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Abstract

Let R be a noetherian commutative ring, and

F : · · · → F2 → F1 → F0 → 0

a complex of flat R-modules. We prove that if κ(p) ⊗R F is acyclic
for every p ∈ SpecR, then F is acyclic, and H0(F) is R-flat. It follows
that if F is a (possibly unbounded) complex of flat R-modules and
κ(p)⊗RF is exact for every p ∈ SpecR, then G⊗•RF is exact for every
R-complex G. If, moreover, F is a complex of projective R-modules,
then it is null-homotopic (follows from Neeman’s theorem).

1. Introduction

Throughout this paper, R denotes a noetherian commutative ring. The sym-
bol ⊗ without any subscript means ⊗R. For p ∈ SpecR, let −(p) denote the
functor κ(p)⊗−, where κ(p) is the field Rp/pRp. An R-complex of the form

F : · · · d2−→ F1
d1−→ F0 → 0

is said to be acyclic if Hi(F) = 0 for every i > 0.
In this paper, we prove:
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Theorem 1. Let
F : · · · d2−→ F1

d1−→ F0 → 0

be a complex of R-flat modules. If F(p) is acyclic for every p ∈ SpecR, then
F is acyclic, and H0(F) is R-flat. In particular, M ⊗ F is acyclic for every
R-module M .

It has been known that, for an R-linear map of R-flat modules ϕ : F1 →
F0, if ϕ(p) is injective for every p ∈ SpecR, then ϕ is injective and Cokerϕ
is R-flat (see [1, Lemma 4.2], [2, Lemma I.2.1.4] and Corollary 6). This is
the special case of the theorem where Fi = 0 for every i ≥ 2. The new proof
of the theorem is simpler than the proofs of the special case in [1] and [2].

By the theorem, it follows immediately that if F is an (unbounded) com-
plex of R-flat modules and F(p) is exact for every p ∈ SpecR, then F is K-flat
(to be defined below) and exact. Combining this and Neeman’s result, we
can also prove that an (unbounded) complex P of R-projective modules is
null-homotopic if P(p) is exact for every p ∈ SpecR.

The author is grateful to H. Brenner for a valuable discussion. Special
thanks are also due to A. Neeman for sending his preprint [3] to the author.
The author thanks the referee for valuable comments.

2. Main results

We give a proof of Theorem 1.

Proof of Theorem 1. It suffices to prove that R/I ⊗ F is acyclic for every
ideal I of R. Indeed, if so, then considering the case that I = 0, we have
that F is acyclic so that it is a flat resolution of H0(F). Since R/I ⊗ F is
acyclic for every ideal I, we have that TorRi (R/I,H0(F)) = 0 for every i > 0.
Thus H0(F) is R-flat. So TorRi (M,H0(F)) = 0 for every i > 0, and the last
assertion of the theorem follows.

Assume the contrary, and let I be maximal among the ideals J such that
R/J ⊗F is not acyclic. Then replacing R by R/I and F by R/I⊗F, we may
assume that R/I ⊗ F is acyclic for every nonzero ideal I of R, but F itself is
not acyclic.

Assume that R is not a domain. There exists a filtration

0 = M0 ⊂M1 ⊂ · · · ⊂Mr = R
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such that for each i, Mi/Mi−1
∼= R/pi for some pi ∈ SpecR. Since each pi

is a nonzero ideal, R/pi ⊗ F is acyclic. So Mi ⊗ F is acyclic for every i. In
particular, F ∼= Mr ⊗ F is acyclic, and this is a contradiction. So R must be
a domain.

For each x ∈ R \ 0, there is an exact sequence

0→ F x−→ F→ R/Rx⊗ F→ 0.

Since R/Rx⊗F is acyclic, we have that x : Hi(F)→ Hi(F) is an isomorphism
for every i > 0. In particular, Hi(F) is a K-vector space, where K = κ(0) is
the field of fractions of R. So

Hi(F) ∼= K ⊗Hi(F) ∼= Hi(K ⊗ F) = Hi(F(0)) = 0 (i > 0),

and this is a contradiction.

Let A be a ring. A complex F of left A-modules is said to be K-flat if the
tensor product G⊗•AF is exact for every exact complex G of right A-modules,
see [4, Definition 5.1].

For a chain complex

H : · · · → Hi+1
di+1−−→ Hi

di−→ Hi−1 → · · ·

of left or right A-modules, we denote the complex

· · · → Hi+1 → Ker di → 0

by τ≥iH or τ≤−iH. Since G ∼= lim−→ τ≤nG, F is K-flat if and only if G ⊗•A F
is exact for every exact complex G of right A-modules bounded above (i.e.,
G−i = Gi = 0 for i� 0). A complex F of flat left A-modules is K-flat if it is
bounded above, as can be seen easily from the spectral sequence argument.
A null-homotopic complex F is K-flat, since G ⊗•A F is null-homotopic for
every complex G.

Lemma 2. Let A be a ring, and

F : · · · → Fi+1
di+1−−→ Fi

di−→ Fi−1 → · · ·

a complex of flat left A-modules. Then the following are equivalent.

(1) M ⊗A F is exact for every right A-module M .
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(2) F is exact, and Im di is flat for every i.

(3) For every complex G of right A-modules, G⊗•A F is exact.

(4) F is K-flat and exact.

Proof. (1) ⇒ (2). Obviously, F ∼= A⊗A F is exact. Thus

F′ : · · · → Fi+1 → Fi → 0

is a flat resolution of Im di, where Fn+i has the homological degree n in F′.
For every i ∈ Z,

TorA1 (M, Im di) ∼= H1(M ⊗A F′) ∼= Hi+1(M ⊗A F) = 0

for every right A-module M . Thus Im di is A-flat.
(2) ⇒ (1). For every i ∈ Z,

Hi+1(M ⊗A F) ∼= H1(M ⊗A F′) ∼= TorA1 (M, Im di) = 0,

where F′ is as above.
(1), (2) ⇒ (3). Since G ∼= lim−→ τ≤nG, we may assume that G is bounded

above. Since F ∼= lim−→ τ≤nF and τ≤nF satisfies (2) (and hence (1)), we may
assume that F is also bounded above. Then by an easy spectral sequence
argument, G⊗•A F is exact.

(3) ⇒ (4) is trivial.
(4) ⇒ (1). Let P be a projective resolution of M . Since P is a bounded

above complex of flat left Aop-modules and F is an exact complex of right
Aop-modules, P⊗•A F is exact. Let Q be the mapping cone of P→M . Then
Q⊗•A F is also exact, since Q is exact and F is K-flat. By the exact sequence
of homology groups

Hi(P⊗•A F)→ Hi(M ⊗A F)→ Hi(Q⊗•A F),

we have that M ⊗A F is also exact.

In [4, Proposition 5.7], (4) ⇒ (3) above is proved essentially.

Corollary 3. Let

F : · · · → Fn+1
dn+1−−−→ Fn

dn−→ Fn−1 → · · ·
be a (possibly unbounded) complex of flat R-modules. If F(p) is exact for
every p ∈ SpecR, then F is K-flat and exact.
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Proof. By Lemma 2, it suffices to show that for every n ∈ Z and every R-
module M , Hn(M ⊗ F) = 0. But this is trivial by Theorem 1 applied to the
complex

· · · → Fn+1
dn+1−−−→ Fn

dn−→ Fn−1 → 0.

The following was proved by A. Neeman [3, Corollary 6.10].

Theorem 4. Let A be a ring, and P a complex of projective left A-modules.
If P is K-flat and exact, then P is null-homotopic.

By Corollary 3 and Theorem 4, we have

Corollary 5. Let P be a complex of R-projective modules. If P(p) is exact
for every p ∈ SpecR, then P is null-homotopic.

The following also follows.

Corollary 6 ([1, Lemma 4.2], [2, Lemma I.2.1.4]). Let ϕ : F1 → F0 be
an R-linear map between R-flat modules. Then the following are equivalent.

1 ϕ is injective and Cokerϕ is R-flat.

2 ϕ is pure.

3 ϕ(p) is injective for every p ∈ SpecR.

Proof. 1⇒2⇒3 is obvious. 3⇒1 is a special case of Theorem 1.

Corollary 7 ([2, Corollary I.2.1.6]). Let F be a flat R-module. If F (p) =
0 for every p ∈ SpecR, then F = 0.

Proof. Consider the zero map F → 0, and apply Corollary 6. We have that
this map is injective, and hence F = 0.

If M is a finitely generated R-module and M(m) = 0 for every maximal
ideal m of R, then M = 0. This is a consequence of Nakayama’s lemma.

Corollary 8. Let ϕ : F1 → F0 be an R-linear map between R-flat modules.
If ϕ(p) is an isomorphism for every p ∈ SpecR, then ϕ is an isomorphism.
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Proof. By Corollary 6, ϕ is injective and C := Cokerϕ is R-flat. Since
C(p) ∼= Coker(ϕ(p)) = 0 for every p ∈ SpecR, we have that C = 0 by
Corollary 7.

Corollary 9. Let M be an R-module. If TorRi (κ(p),M) = 0 for every i > 0
and every prime ideal p ∈ SpecR, then M is R-flat. If TorRi (κ(p),M) = 0
for every i ≥ 0 and every prime ideal p ∈ SpecR, then M = 0.

Proof. For the first assertion, Let F be a projective resolution of M , and
apply Theorem 1. The second assertion follows from the first assertion and
Corollary 7.

Corollary 10. Let M be an R-module. If ExtiR(M,κ(p)) = 0 for every i > 0
(resp. i ≥ 0) and every prime ideal p ∈ SpecR, then M is R-flat (resp.
M = 0).

Proof. This is trivial by Corollary 9 and the fact

ExtiR(M,κ(p)) ∼= Homκ(p)(TorRi (κ(p),M), κ(p)).

3. Some examples

Example 11. There is an acyclic projective complex

P : · · · → P1 → P0 → 0

over a noetherian commutative ring R such that H0(P) is R-flat and h0(p) :=
dimκ(p) H0(P(p)) is finite and constant, but H0(P) is neither R-finite nor R-
projective.

Proof. Set R = Z, M =
∑

p prime(1/p)Z ⊂ Q, and P to be a projective
resolution of M . Then M is R-torsion free, and is R-flat. Since M(p) =
(1/p)Z(p), h0(p) = 1 for every p ∈ SpecZ. A finitely generated nonzero Z-
submodule of Q must be rank-one free, but M is not a cyclic module, and
is not rank-one free. This shows that M is not R-finite. As R is a principal
ideal domain, every R-projective module is free. If M is projective, then it
is free of rank h0((0)) = 1. But M is not finitely generated, so M is not
projective.
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Remark 12. Let (R,m) be a noetherian local ring, F a flat R-module, and c a
non-negative integer. If dimκ(p) F (p) = c for every p ∈ SpecR, then F ∼= Rc,
see [2, Corollary III.2.1.10].

Remark 13. Let

P : 0→ P 0 d0−→ P 1 d1−→ P 2 d2−→ · · ·
be a complex of R-flat modules such that P 0 is R-projective. Assume
that P(p) is acyclic (i.e., H i(P(p)) = 0 for every i > 0) and h0P(p) :=
dimκ(p) H

0(P(p)) is finite for every p ∈ SpecR. If h0P is a locally constant
function on SpecR, then H0(P) is R-finite R-projective, H i(M ⊗ P) = 0
(i > 0), and the canonical map M ⊗H0(P)→ H0(M ⊗P) is an isomorphism
for every R-module M , see [2, Proposition III.2.1.14]. If, moreover, P is a
complex of R-projective modules, then Im di is R-projective for every i ≥ 0,
as can be seen easily from Theorem 4.

Example 14. Let M be an R-module. Even if M(p) = 0 for every p ∈
SpecR, M may not be zero. Even if TorR1 (κ(p),M) = 0 for every p ∈ SpecR,
M may not be R-flat.

Indeed, let (R,m, k) be a d-dimensional regular local ring, and E the
injective hull of k. Then

TorRi (κ(p), E) ∼=
{
k for i = d and p = m

0 otherwise
.

E is not R-flat unless d = 0.

Proof. Since suppE = {m}, TorRi (κ(p), E) = 0 unless p = m.
Let x = (x1, . . . , xd) be a regular system of parameters of R, and K

the Koszul complex K(x;R), which is a minimal free resolution of k. Note
that K is self-dual. That is, K∗ ∼= K[−d], where K∗ = Hom•R(K, R), and
K[−d]n = Kn−d. So

TorRi (k,E) ∼= H−i(K⊗ E) ∼= H−i(K∗∗ ⊗ E) ∼= H−i(Hom•R(K[−d], E))

∼= H−i(Hom•R(k[−d], E)) ∼=
{
k (i = d)
0 (i 6= d)

.

Example 15. There is a complex P of projective modules over a noetherian
commutative ring R such that for each m ∈ Max(R), P(m) is exact, but P is
not exact, where Max(R) denotes the set of maximal ideals of R.
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Proof. Let R be a DVR with its field of fractions K, and P a projective
resolution of K.
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