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In this article, the results on the normality and the integer decomposition prop-
erty of the Minkowski sum of edge polytopes will be presented.

1 Introduction

Let P € RY be an integral convex polytope, which is a convex polytope each of
whose vertices belongs to Z", and let

P={(a,1) e RN : v e P}, C(P) =RsyP and Ap = PNZN+,

Then it is well known that the semigroups ZsoAp and C(P) N ZAp are finitely
generated.

Let k be a field. Given an integral convex polytope P C R¥, we define two affine
semigroup K-algebras k[P] and & (P) by setting

k[P] := k[x“t" : (a,n) € ZsoAp] and E(P) := k[x*t" : (a,n) € C(P) N ZAp],

respectively, where x* denotes the Laurent monomial 27" - - - 23 fora = (v, ..., an) €

ZN. We call k[P] the toric ring of P and &,(P) the Ehrhart ring of P.

We say that k[P] (or P) is normal if k[P] = Ex(P) holds, equivalently, Z¢Ap =
C(P)NZAp holds. On the other hand, we say that P possesses the integer decompo-
sition property (IDP, for short) if for any positive integer m and o € mPNZY, where
mP = {ma : a € P}, there exist ay, ..., q,, € PNZY such that a = aj + -+ + ayy,.
Note that P has IDP if and only if Z>¢Ap = C(P)NZYT! holds. Thus, in particular,
P is normal if P has IDP.
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For convex polytopes P and P’, let
P+P ={a+ad:aecP,ad eP}

This is called the Minkowski sum of P and P’. Note that the Minkowski sum of
m copies of P coincides with the dilated polytope mP. Hence, to take Minkowski
sum of some convex polytopes can be understood as a generalization of to dilate a
convex polytope.

In general, the normality of Minkowski sum of integral convex polytopes is
rather difficult. For example, let P; = conv({(0,0,0),(1,0,0),(0,1,0)}) and Py =
conv({(0,0,0),(1,1,3)}). Then each of P, and P, has IDP (in particular, is normal).
However, one sees that P; + P is not normal (does not have IDP). This example
appears in [2, page 2315].

In this article, we discuss the normality of Minkowski sum of edge polytopes,
which are integral convex polytopes arising from graphs (see Definition 1). In
Section 2, we first consider the dimension of Minkowski sum of edge polytopes in
terms of graphs. Next, in Section 3, the equivalence of the normality and IDP for
Minkowski sum of edge polytopes is claimed. In Section 4, some sufficient condition
for Minkowski sum of edge poyltopes to be normal is given. Finally, in Section 5,
we present a result on Minkowski sum of dilated integral convex polytopes.

2 Minkowski sum of edge polytopes

In this section, we consider the dimension of Minkowski sum of edge polytopes.
Before stating a proposition, we recall a graph theory terminology.

o We say that G is bipartite if the vertex set of G can be deomposed into two
disjoint non-empty subsets U and V' and every edge in GG belongs to U x V.
We call such partition U UV the partition of the bipartite graph G.

For 1 < i < d, let e; be the ith coordinate vectors of R<.

Definition 1 Let G be a graph on the vertex set [d] := {1,...,d}. Given an edge
{i,j} € E(G) in G, let p(e) € R? denote the vector e; + e;. We write Pg for the
convex hull of the set of integer points {p(e) : e € E(G)}. This polytope Pg is called
the edge polytope of G.

Let Gy, ..., Gy, be graphs on the vertex set [d] with the edge set E(G1), ..., E(Gn),
respectively. We define G + - - - + G, by setting the graph on the vertex set [d] with
the edge set U, E(G;).



Proposition 2 Let Gy,...,G,, be connected graphs on the same vertez set [d]. Then

d—2, if Gi+---+ G, is bipartite,

dim(Pg, + -+ Pg,) = . . _ _
d—1, if Gy+---+ G, is non-bipartite.

Note that this proposition is a generalization of [4, Proposition 1.3].

3 The equivalence of normality and IDP

Next, in this section, we consider the equivalence of the normality and IDP for
Minkowski sums of edge polytopes. More precisely, the following holds:

Theorem 3 Let Gy,...,G,, be connected graphs on the same vertex set [d]. Then
Po, + -+ + Pg,, is normal if and only if Pg, + - - - + Pqg,, has IDP.

Strategy of Proof

Let P =Pg, + -+ Pg,,. We may show that if P is normal, then P has IDP.
In other words, it suffices to show that for every k € Z+ and a € kP NZ<, one has
a € ZAp.

In the case where G; + --- + (G, is bipartite, let U U V' be the partition of
G1+ -+ + G,,. Then it turns out that ZAp coincides with Z.A, where

A:{epl+"'+epm+e¢h+"'+eqm:pieUaQiev}-

It is clear that kP N Z¢ C Z.A. Hence, we are done.
In the case where G1+ - - -+ G, is non-bipartite, it turns out that ZAp coincides
with ZB, where

B:{epl +”'+epm+eQ1+"'+eqm 1 Spia% Sd}
Since kPNZ? C ZB, we are done.

We also note that in the proof of [4, Theorem 2.2], the equivalence of normality
and IDP for edge polytopes of connected graphs is essentially proved. Theorem
3 says that this equivalence is also true for Minkowski sums of edge polytopes.
However, if we drop the connectedness, then this equivalence does not hold.

Example 4 Consider the graphs GG; and G5 in Figure 1. Then G5 is not connected.
Now one has

(3001200 + 3olE2.31) + So((3.4D) + 500560 ) + (Go((L5)) + ol 0)
=(1,1,1,2,1,2) € 2(Pg, + Pg,) N AR



One can see that (1, 1,1,2,1,2) cannot be written as a sum of any two integer points
in (Pg, +Pa,) NZ5. Hence, Pg, + Pe, does not have IDP. On the other hand, since
(1,1,1,2,1,2) does not belong to ZAp,, 1p.,_, we need not consider this integer point
for the normality. Actually, one can check that Pg, + Pg, is normal.
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Figure 1: An example of graphs GG; and G5 such that Pg, + Pg, is normal but does
not have IDP

4 When does the Minkowski sum of edge poly-
topes have IDP?

In this section, we give a sufficient condition for Minkowski of edge polytopes to
have IDP (be normal) as follows.

Theorem 5 Let Gy and G be graphs on the same vertex set [d]. We assume that
G1 is connected and arbitrary two odd cycles in G always have a common vertex.
We also assume that Gy is a subgraph of Gi. Then Pg, + Pg, has IDP, and thus,
this is normal.

Example 6 (a) Theorem 5 is no longer true for the case of three graphs. Let Gy,
G5 and G3 be graphs in Figure 2.
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Figure 2: A counterexample for Theorem 5 in the case of three graphs



Then

3

PU15.60) + 20({7.8)) + 20(15.90) + 1o(10. 10D)) +

LY+ 200231 + 2p({4.5]) + 20((6.7)) + 2ol{8.9D)) +

7~ N7 N~
gl W ot N Ot

3 4
UL 21)+ 2o((3.4D) + 3o((9,10)) )
=(1,1,1,1,2,1,1,1,2,1) € 2(Pg, + Pa, + Pa,) N Z°.

One can check that (1,1,1,1,2,1,1,1,2,1) cannot be written as any sum of two
integer points in (Pg, + Pg, + Pa,) NZYP. Thus this does not have IDP. Moreover,
by Theorem 3, this is not normal, either.

(b) Furthermore, the following example shows that the assumption “two odd
cycles alywas have a common vertex” is necessary. The graphs GG; and G, in Figure
3 are an example such that Pg, is normal but Pg, + Pg, is not, where Gy does not
satisfy the condition “two odd cycles alywas have a common vertex”.

1 5 1 5
2 6 2 6
G, Gy

Figure 3: An example showing that our assumption is necessary

(c) In addition, the following graphs in Figure 4 show that the assumption “Gs
is a subgraph of G;” is also necessary. Namely, each of Pg, and Pg, satisfies that
two odd cycles alywas have a common vertex but Pg, + Pg, is not normal.
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Figure 4: Another example showing that our assumption is necessary



5 Toric ring associated to Minkowski sum of di-
lated polytopes

Finally, we present a result on toric rings associated to Minkowski sum of dilated
polytopes.

Theorem 7 Let Py, ..., Pn CRY bem integral convex polytopes and let ny, ..., ny,
positive integers. Then

(a) nyPy+ -+ 4+ npPm has IDP if n; > dimP; for every 1 < i < m;

(b) kniPr+ -+ nmPml is level with a-invariant —1 if n; > dimP; + 1 for every
1< <m.

This theorem is an analogy of [1, Theorem 1.3.3 (a)]. For an integral convex
polytope P of dimension d, it is proved in [1, Theorem 1.3.3 (a)] that nP is normal
if n > d—1, k[nP] is Koszul if n > d and k[nP] is level with a-invariant —1 if
n>d+1.

We remain the following question:

Question 8 Let Py, ..., P,, CRY bem integral convex polytopes and let ny, ..., Ny,
positive integers. Is knyPy+- - +n, Pl Koszul if n; > dim P; for every 1 < i <m?
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