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• Notation

• Unit

µ, ν · · · = 0, 1, 2, 3
i, j · · · = 1, 2, 3
gµν = (+,−,−,−)

c = � = kB = 1
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1. Standard Model

• Cosmological Principle

• The universe is spatially homogeneous 

• The universe is isotropic. 

Robertson-Walker Metric

ds2 = dt2 − a2(t)

[

dr2

1 − Kr2
+ r2(dθ2 + sin2 θdφ2)

]







K > 0 closed universe
K = 0 flat universe
K < 0 open universe

a(t) scale factor
3dim curvature 

=
K

a2
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• Another Form

R00 = −3
ä

a

Rij = −
�
ä

a
+ 2

ȧ2

a2
+

2K

a2

�
gij

R = −6
�
ä

a
+

ȧ2

a2
+

K

a2

�

ds2 = dt2 − a2(t)
�
d�x2 + K

(�x · d�x)2

1−K�x2

�
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Element length in curved space

• Sphere in Euclidian Space x
2

+ y
2

+ z
2

= a
2







z = a cos θ
x = a sin θ cos ϕ
y = a sin θ sinϕ







dz = −a sin θdθ
dx = a cos θ cos ϕdθ − a sin θ sinϕdϕ
dy = a cos θ sinϕdθ + a sin θ cos ϕdϕ

θ

ϕ

ar

x

y

z

ds2 = a2(dθ2 + sin2 θdϕ2)
dθ

2
=

dr2

cos2 θ
=

dr2

1 − r2

ds2
= a2

(

dr2

1 − r2
+ r2dϕ2

)

ds2
= dx2

+ dy2
+ dz2

r = sin θ → dr = cos θdθ
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�x = (x, y) �x2 + z2 = a2

ds2 = d�x2 + dz2

�x · d�x + zdz = 0

ds2 = d�x2 +
(�x · d�x)2

z2
= d�x2 +

(�x · d�x)2

a2 − x2

ds2 = a2

�
d�x2 +

(�x · d�x)2

1− x2

�
�x → a�xrescale

• Sphere in Euclidian Space (2)
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Element length in curved space
• Hypabolic surface in Minkowski space

a ––> ia   z ––> iz  θ ––> iθ

θ

ϕ

ar

x

y

z




z = a cosh θ
x = a sinh θ cos ϕ
y = a sinh θ sinϕ






dz = a sinh θdθ
dx = a cosh θ cos ϕdθ − a sinh θ sinϕdϕ
dy = a cosh θ sinϕdθ + a sinh θ cos ϕdϕ

x2 + y2 − z2 = −a2

ds2 = dx2 + dy2 − dz2

ds2 = a2(dθ2 + sinh2 θdϕ2)
r = sinh θ → dr = cosh θdθ dθ2 =

dr2

cosh2 θ
=

dr2

1 + r2

ds2 = a2

�
dr2

1 + r2
+ r2dϕ2

�
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Energy-Momentum Tensor 
           =    Perfect Fluid Form

Tµν = −pgµν + (ρ + p)uµuν
u

0
= 1, u

i
= 0

Cosmological Principle

Energy Momentum Tensor

T 00 = ρ(t) T ij = gijp(t)

T
µ
ν =





ρ O

−p

−p

O −p





Einstein eq.

Gµν = Rµν −
1
2
gµνR

= 8πGTµν

G00 = 3
�

ȧ2

a2
+

K

a2

�

Gij =
�

2
ä

a
+

ȧ2

a2
+

K

a2

�
gij
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Gµν = 8πGTµν + Λgµν

Λ Cosmological Constant

(

ȧ

a

)2
+ K

a2 −

Λ

3
= 8πG

3
ρ

ä = −

4πG

3
(ρ + 3p)a + Λ

3
a

d

dt
(a3ρ) = −p

d

dt
(a3)

two independent 
equations

Einstein Equation

G00 = 3
�

ȧ2

a2
+

K

a2

�

Gij =
�

2
ä

a
+

ȧ2

a2
+

K

a2

�
gij
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Newtonian Picture

v = ȧ(t)
a(t)

m

Energy Conservation

1

2
mv

2
−

GMm

a
= mE = const

M =
4

3
πa3ρ total mass

ȧ2

2
−

4πGρ
3

a2 = E ≡ −
K
2

ȧ2

a2 +
K
a2 =

8π
3

Gρ

1st Law in Thermodynamics 

dE = −pdV

E = ρa3 V = a3

d

dt
(a3ρ) = −p

d

dt
(a3)
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2. Cosmological Parameters

• Hubble Parameter

The present Hubble parameter = Hubble constant

obs:
  

Friedmann Equation
(

ȧ

a

)2

+
K

a2
−

Λ

3
=

8πG

3
ρ

H ≡

(

ȧ

a

)

H0

H0 = h0 × (100km/s/Mpc)

h0 ! 0.7 ± 0.1

Mpc ! 3 × 1024cm

distance to a galaxy: d
d = ar (r � 1) ⇒ v = ḋ = (ȧ/a)ar = Hd
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0

H    Hubble Constant = 465km/s/Mpc0

(velocity) = H   X (distance)
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http://hubble.nasa.gov/

Hubble Space Telescope
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0

H    Hubble Constant = 68-75km/s/Mpc0

(velocity) = H   X (distance)

2001
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0

H    Hubble Constant = 68-75km/s/Mpc0

(velocity) = H   X (distance)

62 FREEDMAN ET AL. Vol. 553

FIG. 4.ÈTop : Hubble diagram of distance vs. velocity for secondary
distance indicators calibrated by Cepheids. Velocities in this plot are cor-
rected for the nearby Ñow model of Mould et al. (2000a). Squares : Type Ia
supernovae ; Ðlled circles : Tully-Fisher clusters (I-band observations) ; tri-
angles : fundamental plane clusters ; diamonds : surface brightness Ñuctua-
tion galaxies ; open squares : Type II supernovae. A slope of isH0 \ 72
shown, Ñanked by ^10% lines. Beyond 5000 km s~1 (vertical line), both
numerical simulations and observations suggest that the e†ects of peculiar
motions are small. The Type Ia supernovae extend to about 30,000 km s~1,
and the Tully-Fisher and fundamental plane clusters extend to velocities of
about 9000 and 15,000 km s~1, respectively. However, the current limit for
surface brightness Ñuctuations is about 5000 km s~1. Bottom : Value of H0as a function of distance.

^ 7 km s~1 Mpc~1. The random uncertainty is deÐned at
the ^34% points of the cumulative distribution. The sys-
tematic uncertainty is discussed below. For our Bayesian
analysis, we assume that the priors on and on the prob-H0ability of any single measurement being correct are uniform
and compute the project of the probability distributions. In
this case, we Ðnd km s~1 Mpc~1. TheH0 \ 72 ^ 2 ^ 7
formal uncertainty on this result is very small, and simply
reÑects the fact that four of the values are clustered very
closely, while the uncertainties in the FP method are large.
Adjusting for the di†erences in calibration, these results are
also in excellent agreement with the weighting based on
numerical simulations of the errors by Mould et al. (2000a),
which yielded 71 ^ 6 km s~1 Mpc~1, similar to an earlier
frequentist and Bayesian analysis of Key Project data
(Madore et al. 1999) giving km s~1H0 \ 72 ^ 5 ^ 7
Mpc~1, based on a smaller subset of available Cepheid
calibrators.

As is evident from Figure 3, the value of based on theH0fundamental plane is an outlier. However, both the random
and systematic errors for this method are larger than for the
other methods, and hence the contribution to the combined
value of is relatively low, whether the results areH0weighted by the random or systematic errors. We recall also
from Table 1 and ° 6 that the calibration of the fundamental
plane currently rests on the distances to only three clusters.
If we weight the fundamental-plane results factoring in the
small number of calibrators and the observed variance of
this method, then the fundamental plane has a weight that

ranges from 5 to 8 times smaller than any of the other four
methods, and results in a combined, metallicity-corrected
value for of 71 ^ 4 (random) km s~1 Mpc~1.H0Figure 4 displays the results graphically in a composite
Hubble diagram of velocity versus distance for Type Ia
supernovae ( Ðlled squares), the Tully-Fisher relation ( Ðlled
circles), surface-brightness Ñuctuations ( Ðlled diamonds), the
fundamental plane ( Ðlled triangles), and Type II supernovae
(open squares). In the bottom panel, the values of areH0shown as a function of distance. The Cepheid distances have
been corrected for metallicity, as given in Table 4. The
Hubble line plotted in this Ðgure has a slope of 72 km s~1
Mpc~1, and the adopted distance to the LMC is taken to be
50 kpc.

8. OVERALL SYSTEMATIC UNCERTAINTIES

There are a number of systematic uncertainties that a†ect
the determination of for all the relative distance indica-H0tors discussed in the previous sections. These errors di†er
from the statistical and systematic errors associated with
each of the individual secondary methods, and they cannot
be reduced by simply combining the results from di†erent
methods. SigniÐcant sources of overall systematic error
include the uncertainty in the zero point of the Cepheid PL
relation, the e†ect of reddening and metallicity on the
observed PL relations, the e†ects of incompleteness bias
and crowding on the Cepheid distances, and velocity per-
turbations about the Hubble Ñow on scales comparable to,
or larger than, the volumes being sampled. Since the overall
accuracy in the determination of is constrained by theseH0factors, we discuss each one of these e†ects in turn below.
For readers who may wish to skip the details of this part of
the discussion, we refer them directly to ° 8.7 for a summary.

8.1. Zero Point of the PL Relation
It has become standard for extragalactic Cepheid dis-

tance determinations to use the slopes of the LMC period-
luminosity relations as Ðducial, with the zero point of the
Cepheid period-luminosity relation tied to the LMC at an
adopted distance modulus of 18.50 mag (e.g., Freedman
1988). However, over the past decade, even with more accu-
rate and sensitive detectors, with many new methods for
measuring distances, and with many individuals involved in
this e†ort, the full range of the most of distance moduli to
the LMC remains at approximately 18.1È18.7 mag (e.g.,
Westerlund 1997 ; Walker 1999 ; Freedman 2000a ; Gibson
2000), corresponding to a range of 42È55 kpc.

For the purposes of the present discussion, we can
compare our adopted LMC zero point with other published
values. We show in Figure 5 published LMC distance
moduli expressed as probability density distributions, pri-
marily for the period 1998È1999, as compiled by Gibson
(2000). Only the single most recent revision from a given
author and method is plotted. Each determination is rep-
resented by a Gaussian of unit area, with dispersions given
by the published errors. To facilitate viewing the individual
distributions (Fig. 5, light dotted lines), these have been
scaled up by a factor of 3. The thicker solid line shows the
cumulative distribution.

It is clear from the wide range of moduli compared to the
quoted internal errors in Figure 5 that systematic errors
a†ecting individual methods are still dominating the deter-
minations of LMC distances. Some of the values at either
end of the distribution have error bars that do not overlap

2001
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2. Cosmological Parameters

• Density Parameter
critical density

• Cosmological constant

Friedmann Equation
(

ȧ

a

)2

+
K

a2
−

Λ

3
=

8πG

3
ρ

ρc ≡

3H2

8πG

Ω ≡

ρ

ρc

=
8πGρ

3H2

λ =
Λ

3H2

ρc,o = 1.053 × 10
−5h2

GeVcm
−3
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Friedmann Equation
(

ȧ

a

)2

+
K

a2
−

Λ

3
=

8πG

3
ρ H

2 +
K

a2
− λH

2 = ΩH
2

Ω + λ







> 1
= 1
< 1

⇐⇒







K > 0 closed universe
K = 0 flat universe
K < 0 open universe

(Ω + λ− 1)H2 =
K

a2
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3. Density of the Universe

Einstein equation
d

dt
(a3ρ) = −p

d

dt
(a3)

equation of state p = wρ

d

dt
(a3ρ) = a3 dρ

dt
+ ρ

d

dt
(a3) = −wρ

d

dt
(a3)

dρ

ρ
= −(1 + w)

1
a3

d(a3)

ρ ∝ a−3(1+w)
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In cosmology, three kinds of densities are important

ρ   : Matter (non-relativistic, non-thermal)

ρ   : Radiation (relativistic particles)

ρ    : Dark Energy

M

R
ρR ∝ a

−4

DE
w = −1 ⇒ Cosmological constant

w = 0

w = 1/3

w < 0

p = −ρ

Gµν = 8πGTµν + Λgµν
cosmological const. 
= vacuum energy

ρDE ∝ a0

Tµν = ρgµν [Tµν = −pgµν + (ρ + p)uµuν ]

ρM ∝ a−3

ρ = ρM + ρR + ρDE
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Observational Constraint on w

WMAP 5-year Cosmological Interpretation 29

Fig. 13.— Joint two-dimensional marginalized constraint on the time-independent (constant) dark energy equation of state, w, and the
curvature parameter, Ωk, derived solely from the WMAP distance priors (lA, R, z∗) (see § 5.4.1), combined with either BAO (red) or SN
(dark blue) or both (purple). The contours show the ∆χ2

total = 2.30 (68.3% CL) and ∆χ2
total = 6.17 (95.4% CL). The left (BAO data from

Percival et al. (2007)) and right (BAO data from Eisenstein et al. (2005)) panels should be compared with the middle and right panels of
Fig. 12, respectively, which have been derived from the full WMAP data combined with the same BAO and SN data. While the WMAP

distance priors capture most of the information in this parameter space, the constraint is somewhat weaker than that from the full analysis.

on the basis of distance information (Wang & Mukherjee
2007; Wright 2007).

We shall quantify the first distance ratio,
DA(z∗)/rs(z∗), by the “acoustic scale,” lA, defined
by

lA ≡ (1 + z∗)
πDA(z∗)

rs(z∗)
, (65)

where a factor of (1 + z∗) arises because DA(z∗) is the
proper (physical) angular diameter distance (Eq. [2]),
whereas rs(z∗) is the comoving sound horizon at z∗
(Eq. [6]). Here, we shall use the fitting function of z∗
proposed by Hu & Sugiyama (1996):

z∗ = 1048
[

1 + 0.00124(Ωbh
2)−0.738

]

[

1 + g1

(

Ωmh2
)g2

]

,

(66)
where

g1 =
0.0783(Ωbh2)−0.238

1 + 39.5(Ωbh2)0.763
, (67)

g2 =
0.560

1 + 21.1(Ωbh2)1.81
. (68)

Note that one could also use the peak of the probability
of last scattering of photons, i.e., the peak of the visi-
bility function, to define the decoupling epoch, which we
denote as zdec. Both quantities yield similar values. We
shall adopt z∗ here because it is easier to compute, and
therefore it allows one to implement the WMAP distance
priors in a straightforward manner.

The second distance ratio, DA(z∗)H(z∗)/c, is often
called the “shift parameter,” R, given by (Bond et al.
1997)

R(z∗) ≡
√

ΩmH2
0 (1 + z∗)DA(z∗). (69)

This quantity is different from DA(z∗)H(z∗)/c by a fac-
tor of

√
1 + z∗, and also ignores the contributions from

radiation, curvature, or dark energy to H(z∗). Never-
theless, we shall use R to follow the convention in the
literature.

We give the 5-year WMAP constraints on lA, R, and
z∗ that we recommend as the WMAP distance priors for
constraining dark energy models. However, we note an
important caveat. As pointed out by Elgarøy & Mul-
tamäki (2007) and Corasaniti & Melchiorri (2007), the
derivation of the WMAP distance priors requires us to
assume the underlying cosmology first, as all of these
quantities are derived parameters from fitting the CMB
power spectra. Therefore, one must be careful about
which model one is testing. Here, we give the WMAP

distance priors, assuming the following model:

• The standard Friedmann-Lemaitre-Robertson-
Walker universe with matter, radiation, dark
energy, as well as spatial curvature.

• Neutrinos with the effective number of neutri-
nos equal to 3.04, and the minimal mass (mν ∼
0.05 eV).

• Nearly power-law primordial power spectrum of
curvature perturbations, |dns/d ln k| $ 0.01.

• Negligible primordial gravitational waves relative
to the curvature perturbations, r $ 0.1.

• Negligible entropy fluctuations relative to the cur-
vature perturbations, α $ 0.1.

In Fig. 13 we show the constraints on w and Ωk from
the WMAP distance priors (combined with BAO and
SN). We find a good agreement with the full MCMC re-
sults. (Compare the middle and right panels of Fig. 12
with the left and right panels of Fig. 13, respectively.)
The constraints from the WMAP distance priors are
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The present Universe

particle temp (K) density
(1/cm  )

density
(eV/cm  )

photon 2.73 415 0.23 2.2X10

neutrino 1.95 113X3 0.052X3 4.9X10 X3

baryon - 2.5X10 250 0.02

33 Ωh
2

-7

-6

-5

neutrinos have masses Ωνh2 > 5× 10−4 (mν3 > 0.05eV)
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The present Universe

particle temp (K) density
(1/cm  )

density
(eV/cm  )

photon 2.73 415 0.23 2.2X10

neutrino 1.95 113X3 0.052X3 4.9X10 X3

baryon - 2.5X10 250 0.02

33 Ωh
2

dark 
matter - ? 1300 0.105

dark 
energy - ? 4800 0.38

-7

-6

-5

neutrinos have masses Ωνh2 > 5× 10−4 (mν3 > 0.05eV)
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Resent WMAP result

www.starwars.com
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Matter vs Radiation

matter

radiation

dark energy

d
en

si
ty

time

∝ a
−3

∝ a
−4

∝ a
0

The early universe is radiation-dominated 

(Ωm = ΩB,0 + ΩDM,0)

a0

a
>

a0

aeq

= 2.7 × 104(Ωmh
2) � 3000

aeq a∗

ρR

ρM
=

Ωγ,0 + Ων,0

ΩB,0 + ΩDM,0

�
a

a0

�−1

= 3.7× 10−5(Ωmh2)−1

�
a

a0

�−1

= 1 ⇒ a0

a
= 2.7× 104(Ωmh2)
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4. Matter Dominated Universe

Friedmann Equation
(

ȧ

a

)2

+
K

a2
−

Λ

3
=

8πG

3
ρ

(

ȧ

a

)2

= −H
2

0 (Ωm + λ − 1)
(

a0

a

)2

+ H
2

0Ωm

(

a0

a

)3

+ H
2

0λ























K = a2
0(Ωm + λ − 1)

Λ = 3H2
0λ

8π

3
Gρ = 8π

3
Gρ0

(

a

a0

)

−3

= ΩmH2
0

(

a

a0

)

−3

H
2
0
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• Dark Energy Dominated Universe

• Matter Dominated Universe

a > a∗
�

ȧ

a

�2

= H
2
0λ a = a0 exp

�
H0λ

1/2(t− t0)
�

aeq < a < a∗
(

ȧ

a

)2

= −H
2

0 (Ωm + λ − 1)
(

a0

a

)2

+ H
2

0Ωm

(

a0

a

)3

+ H
2

0λ

aeq � a� a∗

�
ȧ

a

�2

= H
2
0Ωm

�
a0

a

�3

�
a0

a

�
d

�
a

a0

�
= H0Ω1/2

m

�
a0

a

�3/2
dt

�
a

a0

�
=

�
3
2
H0Ω1/2

m t

�2/3
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• K < 0

• K > 0

• K = 0

solved analytically for λ=0

{ a
a0

= 1

2
(Ωm − 1)−1Ωm(1 − cos η)

t = 1

2
H−1

0
Ωm(Ωm − 1)−3/2(η − sin η)

{ a
a0

= 1

2
(1 − Ωm)−1Ωm(cosh η − 1)

t = 1

2
H−1

0
Ωm(1 − Ωm)−3/2(sinh η − η)

a

a0

=

(

3H0t

2

)2/3
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Ωm + λ = 1

⇒
�

ȧ

a

�2

= H
2
0Ωm

�
a0

a

�3
+ H

2
0 (1− Ωm)

a

a0
=

�
Ωm

1− Ωm

�1/3

sinh2/3

�
3
2

�
1− ΩmH0t

�

• Flat Universe

t� 2
3
H
−1
0

a

a0
=

�
Ωm

1− Ωm

�1/3 1
22/3

exp
��

1− ΩmH0t

�

t� 2
3
H
−1
0

a

a0
=

�
Ωm

1− Ωm

�1/3 �
3
2

�
1− ΩmH0t

�2/3

=
�
3
2
Ω1/2

m H0t

�2/3
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5. Entropy of the Universe

Thermodynamics dS(V, T ) =
1

T
d(ρV ) +

p

T
dV

ρ(T ), p(T ) function of T
Integrability condition

∂S

∂V
=

1

T
(ρ + P ),

∂S

∂T
=

V

T

dρ

dT

∂2S

∂V ∂T
=

∂

∂T

(

1

T
(ρ + p)

)

=
∂

∂V

(

V

T

dρ

dT

)

−

1

T 2
(ρ + p) +

1

T

dρ

dT
+

1

T

dp

dT
=

1

T

dρ

dT

dp

dT
=

1

T
(ρ + p)
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dS = 1

T
d[(ρ + p)V ] − V

T
dp

= 1

T
d[(ρ + p)V ] − V

T 2 (ρ + p)dT

= d
(

V

T
(ρ + p)

)

S(V, T ) =
V

T
(ρ(T ) + p(T ))

Entropy of the Universe

S =
a3

T
(ρ(T ) + p(T ))

Einstein eq. d

dt
(a3ρ) = −p

d

dt
(a3)

dS =
1

T
d(ρa3) +

p

T
d(a3)

dS

dt
= 0 ⇒ S const
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dS = 1

T
d[(ρ + p)V ] − V

T
dp

= 1

T
d[(ρ + p)V ] − V

T 2 (ρ + p)dT

= d
(

V

T
(ρ + p)

)

S(V, T ) =
V

T
(ρ(T ) + p(T ))

Entropy of the Universe

S =
a3

T
(ρ(T ) + p(T ))

Einstein eq. d

dt
(a3ρ) = −p

d

dt
(a3)

dS =
1

T
d(ρa3) +

p

T
d(a3)

dS

dt
= 0 ⇒ S const

The universe 
expands 

adiabatically
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Entropy of the Universe

S =
a3

T
(ρ(T ) + p(T ))

Relativistic particle in thermal equilibrium

ρ =
π2

30
gT 4 p =

1

3
ρ

entropy density

s =
π2

30
g

(

1 +
1

3

)

T 3
=

2π2

45
gT 3

T ∝ a
−1

S = a
3
s = const ⇒ T

3
a
3

= const
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6. Redshift
Wavelength of light becomes longer as the universe expands

Geodesics of light
ds

2 = 0 = dt
2
− a

2(t)
dr2

1 − Kr2

• Light emitted at t=t  r=r  reaches r=0 at t=t  

• Light emitted at t=t  +δt   r=r  reaches r=0 
at t=t  +δt

1

1

0

0

0

1

∫
t0

t1

dt

a(t)
=

∫
r1

0

dr
√

1 − Kr2

∫ t0+δt0

t1+δt1

dt

a(t)
=

∫ r1

0

dr
√

1 − Kr2

⇒

∫ t0+δt0

t1+δt1

dt

a(t)
=

∫ t0

t1

dt

a(t)
⇒

δt0

a(t0)
=

δt1

a(t1)

1

1
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⇒
δt0

a(t0)
=

δt1

a(t1)

Redshift

z ≡

λ0 − λ1

λ1

=
λ0

λ1

− 1 =
δt0

δt1
− 1 =

a(t0)

a(t1)
− 1

a(t)

a(t0)
=

1

1 + z

Momentum of photon (relativistic particle) decreases as 1/a

p0 =
a(t)

a0

p
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Redshift of Momentum
• Momentum of a particle with mass m

• Equation of motion

p = m

�

−gij
dxi

dη

dxj

dη
dη = dt

�
1− v2 vi = dxi/dt

pi = mvi/
�

1− v2

local inertial Cartesian coordinate 

spatial coordinate system in which the 
particle position is near the origin x=0 

gij = a
2

�
δij + K

xixj

1−K�x2

�

= a
2(δij + O(�x2))

Γi
j� = 0 Γi

0j =
ȧ

a
δij

d2xi

dη2
= −Γi

µν
dxµ

dη

dxν

dη
= −2

a

da

dt

dxi

dη

dt

dη

×dη

dt
⇒ d

dt

dxi

dη
= −2

a

da

dt

dxi

dη
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d

dt

dxi

dη
= −2

a

da

dt

dxi

dη

dxi

dη
∝ 1

a2

gij ∝ a2

p(t) ∝ 1/a(t)p = m

�

−gij
dxi

dη

dxj

dη
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Photon is in thermal equilibrium at t = t *

f(p∗) =
1

exp(p∗/T∗) − 1

If the photon freely streams without interaction after t
*

p =
a(t∗)

a(t)
p∗

Define T =
a(t∗)

a(t)
T∗

f(p) =
1

exp(p/T ) − 1
Same as equilibrium 
distribution with T

T ∝ a
−1

⇒ f(p) =
1

exp(p/T∗(a(t)/a(t∗))) − 1

Photon temperature
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7. Radiation Dominated Universe

The early universe is dominated by radiation

matter
radiation

dark energy

de
ns

it
y

time

∝ a
−3

∝ a
−4

∝ a
0

a0

a
>

a0

aeq

= 2.7 × 104(Ωmh
2)

Friedmann Equation
(

ȧ

a

)2

+
K

a2
−

Λ

3
=

8πG

3
ρ

∝ a
−2

∝ a
0

∝ a
−3 or −4

We can neglect K- and Λ- terms
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(

ȧ

a

)2

=
8πG

3
ρ ⇒

(

Ṫ

T

)2

=
8πG

3
ρ

T ∝ 1/a

Total energy density

g∗ =
∑

boson

gi

(

Ti

T

)4

+
7

8

∑

fermion

gi

(

Ti

T

)4

ρ =
π2

30
g∗T

4

for example
T=1MeV  ( γ, e, 3ν)

γ e
± 3νν̄

g∗ = 2 +
7

8
× 2 × 2 +

7

8
× 3 × 2 =

43

4
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t =

(

45

2π2g∗

)1/2
MG

T 2

! 2.3 sec g
−1/2
∗

(

T
1010K

)

−2

! 1.7 sec g
−1/2
∗

(

T
MeV

)

−2

⇒ a(t) ∝ t
1/2

⇒

(

Ṫ

T

)2

=
8πG

3

π2

30
g∗T

4
=

g∗
3M2

G

π2

30
T 4

MG ≡
1√
8πG

� 2.4× 1018GeV
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8.  Horizon

• Particle Horizon
maximum travel distance of light emitted at t=0 until t

Geodesics of light ds
2 = 0 = dt

2
− a

2(t)
dr2

1 − Kr2

!H(t) ≡ a(t)

∫ t

0

dt′

a(t′)

a(t) ∝ tm
{

m = 1/2 (RD)

= 2/3 (MD)

⇒ !H(t) =
t

1 − m
=

{

2t (RD)

3t (MD)
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• Event Horozon
maximum travel distance of light emitted at t until t=t(max)

For exponentially expanding universe 

• Hubble Radius

!He(t) ≡ a(t)

∫ tmax

t

dt′

a(t′)

a ∝ exp(Ht)

!He(t) = eHt

∫
∞

t

e−Ht
′

dt′ = 1/H

≡ H
−1(t) =

a

ȧ

a ∝ tm ⇒ H(t)−1 =
t

m
=

{

2t (RD)

3t/2 (MD)
∼ !H
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9. (Thermal) History of the Universe
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10. Neutrino Decoupling
• T > 2 MeV

Neutrinos are in thermal equilibrium via 
weak interaction 
  
cross section:

Boltzmann eq.

• T < 2 MeV

νi + νi ↔ e
+

+ e
−

〈σv〉 #
4G2

F

9π
〈E2〉 #

4G2

F

9π
T

2

Td ! 2 MeV

e, γ 3ν

3(ȧ/a) ! 〈σv〉nν ⇒ G2

F T 2T 3 ! T 2/MG

3(ȧ/a) ! 〈σv〉nν ⇒ ν decouple

3(ȧ/a) � �σv�nν ⇒ nν = nν,eq

dnν

dt
+ 3

ȧ

a
nν = −�σv�(n2

ν − nν,eq)
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• T > m

• T ~ m

• T < m

Sγ = a
3

1T
3

1

(

2 +
7

8
× 2 × 2

)

2π2

45

Sγ = a
3

2T
3

2 (2)
2π2

45

e
+

+ e
−

→ 2γ

e

e

e

1

2

Entropy conservation 

On the other hand
Tν,2 = Tν,1

(

a1

a2

)

Tγ

Tν

me

⇒ T2 = T1

(

a1

a2

)(

11

4

)1/3

Tν = Tγ

(

4

11

)1/3
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History of the Universe
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At present
Tγ,0 = 2.726K ⇒ Tν,0 = 1.95K

nν

nγ

=
3

4

(

Tν

Tγ

)3

=
3

4

4

11
=

3

11

nγ,0 = 415 cm
−3

⇒ nν,0 = 113 cm
−3

error bars are multiplied by 400
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2006  Nobel Prize in Physics
"for their discovery of the blackbody form and anisotropy 
of the cosmic microwave background radiation"
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11. Big Bang Nucleosynthesis (BBN)

In the early universe (T=1 - 0.01MeV)

2p + 2n →4He 3He 7LiD+ small

A. Initial Condition
p and n interchange  via weak interaction

νe + n ↔ p + e
−

e
+ + n ↔ p + ν̄e

n ↔ p + e
− + ν̄e

Reaction Rate Γ ∼ σvne ∼ G
2

F T
2
T

3
∼ G

2

F T
5
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Γ ! H Chemical Equilibrium 

µνe
+ µn = µp + µe−

n =
g

2π2

∫
∞

0

p2dp
1

exp[(E − µ)/T ] ± 1

non-relativistic

n = g

(

mT

2π

)3/2

exp[−(m − µ)/T ]

µe/T ∼ 10
−10

" 1

µν/T ! 1 assumption

µn = µp

ne− − ne+ =
1
3
µeT

2 = np
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Q = mn − mp = 1.293 MeV

nn

np

= exp[(mp − mn + µn − µp)/T ]

= exp[−Q/T + (µn − µp)/T ]

(

nn

np

)

eq

= exp

(

−

Q

T

)

freeze-out tempΓ ∼ H ⇒ Tf

G2

F T 5

f ∼
T 2

f
√

3MG

(

π2

30
g∗

)1/2

Tf ∼ 1 MeV

nn

np
! exp

(

−

Q

Tf

)

!

1

7
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B. 0.1 MeV < T < 1 MeV

p + n ↔ D + γ Qd = 2.22 MeV

nγ ∼ 10
10

nB " nB Produced D is destroyed 

T ! 0.1 MeV

nγ(Eγ > 2.22MeV) ↘

⇒ p + n → D + γ

D + γ → p + n

C. T < 0.1 MeV
D + D ↔

3He + p

3He + n ↔
3H + p

3H + D ↔
4He + n

4
He

+ small amount of D, 3He, 3H

(3H →
3 He + e

− + νe, τ1/2 ∼ 12yr)
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D. Heavier Light Elements?

• No stable nuclei with A=5 or 8

• Coulomb Barrier 

No

But tiny amount of Li7
4He + 3H →

7Li + γ

4He + 3He →
7Be + γ

7Be + e
−

→
7Li + νe

Abundances of Light Elements only depend on 
baryon-to-photon ratio

ηB ≡

nB

nγ
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Yp = ρ4He/ρT
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He4 

D/H

Li7/H

Observational Abundances of Light Elements (old)

Yp = 0.238 ± 0.002 ± 0.005

D/H = (2.8 ± 0.4) × 10−5

log10(
7Li/H) = −9.66 ± 0.056 (±0.3)

Fields,Olive (1998)

Izotov et al. (2003)

Kirkman et al. (2003)

Bonifacio et al. (2002)

Yp = 0.242 ± 0.002(±0.005)

Yp = 0.250± 0.004 Fukugita,Kawasaki (2006)
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He4 

D/H

Li7/H

Li6/H

He3/D

Observational Abundances of Light Elements

Izotov et al. (2007)

O’Meara et al. (2006)

Bonifacio et al. (2006)

Asplund et al. (2006)

Geiss and Gloeckler (2003)

Yp = 0.2516± 0.0040

D/H = (2.82± 0.26)× 10−5

log10(
7
Li/H) = −9.90± 0.09 + 0.3

6Li/7Li < 0.046± 0.022 + 0.084

3
He/D < 0.83± 0.27
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NGC 6611

•  HII region

•  OB stars ionize H and He

•  E(HI)= 13.6eV, E(HeI)= 24.6eV,E(HeII)= 56.4eV

•  Recombination lines

•  measure HeII/HII

 

H II   HeII

Measurement of He in  HII region
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Spectrum

1
9
9
4
A
p
J
.
.
.
4
3
5
.
.
6
4
7
I

MRK 193  Izotov, Thuan, Lipovetsky (1994)

5876Å

6678Å

3889Å

4471Å

7065Å
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Izotov, Thuan, Stasinska 2007

– 47 –

Fig. 9.— Linear regressions of the helium mass fraction Y vs. oxygen and nitrogen abun-

dances for H ii regions from the HeBCD sample. The Y s are derived with the He i emissivities
from Benjamin et al. (1999, 2002). The electron temperature Te(He+) is varied in the range
(0.95 – 1)×Te(O iii). The oxygen abundance is derived adopting Te(O iii) in a) and b) and

Te(He+) in c) and d).

– 48 –

Fig. 10.— Same as in Fig. 9 but Y s are derived with the Porter et al. (2005) He i

emissivities.

Yp = 0.2472± 0.0012 Yp = 0.2516± 0.0011
BBS PBFM
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PDG 2006

2σ stat err
2σ stat+sys err

20. Big-Bang nucleosynthesis 3
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Figure 20.1: The abundances of 4He, D, 3He and 7Li as predicted by the standard
model of big-bang nucleosynthesis. Boxes indicate the observed light element
abundances (smaller boxes: 2σ statistical errors; larger boxes: ±2σ statistical and
systematic errors). The narrow vertical band indicates the CMB measure of the
cosmic baryon density. See full-color version on color pages at end of book.

20.2. Light Element Abundances

BBN theory predicts the universal abundances of D, 3He, 4He, and 7Li, which are
essentially determined by t ∼ 180 s. Abundances are however observed at much later

July 14, 2006 10:37

Theory vs Observation
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BBN can impose a stringent limit on Nν

Number of Neutrino Species Nν

Nν � ⇒ ρ(T )� ⇒ H � ⇒ n/p�

4
He�

ρν =
7
8
× 2×Nν

π2

30
T 4 =

7
4
Nν

π2

30
T 4

ρtot = ρν +
�

2 +
7
8
× 2× 2

�
π2

30
T 4

=
�

7
4
Nν +

22
4

�
π2

30
T 4

He4 abundance
Yp ≡ ρ4He/ρtot � 0.245 + 0.014(Nν − 3)

(ηB = 6× 10−10)
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He4 abundance
Yp ≡ ρ4He/ρtot � 0.245 + 0.014(Nν − 3)

(ηB = 6× 10−10)

Observation

∆Nν ≤ 1

Yp = 0.2516± 0.0040Yp,obs < 0.26
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turbed case. The expansion rate itself is given by
the Friedmann equation, which for a flat Universe
is H2 = (8p/3)GNq, where q is the total mass-
energy density. Thus the speed-up factor evolves
as n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðGNqÞnew=ðGNqÞstd

p
. For the case of a radi-

ation-dominated Universe, we have q / g*T
4,

where g* = 2 + 7/2 + 7Nm/4 counts the relativistic
degrees of freedom in photons, e± pairs, and Nm

neutrino species.

4.1. Constraints on Nm

We first consider the canonical extension of
standard BBN, in which there are Nm effectively
massless (mm $ 1 MeV) neutrino species. The in-
crease in the speed-up factor is

n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 7dN m=43

p
; ð4Þ

where dNm = Nm & 3. This in turn changes the weak
freezeout temperature and ultimately affects all of
the light elements. Until recently, the effect on
the 4He abundance was the only measurable con-
sequence, but D/H measurements are now suffi-
ciently accurate that D/H also has an important
sensitivity to Nm [32].

For a fixed value of g10 = 6.14 and the He abun-
dance given in (2), we show the likelihood distribu-
tion for Nm by the shaded region in Fig. 2. Also
shown for comparison are the likelihood distribu-

tion based the WMAP value of g using D/H alone,
Yp and D/H, and the result based on BBN alone.
Despite the increased uncertainty in the He abun-
dance, it still provides the strongest constraint on
Nm. D/H is nonetheless becoming competitive in
its ability to set limits on Nm.

Fig. 3a shows the joint limits on g and Nm based
on D and 4He. We see that the 4He contours are
nearly horizontal, which arises from the weak (log-
arithmic) sensitivity of Yp to g, as opposed to a
stronger, linear sensitivity to dNm. Thus 4He by
itself is a poor baryometer but an excellent probe
of non-standard physics. On the other hand, the
D/H contours have a steep slope, indicating a
strong sensitivity to g which is the origin of the
D/H power as a baryometer. The non-vertical nat-
ure of the slope does however indicate a correla-
tion between the D/H sensitivity to g and Nm.
Thus by combining D and 4He we can expect to
arrive at strong constraints on both parameters.
Numerical results appear in Table 1, where we
see that these light elements alone constrain g to
within about 10%, and fix Nm to within about
20%, both at 1r. Note that the contour ellipses
in Fig. 3 have a slight positive tilt, corresponding
to a small positive correlation between g and Nm.

Also appearing in Table 1, we have shown the
95% upper confidence limits placed on the effective
neutrino number, dNm,max, assuming that Nm > 3.0
or dNm > 0.0. The constraints presented suggest a
robust upper bound of 1.6 with 95% confidence.
We next introduce the CMB information on g; this
tests the overall consistency, but as we have al-
ready shown, the agreement is good for the stan-
dard Nm = 3 case. Note that CMB anisotropies
also have some sensitivity to Nm, though this is at
the moment significantly weaker than the light ele-
ment sensitivity. We do not use this additional
information, which would slightly strengthen the
constraints on Nm, but would not affect the g limits
(where the CMB impact is largest) due to the inde-
pendence of the CMB limits on g and Nm [33].

Fig. 3b shows the impact of the CMB on the g
and Nm constraints. We see that the dominant ef-
fect is that the CMB narrows and steepens the
combined contours; this reflects the very tight
CMB constraint on g. Table 1 shows the impact
of the CMB on the g and Nm constraints. The

Fig. 2. The likelihood distribution for Nm based on the WMAP
value of g10 = 6.14 and Yp from Eq. 2 (shaded), WMAP and
D/H (dashed), WMAP and both Yp and D/H (dotted). We
also show the result without the imposing the WMAP value for
g (long dashed).

R.H. Cyburt et al. / Astroparticle Physics 23 (2005) 313–323 317

Cyburt et al (2005)

Olive, Skillman (2004)Yp = 0.249 ± 0.009

Nν = 3.1 ± 0.7

Number of Neutrino Species Nν
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History of the Universe
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12. Recombination

p + e → H + γ at T = 4000K

ignoring He4
nB = np + nH np = ne

Thermal density

ni = gi

�
miT

2π

�3/2

exp

�
µi −mi

T

�
(i = e, p, H)

Chemical equilibrium µH = µe + µp

nH

npne
=

gH

gpge

�
meT

2π

�−3/2

exp
�

B

T

�

B = mp + me −mH = 13.6 eV

gp = ge = 2, gH = 4
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Define ionization fraction X ≡ np

nB

1−Xeq

X2
eq

=
4
√

2ζ(3)√
π

ηB

�
T

me

�3/2

exp
�

B

T

�

Saha formula

nB = ηBnγ = ηB
2ζ(3)
π2

T 3

40002000

0

1

T

Xeq

Trec � 3000 K = 0.3 eV

Trec � B = 13.6eV

ionize H
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Saha formula cannot be used for X << 1

10002000

1

1+z

X
Xeq

X∞ � 2× 10−5 Ωm

ΩB

Equilibrium is not maintained 
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History of the Universe
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WMAPによる観測

http://map.gsfc.nasa.gov/
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WMAPによる観測

http://map.gsfc.nasa.gov/
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