GOTZMANN IDEALS OF THE POLYNOMIAL RING
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ABSTRACT. Let A denote the polynomial ring in n variables over a field. All the
Gotzmann ideals of A with at most n generators will be classified. This is a joint
work with Takayuki Hibi.

1. INTRODUCTION

Let A = KJz1,...,x,] denote the polynomial ring in n variables over a field K
with each degz; = 1. Let <jx be the lexicographic order on A induced by the
ordering x; > x9 > -+ > x,. Recall that a lexsegment ideal of A is a monomial

ideal I of A such that, for monomials v and v of A with v € I, degu = degv and
U <iex v, one has v € I. Let I be a homogeneous ideal of A and I'** the (unique)
lexsegment ideal ([2] and [11]) with the same Hilbert function as I. A homogeneous
ideal I of A is said to be Gotzmann if the number of minimal generators of I is
equal to that of I'™. Gotzmann ideals were introduced by Herzog and Hibi [9] in
the study of maximal Betti numbers of ideals for a given Hilbert function. Indeed,
Herzgo and Hibi proved that a homogeneous ideal I is Gotzmann if and only if the
graded Betti numbers of I are equal to those of I'**. Our goal is to classify all the
Gotzmann ideals of A generated by at most n homogeneous polynomials.

A homogeneous ideal I of A is said to have a critical function if I'** is generated
by at most n monomials. Let 1 < s < n and fi,..., f; homogeneous polynomials
with

fi c K[xi,xiﬂ, . ,In]

for each 1 <i <'s and with deg f; > 0. In [7] the ideal I, ) of A defined by

-----

(1) ](fl,.,.,fs) = (f1$1, fifowa, .. fifor - fsmrmsn, fifo - fs)
was introduced. A homogeneous ideal I of A is called canonical critical if I =
I (4., for some homogeneous polynomials fi,..., f; with f; € K[x;, i1, .., 2]

for each 1 <17 < s and with deg fs > 0, where 1 < s < n.

Theorem 1.1. Given a homogeneous ideal I of A = Klxy,...,x,], the following
conditions are equivalent:

(i) I has a critical Hilbert function;
(i) there exists a linear transformation ¢ on A such that o(I) is a canonical
critical ideal;
(iii) I is a Gotzmann ideal generated by at most n homogeneous polynomials.
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2. UNIVERSAL LEXSEGMENT IDEALS AND CANONICAL CRITICAL IDEALS

In this section we study universal lexsegment ideals and canonical critical ideals.
A monomial ideal I of A = K|z, ...,x,| is said to be universal lexsegment if for all
integers m > 0 the ideal - K[z, ..., X1 is a lexsegment ideal of K[z1, ..., xy1m].
Universal lexsegment ideals were introduced by Babson, Novik and Thomas [1]. We
recall the following easy fact.

Lemma 2.1. Let I be a monomial ideal of A. The following conditions are equiva-
lent:

(i) I is universal lexsegment;
(ii) I is a lexsegment ideal generated by at most n monomials;
(iii) there exist integers by, ..., bs € Z>o with 1 < s <n such that

(2) I = (xl{ﬁl, xlfxgﬁl, . ,xll’lxlf . -xgi‘fxls’s“).

Proof. First, we will show that (ii) implies (iii). Let I = (uq,...,us) be a lexsegment
ideal with s < n. Suppose degu; < --- < ug and u; >1ex uipq if degu; = degu;ig.
Since u; = (%", one has u; = 2!, Let 1 < k& < min{n,d} and suppose that
Up_] = x?lx;’Q . -xi’“_’f“. Since the monomial ideal (uq, ..., u;_1) is lexsegment, it
follows that the smallest monomial with respect to <., of degree deguy belonging to
(Up, ..., up_1)1is uk_lef. Since uy, is the biggest monomial with respect to <je, which
satisfies deg uy, = deg(up_12%) and up <jex up_12%*, we have uy, = (uk_l/xk_l)xzﬁl.

br—1 _bp+1 .
Thus uj, = 2'ab? - - e as desired.

The implication (iii) = (i) is easy. We will show that (i) implies (ii). Suppose
that [ is universal lexsegment with [G(/)| > n + 1. What we must prove is [
is not universal lexsegment. Since I’ = I - Kxy,..., 2,41 is a lexsegment ideal
with |G(I")| > n + 1, there exists a lexsegment ideal J of K[z, ..., x,41] such that
G(J) € G(I') and |G(J)| = n+ 1. Then, by the implication (ii) = (iii), J must
contains a generator which is divisible by x,41. Since G(J) C G(I') = G(I) C A,
this is a contradiction. U

Example 2.2. (a) The lexsegment ideal (22, x123) of K[z, z»] is universal lexseg-
ment. In fact, the ideal (2%, x,22) of K|xy,..., 1, is lexsegment for all m > 2.

(b) The lexsegment ideal (23, 23y, z123) of K |11, 5] is not universal lexsegment.

Indeed, since 7173 <jex Tix3 in K[z1, T, x3], the ideal (23, 23xy, 123) of K|x1, 29, 3]

is not lexsegment.

By using Lemma 2.1, it is easy to characterize critical Hilbert functions. Indeed,
it was shown in [12] that the Hilbert function H(I,t) of the universal lexsegment
ideal (2) is given by

t—a;+n—1 t—as+n—s
3 H(I,t) = ,
3 o= (T e (T
where the sequence (ay,as, ..., as) is defined by setting

b;_ ) .
a; = dega - a2l 1<i<s,



Since a lexsegment ideal with a given Hilbert function is uniquely determined,
it follows that a homogeneous ideal I of A is critical if and only if there exists a
sequence (aj, ..., as) of integers with 0 < a3 < ag < -+ < a,, where 1 < s < n, such
that the Hilbert function of I is of the form (3).

Definition 2.3. A homogeneous ideal I of A with the Hilbert function (3) will be
called a critical ideal of type (aq,aq, ..., as).

Next, we study the property of canonical critical ideals. We require the following
obvious facts.

Lemma 2.4. Let 1 < s < n. Fiz homogeneous polynomials f1, ..., fs_1 with each
fi € Klxg,...,x,). Let g € Klzs, ..., x,] be a homogeneous polynomial with deg g >
0. Then

Jiforr fo19 € (fll'b Jifowa, s fifore fsflfb'sq)-

Corollary 2.5. As a vector space over K the ideal (1) is the direct sum

s—1

4) Iipoogy = <@(f1..-fjxj)quj,...,m) Bf fIKz,, .. ).

j=1
The above facts implies that canonical critical ideals are critical and Gotzmann.

Proposition 2.6. Let Iy, . ;) denote the ideal (1).

(a) Iif,,..5,) 18 a critical ideal of type (a1, ...,as), where a; = deg fifs--- fix;,
1=1,...,5s—1, and as = deg f1fo--- fs.
(b) I(s.....r,y is minimally generated by

(5) {ha o fife - fsmmson, fifa - fo)
(c) Itp,,..p.) is Gotzmann.

Proof. The direct sum decomposition (4) says that the Hilbert function of Iy, . ;)
is of the form (3) and, in addition, that Iy, . s is minimally generated by (5).
Thus (a) and (b) follow. Since the lexsegment ideal with the Hilbert function (3) is
the universal lexsegment ideal (2), one has |G((Lf,,. 1)) = s. Hence Iy, ;) is
Gotzmann, as required. O

3. PROOF OF THEOREM 1.1

In the previous section, we already see that canonical critical ideals are Gotzmann
ideals having at most n homogeneous generators. On the other hand, it is clear from
the definition that Gotzmann ideals generated by at most n homogeneous generators
have a critical Hilbert function. Thus, to complete the proof of Theorem 1.1, what
we must prove is any critical ideal can be transformed into canonical critical ideals
by a linear transformation of A.

For a monomial u of A, we write m(u) for the largest integer j for which z; divides
u. A monomial ideal I of A is called stable if, for each monomial u belonging to
G(I) and for each 1 < i < m(u), one has (z;u)/Tmw) € 1.



Lemma 3.1. A monomial ideal I of A which is both critical and stable is universal
lexsegment.

Proof. (Sketch.) Suppose |G(I'*¥)| = s. It follows from [12] that the projective
dimension of S/I is equal to s. Thus, by the Eliahou-Kervaire resolution [6], it
follows that there exists a monomial us, € G(I) such that m(u,) = s. Then, by
using the definition of stable ideals, a straightforward computation implies that
there are monomials uy, ..., us_1 € G(I) such that m(ug) =k fork=1,2,...,s—1
and degu; < -+ < degu, (e.g., [10, Lemma 1.3]). Since |G(I)| < |G(I'*¥)| = s, we
have G(I) = {uy,. .., us}.

Clearly, u; = xl{”l for some b; > 0. Then, by arguing inductively, a routine

computation implies that I = (uy,...,us) is an ideal of the form (2). O

Let I be an ideal of A. When K is infinite, given a monomial order ¢ on A, we
write gin, (/) for the generic initial ideal ([5] and [8]) of I with respect to o.

Lemma 3.2. Let I be a critical ideal of A. Then, for an arbitrary monomial order
o on A induced by the ordering x; > --- > x,, the generic initial ideal gin, (1) is
stable. Thus in particular gin, (I) is universal lexsegment.

Proof. Since gin, (1) is a critical monomial ideal, it follows from [12, Corollary 1.8]
that gin, (/) is Gotzmann. Thus in particular gin, (/) is componentwise linear [9].
Hence [3, Lemma 1.4] says that gin__ (gin,(/)) = gin, (/) is stable. Here <, is

the reverse lexicographic order on A induced by the ordering zy > --- > x,. Since
gin_ (1) is both critical and stable, it follows from Lemma 3.1 that gin, (/) is universal
lexsegment. U

Note that the above lemma is obvious in characteristic 0, since generic initial
ideals are stable in characteristic 0.

Lemma 3.3. Suppose that a homogeneous ideal I of A is a critical ideal of type

(aq,...,as), where 2 < s < n. Then there exists a homogeneous polynomial f of A
with deg f = ay — 1 together with a homogeneous ideal J of A such that
I=f-J

Proof. (Sketch.) By considering an extension field, we may assume that K is infinite.
Then there is a linear transformation ¢ with in.,_ (¢(/)) = gin__ (/). Considering
¢(I) instead of I, one may assume that in._ (/) = gin__ (/). Lemma 3.2 says that
in.,_(I) is universal lexsegment. Hence

. o bi+1 b1 ba+1 b1 bs—1_bs+1
1n<1ex(I)_(x1 y L1 Lo yeees Ly T T )7

where b; = a; —a;_1, 1 <i < s, with qp = 1.

To simplify the notation, let u; = 25" - - xfl fori=1,...,s. Let G ={g1,...,9s}
be a Grobner basis of I, where g; is a homogeneous polynomial of A within._ (¢;) =
w;x; for each 1 <i <'s, and G’ = {gs,...,9s}. We show that G’ is a Grébner basis

with respect to <jex. For 2 <1 < j <'s, consider the S-polynomial

S(9i, 95) = (wj/us)rigi — 2i9;.



Then, since in.,_ (g1) >1ex i<, (S(gi, gj)) and since G is a Grobner basis, a remain-
der of the S-polynomial of ¢g; and g; with respect to G’ can be 0. Hence G’ is a
Grobner basis with respect to <jey, as desired.

Now, we prove Lemma 3.3 by using induction on s. Suppose s > 2 (the proof for
s = 2 is similar). Let J be the ideal of A generated by G’. Since

ing, (J) = (ugxa, ..., usxs) = R C x?m?“ LxhE -xzs bt
and since
(fo)QJrl xggxgﬁl, xgz . 952 fxb“H)
is universal lexsegment in K|xo,...,2,,x1], the ideal J is a critical ideal of type
(ag,...,as). The induction hypothesis guarantees the existence of a homogeneous

polynomial f, of A with deg(fy) = az — 1 which divides each of gs,...,gs. Since
inc,_ (fo) divides in.,_(g;) = w;z; for each 1 < i < s, one has in._ (fo) = us. Let
gi = gi/fo fori =2,...,s. Thus in particular in.,_(g}) = usxs/us = .

Now, divide the S-polynomial of g; and g» by G, say,

b2+191 - Il(fogz) =qi191 + Q2(f092) -+ C]s(fogg),

where ¢y, ..., qs are homogeneous polynomials of A with

1n<lex (Q1g1) <leX 1n<lex (:CZ gl - xl (fog2))

and with

ba+1

in<1ex<Qk(fog;c)) Slex in<1ex( g1 — xl(fogg))

for each 2 < k < s. Let
foh = q2(fogs) + - + qs(fogs)-

Thus

(@5*" = q)g1 = fo(argh + h).
Since in., (25 — ¢) = 2™ in_(g1) = 2D and in. (w195 + h) = 2110,
it follows that z1¢5 + h can divide neither £L‘b2+1 — ¢ nor g;. Thus z195, + h is a

product (1 + hy)(x2+ hy), where hy and hy are homogeneous polynomials of A with
deg hy = deg hy = 1, such that x; + hy divides g; and x5 + ho divides xSQH —qp. Let
f=g1/(x1 4+ hy). Then deg f = a; — 1 and f divides both ¢; and fj. O

We are now in the position to give a proof of Theorem 1.1.

Proof of Theorem 1.1. What we must prove is (i) implies (ii). This will be achieved
by induction on s. Let I C A be a critical ideal of type (aq,...,as). If s =1, then
the statement is obvious.

Let s > 1. Lemma 3.3 guarantees that I = f - J, where f is a homogeneous
polynomial of A with deg f = a; — 1 and where J is a homogeneous ideal of A.
The Hilbert function of J is H(J,t) = H(I,t 4+ a; — 1). Hence J is a critical ideal
of type(l,as —ay + 1,...,as —a; +1). Since H(J,1) # 0, there exists a linear
transformation ¢ on A with z; € ¢(J). Let J' be the ideal

J =p(J)N Klxg, ..., x,]



of K[z, ..., x,]. Then
@(‘]) = le[xb s 7xn] @ J/‘

A straightforward computation implies that the ideal J’ of K[zs, ..., x,] is a critical
ideal of type (ag—a;+1,...,as—a;+1). The induction hypothesis then guarantees
the existence of a linear transformation ¢ on Klxs,...,x,] such that ¢ (J') is a
canonical critical ideal of Klzs, ..., z,], say

Y(J') = (faa, s far o foame, for oo fo),
where f; € Klx;, ziy1,...,x,] for each 2 < i < s and where deg f; > 0. Now,
regarding ¢ to be a linear transformation on A by setting ¢(x1) = x1, one has

Wop)I) = ((Wop)(f))  (Yeop)(]))
((Wop)(f) - WA T))

= (Wop)(f)- (AP v().
Let fi = (¢ o p)(f). Then it follows that

(Vo)) = (fizr, fifoxa, ..., fifo - fsm1@so1, fifo- - fs)
as desired. O
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