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֓ཁ

Milnor-type theorem

= Lie ܈ G ্ͷࠨෆม (ٖ) ϦʔϚϯ

ͷྔܭ moduli (up to ܕಉݾࣗ + ε

Χϥʔഒ) Λهड़͢Δͷ.

ຊߨԋͰ, Milnor-type theorem Λ

ಘΔͨΊͷखଓ͖ͱ࣮ྫΛհ.
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1 Intro

ఆཧ 1.1 (Milnor (1976)).

g : 3-dim. unimodular Lie ,

〈, 〉 : g ্ͷਖ਼ఆੵ
⇒ ∃λ1,λ2,λ3 ∈ R, ∃x1, x2, x3 (onb):

[xj , xj+1] = λj+2xj+2 (mod 3).

ҙ 1.2.

֤ g ͝ͱͷ λj ͷൣғط;

ੵͷࣗ༝ GL3(R)/O(3) ͚ͩ,

i.e., 6-dim. ͚ͩ͋Δ;

Aut(g)\{〈, 〉 : g ্ਖ਼ఆ } Λද͢
ͷ͕ λ1,λ2,λ3.

3



ҙ 1.3.

ઌͷ onb Λ Milnor ;

ಛผͳࠨෆมϦʔϚϯྔܭͷଘࡏɾඇ

ଘࡏ, ͷ߹ʹࠓ Milnor Ͱ

ఆՄ;

Thm ͷূ໌ dim = 3 .ґଘ͘ڧʹ

උߟ 1.4.

ճࠓ Milnor ͷҰൠԽ (͍ͭͰʹ

ٖϦʔϚϯ൛) ΛಘΔखଓ͖ͱ, ࣮ྫΛ

հ;

Milnor ͷҰൠԽ, ཧతʹ͍ͭݪ

ͰಘΒΕΔ͕, ʹཱ͔ͭͲ͏͔

߹ʹґΔ.
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2 ४උ

ҙ 2.1 .(ͷઃఆ߸ه)

p, q ∈ Z≥0; dim g = p+ q = n;

M̃(p,q)(g) := {〈, 〉 : g ্ (p, q) ੵ }.

ఆٛ 2.2.

g = (Rn, [, ]) ͱ g′ = (Rn, [, ]′) ͕ ಉܕ

:⇔ ∃f : Rn → Rn : linear isom.:

[, ]′ = f.[, ] := f([f−1(·), f−1(·)]).

ఆٛ 2.3.

(g, 〈, 〉) ͱ (g′, 〈, 〉′) ͕ ಉ
:⇔ ∃c > 0, ∃f : g → g′ : Lie alg. isom.:

〈, 〉′ = (cf).〈, 〉 := 〈(cf)−1(·), (cf)−1(·)〉.
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උߟ 2.4.

(g, 〈, 〉) ͱ (g′, 〈, 〉′) ͕ಉ ⇒ ରԠ͢

Δ୯࿈݁ Lie ܈ + .ྔܭෆมࠨ

උߟ 2.5.

M̃(p,q)(g)/ಉ
∼= R×Aut(g)\M̃(p,q)(g)

∼= R×Aut(g)\GLp+q(R)/O(p, q).

దٓ g = (Rp+q, [, ]) ͱಉҰࢹ.

Rp+q ͷඪ४ (p, q)-ੵΛ 〈, 〉0.

໋ 2.6.

U (⊂ GLp+q(R)) ʹର͠ҎԼಉ:

U.〈, 〉0 ͕શͯͷيಓͱަΘΔ;

GLp+q(R) = R×Aut(g)UO(p, q).
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උߟ 2.7.

ͷه্ U Λ ;ܥಓͷදي

U ΛͰ͖Δ͚ͩখ͘͞औΓ͍ͨ.

උߟ 2.8 (͔͜͜Βͷ).

U ͷݟ͚ํ;

U Λݟ͚ͨޙͲ͏͢Δ͔;

࣮ྫ.
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3 ද͔ܥΒ MTT

ҙ 3.1 .(߸ه)

H := R×Aut(g)

:= {cϕ | c ∈ R×,ϕ ∈ Aut(g)}.

໋ 3.2.

f ∈ GLn(R)ʹର͠, ੵ͖࣍ Lie

ͷಉܕ:

f : (Rn, f−1.[, ], 〈, 〉) → (Rn, [, ], f.〈, 〉).
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උߟ 3.3.

(Rn, [, ], 〈, 〉0) ʹ͍ͭͯ, U Λදܥͱ

͢Δͱ...

∀〈, 〉 ΛͱΔ.

͢Δͱ ∃g ∈ GLp+q(R) : 〈, 〉 = g.〈, 〉0.
U දܥΑΓ g = ϕuk

(∃ϕ ∈ H, ∃u ∈ U, ∃k ∈ O(p, q))

(Rn, [, ], 〈, 〉)
= (Rn, [, ], g.〈, 〉0)
= (Rn, [, ], (ϕuk).〈, 〉0)
= (Rn, [, ], (ϕu).〈, 〉0)
∼= (Rn, (ϕu)−1.[, ], 〈, 〉0)
∼= (Rn, u−1.[, ], 〈, 〉0).
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4 ࣮ྫ

ྫ 4.1 (Kubo-Onda-Taketomi-T.).

g = gRHn ͷͱ͖...

:ੵހׅ [e1, ej ] = ej (j ∈ {2, . . . , n});
:ܥಓͷදي࣍

U := {Ip+q + λE1,p+q | λ = 0, 1, 2}.

ఆཧ 4.2 (Milnor-type for g = gRHp+q ).

∀〈, 〉 ∈ M̃(p,q)(g), ∃c > 0, ∃λ ∈ {0, 1, 2},
∃{x1, . . . , xp+q} (p-onb wrt c〈, 〉):

[x1, xj ] = xj (j ∈ {2, . . . , p+ q − 1});
[x1, xp+q] = −λx1 + xp+q;

[xj , xp+q] = −λxj .
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ܥ 4.3.

gRHp+q ্ͷҙͷࠨෆม (p, q) ྔܭ

ఆۂ.

උߟ 4.4.

#U ≥ 3 ͕ඞཁ;

[g, g] = span{e2, . . . , ep+q} H-ෆม;

〈, 〉|[g,g] ͷූ߸ (p, q− 1), (p− 1, q),

(p− 1, q − 1, 1) (ୀԽ);

͜Ε͕ҟͳΔͱ H-࡞༻ͰҠΒͳ͍.
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ྫ 4.5.

g = h3 (Heisenberg) ͷͱ͖...

:ੵހׅ [e2, e3] = e1;

:ܥಓͷදي࣍

U := {I3 − λE3,1 | λ = 0, 1, 2}.

උߟ 4.6.

ಉ͘͡ #U ≥ 3 ͕ඞཁ;

[h3, h3] = span{e1} ͕ H-ෆม;

〈e1, e1〉 ͷූ߸͕ෆม.
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ྫ 4.7 (Kondo-T., Kondo).

g = h3 ⊕ Rp+q−3 ͷͱ͖...

:ੵހׅ [e1, e2] = ep+q;

...ܥಓͷදي

p ≥ 3, q = 1 ͷͱ͖ #U = 6;

...

p, q ≥ 3 ͷͱ͖ #U = 21.

උߟ 4.8.

ҎԼ͕ H ͰอͨΕΔ:

[g, g] = span{ep+q};
Z(g) = span{e3, . . . , ep+q}.
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5 දܥͷٻΊํ

උߟ 5.1.

ຊతʹGLp+q(R)ج = H ·U ·O(p, q)

ͰؤுΔ;

H ͰอͨΕΔ subspace ʹணͯ͠

“type ͚” ͢Δͱྑͦ͞͏;

3-dim ͳΒ Cordero-Parker (1997) 

,ͳΔ͔Εͳ͍͕ʹߟࢀ͕ ಡΈସ

͑Δඞཁ͋Γ.
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6 ͷޙࠓ

ఆٛ 6.1.

〈, 〉1 → 〈, 〉2 (ୀԽ) :⇔ 〈, 〉2 ∈ H.〈, 〉1.

උߟ 6.2.

ୀԽٖϦʔϚϯಛ༗ (ϦʔϚϯͰ

;(ͳ͍͖ى

ୀԽʹΑٖͬͯϦʔϚϯྔܭ “ྑ͘”

ͳΔ͔ʁ

ͰͷྫͰ·ࠓ yes...

Thank you very much!

15


