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Introduction - (1/4)

(ى) Χϯυϧ (quandle): ݁ͼͷݱʹڀݚΕΔܥ.

Def. (David Joyce (1982), Matveev (1982))

Q: ू߹, s : Q → Map(Q,Q) : x "→ sx ʹର͠, (Q, s) ͕ Χϯυϧ

:⇔ (S1) ∀x ∈ Q, sx(x) = x .

(S2) ∀x ∈ Q, sx શ୯ࣹ.

(S3) ∀x , y ∈ Q, sx ◦ sy = ssx (y) ◦ sx .

Ex.

• ҙͷ܈ sg (h) := gh−1g ʹΑͬͯΧϯυϧ.

• ͪͳΈʹ sg (h) := g−1hg ͰΧϯυϧ .(Χϯυϧڞ)
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Introduction - (2/4)

(ঝ) Χϯυϧରশۭؒͷ “ࢄԽ” ͱΈͳ͢͜ͱ͕Ͱ͖Δ.

Fact (Joyce)

• (࿈݁ͳ) ରশۭؒΧϯυϧ.

Our Theme

• ରশۭؒΛࢀরͯ͠, ΧϯυϧͷߏΛ͢ڀݚΔ.

(↔ ࢄతͳରশۭؒΛ࡞Δ.)
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(స) ରশۭؒͷରᪧू߹Λߟࢀʹ, ෦ू߹ͷ s-ՄੑΛಋೖ.

Def.
Χϯυϧ (Q, s) ͷ෦ू߹ X ͕ s-Մ

:⇔ sx ◦ sy = sy ◦ sx (∀x , y ∈ X ).

Note

• s-Մ subset ͷ෦ू߹ s-Մ.

• ैͬͯ, แؚؔۃͯؔ͠ʹେͳͷʹڵຯ͕͋Δ.
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(݁) s-Մ subset ྑ͍ੑ࣭Λͪ, .ຯਂ͍ྫ͕͋Δڵ

Today’s Topic

• ಈػ: Χϯυϧͱରশۭؒͷํ͔Β.

• ੑ࣭: ରᪧ ⇒ s-Մ, ...

• ྨ: ,໘ٿ ࣮ࣹӨۭؒ, ೋ໘ମΧϯυϧͷۃେ s-Մ.

• :ͷޙࠓ

Note

• Joint work(s) with ,อ྄ٱ ฯඒ߳, Ԟాོ, ...
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ಈػ 1

• ฏୱͳඇ࿈݁ (Ͱ͖Ε࣭ͳ) Χϯυϧͷߏ.

Def.

• (Q, s) ͕ ࣭ :⇔ Aut(Q, s) ! Q ͕ਪҠత.

(४ಉܕ :⇔ f ◦ sx = sf (x) ◦ f )
• (Q, s) ͕ ࿈݁ :⇔ Inn(Q, s) := 〈sx | x ∈ Q〉 ! Q ͕ਪҠత.

• (Q, s) ͕ ฏୱ :⇔ G 0(Q, s) := 〈sx ◦ sy | x , y ∈ Q〉 ͕Մ.

Note

• ࿈݁ ⇒ ࣭.

• ࿈݁ ⇔ G 0(Q, s) ! Q ͕ਪҠత.

Y
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Note

• ϦʔϚϯରশۭؒ (Q, s) ͕ฏୱ ۂ) ≡ 0) ⇔ G 0(Q, s) ͕Մ.

Thm. (Ishihara-T. 2016)

༗ݶΧϯυϧ (Q, s) ͕࿈݁ฏୱ

⇔ (Q, s) حҐͷࢄτʔϥε.

(ೋ໘ମΧϯυϧ Rn := ୯Ґԁͷ n  + ௨ৗͷରশ,
ࢄτʔϥε := Rn1 × · · ·× Rnk .)

Note

• ฏୱΧϯυϧʹରͯ͠ “࿈݁” ͕͍݅ڧ.

• Ͱඇ࿈݁ͳฏୱΧϯυϧͲͷ͘Β͍͋Δ͔ʁ
:͘ྫ͍ࢥ) ࣗ໌Χϯυϧ (sx = id), (...τʔϥεࢄҐͷۮ

か」

•

. .

・
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Obs.

• G 0(Q, s) ⊂ Inn(Q, s) ⊂ Aut(Q, s).

• ෦Χϯυϧ X ⊂ (Q, s) ͕ s-Մ ⇒ X ฏୱ.

Ex. (Furuki-T.)

• ୯Ґٿ໘ Sn ʹର͠, An+1 := {±e1, . . . ,±en+1} ෦Χϯυϧ͔
ͭ s-Մ. ͞Βʹ An+1 ඇ࿈݁, ࣭.

Proof

• ֤ s±ei ର֯ྻߦͰද͞ΕΔ (e.g., s±e1 = diag(1,−In)).

• sei (ej) = ±ej ΑΓ෦Χϯυϧ, ඇ࿈݁.

Natural Questions

• ଞͷରশۭؒͰ͑ߟΔͱ, ͍Ζ͍Ζͳྫ͕ग़ͯ͘Δ͔ʁ

鋌
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Note

• ϦʔϚϯରশۭؒͷཧʹ͓͍ͯ, ฏୱͳͷॏཁ.

Fact

• ࿈݁ϦʔϚϯରশۭؒͰ, max. flat උશଌతฏେͳ࿈݁ۃ)
ୱ෦ଟ༷ମ) ߹ಉΛআ͍ͯҰҙ. ͦͷݩ࣍Λ rank ͱݺͿ.

Note

• ίϯύΫτͳ߹ۃେτʔϥε. ୯७Ϧʔͩͱ Cartan
subalgebra ͕ରԠ.
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ಈػ 2 - (2/2)

ಈػ 2

• (༗ݶ) Χϯυϧͷ෦ू߹Ͱ, max. flat ͷྨࣅΛఆٛͤΑ.

Note

• ͦ͜Ͱࠓճ େۃ“ s-Մ෦ू߹” Λ͑ߟΔ.

• ͨͩ͠ “Ұҙੑ” ҰൠʹΓཱͨͳ͍ͷͰ, ͦͷ·· max. flat
ͷྨࣅͰ͋Δͱ͑ݴͳ͍...

• ͕, ༷ʑͳ෦ू߹Λ͍ͨͯ͑͘ߟޙࠓΊͷۚࢼੴʹͳΔ͔.
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ಈػ 3 / ੑ࣭ 1

• X (⊂ (Q, s)) ͕ “ରᪧత (antipodal)” ⇒ s-Մ.

Def. (cf. Chen-Nagano)

x , y ∈ (Q, s) ʹର͠,

• (x , y) ͕ pole pair :⇔ sx = sy .

• (x , y) ͕ antipodal (ରᪧ) pair :⇔ sx(y) = y ͔ͭ sy (x) = x .

Def. (ଓ͖)

X ⊂ (Q, s) ʹର͠,

• X ͕ pole subset :⇔ ∀x , y ∈ X , (x , y)  pole pair.

• X ͕ antipodal subset :⇔ ∀x , y ∈ X , (x , y)  antipodal pair.
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Def. (ಉ༷ʹ)

• x , y ∈ (Q, s) ʹର͠, (x , y) ͕ s-Մ pair :⇔ sx ◦ sy = sy ◦ sx .
• X ⊂ (Q, s) ͕ s-Մ෦ू߹ :⇔ ∀x , y ∈ X , (x , y)  s-Մ.

Prop.

• (x , y) ͕ antipodal pair ͳΒ s-Մ pair.

Proof

• (Q3) ΑΓ sx ◦ sy = ssx (y) ◦ sx . ରᪧΑΓ sx(y) = y .

Note

• ରᪧू߹ Chen-Nagano, Tanaka-Tasaki, ... ʹΑΓৄ͘͠͞ڀݚ
Ε͍ͯΔ. s-Մ෦ू߹ͦͷҰൠԽ.
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Ex.
ԁप S1 Λ͑ߟΔͱ,

• {±x} ۃେͳ pole subset େͳۃ͔ͭ antipodal subset.

• {±e1,±e2}  (େͳۃ) s-Մ subset.

ਤ s
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・

se
i

e. e 、憥 ・ ・

→く

-



ಈػ 1 ಈػ 2 ಈػ 3 / ੑ࣭ 1 ੑ࣭ 2 ྨ 1 ྨ 2 ྨ 3  1  2  3 References

ಈػ 3 / ੑ࣭ 1 - (4/5)
Lem.
(x , y) ͕ s-Մ pair ⇔ (sx(y), y) ͕ pole pair.

Proof

• (Q3) ΑΓ sx ◦ sy = ssx (y) ◦ sx .
• (Q2) ΑΓ sx ◦ sy ◦ s−1

x = ssx (y).

• ैͬͯ (x , y) ͕ s-Մ iff sy = ssx (y).

Prop.

(Q, s) ͷ pole ͕શͯࣗ໌ (i.e., (x , y) ͕ pole pair ⇒ x = y) ͱ͢Δͱ,
ҙͷ s-Մ෦ू߹ରᪧత.

Proof

• (x , y) Λ s-Մ pair ͱ͢Δͱ, Lem. ΑΓ (sx(y), y)  pole pair.

• ԾఆΑΓ y = sx(y). ͋ͱ x = sy (x) ಉ༷.
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Prop. (·ͱΊ)

• ରᪧ ⇒ s-Մ.

• pole ͕શͯࣗ໌ͳΒ, ରᪧ ⇔ s-Մ.

Note

• ରᪧͱ s-Մʹҧ͍͕͋Δ͔Ͳ͏͔, pole ͷঢ়گʹΑΔ.

• ࣗ໌ͳ pole ͔͠ͳ͘, େରᪧू߹͕ҰҙతͰͳ͍ରশۭؒͷྫ͕ۃ
͋ΔͷͰ, େۃ s-ՄͷҰҙੑҰൠʹΓཱͨͳ͍...
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Prop. (ੑ࣭ 2)

• X (⊂ (Q, s)) େۃ͕ s-Մ subset ͳΒ, X ෦Χϯυϧ.

Proof

• ∀x ∈ X ΛͱΔ. sx(X ) = X Λࣔͤྑ͍.

• ͢Δͱ X ∪ sx(X )  s-Մ.

(∵) X  s-Մ. sx(X )  s-Մ. ∀y , z ∈ X ΛͱΔ.

(x , z)  s-ՄΑΓ (sx(z), z)  pole pair.

Αͬͯ sy ◦ ssx (z) = sy ◦ sz = sz ◦ sy = ssx (z) ◦ sy .
• X ͷۃେੑ͔Β X = X ∪ sx(X ). ಛʹ sx(X ) ⊂ X .

• sx(X ) ۃେ s-ՄͳͷͰ sx(X ) = X .
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ੑ࣭ 2 - (2/2)

Note

• ରᪧू߹, େͰͳͯ͘ৗʹ෦Χϯυϧۃ (sx |X = id).

• s-Մ෦ू߹͕ۃେͰͳ͍ͱ͖, ෦ΧϯυϧͱݶΒͳ͍.

• େۃ s-Մͱͯ͠ͲΜͳΧϯυϧ͕ग़ͯ͘Δ͔ʁ

•

•

•
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໘ٿ Sn ͷ෮श

• sx(y) = −y + 2〈x , y〉x .
• (x , y) ͕ pole pair ⇔ x = ±y .

Lem.
x , y ∈ Sn ʹରͯ͠, (x , y) ͕ s-Մ pair ⇔ x = ±y or x ⊥ y .

Proof

• (x , y) ͕ s-Մ pair ⇔ (sx(y), y) ͕ pole pair ⇔ sx(y) = ±y .

• ͜͜Ͱ sx(y) = y ⇔ x = ±y .

• ·ͨ sx(y) = −y ⇔ x ⊥ y .
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Prop.

໘ٿ Sn ʹରͯ͠,

• {±e1, . . . ,±en+1} ۃେ s-Մ subset.

• ҙͷۃେ s-Մ subset ্ʹ SO(n + 1) Ͱ߹ಉ.

• ͜Ε (Χϯυϧͱͯ͠) ඇ࿈݁, ࣭.

Note

• ͱ͍͏͜ͱͰલʹͨ͛ڍ෦Χϯυϧͷྫ͕ େۃ“ s-Մ subset”
ͱͯ͠ಛ͚ΒΕͨ.
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࣮ࣹӨۭؒ RPn ͷ෮श

• 0 1= x ∈ Rn+1 ʹରͯ͠ [x ] := SpanR{x} ∈ RPn ͱද͢.

• s[x]  [x ] ʹؔ͢Δ reflection r[x] : Rn+1 → Rn+1 Ͱ༩͑Δ.

Ex

• s[e1]([e2]) = [−e2] = [e2], s[e1]([e1 + e2]) = [e1 − e2], ...

Fact

• n > 1 ͷͱ͖ RPn ͷ pole ࣗ໌.

• n = 1 ͷͱ͖, ([x ], [y ]) ͕ pole pair in RP1 ⇔ [x ] = [y ] or x ⊥ y .

(r[e1] = diag(1,−1), r[e2] = diag(−1, 1) ΑΓ s[e1] = s[e2])

÷※



ಈػ 1 ಈػ 2 ಈػ 3 / ੑ࣭ 1 ੑ࣭ 2 ྨ 1 ྨ 2 ྨ 3  1  2  3 References

ྨ 2 - (2/2)

Prop.

࣮ࣹӨۭؒ RPn ʹରͯ͠,

• n > 1 ͷͱ͖, X (⊂ RPn) େۃ͕ s-Մ ⇔ X ۃେରᪧ

⇔ X  {[e1], . . . , [en+1]} ͱ SO(n + 1)-߹ಉ.

• n = 1 ͷͱ͖, X (⊂ RP1) େۃ͕ s-Մ

⇔ X  {[e1], [e2], [e1 + e2], [e1 − e2]} ͱ SO(2)-߹ಉ.

Proof (n = 1 ͷΈ)

• ([x ], [y ]) ͕ s-Մ pair ⇔ (s[x]([y ]), [y ]) ͕ pole pair ⇔
s[x]([y ]) = [y ] or s[x]([y ]) ⊥ [y ].

• s[x]([y ]) = [y ] ⇔ ∠([x ], [y ]) = 0,π/2.

• s[x]([y ]) ⊥ [y ]. ⇔ ∠([x ], [y ]) = π/4. 憖
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ೋ໘ମΧϯυϧ Rn ͷ෮श

• Rn := {S1 ্ͷ n  }.
• s ԁप S1 ͷରশͷ੍ݶ.

Rem.

• Rn ͕ඇࣗ໌ͳ pole Λͭ ⇔ n .ۮ͕

• Rn ͷରᪧू߹ pole subset.

125
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ྨ 3 - (2/3)

Prop.

Rn ͷۃେ s-Մ subset X ʹ͍ͭͯ,

• n ,ͷͱ͖ح #X = 1.

• n = 4m − 2 ͷͱ͖, X = {x , x + (2m − 1)}.
• n = 4m ͷͱ͖, X = {x , x +m, x + 2m, x + 3m}.

•
• ・

• ・

•
・・

RG R Rs
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ྨ 3 - (3/3)

Obs.

• Fact: ෦ू߹ pole ⇒ ରᪧ ⇒ s-Մ.

• ༗ݶΧϯυϧʹ͓͍ͯ, ͷه্ ⇐ ཱ͕͢Δ߹ͱ͠ͳ͍߹
͕͋Δ.
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 1

• ͍ͬͯΔରশۭؒ / Χϯυϧͷۃେ s-Մ subset ΛܾఆͤΑ.

In Progress

• (Kubo-Nagashiki-Okuda-T.) ༗࣮άϥεϚϯ Gk(Rn)∼ Ͱ.

• (Akase-Tanaka-Tasaki-T.) .Ͱ܈ͦͷ܈యݹ

• (Tada) Alexander ΧϯυϧͰ.
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Gk(Rn)∼ ͷ෮श

• Rn ͷ͖ σ ͷ͍ͨ k ݩ࣍ subspace V શମͷू߹,

• ”͖“ ͱ, ఈΛج GL+(k ,R) ͷ࡞༻Ͱׂͬͨಉྨ.

• (V ,σ) ∈ Gk(Rn)∼ ʹର͠, s(V ,σ)  V ʹؔ͢ΔંΓฦ͠.

Ex.

• ±(i , j) := Span{ei , ej} ∈ G2(R4)∼ with .͖

• s(1,2)(1, 3) = (1,−3) = −(1, 3);

• s(1,2)(3, 4) = (−3,−4) = (3, 4), ...
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Prop.

n 1= 2k ͷͱ͖, Gk(Rn)∼ ͷۃେ s-Մ subset 
• {±(i1, . . . , ik) | 1 ≤ i1 < · · · < ik ≤ n} ͱ SO(n)-߹ಉ.

Note

• n = 2k ͷͱ͖, ͬͱෳࡶʹͳΔ (RP1 = G1(R2) ͷ߹ͱಉ༷).

• n 1= 2k Ͱ, Gk(Rn)∼ ͷۃେରᪧू߹ͷܾఆۃΊ͍ͯ͠ (ʹ
ؔΘΒͣۃେ s-ՄܾఆͰ͖Δ͜ͱ͕͋Δ).

←地
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 2

• େۃ s-Մ subset ͷߏΛௐΑ.

Def.
X (⊂ (Q, s)) ʹରͯ͠,

• X ͕ త࣭ࡏ֎ :⇔ NAut(Q,s)(X ) ! X ͕ਪҠత.

• X ͕ ࡏత࣭ :⇔ Aut(X , s|X ) ! X ͕ਪҠత.

Note

• త࣭ࡏ֎ ⇒ ࡏత࣭.

• ରᪧू߹͍ͭͰ (ࣗ໌ΧϯυϧͳͷͰ) ࡏత࣭.

a
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 2 - (2/2)

ٙ

• ࿈݁ϦʔϚϯରশۭؒͷۃେ s-Մ subset ࡏత࣭͔ʁ

(...త࣭ෆཱͳྫ͕͋Γͦ͏ࡏ֎)

• ରᪧू߹ͷ֎ࡏత࣭ੑΛௐΔͷʹ͑Δ͔ʁ
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 3.1 (cf. Kubo)

• ଞͷ෦ू߹͑ߟΒΕͳ͍͔ʁ
• ରᪧ pair, s-Մ pair ͷΑ͏ͳೋ߲͕ؔ͋Ε, ʓʓ෦ू߹͕
ఆٛͰ͖Δ. ଞʹ໘ന͍ͷ͕͋ͬͯྑͦ͞͏.

 3.2

• େۃେରᪧू߹ۃ s-ՄͷҰҙੑ͕ΓཱͭΑ͏ͳ, (ରশ R ۭ
ؒʹରԠ͢Δ) ΧϯυϧͷΫϥε͋Δ͔ʁ

 3.3

• େۃ s-Մ subset ରশۭؒͷੑ࣭Λө͢Δ͔ʁτϙϩδʔͱ
ͷؔʁ

o .
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