEES DTS, —MIz, ZRIINEMW u(u(Q)) = Q TH
5T eHSsTWS,
RQDERZ 1,2, nEBSMIFUEEE, by = [{(i—)) € Qi }—{(H—1) € Q1 }]
% (i,7) B &9 B RAFMTE B = (b)) ZWIGIED &, THRIROREFZEZ S :
loop X 2-cycle % ¥ 7272\ ik } { SN PR n (R EERGE 74751 }
{Qoz{l,...,n} B = (b))
ZOXIEDH &, fAZE51E Fomin-Zelevinsky [3, 4] 2V # LU 7217528 5 (matrix muta-
tion) 12— L. Q = m(Q) IZHIET 2475 B IZIRTEHEZ 5N 5 ¢

yo— —by; i=kFrFj=kDrE
v bij + sgn(bik) Inax(bikbkj, 0) Z DM

o O\
O=<——-w0O0 O O
L ARG : LAOR I EADENTOEREEL THNMIB D A,
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X 2: ZH I — T D

3. BRI EEEN—T
JlEFVnTiTbnd —HOZL R ZZ RS (mutation sequence) & IES, ZEFDERIZ
HRD T NVREAETH 2 LW EROMEDE & Tl BRINILFRIH Z 2 THM
DY TRETE S, IRDLLHEES Q2T NV I 7Ry MeTEHEIT DI m =
(M1, ma, ... ,mr) e Q0) = Q, Q(t) == m, (Q(t — 1)), 1 <t < T) TEHIN DM
D3|

QO QM E o QU F Q) — - B ()

%29, Q(0) Z4AAk (initial quiver), Q(T) % #ff (finial quiver) & FE3,

i Q D3 nEHDIE ZFEDIF, nifl b O mutation p1(Q), -+ , 1, (Q) WEZSND, Q
WCERZBOEUITR > THEONE TRTOM (DR 2THMAESGE L, 2 D000
Q. Q" WIEHMEIZHTHERTHWIBDAD LT, TNo % TNV %2R DN
WTHERZ LIZX D, nregular (BFITHRD S n KOOI T WD) 777 X(Q) hEo
N3, Zi% quiver exchange graph LIERY, X(Q)WAERT 7 7 THB7-HODH
EraRfEHonh TV, [21]

Quiver exchange graph X(Q) l&. quiver Q £ ZRTOLN 5 TR T D% DT 5%
MThaNns., —FO (MBNR)EY 2714 BHEARTIENTE S, TORMFEH
MEIEDLSLBLDTHA I IHERS (1)1, Q) 2. Q(T) 2fmEd 5,
X(Q) FORXToOREEEZLTWVWS, X(Q) I IHlKR) THYTZ200PEEL—T
(mutation loop) TH 5, T72b0b, ZHERIL—T~=(Q,m,p) &lE. QZEIHAKQ0)
ETBERS I m = (my,ma,...,my) TH->T, HEDANEZ ¢ : Q(T)o — Q(0)o H°
A Q(0) LR Q(T) DAL ZFEET 5 K 5 78, ZRI|ORHIBETH 5,

Bz, F21k, A3BHQ=(1—-2<—3) 2L, m=(2,1,3), p=id &
BW2EEDOERL—T vy = (Q;m,p) 2R LTS, ZOHAEIF. BHREME2 LT
id:1—1,22330fb0Iz TORD] 2MATI—32-5231%2232
LHAHETH BN, THIFRRLEERN—T L RART,

4. BAFHEE DT

AR DIARP 2 MERER L 2RV —TIZHTE2RVWAZRIIMNT? ] THD, &
HIO& S MEICHIELN D D, FHMEDL > T TR\ RLE&E L Jigd 0z il
TEEDIT, BT b RO Y =55 OFEE R AR\,

4.1. quiver &)=Y VEIDO=AKLZE

RPEAEBIL, b)) -~ VHOMB=AELE L EREZER DD, WE, K
g TpfEdD puncture 2, HEFETCHEMIT N - VIS =%, 2% X 5% T

Vo 5 AR —REDHRT exchange graph &\ 3541, SEAICHIGEE 2 DI quiver TIEZR <,
cluster ZE DTN “seed” TH Y. HRDFE DI N7z RIRD,

DO Y BERRER RV ERE ST D05, RV D 556 RE (frozen variable) D & cluster
RE DI S BRI, F72, SENANFEEN A S 72dDEM 29 —2+p > 0 BIKET 5,
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triangulation quiver

—

B 3: b—=F A= MIEoEl L NIST 5k

L DOHHN (simple arc) T, ¥iiiA’ puncture 2325 H D% up to isotopy TEZX & I,
Y O = A5 #] (ideal triangulation) &1&, AWIZR D SR WEREDINOES T
T, ZHLL Eldarc DAEPEPE LWL DODI L THS, DL E, L\ TIER=AK
DIELZFNZREINT WD, arc DA n & =AELOMEEt IEZNZTn = 69— 6+ 3p,
t=29—-2+2pTHZLNS,

HA=ZAEAE T I U, ROV —IVTIHEED n = |T| O Qr WEE 52 :

o TOHRIDDHHIZQr DIEM % E L,
o BEM=MPIZOWT, ZD3UDOF%E, EHIZKFEI D IZ 3 RKDETDHL,

B3, 18RHEN—TAY, DHEDHITH S,

LOMEZROWAFEME e NG 6N E, TDK arc 2 p T—HICENT I &
T, HILWEHHE=ZAELE T NEES, 250 T, SOMBE=AEIE2ADOELIC
. GAEHRE o (Diff (X)) BERIEHT 5,

Y EOERD ZOOMB=MAIEAE T, T &, flip £\ 5 #fE (Whitehead move &
£EED) ZARMEIT-THEOES ZEMHoNT WS, 72720, delZBT 5 flip &
X, LeZ2ET 2200 =MENSRLUMEONMIRNe, ¢ THDBH L E, arce?
D E->Te BEEMZDEETH S (HAK), flip FAEIEUAE DM DWW T Z
HEMABDWE WS FERTREMKITH S, HellBT5 flip THE=MAEIE T 2T
’ﬁbéﬁ% WInd B Qr & Qr 1FF T U < mutation THOE->TWS (K44).
DX, HEZMELET LikQr ONINEZEL T, GHRENOMHZZERS|ZHN

THRLONEZDTH 5,

. mutate at vertex k
flip at edge e

4: flip (£) LARELE (f)
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¥ x [0,1]

gluing by ¢

5: mapping torus

4.2. BRI —T & 3RTEHKIE

Tk, 282 DV —7] DPEHRTH D & 5 0B FRREIZMZA I ?2HTY —< v
HTEZATALD, V- VHLEZDMEZEOAMESGp: Y - S HREZ 65N
fRf. mapping torus & I

My = (3 x [0,1])/(1, z) ~ (0, (x))

TEHEIND IRIGERIKTH D, M 13X %27 74— 95 St Lo RDOHEE
Z2FED (X5), [0,1]% SHZHOBEIZHW S NDRED St T — X =8RE&M0 o O
B, R M, OWEIZKMT 5, 722 21X, A pseudo-Anosov THD I & &
M, DR ZRAEOHE 2R Z L RAMETH S Z Lo T WS ([23] 2H1),

HifiiC ¢ € Diff . (X) % flip / mutation D] & DREfR% K72, mapping cylinder M,
B TREDOT ONBHIEEN S, o 2RTERINE, M, 2 ED XS ITHALTTY
FIEROWRE WS RRSZ 3 —FMhLTwad e E 2 6ND, FEEE 2R HO =AKSD
ENZAd 5 flip #iEZE . 1 IRoum W 3 RGO BRARPU TR % EYR AL O 11 2 #4F & A7z
BiX, M, 2 BHEREORA LT (stacking) 725D & UTERTE 5, WAL,
2RIV — TNE. M, OBARB S E] (BRARDY AR &) 23k 5,

MRV Y =DV 513, BEE X mapping cylinder M, O b ARB Y —Z ZHEH
BTho T, HBERAKRSENL, FERTIED DB AL - BIRNRFETH D, ZDAL
LTk, TROWAZE] EM, D bR Y —IKEFELTE, TOHAHEKSE DU D7
IZIFR B RE TR,

tetrahedron

N
NS

—_—
flip

6: flip #44F & BARDUTIR « 342 BT WA TE & BEARPUTHRD 2 AN £ 5 L CHMR S
EOTHEOMIT B & JuDIFRE X N, flip TNFZUARFRNIZR ATV S,

BV ODO=MED 2L EH I NT WS (self-folded triangle) A 12134 TOEESBE, L
KR4z &,
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7: Pachner 2-3 move

RO =M NEID lip FITHOES Z D 3kthikie UT, [ 3IRITEHRIAD AR
HARDEIDX 71228 T & 57 Pachner 2-3 move THODES | Z&HAHMoNTWVWS,

HAAPUE A DREA EIF R EET 225V — 7%, X(Q) EOH#KRCTH -7z, Pachner
2-3 move 2175 Z &k, ZOEEN—TERFIINIC RKEHE] 52 L1lH725,
Kz, Z2RIOES =HANAROMEHE 2T 5, BEL—-TO [RWAZE] 2D
ULdHdao6E, Zhid, ZOXIBREEEDS & TALETH S L\ 5 ME (pentagon
relation) Z A TVWAREZ L, FIZENI ZREO VT, BARDE D UATITHEKS
mNZ EDREEE NS,

M EZREEEMIZEEDNIERIDE SIS,

4.3. EFAHRERE L TDIZRY—ZH#H

M, DS %2 FFA T 556, MG IS MTEE L IRE T 5 DT, FLHAPUHKD
1 & F-ARERN = WHEHEKOR; D &b THREI NS, HAEADIE I shape
parameter & WO EZEITHREOIToNED, TNoDD EFLMODEI R LTS
TAR RIS 5 LN TE 5, * BEMWHE B D 5 1%, cluster 2113
FARTH % shape parameter & ZDRBEABRA=EFEH AEAZHFE->-TVWE L WVWIE
KT, BOHMmTHDLEZR D, CTIEORTROHENT E2EDIEMESL S »?

Combinatorics Geometry
Quiver Triangulation of a surface
Mutation Tetrahedron

Mutation sequence | Surface diffeomorphism

Pentagon move Pachner 2-3 move

Mutation loop Surface bundle over S*

1 MRAR L 3oukT: & DR

I DOBIR TR X S A3, Penner, Fock, Teschner, Gekhtman-Shapiro-Vainshtein, Fock-
Goncharov, Fomin-Shapiro-Thurston, Nagao-Terashima-Yamazaki, Hikami-Inoue & D#F%E% ZI#,
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4.4. BBEEIICL 2E2FL=2EFEHK

—MZ&TLEE->TH (1) REW : JERTHZIE, D-IIEE, -+ (i) 20 o o FrY
&= 7{b. symplectic/Poisson #§id, - - (iii) Ml &R : 1 FHREERI, RRERFE ST,
MR ... RERRA T Ta—F b b, TrIIHERE Vo -G8 T —
AMOFETE2DT, TN EHENRR W (i) DAEHEZES S,

7 BCBIEY (partition function) & &, #EEHHZITEH T IREHM, H D W5 D E TR
BT ERBESTERI N, [TRTOAEERREIZOZD, BRBREAZDIT TR
U EW7-/RBE8 2489, BoRFHRTIE TAEEARE] BIRFZEOKRICiES
B (5=, AEYRY) OBKRTHY, ZTOEAMIFHATHIREADRZER2ARIZ
EAHETRING, Thid THRZENTHNZGIIHNICHRSEES | &S RO R
P DS DBERBEETH S, 4.2HiTiim L 7z mapping torus <> FEAEPY A D FE A
R o ARG, LW xfnE FEH»DITTIE, — O TDERY] (1) TH.
0<t<T% (M) L], Q) 2t I8 B 2L T2 L BRIEES X,
THOIERNLV— Ty OEEIE, Bk REZ2BERALE o THOAEDELIONERTDH
%595, ZO5LTy=(Q,m,p)oRFOoNIME(AMI 7 7)%2M, &3, Thik
mapping torus M, DE| & L7 (48), #filffm. FexDHMIE, T, 2R2EE 45 &
SR REHET V) ZHERE L] LS Z&itkhs,

5. 2 ¢ RBDESE

5.1. EFEREDTFOY—

WHEOKTHEENE, BT A EOEIIZHTE S TWBHMHE s; (spin, color, ...) &, JFAT
)72 B A (Boltzmann weight) W ({s;}) & 5 Z AFHENTIZE 2 ITHE I N, Z D4R

B AIRTER
Z=7 TIw{s})
spie

THEZOND, & XX, IRF BOAEE FRALITIE, face LIFIEN S ELBIZHT L
THAWPERIND (KO, & THEEIZRE QR SGANIZEND, 55 % R
filih & 2. RER R face 2RI MA TO SEEIEIZH 25 (K10), T (&
T W) BEEFE TIE, i BHD ITAIT face 2RO T B L EIZR-T 55 — 8, &
W5 spin ZEDZEE (quantum jump) PHRETH 2 T L ITHEET 5 (K 95H).

BxDBEEH. 777 M OBHEMALYOHEERD>TWEEEZ, Ihks

2

m1 ma2 mr

Qo > Q1 ~>Q2 > > Qp1 > Q1
space

» time

i

8 MEEN —F DD BIGZES T T M,
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W(S,;,Sj,sk,sl) space

time

10: KR © LN IR %

2 (s-variable ) & # A 1F %, face DHED MIHTHY S 2 DIFEEPUEAR DAL O 17,
TROLMAERTH DO, KERIIH U CRAMNREADOBAZ 52 NIXRN, 72
U, 777 M IFESETD LI R —HMEE2 R -2 W OEEPBETH 5,
PEDESIZFEANE, HEHERZERE 6T T 7 M, OED PIEET LR E
%, 9. IRTORADOMBHEOILZFQO)UQ()U---UQ(T)ZHET S, Q(t—1)
& Q) NHM m; COZERDHIEZRDM AR SIX, ZOLRDHELZIT LMo ZHKR
RIFFA LI NRITF LIRS RWA, 2700 LB EZT THAPRIEAE L
TRV RV, BRICER IR EBEZRAS G o TV EDE S, 25LTHS
NBHEMT T TIHEM, Th b,
5.2. BREDEH & N ¢ ¥
LSETOELENP S, & mutation (ZX U THATEA (Boltzmann weight) ZE# U

BRHPEHRE U TOEAIL, SLEDEADEEEHIDNHRTH S,
F9IE, BMOZRIZEAL LS, fRQ DHITENIC s-ABROMEAE v Y TosnTw»

LrE JHEITOERZITIE TS, s IZZDEREMNEZ HHEE TOIEM D s- %
BOMETHY, ZOERDEZ 572 ERITIE s WEHIOME s 122 U5, i ML OTE
KD s-ZBDIEs; (j#1) B2 LAEV, Z0&E, HRITOERy, : Q — Q'
W LEAEIRTERT S :

qé(si‘*'si—zj':]—n' 55)(sitsi=2 151 50)
W =

(q>5’+sé_zj:j~>i Sj
727200 (@)n =1 —q)(1—¢*) - (1 — ¢") i¥ g-Pochhammer FL5TH 5, L&

k=s;+s;— Z S kY = s+ s, — Z Sy

Jij—i€Q li—leQr
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1pgv
YOO BIRTERI NS BB, B 2 BATIE, ZROBERIW = L v
BizkIns, (@)

EX T OZERm = (my,my,...,mr) DEE, FERIT LI E-ERPBEIZRS
72, BEHTTHEOKEBOME = (ki ko, hr) FEZ DI LT85,

B E sZHOMRERIX, ARZ RSO KB (B BEREME) OISR HELR %
3%, ECTIRsEBREEAVTEERZR LN, ZOMABEREVHE LT, sBH8%
k2 FHWTRT Z & T E 554G (admissible mutation loop) & X & 5,

BEILV—T v =(Q,m,p), m=(my, - ,mg) L., DA qHkEZE

T

Z(’}/) = Z H W(mt)7
keNT t=1
CEHET D, AL, W(my) 3t BHOERDOEATHY, N=1{0,1,2,---} Th5, A
2B RS 0 & Z() ITENZR 0D, ETHBRAR AL s BHOREZMEL T
WEBEEZ T3,

5.3. AECHRERDEEA

Section 3 TH o7z A3 B Dynkin quiver Q = (1 — 2 « 3) 2 T 2L RV — T
v = (Q,m,id), m = (2,1,3) THE ¢ FHEZFHHEL LS5, FHOAMIE, mapping
cylinger IZH72257 77 M, 2RLTWD, 7720, FEATIINIET 2 sEHE2HE
RATHD, M, DENENDMES O 2 BEHRO LT s BRI —Efl%E & D, mMOK
FIT&RK X N7z mutation TOAZAL LGS,

Q(O) 81> 82 = 53
Ml sz ‘

i Q) si<—s)—>53
oo | ml |
‘ Q(2) 8] —>= Sy —>= 5;5
oo [l ||

' QB) s —=sh<—s
S I
Q(O) §1 —> 82 =— 53

k, kY ZH & s R DBRIX

/ / / / /
k2282+82—31—83, k1281+81—82, k3:83+83—82.

\Y% / \Y / Y /
ky =so+ 55, ki =s51+s], k3 =s3+s;.

THZOND, BAREZMENS s, =5, (i =1,2,3) PRI NEDT, ZOBEFEEHNTSs
B E EEHTRT ZLNTE S,
1

!
1= 51

w»

1
(3k1+2k2+k3), 82281225(]{14-2]{32—'—]{3),

I N

(kl + 2ko + Skg) .

S3 =8y =
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o T, v DEAIEE

q% (s2+sh—s1—s3)(s2+sh) q% (s1+s)—sh)(s1+s) q% (s3+s5—55)(s3+s%)

W(y) =

(Q)82+8’2751753 (Q)S1+S’178’2 (Q)83+8{¢s’2

q%kf-‘rlﬂk2+k§+k2k3+%k§+%k3k1

(Dhy (D s (@)
EZEBIZOWTHIZ L B2 21280, 2 g K

s 3k +hiko+k3+hoks+2k3+Thsk:

_ q+ 1/4
Z0)= 2. D@ el @

k1,k2,k3=0

2185, FixFE XIZE URAD coset conformal field theories DFFIEAR & L THNLT W
5013, 20 Z(y) i
1 3 o
Zy) =) ", 3
(") @ > (3)

* nez
PEEETIENTE, ZORANS ¢ 5Z(7) ESLy(Z) DB B L AL DAIEHBLEE
CEBIL TR T H B Z e atb b,

32
AL g MR (2) . RFRTAI D — i (3 !

W N —

) ZHWT

k'DEk

RSN
Z(’Y) - };1\13 (Q)kl (q)k2 (Q)ks

EELZEDTESZD, D T A3 Cartan 75 DOHITHNIZ > T35 |

2 -1 0
D' =Cy, = (—1 2 —1>
0 -1 2

ZOHGEF, REITHERBET—RIiLET N5,

6. Fermionic formula

K IEDY source ° sink DWINPTH S & 5 &fili% alternating L\WVH, TD & E, &

I2U EORBEVFELRVDT, ZEROBANIHIZRDOME 2B DIEL D,
Keller [14] 1%, Y-system O &AM PR ZGEAS %728, alternating Dynkin quiver

DART Q,Q 5. QUQ LHINAH L WIEEH LA (M12). QOQ 1. FRICE

HINDTVYMAQRQITBWVWT, (QD sink , *) LWITHRIZHAD T2 Q' Hik

Ag Dg Es
5
6
1 22<354<5-6 1-2<3-4" A
\6 1>2<3>4<5

11: ADE #1®D alternating quiver
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DIUDAEERES DL THRONDMETH Y., QUQ DIHFAIT @ & o D 2 FHIC
DEINE, ZOQOQ IZXHU, LIZITRTOQEMTERL, ZOHL TOTHNT
BRTDEVIERS | m =m,m_ TQOQ IFHFHEIIZRED, v = (QOQ’,m,id)
I mutation loop &7 5%,

e—>0e<90o—>0<—9 () e e~ 0o-—>e0e=<—9o ()
° 0—>0=<—0—>0=<—0 ° -0~ P=>0<0
IR ooy oy
° 0O—>0=<—0—>0=<—0 ° O<=—P—-60<—p—06
Pttt byt by
° 0—>0=<—0—>0=<—20 ° P —-=-6<P—=6<06
Q' QRQ’ Q' QU

12: Dynkin fii Q,Q' DT >V IFEQ @ Q(X) L WA QUQ' (£)

EE 1 ADE H D alternating quiver OPUMAFE QOQ . ETHHLEZZREL—T
v = (QOQ m,id) ¥ 3, 2D X
LET(CoeC Nk
q° Q
Zy) =), ——
keN® (@)

KRz, Q WA BID L & Z () IZE G- -8R A F A L 72 fermionic character formula
E—HTDH, ZNEFQET 71 - ) —EU(§) D subquotient module (ZFfffl L T
FINBHEGHHRTH S “Parafermionic system” DIFEANZ M AEEHIIZE X 5
FATH-T, X =M FE(EH) 2L, BETHORIGE BRI D 5,

7. Pentagon move & 2 ¢ fRBDARE M
AHICEIAL 72 K 512, MEARHD TRWALE] THD72DIZiE, Pachner 2-3 move
YT 24 (RBEEE) IZH U TAETH LI L BPBRETH D,

Pachner 2-3 move IZAH%4 3 2% X(Q) LO#IKZR & LT, pentagon move % EH AT
B. ZHRE 130312 X(Q) ET Q5 Quy 127 58I & 5 5 BIETH D,
ZRSLH O JR T Y 72 25 R

Y= (Q;’Vlnuacv Moy 72) A 7/ = (Q7 Y1y Ry Hoay oy, (l’y),’)@) (4)

QYo
/T

Q ° °

N
\/ Qout G

V2

13: Exchange graph X(Q) #*5 R 7z pentagon move
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\ ¥ /’Ly \ //4 l
Qn= =—Y _ T e\yA
Ve e N
Ck d; Ck di
Lo
i, \
ai b] ai b]
\\ 4 A\ i
CC/ -~y I” y// l
A AN A
Ck d; Ck 1
My
X / Hy
a; bj Q;
Qout - l x y/ﬁ l (ZEy) L\ " /’/i
Vi N
Ck 1 Ck d;
14: Pentagon move (3 J 5 2 5 0D G

TRIND, 772U, TD move ZHHT 5121k, HN2,y1EQ ETIARDKy — ¢y T
BIER TR B0, FBEE DAIED £ (e 1) (@) & iy, e 1y, (2)) Q)
e UCRBETH D, 2 DDREEEAD Qo THINT 5 T EMRIEE 015 (X 14),

EI2 2 (Generalized pentagon identity) 43AC g #k& Z(vy) IFZE RNV — 7 D pen-
tagon move O N TAZ, §T4bbH (4) DREEE v, v/ \TRU Z(y) = Z(v) DERALT B,

RO, s ZROBIFEE PERCEL, ROBESRCRES LS 2L THONA,

Tt

;: ¢
(@)m(D)n 2 (@)r(@)s(q)e

r,8,t>0
m=r+s
n=s+t

8. BEHYIC
B OBERT, AN —F Al E & D00 ¢ e TDRT X1 17 L ORER,
reddening mutation sequence, Keller D% % U 7zl & H 5w Donaldson-Thomas A%
BEOBRIZOWT[12] FEBEI 22800 572, TN6IZDWTIEGHEEH T %
FAWTHHT 2 FETH D, £7z, BT HEEEE LT, KBFFEK(RTK) M
72 HFESE [10] TlE. DB g DL RO EA%R ¢ TR E S X 2 AZRIZDO WV
THEE L., B4 7 ¢-binomial identity % ZfEHNIZTE 5 FIEZFR L 7=,

L g BT AR T — X DOAPSER I N, AR TBELIS RO 134K
572N 72, 3IRTCDEMTXRBIERFHANDH 7y =V 0% Z 2 fifsL T\ 5,

SE 3
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AYR T Painlevé B R R D 522 7R AL X =
MLE Hhi (k)

Painlevé GFERIL, Painlevé & Gambier iZ & > THRAEINZZ62D (VWL 8DD)
FERRILE D HFEATH 5. Painlevé HRENIIM L IZNINFIZFHET 2013 Tldk
<, BABBEIZZ D BV W T Ws, ToFRERLZKZBIEHRE WS,

Painlevé AfERixZnzh, H2UARADE ) Fo I —RELK25EdT 5D T
H BN, Painlevé HRERDBRII, WInd 288 ARERD FREEOEH] KO THTL
DRI 2L o THIERBIINTVWEREES Z N TE 5.

£/ Na I —IREZKHBERNT K IZ Hamilton ROBIZE T Z A TE L. KED
[Painlevé BIGFER] L WO ESZEIF T£/ Fu I —EEFELE25R T 5 Hamilton R &
WO ERTHE>TW5., ZTOEKT, Painlevé GRERIZFHZLI A2 ¥R D Painlevé B f5
BERXTHEN, TOWIAET S, HEMMB4IRTTH S X S 7% Painlevé B HFER D
NEETDHILEDPAMEDOHNTH 5.

A, WEBREK, B 2REKE QLR 2ITBWT, AR AR
KITABET % 4 ¥R5C Painlevé B AFERNOBILH RN 2 FEKR U 7z, Z DBALIZfTRET 5 H#
RUAREAD RESOER] 26T 5.

L2L, 2Rc®D (F72b Bk Painlevé HFERD) HEICE S THo72 & 51T,
IR SRR RIS 2 Painlevé B AR5 2 i niX, 2B LR35
5RN,

A X, 47R00 Painlevé UG AD TR Y A M &G 572012, [2)125[ EHi\T
T 52 THTLEHEROBRIL] 27 gERR V1T 2 L2k o T, 2 IRBHREL R fT
Bd5HDEEL, 41k5CPainlevé B AFERD 527 BERRN 2K L 72, £ Ok
B (2ot abE S L) GH40{HD 47R50 Painlevé B S FE X %2 1572,

IR A DB O T 2 R TXIZZLDEMTH 50, MIvd 2 Painlevé BL5FEN
D DR LD BEf% % Hamiltonian 2 HHWTHRT 5 LIRR—VD &K D125, H DL
TIZRAFETWAWAEPNTWBEEDY, 4¥RG Painlevé A1 52 A D Hamiltonian %
FLTW5., fFHIHREADBRIEXN, Hamiltonian, Lax pair @ EARE X Z DAt ZiH%
F[1] 2 SBL TV E 0.

ARTEDEGE, BALHADIE & 722 Painlevé B AFERIZ42H 55, Th o DiR{L%
BELTWL &, ZTOWN3DDHNDEKD D, 175 Painlevé HFER (& Frx DL HFE
X, Ko HM) ORI AP L TV AR THN 5.

ZE 3

[1] H. Kawakami, Four-dimensional Painlevé-type equations associated with ramified lin-
ear equations I: Matrix Painlevé systems, arXiv:1608.03927, II: Sasano systems,
arXiv:1609.05263, III: Garnier systems and Fuji-Suzuki systems, in preparation.

[2] H. Kawakami, A. Nakamura, and H. Sakai, Degeneration scheme of 4-dimensional
Painlevé-type equations, arXiv:1209.3836.

* T 252-5258 HAIEARBUE T e PRI 5-10-1 75 (172G RS BT
e-mail: kawakami@gem.aoyama.ac. jp
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gEDHIVZ_IRICDOWNT

REFHAN A TREFHMER - —fREED
IIEZEE (PP SRR - BEARTSERD

M [1] T, g B2 HNVZIRICONWT, AAT—MFy 7 XN, HFHFHESENX, BROE%
{’*”ﬁ?ﬁﬁewﬁwt@%T%(%%FF%@%WJ%T)%EMT_ ZDZv 7 AN, RHFKIC
KB 2x2175EIZ v 7 A 2] BE T, BARRIC K B @0 g 72573 VT 23RD 2N +2) X (2N +2)
TS w7 AR [3] LM TH B, ABHTIE, TNDIKDVTIRET 3.

1. gZRAHIVZIRD 2 x2 TR S v 7 AR (Sakai 2005 [2])
q NIV IROD 2 X 2175Z » 7 AR RIERD L 51k S.

(M

Y(gx,f) = AC, DY(5, 0, Y(xqt) = B, DY (1), Y(x) = [ ML) }

2(x, 1)
() Ax, 1) =Ag+A + ...+ Ay N )
.. k1 O * % 9, O
A = , A= ~ R 3
(i) An+1 l 0« } 0 [ . x [ 0 1 ] €))
2N+2 2N+2
(iii) detA(x) = k1k2 H(x — ta;) H (x—a;), KiK2 1_[ a; = 016,. 4)

v 7 ZJER (1) DL Ax, gH)B(x, 1) = Blgx, DA(x, 1) B q 20 HIV = TR OFRIFEITRE
(2) TH 5. FOXRMEHBIL 2NHATHS.

2. ERE g ERINVIVT IRD 2N +2) x 2N +2) 175185 v 7 ZAZH (Suzuki 2015 [3])
B g =V 2 RD 2N +2) x N +2) 155w 7 ZRIERD K 51k 5.

y](Z, t)
Y(q '2,0) = A OY(z,0), Y(z,q7't) = B 0Y(z1), Y1) = : , ©)
Yan+2(z, 1)
[ @ o1 1
ay ¢ 1
() A1) = R (6)
QN PN 1
1z @N+1 P2N+1
|P2N+22 2 @N+2 |
IN+2
(i) detAG 1) = (1 - 1)z - 62), ]_[a,:elez. @

F v 7 A (5) DN Az, g7 '0)B(z,1) = B(qg™ ' 2, DAz, 1) DYEIBE q 72253732 )V T = RO HIFEE
X (3]) THB. TORDEHEHRL NHTHS.
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3. AAS—8Sw I AR (NY2016[1])
REIFE /1017 T : (a1, by) & (qa.gby) & U, X = Ti(X), X :=T17'(X) &£ T, TR LT
N4 % =qllL, § 2R g D HNVZIROANT—HT v 7 AFRERD &L 51C75%.

i=1 b;

Ly(x) := F(f, x)y(x) — A1 (x)y(gx) + (x — b1)G(g, X)y(x),

Ly() = F(F, Sy + (x — anGlg, 25(x) — gereaBi(IF(2), ®
q q qg 4
TTTAW = MY -a), B = MG -b), A = 22, B = 22, F(f,x0) =
YN Ax Glgx) = TN g, g V= TROWMRIFIE AR (1) WX THZ B3,
c162A1(0)B1(x) — (x — a)(x - b)G(8. )G(g, x) =0 for F(f,x) =0, ©)
ge1cA1(X)B1(x) = F(f,x)F(f,x)=0 for G(g,x) =0, (10)
fnfy = alen-1 —c)gn-1 —c2),  fofo = arbi(go — e1)(go — €2), (11

TCTTe= a1b1 = [TV (—ap). WERFE IR D AU % - %,go,. .o 8N-1 D2NATHS.
4. BIAEDREFEE
REIFESIE LT Ty 2 (ca.do) b (gea, qdp) B E D X = To(X), X := To ' (X) &£ Mg 3 &

[ THS. TOHFED g ZRHIVZTRDAN S5 7 ZRIERDEL S5 5.

Ly(x) := F(f, x)y(x) — A(x)y(gx) + G(g, x)y(x),

Ly) = SF(F. Sy + Glg. S5) — gerca BT, (12)
q q q qg 4

AU AW), B(x), F(f,x) 133 LFILT, G DFH G(g,x) = ZNH gix £ 5% (g0 = dbA(0), g1 = ¢1). q 7
DNV TRORREFEFEAIRTEZ BN,

G(g, x)G(g, X) = c1c2A(x)B(x) for F(f,x)=0, (13)

xF(f, x)F(7 x) = gc1c2A(x)B(x) for G(g,x) =0, (14)
R TR O AR E R, 7%5( f‘ f” & gf)’ D2NETH%.

{0
5. B HEARDER
FEC 1 - 4 B R THEMAEMIERE RO/ PO I —RELEZE LTV 5. FHIC 2, 4 13Z9E 77T
LECTHS. %E1E, SRR TIEMO INV I RO 2 LY Y H—EHIHHY T 5.

SE R
[1] Nagao H., and Yamada Y., Study of q-Garnier system by Padé method, arXiv:1601.01099 [nlin.SI].
[2] Sakai H., A g-analog of the Garnier system, Funkcialaj Ekvacioj 48 (2005), 273-297.

[3] Suzuki T., A g-analogue of the Drinfeld-Sokolov hierarchy of type A and g-Painlevé system, AMS
Contemp. Math. 651 (2015), 25-38.
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qEDHIVZIRDS ¢EDINVIVT T RZNADEH

REFHAN A TREFHMER - —fREED
IIEHZEE (PP REERARE - BEARTSERD

qEDITIVZIRZNS q 7730V T RO, FHRICK S 2x 217585 7 2R % v
7z ¢-DV B 2], g-E BB IS N TV A, Gl [1] T, g AP HIVETROB B TSRS
X B, ANT—HTy 7 AN, EFEAER (BX ORI zE) , ZnEhniEE
BREHTHER LU 51, 27 73}1/%17&?3\6qE“)*‘J/\/}bﬁlﬁﬁqﬁfwﬁ“ﬁ%%‘%t
7z, T ORFFIEAREXOWIAMZERIE, FREOAEIEICR > TV 5. AT, %mﬂs@fﬁ%
ICDWTHET 5.

1. ¢-D\" BINDEH (Sakai 2005 [2]), ¢-E. BADEH (Sakai 2006 [3])

qEFITIVZIRD 2x21THEIS v 7 A (2]) IR TEZ 5N %.

(M

Y(gx,f) = AG DY, 0, Y(x,q0) = B, DY (1), Y(x) = [ e }

2(x, 1)
() Ax, 1) =Ag+A| + ...+ Ay 2N )
.. k1 O * % 9, O
Aysi = , Ag= ~ , 3
(i) An+1 l 0« } 0 [ . s [ 0 1 ] 3
2N+2 2N+2
(iii) detA(x) = k1k2 H(x — ta;) n (x—a;), KiK2 1_[ a; = 016, 4)

i=1
v 7 ZJER (1) DRLEEM: Alx, gH)B(x, 1) = Blgx, DA(x, 1) B q 20 HIV = TR OFRIFEITRE
([2) TH 5. FDOXRMEEBII 2NHATHS.
o N =108, T 7 AR ORHEFE M ¢-D BT 5 (2],

o N =2 D, &l gr = ko (D25 OFT, T 7 ABAK ORISR ¢-£) B
I27%% [3].
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2.¢-D" B, g-E BB KT g-EL) BIADEH (NY 2016 [1])

PR TT I 7% Ty : (a1,b1) — (gai1,qby) L, X = T(X), X = Tl_l(X) LRI LML L
TN £ =qIlL, § 2R g OV TROAN T =Ty 7 ZEK (2] L¥{li) IXTHZ 5
ns.

Lr(x) := F(f, )y(x) — A1 (x0)y(gx) + (x — b)G(g, x)y(x),

Lyw) = F(F. g)y(x) + (x—anGlg, f)&(x) — ge1eaB, (f)i(g), ©)

x—by’

SN X Gg,x) = IV gind. g 5 H IV THROBRIFIE AT (2] &%) X TEZ 5h%.

CTTAW = MY -a). B = G -b). A = £ B = 25, F(f.x) =

c162A1(0)B1(x) = (x = a)(x — b1)G(g, ))G(g, x) =0 for F(f,x) =0, (6)
ge1c2A1(0)B1(x) = F(f,x)F(f,x)=0 for G(g,x) =0, 7
fvfn = algn-1 —c)gn-1—c2),  fofo = a1bi(go — e1)(go — e2), 8)

TTTei=2 v =TI (o). WP ARRORMERIE &, 2 g, v DN HTHS.

o AN TRy 7 AWRB K OMMFESAD, N =1 DEAT ¢-D MIcfitisnhsc Lk,
N =2 DBAET ¢E IS E NG &g, 1 LFAKTHS.

o N =3DE, &lfci=cnd =d, folt) = ) =0, g0(t) = e; BET g2(t) = ¢ DT, BHEEH
f:—%mmgzg%ﬁméa,Xﬁ%—@%v71%ﬁ5&6%%%@ﬁﬁﬁﬁ¢é”ﬂm&%
RERTFE R T R

o ger (f —a)(f = a3)(f — as)(f — b2)(f — b3)(f — b4)
e+ 0+ aphle+ U+ ) = P —an(f - b1)

A =x1/H)A =x1/f) xz(xl —ax)(x1 — az)(x) — ag)(x; — ba)(x1 — b3)(x1 — by) ©)
(1-2x2/f)(1 - xg/f) xl(xz — a)(x2 — a3)(x2 — as)(xa — ba)(x2 — b3)(xz — bg)’

CCT, x=x, @3 g+ (x+ 2 )-0%(%713‘

T ORFEFE TR OYIAMZER O 8 MECEIE, (f, ) € P! x P! BZEOER L iWIiR LicZhZEh
2E6END D, TORBEZ, (1,1) KEIEE 2 AH 5 75 2 AEHERY 73 0B & Y 7 AL ZE i O A
I35,

BE X
[1] Nagao H., and Yamada Y., Study of q-Garnier system by Padé method, arXiv:1601.01099 [nlin.SI].
[2] Sakai H., A g-analog of the Garnier system, Funkcialaj Ekvacioj 48 (2005), 273-297.

[3] Sakai H., Lax form of the q-Painlevé equation associated with the A(ZI) surface, J. Phys. A: Math. Gen.,
39 (2006), 12203-12210.
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A generalization of multivariate Meixner, Charlier and
Krawtchouk polynomials
eIl ook (BRORIER)*
B =
[1] TEA U 72 % 2% Meixner, Charlier, Krawtchouk ZHRIZDWT, #&

SR B 12D\ T DA LT H [1] T U7 R, A BRR, 24
FBRRNRY LD L A RR D,

EFE 1. £Z % Meixner, Charlier, Krawtchouk ZIHA % ZNZ WU T D L S IZEHET 5.

ennZ R0 0,6

oen=3 2 (,(%), (), ()" @)
(H)

K kgdk ( ><k)1(;)lkl (mc N=(N,...,N)). (3)

@bnzr—i—%r(r—l),m,kli%ﬁ@ﬁj\%’ﬂ,d IR — X B 2 W T

wl=
Tl

P my—my+ (g —p) B (my—my, 3 a—p—1)+1)
" H 5(a—p) 1
lsp<qsr A B (mp —mg, 5(¢+1— p))

YRENDERE L, (s lds e CTITRLTHEE 5 R~ E

r

(8)k == H <sj - %(] - 1)>k (@)1 (o, ...y a)) EAIRT)

j=1 J
THO, K| =k +-+k T 5. FZr ZHKO Jack LA P 2T,

P]Eﬁ)()\lv . 'a)\r)

2
@E Ay ) =
. PP,...1)

EHEWT, —fik (Jack) “IHRE (YY), &

=

o (14 A, 1A = Y (f) o O, )

kCm

TEDS.

F—7 — K : multivariate orthogonal polynomials
* T 565-0871  KERFWRHMILEF1-5 KKK ERIERB AR

e-mail: g-shibukawa@ist.osaka-u.ac.jp

43-



TH 2 (M), 2 2ES r OBKONEDES, 21,5 <1ETBE,

1-1z 1—1z 2 2
H ( 17"'7 CZ ) = Z d ((:j)nM(ﬁ)(X;Oé7c)cbilﬁ)(zl7"'7Z7“)7

1_21 ney n( )n B

v (2) 1 1 1 %) (3)
eXi=17 B, P (1 —~a, 1— azr> — Z dn(T)nCnd (x;0)P0 (21, .., 2), (5)

T 2 171_7772' 171;132 N 2 2
YN (123) p 1 p T _ K(B) . N(I)(B>
||(1+zj) Dy ( I R e )—ng <n>é W (xp, N)Pu (21, .., 2).

=1

EH 3 (ELBEFEAR). a>2-1,0<ep<l,a>0D&E ALFEDOFE M nIZONWT,

(@)x ol ) ), B c—ml (%)m
xze;»dx(%) 50,00, (500 = T g () dmn 2 0

X2 2 H
S 6 P P P gy = e Ems, 50 (9

xEeP (7')x m

. . |m)| -1
2 2 1— N
§;<N> p*(l—p)’“N'*'Kéf)<x;p,N>K£3)<x;p,N>=( p) < ) S > 0.
X

zj—ar— LG —k—1
500 =] gD

e Tt 5= k)

B TEDOxme ZIZDONT,

d 2
dy(c — 1)|m‘]\/[(“ (x;a,c) deJre aj(—x —€;) (xj—l—a— §(j— 1)) CMI(]:)(X‘FE]’;O‘?C)

%2581 Charlier, Krawtchouk ZHAIZ DWW T H [ARRD 2 73 BAFR A 0 32D,
SE R

[1] G.Shibukawa: Multivariate Meizner, Charlier and Krawtchouk polynomials, J. Lie The-
ory, 26 (2016), 439-477.

»
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q-HERMHRE 2 00(a, 0; —: q, ) D g-Stokes B
Kl Bt FEERAREBEE LA EE) !

BEIER —RICHEIT 5 - BRI 200(a, 0; —; ¢, 2) ZIERBICE D 55077
52

[¢-Weber| (qQI) — (1 — agz) u(qzr) — gru(x) = 0.
DA EZ ZE X5 (a #£0)o WM - HRECcOR/AT B o—> L LTUTD
b DOHHELILS -

o _ .. o _ 1
Ul(I’) - 2900(0’707 1Q7x)7 UQ(I') 9( qu)lSOl ( ; 0; Q7aqx)
oy _ 0(—agqx) 1 ory_ (@ 0)c q q
Ul(m) - 9( qz ) 260 <a O -4, G2I’> ) UZ('T) - 9(-0@7)1%01 <a707q1 CLI')

Lo IR, 50 13— SR C B B
BTN R 0 (x) DRHIE & o - HEEE (2, \) 105 L TRAK D

Ao R

@) 0NN Ow) 1
WD) = Glag) e 00 00/ 0—an) > T a2
BiEES: g€ C and 0 < || < 1. g-FERRAE:
(a§Q)n = H(l - aqj)’ (CL; Q)oo = H(l - aqj)7 (a17a27 ey Am; C] H as; q

OF — 2B O,(x) == 0(x) =Y ¢FF V28 = (¢, 2, —q/7;q), . Z DBIFRR
keZ

0(qFz) = ¢ FE=D207kg(2) (k € Z), x0(1/x) =0(x), 6(1/x) = 0(qx).

R RREL

(a1, -, a3 Q)n nn—1) ) 1457
T¢S(a1a"'7a7‘;b1a~-~7bs;q7x):Z A X {(71)nq 2 } "
n>0 (bla s 7bsa Q)n(Q7 q)n

WFE S ORIEEZ 5, ¢-Borel 2 B : C[[1]] — C[[r]

o0 oo
B;‘ lz a,t"| = Z anqi”(”*l)/QT".
n=0 n=0

kq#ﬁﬁ%ﬁodﬂﬂ:f()uBﬂm’ﬁ—quﬂﬂm”ﬂ%ikmiﬁﬁ
B2, gLaplace 258 L Z i3 B ORI LRI 7 B,

0,( ")\/

VAW 3R (GRS :6K05176) DK% ZF 72 b DTH %,
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0¢u@mfﬁﬁmﬁ?éiﬁ%=¢@)%ggz)%ﬁmmﬂbf
m>0

> o™ )

_9( A)6(gaz /bN)
0(bA)0(gz/A)

& £ 1] ¢- O TR TR 72§ 2 R
(1 — abgz)y(¢*x) — {1 — (a + b)gx} y(qx) — quy(x) = 0. (1)
JE A - R C ORI L LCIAT O b 0033 (o0 13 FE0RE, fhI) -

abx; q)oo
9\ (x) = 2po(a,b; =5, 2),  ys(x) = (9(—qu)2¢1 (a X ;05 qvab‘E)

. 0(—aqzx) q o 0(—bqzx) bq q
(c0) (00) (1) — b0 2.
I (.T) 9(_q$) 2§01 ((Z 0 b 7qa abz ) ) Yo (T) 0(_(]1;) 21 507 a B abx .

< Slater DZHAAI ¢ 101 (a;¢;q,2) = (ax/¢; @) sz (¢/a,0;¢; g, az/c) .
OBl AR ¢ g-Borel-Laplace 254 3% (2, \) := L([ﬂ o B;(y§0))(3§) LT
_0) _ (B59)ee B(aX) b (gax/N) 0(—q2) (o),

N = ez 000 0tar/) d-aan”

(aiq)e (V) 6 (gbr/N) O(—qz) (o
Wl 000 Blaa/n) o ban)e @ O
() = () 0) 4 L) ®)

O+ B (77) 13, o OEH AKX O OB LR E L <R b5, B
(77) 1%, (??) % g-Laplace ZH1 L T, ¢-Laplace 284 B9 % i Z @ H L <15

& Hiil: ajay--a,/biby--b,=1LF 5. ZDLE
_ O(arx)0(ag) - - - 0(an)
) = G 12)0(0s2) ()
X f(zq") = f(2) (n€Z)&72Y., C/¢" LOEHEBEED 3.
WISEE: (22) Tb— 02T 2 & [¢-Weber] e 2, RO S b g™ 0sz0t %
TRABR I 7 O CHEFIBIECE #H0 TRl O 5 N5 . ZHAR K Y
_(0), . O(—=abx) 0(—qx) _ 0(—abx) ba g
Yo (I) T 0( ax) 0( qu)yQ(x) - 9(7CL$) 201 b,O, a 14, abz
_ (g, abz; q) oo (g/ aba; q) ba g\ _ (g.abriq)s q.bg  q
PY1 b70a ‘s - 1¥1 ) ) 4y .
( x) abx O(—ax) a a7 ax
(?7), (??7) T P eELEx LTy () 2 lET S L,
~<°>(x A) = Ci(a, )y (x) + Caar, A )™ ()
7 5 RAEHE 5, b—>0 DORIREIRS L. 3 (2), 17 (2) ERZ R W3, v 187
5, fl(x)\)fhmbﬁoyl (z,\) LIED D,

Vot b=pg" EBCTHRIR n — co M &, HEfREUS 1 ORI 7
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