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(ى)

Χϯυϧ (quandle) , ݁ͼͷݱʹڀݚΕΔܥ.

Def. (David Joyce (1982), Matveev (1982))

Q: ू߹, s : Q → Map(Q,Q) : x "→ sx ͱ͢Δ.
(Q, s) ͕ Χϯυϧ
:⇔ (S1) ∀x ∈ Q, sx(x) = x .

(S2) ∀x ∈ Q, sx શ୯ࣹ.

(S3) ∀x , y ∈ Q, sx ◦ sy = ssx(y) ◦ sx .

Ex.

• ೋ߲ԋࢉ x ∗ y (= sy(x)) ͷܗͰॻ͔ΕΔ͜ͱଟ͍.
• ҙͷ܈ sg(h) := gh−1g ʹΑͬͯΧϯυϧ.
• ྨࢸ...
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(ঝ)

Χϯυϧଟ͘ͷֶͱؔΘΔ͕, ಛʹ, ରশۭؒͷ “
”Խࢄ ͱΈͳ͢͜ͱ͕Ͱ͖Δ.

Fact (Joyce)

• (࿈݁ͳ) ରশۭؒΧϯυϧ.

Our Theme

• ରশۭؒΛࢀরͯ͠, ΧϯυϧͷߏΛ͢ڀݚΔ.

(↔ ࢄతͳରশۭؒΛ࡞Δ.)
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(స)

Χϯυϧͷ “ྑ͍෦ू߹” Λ͑ߟΑ͏.

Note

• ྫ͑ϦʔϚϯରশۭؒʹ͓͍ͯॏཁͳͷ:

- maximal flat ;(େτʔϥεۃ)

- શଌత෦ଟ༷ମ;

- ରᪧू߹; ...
• Χϯυϧʹ͓͍ͯ, ͜ΕΒͷରԠ͕͋Δͱ͍͠خ.
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(݁)

s-Մͱ͍͏֓೦Λಋೖ. .ຯਂ͍ੑ࣭ͱྫ͕͋Δڵ

Def.
Χϯυϧ (Q, s) ͷ෦ू߹ X ͕ s-Մ
:⇔ sx ◦ sy = sy ◦ sx (∀x , y ∈ X ).

Note

• େͳۃ s-Մ subset .ຯ͕͋Δڵʹ
• ճࠓ “pole”  “ରᪧू߹” ͱͷؔΛத৺ʹհ.
• Joint work(s) with ,อ྄ٱ ฯඒ߳, Ԟాོ, ...
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• ରশۭؒʹ pole ,(ۃ) antipodal (ରᪧ) ͕͋Δ.
• ͦΕΒΛ෮श, ΧϯυϧʹҠ২.

Def. (cf. Chen-Nagano)

x , y ∈ (Q, s) ʹର͠,
• (x , y) ͕ pole pair

:⇔ sx = sy .
• (x , y) ͕ antipodal (ରᪧ) pair

:⇔ sx(y) = y ͔ͭ sy(x) = x .

Def. (ଓ͖)

X ⊂ (Q, s) ʹର͠,
• X ͕ pole subset

:⇔ ∀x , y ∈ X , (x , y)  pole pair.
• X ͕ antipodal subset

:⇔ ∀x , y ∈ X , (x , y)  antipodal pair.
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Ex.
໘ٿ Sn ʹ͍ͭͯ,
• Sn  (࣠ʹؔ͢ΔંΓฦ͠Ͱ) ରশۭؒ;
• {±x} ۃେ pole େۃ͔ͭ antipodal.

ਤ

Ex.
࣮ࣹӨۭؒ RPn ʹ͍ͭͯ,
• RPn  (ಉ༷ͷରশͰ) ରশۭؒ;
• n ≥ 2 ͳΒ pole subset Ұू߹ͷΈ:
• n ≥ 2 ͳΒ {Re1, . . . ,Ren+1} ۃେ antipodal.

何 が E
x

×
→<
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Ex.
Rn : S1 ͷ n ͷू߹ͱ͢Δͱ,
• Rn  S1 ͷରশͷ੍ݶʹΑΓΧϯυϧ
(͜ΕΛ ೋ໘ମΧϯυϧ ͱ͍͏);

• େۃ pole subset , Ұ (n (ح or ೋ (n ;(ۮ
• େۃ antipodal subset , pole ͱಉ͡.

ਤ
ts くー」
• ・

・
・ ・

・

・ ・

・ ・

•
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Prop.

• pole subset  antipodal;
• .Ұൠʹෆཱٯ

Note
ϦʔϚϯରশۭؒʹ͓͍ͯ,
• pole ඃ෴ͱؔ͢Δ (Chen-Nagano);
• େۃ pole subset ܾఆࡁΈ;
• antipodal τϙϩδʔͱؔ͢Δ (CN, Takeuchi, ...)
• େۃ antipodal ͷܾఆ, Ұ෦ۃ (cf. Tanaka-Tasaki).

Χϯυϧʹରͯ͠, .ΘΕΔࢥΔͱ໘ന͍ͱ͢ڀݚ

○い Sx= Sy

E) Sxは) = Sは) = y

Sync) = Sax) =x
1
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• զʑ৽ͨʹ “s-Մ” ͱ͍͏֓೦Λಋೖ.
• ओு: pole ⇒ antipodal ⇒ s-Մ.

Def.
(Q, s) : Χϯυϧ, x , y ∈ (Q, s) ʹର͠,
• (x , y) ͕ s-Մ pair

:⇔ sx ◦ sy = sy ◦ sx .
• X ⊂ (Q, s) ͕ s-Մ subset

:⇔ ∀x , y ∈ X , (x , y)  s-Մ.

Ex.
ԁ S1 ʹରͯ͠,
• {±e1,±e2} ۃେ s-Մ.

ਤ
と、

e.が seい
-

Genes set' i )
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Prop.

• antipodal ⇒ s-Մ.

(Proof)

• (Q3) sx ◦ sy = ssx(y) ◦ sx Λ͑ྑ͍.

:͍ͯͭʹٯ

Prop.

• (Q, s) ͷ pole ͕શͯࣗ໌ͱ͢Δ
(i.e., (x , y) ͕ pole pair ⇒ x = y).

• ͜ͷͱ͖, antipodal ⇔ s-Մ.

(Proof)

• (Q2), (Q3) ΑΓ sx ◦ sy ◦ s−1
x = ssx(y).

• Αͬͯ, (x , y) ͕ s-Մ pair

iff sy = ssx(y) iff (y , sx(y)) ͕ pole pair.
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Prop.

• X : େۃ s-Մ in (Q, s) ⇒ X ෦Χϯυϧ.

Recall

• X ͕ (Q, s) ͷ ෦Χϯυϧ
:⇔ ∀x ∈ X , s±1

x (X ) ⊂ X .

Note

• pole, antipodal subset  (ඇۃେͰ) ෦Χϯυϧ;
• s-Մͷ߹ʹۃେੑ͕ඞཁ.
• : େۃ s-Մ subset ͲͷΑ͏ͳΧϯυϧ͔ʁ

。

・

・

{e.es

は 部分やこだしてない

•
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Our Results
ҎԼͷதͷۃେ s-Մ subset Λܾఆ:
• ໘ٿ Sn;
• ࣮ࣹӨۭؒ RPn;
• ೋ໘ମΧϯυϧ Rn;

Prop.

• ໘ٿ Sn ʹରͯ͠, {±e1, . . . ,±en+1} ۃେ s-Մ;
• Sn ͷۃେ s-Մ͜Εͱ SO(n + 1)-߹ಉ.

(Proof)

• Sn ͷରশ, xx(y) = −y + 2〈x , y〉x .
• (x , y) : s-Մ pair

iff (sx(y), y) : pole pair

iff sx(y) = ±y

iff x ͱ y ฏߦ or ਨ.
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Prop.

• RPn (n ≥ 2) ͷͱ͖, s-ՄͳΒ antipodal.
• RP1 ͷͱ͖, {Re1,Re2,R(e1 ± e2)} ۃେ s-Մ; ͜
Ε SO(2)-߹ಉΛআ͍ͯҰҙ.

Prop.

ೋ໘ମΧϯυϧ Rn ʹରͯ͠,
• େۃ s-Մ subset ͕Ұ iff n ;ح͕
• େۃ s-Մ subset ͕ೋ iff n ≡ 2 (mod 4);
• େۃ s-Մ subset ࢛͕ iff n ≡ 0 (mod 4).

☆ 9 D' Re
Rete) ~ (% )

Re、
~ ( )

IR(EE)

・
。

・
。

・

。 。

。 。

。
。 。 ・

・

。

• 。 。 。
。

。
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Obs.

• pole ⇒ antipodal ⇒ s-Մ;
• ֤ ⇒ ͷٯ, ΓཱͭྫͱΓཱͨͳ͍ྫ͕͋Δ;
• ͦΕΒͷྫ, ϦʔϚϯରশۭؒͰ༗ݶΧϯυϧͰ
͋Δ.

Note

• ͜Ε·Ͱͷۃେ s-Մ subset ,

- ม܈ʹΑΔ߹ಉΛআ͍ͯҰҙ (Ұൠʹӕ);

- ม܈ͷ෦܈ͷيಓ (Ұൠʹӕ);

- ࡏతʹ࣭ (Ұൠʹະղܾ).
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Our Results (in progress)

ҎԼͷதͷۃେ s-Մ subset Λܾఆ:
• ࣮άϥεϚϯ Gk(Rn) (ͨͩ͠ n 0= 2k);
• ༗࣮άϥεϚϯ Gk(Rn)∼ (ͨͩ͠ n 0= 2k or k odd);
• ͍͔ͭ͘ͷݹయ܈; ...

Def. (࣮άϥεϚϯ)

• Gk(Rn) := {V ⊂ Rn | V : subspace of dim k};
• sV := [V ʹؔ͢ΔંΓฦ͠] ʹΑͬͯରশۭؒ;
• s(e1,e2)(e1, e3) = (e1,−e3) = (e1, e3); ...

Prop

• n 0= 2k ͷͱ͖, Gk(Rn)  pole ࣗ໌;

େۃ s-Մ = େۃ antipodal = {span{ei1, . . . , eik}}.
• n = 2k ͷͱ͖, (V ,V⊥)  pole pair in Gk(Rn);

େۃ antipodal = {span{ei1, . . . , eik}} ! େۃ s-Մ.
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Def. (༗࣮άϥεϚϯ)

• Gk(Rn)∼ := {V ⊂ Rn | V : oriented subspace of dim k};
• sV := [V ʹؔ͢ΔંΓฦ͠] ʹΑͬͯରশۭؒ;
• s(e1,e2)(e1, e3) = (e1,−e3) = −(e1, e3) 0= (e1, e3); ...

Prop.

• n 0= 2k ͷͱ͖,

- {±V } ۃେ pole subset;

- {±span{ei1, . . . , eik}} ۃେ s-Մ;

- ͜Ε SO(n)-߹ಉΛআ͍ͯҰҙ;
• n = 2k , k ,ͷͱ͖ح

- ಉ༷;
• n = 2k , k ,ͷͱ͖ۮ

- {±V ,±V⊥} ۃେ pole subset;

- େۃ antipodal ۃେ s-Մ, Ұൠʹະղܾ.

Ex.

• G2(R4)∼ ∼= S2 × S2 ͷͱ͖,

- େۃ)# pole) = େۃ)# antipodal) = 2 · 2 = 4;

- #{±span{ei1, ei2}} = 4C2 · 2 = 12;

- େۃ)# s-Մ) = 6 · 6 = 36.
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Note

• Gk(Rn) (n = 2k) ͷͱ͖,

- େۃ antipodal ྨࡁΈ,

- େۃ s-Մ͍͠.
• Gk(Rn)∼ (n 0= 2k) ͷͱ͖,

- େۃ antipodal  (Ұൠʹ) ͍͠;

- େۃ s-ՄܾఆࡁΈ.
• Gk(Rn)∼ (n = 2k , k (ۮ ͷͱ͖,

- ͲͪΒ͍͠...
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Prop. (·ͱΊ)

• pole ⇒ antipodal ⇒ s-Մ.
• େۃ s-Մ subset ͳΒ෦Χϯυϧ.

Propblem 1

• ,͍ͯͭʹͷରশۭؒΧϯυϧط
େۃ pole, antipodal, s-Մ subset ΛܾఆͤΑ.

• ͦΕ֎ͷରশۭؒΧϯυϧͷੑ࣭Λө͢Δ͔ʁ
• େۃ s-Մ subset ͷ “Ұҙੑ” ཱ͍ͭ͢Δ͔ʁ

Propblem 2

• େۃ s-Մ subset ͲΜͳΧϯυϧ͔ʁ
• ࣭Χϯυϧͷۃେ s-Մ subset ࡏత࣭͔ʁ

Note

• Χϯυϧ͕ ࣭ :⇔ Χϯυϧࣗݾಉ͕܈ܕਪҠత.
• antipodal ࡏతʹࣗ໌ΧϯυϧͳͷͰ࣭.
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Problem 3

• େۃ s-Մ subset , (͋ΔΫϥεͷΧϯυϧʹର͠
ͯ) େτʔϥεͷΑ͏ͳׂΛ୲͏͔ʁۃ

• ྫ͑ “֊” Λఆٛ͢Δͱͨ͠Βʁ

Problem 4 (cf. Kubo)

• ଞͷ subset ͑ߟΒΕͳ͍͔ʁ
• ରᪧ pair, s-Մ pair ͷΑ͏ͳೋ߲͕ؔ͋Ε, ʓ
ʓ subset ͕ఆٛͰ͖Δ. ଞʹ໘ന͍ͷ͕͋ͬͯྑ
ͦ͞͏.

Problem 5

• େۃ antipodal subset , ରশ R ۭؒʹରͯ͠Ұҙ
త͕ͩ, ҰൠͷରশۭؒͰҰҙͰͳ͍. Χϯυϧʹ
ରͯ͠, ରশ R ۭؒͷΑ͏ͳ “ྑ͍Ϋϥε” Λఆࣜ
ԽͰ͖Δ͔ʁ
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