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Abstract

Setting
* M=G/K: Farv,Xr MNUEEHN Y — < > FRZEf,
e G = KAN : &3
° AN : “AIfEEERRE" (Note: M = AN).

Main Result
o AN NDRIXIE 1 D Ricci soliton subgroup % /3% L 7=.

Joint work with

® Miguel Dominguez-Vazquez (Santiago de Compostela)
® Victor Sanmartin-Lopez (Leuven)



W 1
00000

B 1 (1/5)

BB 1

e Z£'H Ricci soliton Dff5E.
(FHEMTHRTHEPLRTIEEL AN

Def.

e Riem. mfd (M, g) 2® FH if [som(M,g) ~ M : HBEH.
® Riem. mfd (M, g) #* Ricci soliton if
dceR, 3X € X(M) : Ricg = cg + £x8.

Note
* (k< HBLDZ)c>0,c=0,c<0 CTHIEIPERS.
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Case: ¢ > 0 (shrinking)

Fact

* (M,g) : % Ricci soliton (c > 0)
= M = [%$H Einstein mfd with sc > 0] x [flat].

Note
o %' Einstein mfd TH 52 2B & IFFEE .
o (R 1) SUy x SUs EDFEAZ Einstein 5D 74

o (R 2) FHZEM G/K LDAZ Einstein G &IZ AR
fldl > ? (up to isometry and scaling)
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Case: ¢ = 0 (steady)

Fact
* (M,g) : % Ricci soliton (c = 0) = flat.
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Case: ¢ < 0 (expanding)

(Generalized) Alekseevskii Conjecture

® (M,g) : % Einstein (Ricci soliton) with ¢ < 0
= M = [A[f# Lie #f with EAZEIE] 29

W52 D J5 1
® (Generalized) Alekseevskii Conjecture (Z1E L\ A9

o Bz on7zufR) —FEX, WDLEAZ Ricci soliton (or
Einstein) FrE % AT 557 (Note: FETNIET—E.)
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Case: ¢ < 0 (expanding) it &

Note ((Generalized) Alekseevskii Conjecture):

¢ (Arroyo-Lafuente 2015) GAC is true if dim < 5.

¢ (Arroyo-Lafuente 2017) AC is true if dim(G/K) <10 and G
not semisimple.

o (CRfEUEE) 3 /EAZ Einstein 515 on SL3(R) ?
Note (7Jfik ) —F¥f):

o & e ERERDRFZE D D B A1
e (Will 2011) dim < 6 Alf# ) —FED/EAZE Ricci soliton D435,
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B 2
o D LA DAL
(i, ArfERE D BLIE D)
Thm. (T. 2011):
o JEa T MAHHRZEM M = G/K O Einstein AIf#E 4>
LRk % REITHERR L 72

Note

o Key: BWIRIER 3 FED Langlands 73# (G D Qo = MoAsNo).
e fED /iH 5 codim > 2.
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HiE 2 (2/4)
codim 1 ((FEEEMN) DHG:

Thm. (cf. Berndt-T. 2003)

o JEa Ny MDA M = G/K NOFEE i,
(i) tube B codim > 2 submfd DJE O D tube; or
(i) foliation #!: focal 72 L, AN @ codim 1 subgroup D#ii&.

@[o,m) @R @R

type (K) type (A) type (N)



Bk 2
0000

i 2 (3/4)

Note
e (i) foliation D & &, HEE AT 1 solvmfd (FIf# Lie A +
EARZEEHR). 22\ D Ricci soliton 2, 5345 [\ D [E.
® (i) tube MDD & &, GAC 2/5 U % & Ricci soliton 13723 £ 5 ...

Note
e 4 [ED Main Thm IZIXD & 512 S\ WL 2 Al RE:

“Jea oo N RUBERSSFRZERIN D focal % B 7272 WEE AR
T Ricci soliton (2725 % D % 048"
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Ex.
* SL,(R)/SO, = TO(R)
:={g € SL,(R) | upper triangular, gj > 0}.
o T DWfF Lie FEIXH Y 0/ ARLFHEIZBEI L T Einstein.

Thm. (Jablonski)

* (S, g) (vIfi# Lie # + /A% Ricci soliton &
Jo: (S,g) — TP(R) : isometric embedding.

EL‘_
E

Note
o o> THa v o EIFRZEM (SL,(R)/SO, = TY(R) T+
43) D Ricci soliton #8722 FHT E NI, Ricci
soliton AIfRZRRIAD S (FHEMIZIX) Fonb.
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Setting

* M=G/K: Far,y NI — < v FRZEH,
* G = KAN : BN
o AN : “AIfRZEEERE" (Note: M = AN).

Main Thm. (T.-DominguezVazquez-SanmartinLopez)
S (C AN) : codim 1 subgroup 7% Ricci soliton iff

® M is any, and S contains N;

e M = CH?, and S is “ruled minimal";

e M =RH", and S is any.
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Thm. (Berndt-T. 2003)

® S (C AN) : codim 1 subgroup I&, SFE I T focal %% 72
ANRESYORALE
® 5:= (a®n)©RE A subalgebra iff
(Y¢€a (e, nCs) or
(i) £ € RH, @ go (with o HffL—1).

@[o,m) @R @R

type (K) type (A) type (N)
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Recall

® M is any, and S contains N;
e M = CH?, and S is “ruled minimal"”;
e M =RH", and S is any.

Note
® codim 1 subgroup ¥\ > XWH B (EHIIZH B) A3, Ricci
soliton 1272 % % DX rare.
e 5t 3 RHID Ricci soliton (ZEEKI7Z > /=D T, NAERKIZH L
WHINE (RS2 5) 72\,
* codim 1 A D SR DDA BAITHK D 5.
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NcCS DGE

Note

* SAM=G/K DETOWEIXAR,
e rank(M) =1 D& &, S =N, ZDHEIL horosphere;
e s=(aoR) @n; —MTH & BREEDS[M72 5 horosphere.

@[o,m) @R @R

type (K) type (A) type (N)
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NcCS DIGaE ()

Prop. (cf. Cho-Hashinaga-Kubo-Taketomi-Tamaru 2018)

e NCSDEE (s=(aeRE) dn D& F), S I Ricai soliton.
o X 52 rank(M) >2 725 3¢ : S is Einstein.

Proof

e {ii#: Lauret (2011) @ Ricci soliton solvmfd DREEEE K D .
o 1%#: Heber (1998) ® Einstein solvmfd O EH & b .
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RH" Q6

Note

e RH" D& &, AN N®D codim 1 subgroup 1% [0,1] #&H 5.
o MR LIRIATE S &, tot. geod. RH"! ~ horosphere
(ZN 5 IE2TEMR)

@m,m @R @R

type (K) type (A) type (N)
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CH" D54

Note

e CH" D& &, AN N®D codim 1 subgroup % [0,1] 7d 5.
o AL IRIRTE 5 &, homog. ruled minimal ~ horosphere.

Thm. (Hashinaga-Kubo-T. 2016)

CH" & &, S (C AN) : codim 1 subgroup %' Ricci soliton iff
® S is a horosphere (i.e., N C S);

® n=2 and S is “ruled minimal”.
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Main Thm. (recall)

S (C AN) : RIRTT 1 FB/HED Ricci soliton iff
® M is any, and S contains N;
e M = CH?, and S is “ruled minimal";
e M =RH", and S is any.

Note
o ‘<" DIFHIZHE A (B DOFEROMAEDLE).



FERA O S5t
0@000

SO 8t (2/5)

Step 1: ARS ~D G

Thm. (Lauret 2011)

* (S, g) (GERWfE + FEAZEHE) ' Ricci soliton iff ARS.

Notions

o Tf# Lie Bt S » 2T if VX €5, ady DEIAMEITE TE.
° Lie Bt LOAEALZEGE & (G, g) »° ARS (algebraic Ricci
soliton) if 3c € R, 3D € Der(g) : Ric=c-id+ D.
(Note: “ARS = Ricci soliton” (& —#%IZ%37)
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SEHI O J4F (3/5)

Step 1: ARS D& (i &)

Fact

o AEEVIMREE AN (X582 T OO S b gE iR,
(&> T ARS D&% check $HUE+4.)



FERA O S5t
000e0

SEHI O Ji4F (4/5)

Step 2: Ricci HiEDFHE

Lem.
o 5 — (a@n)@Rf 0)(‘_).%,
Ric = (Ric"|7s)" + tr(S¢)Se — 82 — Re
(7272L S¢ : shape op., R¢ : Jacobi op.)

Note

* 5 M= G/K ZBERFRZER & 0, RicM|7s = ¢ -id.
e L2 U Ric 258 RIZEMR T HDITKRE...
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Step 3: ARS §ff (Ric = c-id + D) DR

Note
o ARS T\ iff Vc € R, Ric — c - id & Der(s).

Note

e D e Dex(s) iff VX, Y € s, DX, Y] = [DX, Y] + [X, DY].

o £t - T, derivation TZRWZ L 2R3 72DI121E, FED
subspace ET®D Ric — c¢-id B30T+ (72 L% W0).

e “NZErank=1 & > 11241 THEFT.
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o (1/3)
£

o [ EEERE AN WD codim 1 subgroup T
(= focal &% 7=\ WEFE I T)
Ricci soliton (27256 D% 578 U 7.

o JEFIZHIFIA RN T L ARERIIZ 3 h 5 72
G
e N A®D codim 1 subgroup T Ricci soliton D% D % 73 ¥HH & .

Note

® S (C AN) 7 Ricci soliton 22 51X SN N % Ricci soliton.
o WA, Lo THIE 1 ORISR EDIEZ S (1XT).



S
0000

4>
RR

(2/3)

5%

SE DM TIIRS SFEL 72

® Damek-Ricci ZEfl] AN N® codim 1 Ricci soliton subgroup;
e H-type £ N N®D codim 1 Ricci soliton subgroup.

W

Note

e AN 7% Damek-Ricci ZEfild & &, N 1% H-type.
e FEBXIZ codim 1 Ricci soliton subgroup (&£#H D /% .
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il 2

Fa XY NP2 M = G/K WD %MK T,
e Einstein / Ricci soliton (272 5 H7% W\ o IXW AT T K;
® i 7225/ N T Einstein / Ricci soliton % 7%t &;
o “BMIRSM" U TIIIANEY A Y

[l 3

o —fi%iZ (S, g) : Einstein / Ricci soliton solvmfd D & &, D
subgroup D 3{a[AMEE %2 TN &
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Thank you very much!
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